Journal of the Mathematical Society of Japan Vol. 11, No. 4, October, 1959

Conjugate classes of Cartan subalgebras in real
semisimple Lie algebras.

By Mitsuo SUGIURA

(Received July 4, 1959)

Introduction.

Cartan subalgebras play an important part in the theory of Lie algebras.
Our main purpose in this paper is to find all Cartan subalgebras in real
semisimple Lie algebras up to conjugacy under the adjoint groups or the full
automorphism groups. The problem is very simple in complex semisimple
Lie algebras, because all Cartan subalgebras in a Lie algebra over an alge-
braically closed field of chracteristic zero are mutually conjugate. This
conjugacy theorem does not hold for a Lie algebra over a field which is not
algebraically closed. For example, let g=28((2, R) be the Lie algebra of all
2x 2 real matrices with trace zero, then g has two Cartan subalgebras

n={(o ) t< R} and n={(5 70); 1<K}

h; and Y, are not conjugate under an inner automorphism of g, because ¥,
generates a non compact group

m{(C 0): reR),

while §, generates a compact group
_f{cos@ —sinb\ .
H2—{(sin 6 cos 0) ;0 R}'

The conjugate classes of Cartan subalgebras in a Lie algebra over a
general field of characteristic zero were first treated by N. Iwahori and I
Satake [8] They proved the conjugacy of Cartan subalgebras for solvable
Lie algebras. Later, the conjugate classes of Cartan subalgebras (or sub-
groups) attracted the attention of mathematicians in connection with the
theory of unitary representations. I.M. Gelfand and M.I. Graev remarked
that the existence of [#/2]+1 different conjugate classes of Cartan sub-
group in SL(n, R) is connected with the existence of [%/2]+1 different
principal non degenerate series of irreducible unitary representations of
SL(n, R). Harish-Chandra, interested also in this phenomenon, proved that
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every Cartan subalgebra in a real semismple Lie algebra g is conjugate to a
standard one and there are only a finite number of conjugate classes of Cartan
subalgebras in g (cf. [6]). A deeper study was made by B. Kostant [9] He
gave an invariant of the conjugate class of Cartan subalgebras, by means of
which he could determine the conjugate classes of these subalgebras in real
simple Lie algebras. (He announced to give a list containing all these in-
formations, which is however not yet published.)

In the following, we shall first reestablish Harish-Chandra’s results,
generalizing a method of G. A. Hunt [7], and then give an invariant, which
is simpler than that of Kostant’s, of the conjugate class of Cartan subal-
gebras. In the final paragraphs, we shall give a complete list of conjugate
classes of Cartan subalgebras under the adjoint groups or under the full
automorphism groups for each type of classical or exceptional real simple
Lie algebras, which will enable us to determine also the conjugate classes
of Cartan subalgebras of real semisimple Lie algebras. More precisely, this
paper is divided into five paragraphs as follows.

In §1, the problem of conjugacy under the adjoint group is reduced to
the corresponding problem under the Weyl group. Our fundamental tool is
which is a generalization of a lemma used by G. A. Hunt in [7]
is useful not only for compact Lie groups but also for non com-
pact semisimple Lie groups, on account of the close connection between a
semisimple Lie group G and the compact form G, of G°. By the repeated
use of we obtain Theorems 2, 3 and 4 which state each step of
the reduction. Theorem 2 and Theorem 3 were obtained by Harish-Chandra
[6]. Theorems 2, 3 and 4 were also announced by B. Kostant [9].

In § 2, we shall prove that there is a one to one correspondence between
conjugate classes of Cartan subalgebras in a real semisimple Lie algebra g
under the adjoint group and conjugate classes of the sets of roots which
satisfy certain conditions (admissible root systems, cf. Definition 9) under the
Weyl group (Theorem 6). This is our main theorem.

In §3 and §4, we give the number of conjugate classes and a represen-
tative of each class for every real form of complex simple Lie algebras.
The classical real simple Lie algebras are treated in §3, and the exceptional
simple algebras are treated in §4. As an application of our results, we prove
that the adjoint group G of a real semisimple Lie algebra g contains compact
Cartan subgroups if and only if g is of the first category, i.e. g is defined
by an involutive inner automorphism of the compact form g, (Theorem 8).

In §5, we determine the conjugate classes of Cartan subalgebras in a
real semisimple Lie algebra under the automorphism group G instead of the
adjoint group G. There exists a one to one correspondence between the
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conjugate classes of Cartan subalgebras under G and conjugate classes of
the admissible root systems under the Cartan group W (Theorem 10). The
conjugate classes under G are also conjugate classes under G in almost every
real simple Lie algebra, except in one type of simple algebras. These simple
Lie algebras are the Lie algebras of the type which we call (DIc). They
are the Lie algebras of the orthogonal groups with respect to the quadratic
froms with maximal indices over 4n-dimensional real vector spaces
11). By the knowledge of conjugate classes in simple Lie algebras, we can
easily find the conjugate classes of Cartan subalgebras in general semisimple
Lie algebras (Theorem 12).

The conjugate classes of Cartan subalgebras in real Lie algebras with
radicals can be determined by the method used in [8] and the results in
this paper. In particular, the number of conjugate classes of Cartan sub-
algebras in a real Lie algebra is always finite. These subjects will be treated
elsewhere.

The author expresses his hearty thanks to Prof. S. Iyanaga and N. Iwa-
hori for their kind advices.

§1. Standard Cartan subalgebras.

DeriniTioN 1. A subalgebra Y) of a semisimple Lie algebra g over a field
of characteristic zero is called a Cartan subalgebra, if % satisfies the following
two conditions:

1) % is a maximal abelian subalgebra of g.

2) For any X ), ad X is a semisimple linear transformation.

DeriniTion 2. A real subalgebra g, of a complex Lie algebra g is called
a real form of g, if the complexification ¢,°=C®g, is isomorphic to g by the
canonical mapping ¢ ® X—aX, i.e. if d}zm gozdém Q.

Notations. Throughout this paper we shall use the following notations.
Lie groups are denoted by Latin capitals, and the Lie algebras are denoted
by corresponding small German letters.

g : A real semisimple Lie algebra.
g¢: The complexification of g.
6 : The conjugation of ¢¢ with respect to g.

