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On functions starlike in one direction.

By Koichi SAKAGUCHI

(Received: Nov. 19, 1957)

§1. Introduction.

Let a functior
(1.1} f(Z):Elcan" (a,=1)
n=

be regular in the unit circle. It is well known that (a) if f(z) is starlike
with respect to the origin in the unit circle, all the partial sums of the form
(1.2) Da (1=msoo)

n=1
are starlike with respect to the origin for |z|<<1/4 and convex for [z|<C1/8,
(b) if f(z) is convex in the unit circle, all the partial sums of the form [1.2)
are starlike with respect to the origin for |z|<C1/2 and convex for |z|<(1/4,

and (c) these bounds are all sharp [1], [2]
In this paper we shall consider, in §4, the partial sums of the form

(1.3) 3 iz (0= m= ),

which consists of the odd terms, and we shall show the following: (1) If
f(2) is starlike with respect to the origin in the unit circle, then the partial

sum iagn+lz?"+1 is starlike with respect to the origin for [z]<<(3—21/2)Y
n=0

and convex for [z[<C(11—21/30)"2, and all the partial sums of the form [1.3
are starlike with respect to the origin for [z[<<1/3 and convex for |z[<1/31/3.

(2) If f(z) is convex in the unit circle, then the partial sum 3 @;,,,22"*! is
n=0

starlike with respect to the origin for |2]<<1 and convex for |z|<<(3—2v/2 )2,
and all the partial sums of the form are starlike with respect to the
origin for |z|<<1/v/3 and convex for [z|<<1/3. (3) These bounds are all
sharp.

In §§2 and 3, we shall study &-fold symmetric functions starlike in the
direction of one ray for general k& and k=2 respectively, and in §4 we shall
prove the above statement by using the results of §§2 and 3.
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§2. k-fold symmetric functions starlike in the direction of one ray.

A function f(z) is said to be starlike in %2 symmetric directions, if either
(1) f(z) is regular in [z|<1 and does not vanish on |z|=1, and the image
curve of [z|=1 by f(z) cuts each ray argw=«-|2nz/k (n=0,1,--,k—1) in
exactly one point, or (2) f(z) is regular in |z]<<1 and for every po(<1) suffi-
ciently close to one, the function f(pz) satisfies the conditions of (1).

In particular, when k=1 or 2, f(z) is said to be starlike in the direction
of one ray or one straight line, and these functions were introduced by S.
Ogawa and the author [4] and M. S. Robertson respectively.

Now, let a k-fold symmetric function fk(z)zf) Arn 12 (@;=1) be starlike
n=0

in the direction of one ray, then fi(z) is necessarily starlike in 2 symmetric
directions. And if we put

(2.1) S(2)=f(2)",

then f(z) is evidently starlike in the direction of one ray.

Recently the author [3], [1I] investigated certain classes of functions
containing the above ones. The following properties of fi(z) are special ones
of the results obtained there for a more general function.

Lemma 1. Let a k-fold symmetrvic function fk(z)zf} A1 2" (@, =1) be
n=0

regular in the unit circle and starlike in the divection of ome ray, then we have
for {z|=r<<1

23) r s s G

2.4) e 6= TR ertr,
(2.5) lﬁ:f%%ﬁ'ig } 2 ffk,:(( ;) < li_lﬁf_';izk”fk_ ’

26 Lobrter g S Lt

The left-hand equalities of (2.4) and (2.5) are attained for |z|<(3—2V2)7* by
the function

2.7) Fil(z)=2(1+2")/F/(1—2")"*,

and the other equalities arve all attained for |z|<<1 by the same function.
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Furthermore fi(z) is starlike with respect to the orvigin for
(2.8) z2|<<(3—2vV2)V*,

and this bound is sharp, namely the largest possible.
The main purpose of this section is to find the radius of convexity of
fi(z). For this purpose, we further prepare the following lemma.

Lemma 2. Let f(z)=§}la,,z" (@,=1) be regular in the unit circle and starlike

in the direction of one ray, then we have for |z|=r<<3—212

2.9) Lz L@, L&) | 2@r—2r43r%)
7@ F A B a—r1—6rir)
s 58~ D)o 2
(2.10)
1—6(p+2)r+2(2p+19)r2—6(p+2)r v

- TON 1 ’

(1—7rH(1—6r-+7r?
wheve p is a positive number and both equalities are attained by the function
(2.11) F(z2)=z(14+2)?/(1—2)*.