Every element X of ¢° is uniquely expressed as

X=Y4+v-12, Y, Z<g,
then

0X=Y—v—-17Z.
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a.: The compact real form of .

G, G% and G, : the adjoint group of g, ¢¢ and g, respectively. Always we
regard G C G¢, G, C GC.

B(X,Y): The Killing form of G, i.e. B(X,Y)=Trad Xad Y.

For every linear form 2 on a Cartan subalgebra § of g we denote by H;
the unique element of § satisfying

AH)= B(H;, H) for all H&Y.
For every subset a of g, we denote the orthogonal complement of a by
a’, i.e.
at={Xegq; BX,a=0}.
Let ¢ be an involution, i.e. an automorphism of order 2, of a real semi-
simple Lie algebra g. We put

@ f={Xeq; 0 X=X}, p={Xesg; 6 X=—X}.
then we have

2) g=t+p (direct sum)

and

3) L5, t]1Ct, [, p]Cy, [p,p1Ct.
The last relation (3) shows that the subset

4) g, =f+V—1p

is a real form of gC.

In the following we shall always use the symbols %, 9, and g, in this
sense. We shall denote the conjugation of ¢¢ with respect to g (or g,) by 8
(or 7). @, is invariant by 6 as a whole, and 7 is identical with ¢ on g.
Conversely if we can find a real form g, of ¢ invariant by 6, then the con-
jugation # of g, induces an involution ¢ on g.

DeriniTion 3. An involution o is called compact if the real form g,
defined by (4) is a compact real form of g°. The decomposition (2) associated
with a compact involution ¢ is called a Cartan decomposition of g.

If g admits a complex structure, then f=g, and p=4—1g, give a Cartan
decomposition of g, where g, is a compact real form of g.

E. Cartan proved that every real semisimple Lie algebra always admits
a Cartan decomposition (cf. E. Cartan [3], also G.D. Mostow [9]). He also
proved that any two such decompositions are “conjugate to each other” (E.
Cartan [3, p. 16]). This means that the following proposition holds. (We
shall give here this proposition with proof, in view of its importance in
what follows.)

Prorosition 1. Let g=t+p=1t+p’ be two Cartan decompositions of g as-
sociated with involutions o and o’. Then therve exists an element p in the adjoint
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group G of @, which transforms ¥ onto ¥ and  onto V.

Proor. Let G,=0(B) be the orthogonal group with respect to the Kil-
ling form B(X,Y) of g. Since ¢ belongs to G,, we can define the inner
automorphism « of G, by means of o:a(g)=o0g0"'. Let g,=1¥-+p, be the
Cartan decomposition of g, associated with the involution da = Ado. Let K,
be the analytic subgroup of G, generated by f, and P,= {exp X G,; X< P}
Then every element g= G, can be decomposed uniquely as g=pk;p< P,
ke K, It is easily seen that for p, k<= G,,

() peEP, < a(p)=p~t < po=agp™',
and
6) keK, < alk)=Fk < kft=% and kp=p.

Now, owing to Sylvester’s law of inertia there exists an element g< G, such
that

gt=¥, gh=9y".
If we decompose this element g as g=pk; p = P, k= K,, then we have
Q) pr=t, pp=yp’.
For any Xef, Yep, pX belongs to pt =¥ and pY belongs to pp=7p’, hence
we have
P X+Y)=0(pX+pY)=pX—pY=pX—Y)=po(X+7Y), i.e.
(8) o'p=po.
p is represented by a positive definite symmetric matrix with respect to an
orthonormal base (i.e. a base (¢;) which satisfies B(e;, e;) ==0;;) of g. Hence
there exists a basis (U,) of g consisting of the eigenvectors of p, i.e.
pU; = ¢;U; (c;>0).

Let 7, be the structure constants of g with respect to the basis (U7), then
we have

©) LU, Uj]:ZTiijk-
If we put U =pU,, then (Uy') is another basis of g. Let r’;;* be the struc-
ture constant of g with respect to (U;"), then

10) Lu/, Uj/:l =2 r/iijk/ .

Replacing U;”’s in the equality by Uy =c¢;U; and comparing the so
obtained relations with (8), we have the relation

(1D CiCiT i = cur e/ -
Let V;=oU, then applying ¢ to (9), we have
12) Vi, Vi=ZrVi.



Conjugate classes of Carian subalgebras in veal semisimple Lie algebras. 379

Let Vy’=pV;, then by the relation (8), we have
Vi =pcU;=0pU,=0c"U;/.
Consequently, applying ¢’ to both sides of we have

13) [V, Vi1=S7" Ve
By the last equality in (5), we have

19 Vi =poU,=op Ui = ¢V
and prove that

(15) ciCir’iff = ckrf” -

Comparing and we see that 7, =0 < r/;,*=0and c,c;=¢; if 7,5+ 0.
Hence
=1 for all 4,7, k.
The last equalities prove that p is an automorphism of g. Let p=exp X,
X ey, then the linear transformation p'=exptX has eigenvalues ¢;* with
eigenvectors U;. If ¢ is real and 7,;/*+ 0, then we have ¢/c/=c;". Let r,/*@®
be the structure constants of g with respect to the basis U,(#) =p'U;, then
by the same argument as was used to prove we have
Citcjtrijk = ck‘m"(t) .

Therefore we have r;/*({)=r;/" for any real parameter ¢ and for all i,j, .
This fact implies that p* (0=<¢=1) are automorphisms of g. Consequently p
belongs to the connected component of the identity in the full automorphism
group of g. However this component is nothing but the adjoint group of g.
Thus we have proved the conjugacy of two Cartan decompositions under
the action of the adjoint group.

For every Cartan subalgebra %) of g, we have the following two sub-
algebras.

ht={Xe}; all eigenvalues of ad X are purely imaginary},
) ={Xe}Y; all eigenvalues of ad X are real}.

The analytic subgroup of G generated by %" is a toroidal group, and the one
generated by %~ is a vector group.

DeriniTion 4. We call §* the toroidal part of § and §)~ the vector part of .

When g admits a complex structure, that is, when g is obtained from a

complex semisimple Lie algebra by the restriction of the base field, it is
well known that

(16) ft=+—119"
an "= X RH,.
and @: r00

a8) § =§Ht+h (direct sum).
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Prorosition 2. Let § be a Cartan subalgebra of a real semisimple Lie
algebra 9. Then we have the following two relations.

1) § =pr+h~ (direct sum),

2) P=09"Nny Yy =09"nNY.

Proor. It is clear that §* 15~ =0, 5" DEO)* A and )™ D)~ ). There-
fore, to prove the proposition 2, it is sufficient to show that )= ((§%)* N\ )+
(1)~ N\ 5H. The complexification §° of § is a Cartan subalgebra of ¢¢. Let X
be any element in § (C¥°). As §)° is decomposed into the direct sum of (§°)*
and (49, X is uniquely decomposed as follows.

(19 X=Y+Z Ye%*, Z< ).
We have
20) X=0X=0Y+6Z.

Let 6* be the linear transformation of the dual space (§¢)* of §¢ defined by
(6*2)(H) = A(6H), then #* induces a substitution of roots. Hence by and

we have

21 66 = )7, 60 =G)*.
Therefore, comparing and we have

22) Y=Y, 6Z=2,

owing to the uniqueness of decomposition [19). means
Yegn®)r=1nE9*,

(23)
ZegNn @)~ =50

Consequently we have
(24) H=O NGO O .
proves the proposition.

Tueorem 1. Let g be a real semisimple Lie algebra and G the adjoint group
of g. Suppose two subalgebras n,, 1y of § generate toroidal groups N,, N, respec-
tively in G. If there exists a compact subgroup L in G, such that

(25) [, n, ]l for all €L

(U is the Lie algebra of L), then there exists an element l, in L satisfying follow-
ing two conditions:

1) FEvery element of [,Nl,™' commutes with each element of N,.

2) [lmg, ny]=0.

Proor. First, we prove that for any X< n,, Y n,, there exists an /, in
L such that [/, X, Y]=0.

As f(I)=B(X, Y) is a continuous function on L, f attains its maximal
value at some point /, in L. We define the function g(#) of real variable ¢
as g®) = B(lexptad 2)[, X, Y) for any Z in . Then g(¢) attains its maximum
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at £=0. So we have
(26) 0=2g'0)=B(Z L, X], Y)=BZ [,X, Y]).

The relations [25), [26) and the fact that B is negative definite on [, prove the
equality [/,X, Y]1=0. Now, there exists an X; in n;, (=1,2) such that one
parameter subgroup {expadi{X;; —co<t<oo} is everywhere dense in Nj.
For such X, and X,, we can apply the first part of this proof. There
exists an element /, in L satisfying [/,X,, X,1=0. Consequently, for any two
real numbers s and ¢, exp ad /¢ X, = /j(exp ad ¢X;)/,”! and exp ad sX, commute
with each other. This proves 1), and 2) is a direct consequence of 1).
CororLLarY. Amny two Cartan subalgebvas in a compact or complex semi-
simple Lie algebra § are conjugate under the action of the adjoint group.
Proor. Cartan subalgebra of a compact Lie algebra g is identical with
a maximal abelian subalgebra in g. So, when g is compact semisimple,
Therom 1, 2) proves the conjugacy of any two Cartan subalgebras.
Next we shall consider the case when g is complex semisimple. Let
b, b, be two Cartan subalgebras of g. We can construct a compact real form

g; (=1,2) of g, containing (§,)*. By there exists an element g
in G such that

27) £3:1 =02 .
Since gh,* is a Cartan subalgebra of the compact semisimple Lie algebra
0., 20,7 is conjugate to §,*. Therefore §, and §, are conjugate to each other.
DeriniTiON 5. Let p be the subspace of ¢ as defined (1). An abelian
subalgebra m of g satisfying the following two conditions 1), 2) is calld a
maximal abelian subalgebra in p.
1) mchy.
2) There exists no abelian subalgebra m’ of g, such that

poOm 2m.

Prorosition 3. Let K be the analytic subgroup of G genevated by t. Then,
any two maximal abelian subalgebras m,, my in p ave conjugate under the action
of K.

Proor. We regard both G and the adjoint group G, of g, as sub-
groups of the adjoint group G¢ of ¢°. Then we have K=G G, Therefore
it is sufficient to prove the conjugacy of two subalgebras n, =+/—1m, and
n,=4/—1m, in g, under K in order to prove Proposition 3. First we prove
that n, generates a toroidal group N; in G,. Let t be the automorphism §
of G, whose differential dr is identical with 6 on g,.

Let §; be a Cartan subalgebra containing n; and H; be the analytic sub-
group of G, generated by ;. Then we have
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(28) N,CclhecH;t(h)y=hr"}.
Therefore the closure L; = N; is contained in the right hand side of [28):
(29) L,clheH;; t(h)=r1}.

Consequently 7(L;)=L; and the Lie algebra I; of L; is invariant by § =dr

and 1; is decomposed into direct sum [, ={,*+{,~ where
(t={Xel; 0X)=X}, i(={Xe;0X=—X}.

If Xe=\,*, then
(30) 7exp X)=expfX=exp X.
The relations and proves that the square of any element in the
analytic subgroup L;* of H; generated by {;* is the identity. On the other hand
the subgroup (ke H;; k*=e} in the toroidal group H; is discrete. Conse-
quently [;* =0 and {;=1,"CV —1p. Therefore {; is an abelian subalgebra in
A/—1p and contains m;=+—1m;. [; must coincide with n,. This proves
L,=N,=N, Thus N, is a connected, closed abelian subgroup of the compact
group G,. So N; is toroidal.

The toroidal subgroups N,, N, and the compact subgroup K of G, satisfy

the conditions of [Theorem 1, because [kn;, n,]C [V —1p, v/ —1p]C¥t. Hence

by [Theorem 1, there exists an element %2 in K such that [kn, n,]=0. The
last equality implies kAn, =n, since kn, and n, are maximal abelian subalgebras
in vV—1p.

Prorosition 4. Let m be a maximal abelian subalgebra in . Then any
maximal abelian subalgebra %, in ¢ which contains m, is a Cartan subalgebra of
g, and Yo" =m=109,"\p and H* =H NI

Proor. Let 7 be the conjugation of ¢¢ with respect to the compact real
form g,. Then for any X%, and Y= m, we have

X, Y1=—[nX, 7Y ]=—9(X, Y1) =-—7(0)=0.
Therefore we see that
31 [X—nX,Y]=0 for all Yemn.