Proor. Without loss of generality, we may assume f(z) to be regular in
|2]=1. For an arbitrary z such that 0<<|z|=r<1, we put

=

2.12) 2 O=1f({7) [Fa=ratn o004, 0,
where

(2.13) b=

S(2) Sz) A=) f(z) 5
1- — 1—7%).
T e b=y g FA)
Then g({) also is starlike in the direction of one ray. We may further
assume, without loss of generality, that this ray is the positive real axis.
We denote by g(¢'*) the point in which the image curve of [{[=1 by g({)
cuts the positive real axis, and construct the function

i (&0
MO =—e™" e ayarary €19

Then A({) is regular in |{{<1 and the image curve of |{|=1 by A({) does
not cut the positive real axis, since

i (ewﬁ__c)z f 9 0(——0/ 5,40 (2 __,t0

e Ttz itze) =4 sin 5 |1+2Ze" | for {=e'.
On the other hand, from the assumption we see by the argument principle
that f(z) has only one simple zero at the origin. Therefore £({) has no zeros
in {{|<<1. Furthermore 4({) has only one double zero on |[{|=1 at the point

eiw
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Consequently, if we denote by 1/A(l) its suitable branch, v/#({) is regular
in [{|<1 and there $VA({)=0. We now consider its reciprocal

IR DA EE N M S R S 1 Er e}
vig=ee [y (=) e ee| b g o

L e

z z |

where c=(—r~le™¥z)12,
Since 1/v/A(¢) is regular and J(1/V/A()<<0 in [{|<1, by Carathéodory’s
theorem we have

(2.14) ‘L( 1_,,1,,,@1) i

(2.15)

Next, we consider the function

HO)=—e(e—p EEIUTED o),
The image curve of [{|=1 by H({) also does not cut the positive real axis,

since
—e ()2 %{4 sin? fig—a [14-ze%(2 for {=e™.

Furthermore H({) has two double zeros and one double pole at the points
{=—2z¢", and {=0 respectively, and has no other zeros and poles in [{[Z]1.

Consequently, if we denote by ~H({) its suitable branch, VH() is mero-
morphic in [¢[£1 and IVH()=0 on [{[=1.
On the other hand, H({) has, in 0<<|{|<1, the following expansion.

'\/H(C)—““A“l‘ { (b1+ 1+T ) e_iw}"*‘cl[ % _*é*bﬁ‘i‘ b (1-|—1’

__%(Hw) 1 -“”(bl+—1~ﬂ—--)+ z }H

where ¢,=(—re'z)1%
Hence by Robertson’s lemma [6] we have

For sty
(2.16) o 9
et st 0147 o
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By combining (2.16) with (2.15), we find

[)2“‘*%’“ b2 (12-:( ) —e ™ "1"—:;?’;—8_2“ '

(2.17)

-—2¢7i"

<|b,+ 713;17 +3.

In view of [2.14), we may write

(2.18) (147%)/2=b,—2e7"—4e, [e[<1.

Substituting this equality in (2.17), we have
|by—2¢b, — 2D, |<2 b, |+16,

so that
b2 ]_ —i0 1+7’2 —i 16
s (g bme Tyl ) e =2y b0,
Hence
,bZA__,,bL 1"”" 16
b, + =31 [b4] b0,

Substituting for »;, and b, from in this inequality, we obtain

@l 6 8 | f)
’” P2 e E et iy e

From this inequality and with % replaced by 1, we obtain for
|z|=r<<3—2V2.
Next, from we have for |z|=r<<3—2VZ

pm(1+z_"(z) f’(Z)>>,( H(3r—202-+37%)

, f(2)#0.

&) % fle) )= A=) 1—6r+r)
On the other hand, from [2.6]) we have for k=1

f(z) o 1—6r+7° _
3?2»—]—[(2—): 1o |z|=r<<1.