The element Z= X—7X is in ¢ and satisfies Z=—Z, hence Z is contained
in p. Therefore (31) proves that Z= X—7X belongs to m, since m is a maximal
abelian subalgebra in p.

Consequently X+7X=2X—(X—7X) belongs to fn%, Thus any element
X in §, can be represented as the sum X= U+Z, where U= (X+7X)/2 and
Z=(X—7X)/2 belong to f and p respectively. Therefore ad U and ad Z are
semisimple linear transformatons and commute with each other. It follows
that ad X is semisimple. This proves that §, is a Cartan subalgebra of g.
Moreover the fact that U<f, Z=m proves " =N Hh=hnp=m.
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DeriniTion 6. Let (f, b, m) be a triple consisting a subalgebra f, a sub-
space p and an abelian subalgebra m of ¢ satisfying the following two condi-
tions: 1) g=f-+p and this decomposition is a Cartan decomposition, 2) m is
a maximal abelian subalgebra in .

Such a triple is called a standard triple.

A Cartan subalgebra §) of g is called standard with respect to a standard
triple (f, p, m), if the conditions 1) H~ Cm and 2) §* C¥ are satisfied.

Tueorem 2. 1) Any Cartan subalgebra § of a real semisimple Lie algebra
g is standard with respect to a suitable standard triple (%, p, m).

2) Amny Cartan subalgebra V) of g is conjugate under the adjoint group G to
one that is standard with respect to a fixed standard tviple (%, p, m).

Proor. 1) There exists a compact real form g, containing (§¢)* and in-
variant by 6 (conjugation of ¢¢ with respect to g). The restriction ¢ of %
(conjugation of ¢¢ with respect to g,) to g is a compact involution and defines
a Cartan decomposition g=f-+p. Then we have by Proposition 2

PFr=00"NHCaNng="*
=0 NSV —1g.Ng=D.
Therefore § is standard with respect to a standard triple (%, p, m), where m
is an arbitrary maximal abelian subalgebra in p containing §~.
2) Let (f, p, m) be a fixed standard triple. A Cartan subalgebra § of g

is standard with respect to a standard triple (¥, p/, m’). By Proposition 1
there exists a g G such that

and we have
g =gt Cet/ =1
gH) =g Np)Cgy =b.

Let m’/ be a maximal abelian subalgebra in p containing g(f~), then by Pro-
position 3 there exists .= K (analytic subgroup of G generated by ¥) such
that

'/ =m.

Since k£ leaves invariant f and p as a whole, the element s=£Ag transforms §
to a Cartan subalgebra s§) which is standard with respect to (f, b, m).
Convention. 1) In the following we shall fix a standard triple (%, p, m)
and use the word “standard ” instead of “standard with respect to (f, p, m) .
2) In the following we shall use the word “conjugate” always in the
meaning of “conjugate under the action of the adjoint group”, unless speci-
fically noted.
ProrosiTion b, Let 9, and Y, be two standard Cartan subalgebras of g
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satisfying
h~Ch.
Then there exists an element k< K such that
kEH=H for all HeY),~ and
kh,t Ch T
Especially when §,”=1,", this k satisfies kY),* =" .
Proor. Let

L={keK;kH=H for all HeY,"}.

Then L is a compact subgroup of G.

h.*, 9~ and L satisfy the conditions of Theorem 1.

Let H;* be the analytic subgroup generated by Y);*. Then H;*C KN\ H;
and K\ H; is closed, so we have H;* C K~ H;,. The last inclusion relation
and the equality §;* =f\§; prove that H;* = H;*. Therefore H;* is a closed
connected abelian subgroup of compact Lie group K, consequently H;™ is a
toroidal group.

Next we prove

(32) [, vt (for all /I L).
Since L K and §;* ¥, we have by (3)

33) [29,%, 9, 1Ct.

And by Jacobi identity, we have

(34 [8:7 [202%, 0" 11 = L0107 25,71, B 1+028,%, 06,7, 711

The second term of right hand side of (34) is equal to zero, because Y, is
abelian. And the first term is also equal to zero, because

0.7, 09 1= 10079, 7, 97 1= 106, §o*]
and 5~ CH,~ and 9, is abelian.
Therefore we have
(35) [6,7 [26,%, 9,¥11=0.
The relations and prove (32) by the very definition of L.

Thus we can apply to §,*, §,* and L. There exists an element
/<= L such that

(36) L2h,*, 5,7 1=0.
On the other hand, by the assumption §,~ C§,~, we have
37 [29:%, 9~ 1=1[8y", £7,"1=I[H,", 5,1 =0.

and proves [/, ) 1=0 consequently /§,* C§,. Since /§,* ¥, we have
0 Ctnh =9"*
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which proves our [Proposition

We set now
N={ke K, km=m}.

Let < N, then the restriction ¢(k) of £ to m is a linear transformation on
m. We denote the totality of ¢(k) by W;; i.e.

Ws={¢k); k= N}.

The homogeneous space M=G/K is the symmetric Riemannian space of
which the largest connected group of isometries is G. The group W, coin-
cides with the Weyl group (groupe (S)) of M defined by Cartan in [2, p. 356].

Tueorem 3. Two standavd Cartan subalgebras %), and B, are conjugate under
the action of the adjoint group G if and only if their vector parts %,~ and 9~
are conjugate undey the action of group Wi

Proor. Sufficiency. Assume that there exists uan element 2= N such
that k),"=1%,~. Then we can apply Proposition 5 to §, and k&Y, and there
exists an element &, in K such that

klf)2_ = f)z_ s klkf)1+ = f)2+ .

Therefore let &,=k,k then k,= K and k5, = 0,.
Necessity. Let g be an element in G which transforms %, onto Y),. Then
g can be decomposed uniquely as the product

g=kp, pcexpaddp, kK.

First of all, we shall show that pH = H for all HeY,~. Let p=expad X,
(Xeyp), c=cosh ad X and s=sinh ad X. Then p§),~"=~Fk'9,"Ch,cpC)p and
spCt. Therefore
(38) shm=(—oh)~€tnp=1{0}.

Since s is a semisimple linear transformation and all the eigenvalues of ad X
are real, the kernel of s coincides with that of ad X. Therefore implies
that

(@d X)h~=01ie [X 5 1=0.

Consequently pH=H for all He}),~ and we have
(39) RYy~=gh " =h,".

Next we shall prove that two subalgebras, n;, =4 —1 m and n,=4/—1 km, and
the subgroup
L={leK;[H=H for all HeY,"}

of the adjoint group G, of g, satisfy the conditions of Theorom 1.
L is a compact subgroup of G,. n; is an abelian subalgegra of g,, and
; generates a toroidal group N; in G,. To prove the last fact it is sufficient
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to prove that N; is closed. This fact is proved as in the proof of Proposi-
tion 3. Now we shall prove the relation

40) [m,n,]Ct forall /L.
By the Jacobi identity and the fact that / is an automorphism of g,, we have
(41) CLony, ny], By = [0m, B~ 1, em]+[m, [km, §,71].

The first term of right hand side of is equal to zero, because
[/m, By 1={I[m, [7hy~]=/[m, hy" ] {Lm, m]=0.
The second term is also equal to zero, because
Chm, h,"1=k[m, k7'h,"]= k[m, §,"]C k[m, m]=0.
Therefore (40) is proved.
Thus the conditions of are satisfied. So we can find an ele-
ment /= L such that
[ng, ny1=[lkm, m]=0.
Since /km and m are both maximal abelian subalgebras in p, the last equality
means that /km=m.
Let Ik =a, then ¢ = K and we have
ahy”=IkY) " =1h,"=10,",
am=\lkm=m.
Therefore ¢ belongs to the group N and %,~ is transformed to §,” by «.

By and we have the following [Corollary 1|, 2 to

CoroLrary 1. Two standard Cartan subalgebras ave conjugate under the
adjoint group G if and only if they ave conjugate under K.

CoroLLarY 2. All Cartan subalgebras of which vector parts have wmaximal
possible dimension are mutually conjugate under G.

The following lemma, which is obvious, is used in the proof of

Lemma 1. Let X be an element in v —19, and §(2) be the eigenspace of
ad X with eigenvalue A. Let 2y, Ay, A, be the eigenvalues of ad X and 2,=0.
Then we have

a¢ =i§)0 a(2;) (direct sum).

Let t(A)(or ¥(A) be the projection of ¢(A) to ¥ (or v°) by the divect sum
decomposition € =¥+p°. Then any element Y < g(R) can be written as follows :
Y=U+Y, UestA), Vep.

And U and 'V satisfy the following equalities :
[X, Ul=V, [X, V]1=24U.
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Finally we have
10 =¥0)+t(A)+---+¥1,) (direct sum),
PO =00+ )+-+p(A,)  (direct sum)
(¢f. E. Cartan [2, Ch. I, 3)).
Turorem 4. Let Y); (i=1,2) be two standard Cartan subalgebras of g, and
L=0")"nm={Xem; BX, §7)=0}.

Then G, and Y, are conjugate to each other if and only if {, and |, are conjugate
under the action of the Weyl group W of o¢ with respect to the Cartan subalgebra
0. (0 is @ fixed Cartan subalgebra of g containing m. cf. Proposition 4.)

Proor. 1) Necessity of the condition. Let ), and f, be conjugate, then
by Theorem 3, we can find an element 2 < K such that

Ry =%, km=m.
Let L be the subgroup of G, defined as follows:
L={leG,;[H=H for all H=m}
and let §,=%,"+~—1%;,~, n,=kY, and n,=9,. Then, L, n, and n, satisfy the

conditions of [Theorem 1. It is clear that L is a compact subgroup of G,
and that n; generates a toroidal group in G,. We have

[y, ], m]=0 forall [eL,

as in the proof of Therefore we have [/, n,] (. By Theorem
1, we can find an element /< L such that [/, n,]=0. Consequently we have

lnl =T3.
Since lk = G, keeps 4, invariant, the restriction s of /& to (5,)¢= (§,)° belongs
to the Weyl group W of ¢° with respect to (§,)°. Moreover by the definition
of s, we have
sm=m and sh"=0h".

Consequently we have sf; =1,.

2) Sufficiency of the condition. Let # be an element of W such that
tl,=1,. Then, there exists g in G,, of which the restriction to }, coincides
with ¢, g satisfies the following conditions

gEGuy gY)OC:f)OC’ gr1=I2
g is decomposed as the product of a rotation k= K and a transvection

peexpadVv—1p, i.e. g=kp.
Let
p=expadX, Xev —1p, s=sinhad X and c¢=coshad X.
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Then, as in the proof of we have
(42) sh=(0(p—oLev—-1tnp={0}.

Let g() be the eigenspace of ad X with eigenvalue A, then the eigenspace
of s with eigenvalue p is the direct sum of g(1)’s, where sinh 1= p. Hence,

implies that
L agW—1un).

Therefore any element Y of I, can be represented as follows:

(43) Y=Y, Y,€co(W—1nn).

By Lemma 1, we have

(44) Y,=U,+V,., UctW—1un), V,ep(V—-1nn),
and

(45) (X, UJl=~—1nzV,.

By and we have

(46) Y- V=2 U,e°Nnt¢={0}.

By S (v —1nm) is a direct sum, hence, by [(46) we have

47 U,=0 for all #.
and (47) prove that
(48) Ve=0, if n+0.

(47) and (48) imply that
Y= Vo &= p(O) .

As Y is an arbitrary element of {,, we have [ X, {;]1= {0}, and consequently

Y=Y for all Ye=1,.
Therefore we have
(49) R,=1,, kK.
Let
L={leG,;lY=Y for all Yel,}, n,=Fm and n,=1mu,

then L,n, and n, satisfy the conditions of [Theorem 1. Therefore we can
find an element /= L such that
lkm=m.
Then we have
lke N, [k, =1,,
and consequently,
(50) ke N, Ikbh~=%,.
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By implies that §, and §, are conjugate to each other.

§ 2. Vector parts of standard Cartan subalgebras.

In this section we give a necessary and sufficient condition that a sub-
space n of m is the vector part of a standard Cartan subalgebra ). Nota-
tions: (f, p, m) be a fixed standard triple of g. We choose a maximal abelian

subalgebra Y, in g containing m. Then, by b, is a standard
Cartan subalgebra of g, and §,” =m.

Let §,° be the complexification of §, in ¢°>. Then §,° is a Cartan subalgebra
of ¢° A (non zero) root of ¢¢ with respect to §,° is simply called a root.
The totality of roots is denoted by R.