Combining these two inequalities, we obtain (2.10) for |z|=r<<3—2V2.
Finally, the statement concerning equalities can be easily verified for
the function [2.I1} Thus we complete the proof.

Turorem 1. Let a kfold symmetric function fk(z):nij:oalmﬂzkn+1(01:1) be
regular in the unit civcle and starlike in the direction of ome vay, then we have
for |z|=r<<(3—2V2)*

(2.19) l1+ £(@) _, f/(2) | 2kBr—2r 43

¢ fi'(2) ? 72 | A= (A —6rFr*) ’
fi''(2) 1—6(B+2)r*+2(2B+19)7% —6(k -+ 2)r3k 4-y4*
220 (14 fl‘;’(z))g R AR ,
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equalities being attained by the function (2.7). Accordingly fi(z) is convex for

(2.21) (2| <(K—VK'—1)"*, K=(3k+6++9k2+32k)/2,

and this bound is sharp.
Proor. From the relation (2.1), we have

flcl(z) Lk f/(zk)
e TFfEn

Lpe T SED (1 £ e S0y

f@) ¢ flz) AC I IED)
Hence by Lemma 2, we obtain (2.19) and (2.20) with equalities for the func-
tion (2.7).

§3. Odd functions starlike in the direction of one ray.

When k=2, the function f;(z) studied in the preceding section becomes
a function of the heading. Obviously this function f,(z) is necessarily star-
like in the direction of diametral line.

Remark. If f(z) is regular in |z|<1, there is at least one straight line
such that for a suitable &, |&|=1, the three points f(£), f(—¢&), and the origin
lie on it. This straight line is called a diametral line of f(z). When f{z) is
regular in |z|=1, the meaning that f(z) is starlike in the direction of dia-
metral line is clear. Even when f(z) is regular in |[z(<C1, if for every p(<C1)
sufficiently close to one, the image curve of [z|=1 by f(pz) cuts a diametral
line of f(pz) in exactly two points, then f(z) is said to be starlike in the
direction of diametral line.

The author showed that if f(z):i) a,2" (a,=1) is starlike in the direc-
n=1

tion of one ray or one straight line, then all the partial sums ﬁn) 2" (1<m< o)
n=1

are starlike for |z]<C1/12 or |z]<C1/8, and convex for [z|<C1/24 or |z|<C1/16
respectively, and these bounds are sharp. In this section, we shall study the
same kind of problem for the above function f,(z). We now need the follow-
ing lemma.

Lemma 3. Let an odd function f2(2)=§) Ao 22 (a,=1) be regular in the
n=0

unit circle and starlike in the direction of one ray, then

(3.1) Ja(2) K Fy(2),
where
(3.2) Fz(z)=z(1—|—z2)/(1—z2)2=n§0(2n+1)z2"+1 ,

and (3.1) is sharp.
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Proor. Since f,(z) is starlike in the direction of diametral line as stated
before, by Ozaki’s theorem [7] we have

|@ons |£20+1, #=0,

whence (3.1) holds. And the sharpness is evident from the fact that F,(z)
satisfies the hypotheses of this lemma.

Turorem 2. Let an odd function f(2)=23 @sns12*"* (a,=1) be regular in the
n=0
unit circle and starlike in the direction of one ray, then all the partial sums

D Ao 22" (0= m=< o0) arve starvlike with vespect to the origin for
n=0

(3.3) [2{<<1/3,
and convex for
(3.4) |z[<<1/3V3.

These bounds are sharp.

Proor. (1) Proof for the radius of starlikeness. We denote by f, (2)
the m-th partial sum of f,(z) and put

FADFom( @ Ral2)y Foinl2)= 5 g

By virtue of Lemmata 1 and 3, we have, for m=3 and |z|x7,=1/3, the fol-
lowing inequalities.

R{zf2' (2)/f+(2)} = (1—67,"+7,")/(1—7,)=0.35,

[f(2)/2|=2(1—n?)/(1+7,2)?=0.72,

122 (2) /7 o(2) | < (14613 +7,") /(1—14")=1.7,

[ Rn(2)/2]= (147" /(1—7,")"—(1437,>+57,%)=0.011---

[ Rn/(2) [ (14672 +7,") /(1 —742)° — (1+ 97,2 +257,*) =0.081--- .
Hence we have, for m=3 and [z|<1/3,

oz Joim(®) Sy F3(2) _ |2f @/f ) || Ra@)/2 |+ R @]
So,m(2) fo(2) [f(2)/z|~| Ru(2)/2|
which shows that all the partial sums f, .(2), m=3, are starlike with respect
to the origin for [2]=<1/3.