Let a be a root, then there exists an element E, 0 in ¢, such that

[H E,]J=a(H)E, for all H=),C.
E, is unique up to scalar factors. Moreover we have
(51) [Eon EB:I = Na&,ﬁ Ew+B ’
where N, is a complex number and we have
=0 ((f a+-f<R)
+0 (if at+feR).

Let # be the conjugation of ¢¢ with respect to g, and let %6 be the linear

transformation on the dual space (§,°)™* of (§,°)~ defined by
(O0)H) = A(0H) (He 5°)) -

Since ‘¢ induces a substitution of roots, there exists a complex number «,
for each roots a such that
(53) OF, = k,Et,, -

It is well known that we can find a basis H; 1 <i<u#), E,(a € R) of ¢°
satisfying the following four conditions:

(52) Na,s

(54) Hi= (007,

(55) BE,, E_)=—1,

(56) Na,pg= N_q,-p=real number,
(57) l’cwl =1

(cf. H. Weyl [13] and G.D. Mostow [10]).
Let H, and E, be a basis satisfying the above four conditions, then

(58) Ou = (boo)++§0R(E¢+E_m)+ R V—1(E,~E_,)

is a compact real form of ¥¢ and we have
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We choose a basis H;, E, satisfying [(54)—(57).
For any subspace | of m, we define R(I) by

(60) RO)={aeR;H, =},
and we define the following five subspaces which play important parts in

the followings.
f="Nh={Xeh; BX,)=0},

(61) Z°H={Xe¢; [X11=0}, ZHDH=anZ°M,
ol]=19+ g))e(ng and o) =gnNgll].

These five subspaces are subalgebras.

Prorosition 6. Z¢(H)=0,+ell1 G=1"N"Y) -
Proor. Any element X of ¢¢ is written as

X:H0+ 2 Canaw Coaec’ Hoe‘f)oo'
aER

Since
[H, X=X c¢.,BH H)E, for all He{,
aER

we have clearly Z°(f)=5,"+ %()CE“'
a<SR((

DeriniTiOoN 7. A subspace | of m is called a root space if [ is spanned by
roots i.e. = > RH,.

aER(Y)
Prorosition 7. If Y is a standard Cartan subalgebra, then

(=) "nm={Xem; BX §)=0}
is @ rool space.

Proor. A standard Cartan subalgebra Y is called special if H*DY,*.
Proposition 5 proves that every standard Cartan subalgebra % is conjugate
to a special standard Cartan subalgebra %, of which vector part 9,~ coincides
with §)~. Hence we may assume that §* D),*. In this case, we have {=1¥,
*=9%,"+9 and Z¢J) contains §°. Let (/= >, RH, and assume that [’ #1,

a<R(1)
then there exists a non zero element A in [ such that B(H, H,)=0 for all
a < R(). As we have by Proposition 6
CH, Y1 [H, Zz°M]1= {0},
H belongs to h~p=14 which contradicts the facts that H={ and H+0.
ProrosiTion 8. If | is a root space in wm, then g[1] is a semisimple sub-
algebra of ¢ and \° is a Cartan subalgebra of g[1].
Proor. Let b be the subspace of ¢¢ defined by

B:TC‘i‘ Z CEu.; (T=I*ﬂf)o),
adR(1)

then we have
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(62) o¢ =g[{]+b6 (direct sum)
and
(63) Col13, 5],

because if w= R({) and f< R(l), then a5 R(). By a theorem of N.
Jacobson (cf. C. Chevalley [4, (b), p. 1117), we can conclude from (62) and
that ¢[(] is a reductive Lie algebra. Next we show that the centre 3 of g[(]
consists of zero only.
Let
X=H+ 3 a,E,, H,&\(°
*<SR(1)

be an arbitrary element of 3, then we have
0=[Hp X]= %}( )a,,B(HB, H)E, for all p= R().
a<=R(]

Since B(H,, H,)+# 0, we have a,=0 for all « = R(l), consequently X=H,
e 1. Therefore 3. However, since [ is spanned by some H,’s for a & R(l),
for any non zero element He<19 there exists a root a < R() such that
B(H,, HY=«a(H)+ 0. Then we have

[H,E,J+0 and Hej.

Thus we have proved that 3= {0} and g[(] is semisimple. The above
argument has also proved that (¢ is a maximal abelian subalgebra of g[(].
Moreover let ad be the adjoint representation of g[{], then every ad(X) (X< 19)
can be represented by a diagonal matrix. Therefore [ is a Cartan subalgebra
of the semisimple Lie algebra g[{].

Remark. If I is a root space in m, then R(Y) is the root system of the
semisimple Lie algebra g[{] with respect to the Cartan subalgebra 1°.

ProposiTioNn 9. Let | be a root space in m, then

1) a)=g¢[lINg is a real form of g[1].

2) g =@@O)NADH+@OND) is a Cartan decomposition of (l).

3) ZMHNt=h"+6OND, F=T"Nh).

Proor. 1) To prove 1), it is sufficient to show that #(g[{])=g[(], where
6 is the conjugation of ¢° with respect to g. As H,={Cg for all a« € R(Y),

0H,=H, for all a< R()
hence
a =« for all a < R().

Therefore we have 6(g[{]) =g[{] (cf. (53) and (61)).

2) Let g, be the compact real form of ¢¢ defined by (58). Let 7 be the
conjugation of ¢° with respect to g,.

Both @07 and 7.0 are automorpﬁisms of ¢° and they coincide on the real
form g, because if X<f¥, Yy, then we have
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R )X+Y)=9X+Y)=X—-Y=0X—0Y=n(X+Y).
Therefore we have
{69 700 =007 on g.
Since yH,=—H, for all « = R(I), we have (g[{]) = g[{] and 7(g(1)) = g(). Since
sONt={Xegll]; 6X=X, X=X},
saONpP={Xecgll]; X=X, nX=—-X}

and

X= 5 (X+7X)+ 5 (X—7X),

we have
a) =@ NAH+GEOH D).

This decomposition is a Cartan decomposition of g(), because
@O ND+FV-T1@OANCt+V—Tp=g,.
3 By we have
ZM =1{+qll].
As Z¢(}), {¢ and ¢[{] are invariant by 6, we have

ZH=2°Dne=0"Nne)+6@INe=T+e0.
Since {=h"+{p) (direct sum), we have
bt =int.
As 7 keeps | and ¢(1) invariant as a whole we have
ZHNE=ENDHHEOND
="+ D).
Thus we have proved

The above defined real semisimple Lie algebra ¢(I) has a remarkable
property that its Cartan subalgebra | has no toroidal part. As this property
is essential for our later investigation, we shall give a special name to such
a Lie algebra.