Next, we consider the second partial sum f;(z)=2z+as2°. Since [a;(<3,
we have

Saia(2) _ 2|as2?|
e fz,g(i.%")mg 1 i_[a;‘z“g*[’>0 for |z|<1/3,

whence f, ,(z) is also starlike with respect to the origin for |z|<<1/3. Fur-
thermore it is easily verified that the bound 1/3 can not be replaced by any
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larger number for the second partial sum of the function

(2) Proof for the radius of convexity. From [2.19) and [2.2), we have for
[2|=r<<(3—242)12

124

8.5 |« 58
(3.9) 12'(2)
and the right-hand side is monotone-increasing as r increases in 0<7<1/3V3.

By virtue of Lemmata 1, 3, [Theorem 1, and we have, for m=3 and
|z]<7,=1/34/3, the following inequalities.

1"(2) 1—24r24-46r*—24r.54-r®
W (Le ) B ey 02

272(9—211'2+374+76)
A—rH(1—6r247r1)

A

lz F1() | 22021 8 ) oo

f'(2) = (I—r "1 —6r2+r*) ’ ’
(2|2 (1=67,24-75) /(L 7,2 =069+,

|Ru/(z) < 1073t (o000 05, 4920,0026 -

(1—7?)?

2 4
|2R(2) | < -2 (‘?fr_lf’;l)ﬁ“ ) (18,2 41007,1)=0.016-- .
1

Hence we have, for m=3 and [2]|=<1/34/3,

% (e 2 2m(Le 2

_12fy"(2)fy'(2) || R/ (2) [4+-| 2Rm, ”(Z)l
[/ (8) [~ [ Rn'(2) |
which shows that all the partial sums f,,.(z), m=3, are convex for [z]<1/3V3.
Next, just as in (1), it is easily verified that the second partial sum is
convex for [z2|<<1/3V/3 and this bound is the largest possible. We thus
complete the proof.

§4. Functions starlike in the direction of diametral line.

In this section, we shall study the partial sums of the form g}amﬂzi’"*‘
n=0
(0<m=< o) for functions of the heading and some ones related to them.

Traeorem 3. Let f(z)zﬁoanz" (a,=1) be regular in the unit circle and starlike
oy

in the divection of diametral line. Then the partial sum iaqnﬂz”“ is also

starlike in the direction of diametral line, and it is starlike wztk respect to the
origin for

(4.1) [2]|<(3—24/2)12=0.414-- ,
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and convex for

(4.2) [2]< (11—24/30)"/2=0.213-- .

Furthermore all the partial sums of the form 3 @gn . 12*"1 (0Em= o0) are starlike
n=0

with respect to the ovigin for

(4.3) [2]<<1/3,
and convex for
(4.4) [2]<1/3V3=0.192.-- .

These four bounds are all sharp.

Proor. Without loss of generality, we may assume that f(z) is regular
in [z2]<1 and starlike in the direction of a diametral line f(¢*®), f(—ei®).
Moreover we may assume that this diametral line is the real axis and Jf(e”)
>0 for a<<f<aitr, Jfle)<<0 for a+r<<f@<<a-+2r. Then we see that

J{fle)—f(—e*)3>0  for a<f <a+trw,
{fle?)—f—e?)} <0  for atr<<O<a+2w.

Hence the function f(2)—f(—2)=2 3] @yn412*"*! is starlike in the direction of
n=0

the real axis, which is also a diametral line of f(2)—f(—z). Thus the partial

sum iam.,z?"“ is starlike in the direction of diametral line. Accordingly

n=0

by [Cemma 1, Theorems 1 and 2, we obtain all the statements of this theorem
with sharpness for the function z/(1—z)%
From Lemma 1, we have at once the following corollary.

Cororrary 1. Let f(z):i a,.2" (a,=1) be regulay in the unit circle and star-
n=0

like in the direction of diametral line, then we have for |z]=r<1

i P4 (—2) 1| 6r
4 P Re—f—a) 1= F i
(46) e ORI ER A

—Bp2 Lt _ G2 4
@4 I < p@rtr (- s B

The left-hand equality of (4.7) is attained for |z|<(3—2V2)* by the function
2/(1—2)%, and the other equalities ave all attained for (2|<<1 by the same func-
tion.

CororrLary 2. Let f(z):i a.2" (a,=1) be regular in the unit circle, and let
n=0

flz) be (1) stavlike with respect to the origin, or (2) typically-veal, or (3) convex
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in one divection. Then we have the same conclusions as in and
Corollary 1

Proor. In case f(z) satisfies the condition (1) or (2), f(z) is evidently
starlike in the direction of diametral line, and therefore the statement of
this corollary is true for these two functions.

Next, we suppose that f(z) satisfies the condition (3). We may assume
f(z) to be regular in [z|<1. It is easily seen that there exists a straight
line parallel to the direction of convexity which cuts the image curve of
[z]=1 by f(z) in two points f(e'®), f(e"") such that ¢*=—¢*. We take a point
w, on this straight line, and put g(z)=f(2)—w,. Then g(z) is starlike in the

direction of its diametral line g(e*®), g(e*¥). By applying Theorem 3 and Corol-
lary 1 to g(z), we see that this corollary is also true for the third function
f(z), since £(z)—g(—2z)=,(2)—f(—2).

Cororrary 3. Let f(z):nioanz" (a,=1) be vegular in the wunit circle and

convex in the direction perpendicular to diametval line. Then the partial sum
D g2t is comvex for |2|<<(3—2N2)2, and all the partial sums of the form
n=0

m
D A 2T (0= m<Z 0) are conmvex for |z|<<1/3, and these bounds are sharp.
n=0

Furthermore we have for |z|=r<<1

==z  2r' | 6r
8 TRt 17 F

2(1—7") < (_ <_2,(,1.ﬂ:,

and all equalities ave attained by the function z/(1—2).
Proor. In this case, the function zf’(z) is starlike in the direction of
diametral line, and therefore from Theorem 3 and Corollary 1, we have the

conclusions of this corollary.
Cororrary 4. Let f(z)zZoanz” (@, =1) be regular in the unit circle, and let
from

f(z) be (1) convex, or (2) typically-veal and convex in the direction of the imaginary
axis. Then we have the same conclusions as in Corollary 3.

Proor. This is an immediate consequence of Corollary 3, since each
funclion is convex in the direction perpendicular to diametral line.

For convex.functions, we have further the following theorem.

Tuarorem 4. Let f(2)=2 a.2" (@,=1) be regular and convex in the unit circle,
n=0

then the partial sum iaanz?”“ is starlike with respect to the origin for |z|<1,
n=0

and we have, in addition to the conclusions of Covollary 3, the following :
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(1) All the partial sums of the form iaznﬂz"‘"“ (0=m= ) are starlike
with respect to the ovigin for '
(4.10) (2] <<1/V3,

and this bound is sharp.
(2) There hold, for |z|=r<<1, the relations

S2)—f(—2) 2 27
(4.11) 17~*<;.é‘.ﬁ_.__ Zols2

F@f(=2) 14t | 2
412 ‘Z Fo—fl—z) 1—r [FT7’
(413) sl @A S 12

and all equalities arve attained by the function z/(1—2).

Proor. We may assume, without loss of generality, that f(z) is regular
in |z|<1. By means of a geometrical consideration, we see that arg{f(z)
—f(—2z)} increases monotonously as z traverses on the unit circle in the
positive direction. On the other hand, f(z)—f(—z) has only one simple zero
in the unit circle at the origin. Hence f(z)—f(—z) is starlike with respect
to the origin for |[z]<C1, and therefore from some known properties of odd
functions starlike with respect to the origin in the unit circle, we obtain (1)>
and (2), etc. [81, [9], [10].

The statements concerning sharpness and equalities are easily verified
for the function z/(1-—2).

Nara Gakugei University.
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