Derimvition 8. A real semisimple Lie algebra g is called normal if g has
a Cartan subalgebra § of which toroidal part is zero, i.e. h=}.

Prorosition 10. The following two conditions for a rveal semisimple Lie
algebra ¢ are mutually equivalent.

1) g is normal.

2) g={ }”3 a;H,+ ZRawE,,; i, A s R}
i=1 ac

where (H,, E,) is a basis of o° satisfying (54), (55) and (56).
Proor. It is clear that 2) implies 1). Conversely let g be a normal real
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form of ¢, and § be a Cartan subalgebra of g such that )~ =Y. Then ad H
(H<Y) has only real eigenvalues. In view of this fact, we can easily obtain
a basis (H;, E,) of ¢ as required, following the argument of Weyl concern-
ing the construction of canonical base of a complex semisimple Lie algebra.

Remark. 1) [Proposition 10| proves that every complex semisimple Lie
algebra has the unique normal real form up to isomorphisms.

2) E. Cartan called a real semisimple Lie algebra g normal when the
character ¢ of ¢ (0=dimp —dimf¥) is equal to the rank of g. [Proposition 10|
shows that our definition coincides with that of Cartan.

3) The normal real form of 8l(xn, C) is 8l(x, R).

The normal real form of 8p(n, C) is 8p(n, R).

The normal real form of o(x, C) is the Lie algebra of the orthogonal
group of a quadratic form with the maximal index over an z-dimensional
real vector space (cf. § 3).

4) Propositions 7, 8 and 9 imply that for each standard Cartan subalgebra
h of g, there corresponds a normal semisimple Lie algebra g(I) where {=
™ m. If §, and Y, are two conjugate standard Cartan subalgebras, then
g(l;) and g(f,) are isomorphic because their root systems are congruent by
Theorem 4. The converse is in general not true.

For example, in the real simple Lie algebra (GI), there are two non
conjugate standard Cartan subalgebras Y, and 9, (cf. §4) of which toroidal
parts are of dimension 1. However both g(f;) and g¢({,) are isomorphic to
812, R).

Prorosition 11. Let ¢ be a normal real semisimple Lie algebva and let
g=%t4D be @ Cartan decomposition of g.

Then the following two conditions arve mutually equivalent.

1) rankf=rankg.

2) There exist n voots «,--, &, such that

where n=rank q.
Proor. Let ) be a Cartan subalgebra of g such that §~ =Y. Using a
basis H; (1 <i<#n), E, (¢ = R) satisfying (54), (565) and (56), we have

g={ %dilfi+ D agEy; @ ay < R}
i=1 a<ER
and
te={V—1 ,>”:1 @l 3 @Bt GaF-0); a: = R, 0= C)
1= [/

where 3 means the sum extended over all positive roots (we fix a lexico-
a>0

graphic order in (§7)*).
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Then we have
(65) f= N\ G = {mgoaw(Ew‘i‘E—w) y Ge & R} .
Let
Uag == EN+E—w (a > O) b
then we have

(66) [Um Uﬁ] = Nm,B Uw+ﬁ+Nw, -B Ua—ﬁ .

Since t is isomorphic to a Lie algebra of a compact Lie group, every maximal
abelian subalgebra of f is a Cartan subalgebra of f. Therefore if there exist
n roots ay,-,a, such that a,+«; ¢ R, #0, then proves that rankf=#.

Thus 2) implies 1).

Now we shall prove the converse.

We define a proposition (P,) for a positive integer & as follows.

(Pw) : ¢° has mutually different & positive roots «,,--, a; such that

We shall prove that if rankf is not smaller than %, then the proposition
(P,) is valid for g.

(P,) is trivially valid. Next, we assume that (P,_,) is valid for g. Then
there exist £—1 positive roots a,, -, «;_, such that a;+«;« R. The equali-

ties and prove that k,:Z‘;RUm is an abelian subalgebra of f.

k-1
Let 5; be a Cartan subalgebra of f containing 3 R,,. An arbitrary ele-
i=1

ment X in §; can be represented as

(67) X=HZSOQBUB.
Then we have
(68) 0=[U, X1= BZ)O @g(N w3 Ui 487 Nai, -8Uni—p) 1ZiZk-1).

If rank f=dim¥, =k, then there exists X<§, such that Xe S RU,,. For
i=1

such an X there exists at least one positive root f= R—{a,,--, a;_,} such
that the corresponding coefficient @, in does not vanish. The identity
proves that N, pg=Nu, -p=0 (1=<i<k—1). This implies a;+p< R
(1=i=k—1). If we put a,=p, then the proposition (P,) is valid for g.

In this way we have proved that 1) implies 2).

Remark. If two roots «; #*ta«; satisfy the conditions «;ta;& R, then
«; is orthogonal to «,; Hence n roots «,,---, «, in the condition 2) of Proposi-
tion 11 are linearly independent. Consequently, they form a basis of the
Cartan subalgebra % of g, because n = rank g.

Turorem 5. Let g be a rveal semisimple Lie algebra, and (£, b, m) be a
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standard triple of @, and let Y, be a Cartan subalgebra of ¢ such that h),” =m.
For any subspace n of m, we denote by | the subspace of m defined by

[=n*m={Xem; BX, n)=0}.

Then a subspace n of m becomes the vector part %)~ of a standard Cartan
subalgebra V) if and only if there exist | roots ({=diml) a,,--, a; such that
1) a;ta;eR, 1<4,j</ and a;xa;#0 if i+#j,

% (=3 RH,,
i=1

Proor. By Proposition 9 3), we have Z({) n\t="58 @O N, GF=1"Nh)
and 9, is contained in the centre of Z(}). We have following equivalences
by Propositions 8, 9 and 11.

1 is the vector part of a standard Cartan subalgebra

<> 1 is the vector part of a special standard Cartan subalgebra

<> rank (ZH) N =dim b, +dim [

<> rank (g() 1§ =dim = rank g(f)

<> there exist / roots ((=dim!) in R() such that a;+ta; e R (1=4,5=<10).

We remark that if the conditions in Theorem 5 are satisfied, any Cartan
subalgebra of Z(f) N\t gives the toroidal part of a standard Cartan subalgebra
of which vector part §~ is equal to n.

Cororrary. The number of conjugate classes of Cartan subalgebras in a
real semisimple Lie algebra is always finite.

DeriniTioN 9. A set of positive roots F= {«, -, a;} satisfying the condi-
tion 1) in Theorem 5 is called an adwmissible root system.

Two admissible root systems F,, and F, are called equivalent and denoted
by F\=F, if F, and F, span the same subspace { of (§°)~; i.e.,

> RH,= 3 RHj.
aEF, BEF,

Two admissible root systems F, and F, are called conjugate and denoted
by F; = F, if there exists an element s in the Weyl group of ¢¢ with respect
to §,° such that sF,=F,.

The relations “ = and “ = ” are equivalence relations.

Summing up the results of §1 and §2, we have the following Theorem
6 which is our main theorem.

TureoreM 6. Therve is a one to one correspondence between conjugate classes
of Cartan subalgebras in a real semisimple Lie algebra § and the conjugate classes
of admissible root systems contained in R(m).
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§3. Conjugate classes of Cartan subalgebras in classical real simple Lie

algebras.

For the classification of real simple Lie algebras, we refer to E. Cartan
1l and F. Gantmacher [5] We denote real forms of complex simple
Lie algebras by the same notations as was used by E. Cartan for the cor-
responding symmetric Riemannian spaces.

Before entering into the study of each type of simple Lie algebra, we
give here some general remarks.

We use the classical linear Lie algebras as models of complex simple
Lie algebra of classical types: i.e. we realize the complex simple Lie algebras
of type A, B,C and D of rank » by 8l(n-+1, C), 0(2r-+1, C), 8p(n, C) and o(2n, C)
respectively. All of these Lie algebras ¢ are self-adjoint, i.e. if X belongs
to ¢, then ‘X also belongs to ¢¢. Therefore a compact real form g, of ¢ is
given as the intersection of ¢¢ and the Lie algebra of the unitary group with
the same degree.

If g is a self-adjoint real form of ¢, then g=1f-+p is a Cartan decom-
position of g, where f={Xecg;'X=—X} and p={Xeg; X=X}

In order to prove that a subset m is a maximal abelian subalgebra in p,
we shall use the following simple lemma.

Lemma 2. Let H be a diagonal wmatvix of which diagonal elements are
By ey by and A= (a;;) be a matvix of degree n. If hy+ h; and [H, A1=0, then
we have a;;= a; = 0.

Notations.

E, : Identity matrix of degree m.

Sim, C) (Sm, R)): The set of all complex (real) symmetric matrices of
degree .

o(m, C) (o(m)) : The set of all complex (real) skew symmetric matrices
of degree m=the Lie algebra of O(m, C) (O(m)).

H(m) : The set of all Hermitian matrices of degree .

u(m) : The set of all skew Hermitian matrices of degree m
= the Lie algebra of U(m).

8u(m) : The set of all skew Hermitian matrices of degree m with

the trace 0=the Lie algebra of SU(m).

M(n, m, C) (M(n, m, R)): The set of all complex (real) » xm matrices.

D(a,, -, a,) : Diagonal matrix with the diagonal elements ay, -+, dy.

N : The number of conjugate classes of Cartan subalgebra in
the given simple Lie algebra with rank #.

F :  Admissible root system (cf. Definition 9).
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Type A

The real forms of &l(z+1, C) are divided into three types (A1), (AII) and
(A IID).

There exists only one real form of type (AI) and (AII) respectively
with the given rank up to isomorphisms. There exist [Zl-—zt—l]—l—l non iso-

morphic real forms of type (AIIl) with the rank n. The real form of type
(A 1V) in Cartan’s notation is a particular real form contained in type (AIII).
Type (AI).

g=8l(n+1, R)={Xesgl(n+1, R); TrX=0}
is self-adjoint, and g=1+4p is a Cartan decomposition of g, where
t={Xeg;'X=—X}, and p={Xegq,;'X=X}.

n+1
f)O: {D(hl,""kn-!-l); hi = R, Ehz: 0}

is a Cartan subalgebra of g contained in p. Therefore ¢ is the normal real
form of 8((x-+1, C).
Let ¢; A <i=<n-+1) be the linear form on % defined by

e(H)=nh; (H=D(hy, -, ha) €5:°)
then the root system R of ¢ is expressed as follows:
(69) R={+t(e;—e); 1=i<j=nt+l}.
The Weyl group W of ¢° consists of all permutations of e;’s.
Any admissible root system F must be of the following type:
(70) F={(e;;—ei), -, (Csgy1—€iy)}s 11 <oy bopmg <o -

where i,,---,4,, are different 2% integers contained in {1,2,--,n+1}. The
toroidal part of the corresponding Cartan subalgebra is of dimension k.
Since the Weyl group W contains all permutations of e;’s, every two &-
dimensional | spanned by F of type [70) are conjugate under W.

Consequently, by every two Cartan subalgebras Y, and §, of
8l(z+1, R) are conjugate if and only if dim §,* =dim §,*.

Since the possible values of % are 0,1,2,--, [niztl], the number N of con-
jugate classes of Cartan subalgebras in 8l(x+1, R) is equal to [7-+41/2]+41:

wo[74]n,

A representative ) of conjugate classes such that dim§*==£ (is given as
follows:
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,Zk —-—hzk

f)={ S i meER, Tracezo}.
2 s

Ror sy

n+1

Type (AII). g=The Lie algebra of quaternion unimodular group. This
real form exists only if #-+1=2m is an even integer. ¢ is defined as follows:
Let

]=<_0Em Bn) and 6x=JXI,

then we have
g={Xe8ln+1,C); X=X}

_{( 4 By. Ty

={(_5 3) : A BeamO), Tr(4+2)=0}.
8, = Su(z-+1) is a compact form of ¢° which is invariant under 4. We have

A B\,

t=sns.={(_3 7); Acum), BeStm, O}

and

p=snv=To.={(_5 B); AcHm), Tra=0, Beum O)}.

W= { Dy, lry Py, ) 3 i € Ry 35 1= 0}
i=1
is a maximal abelian subalgebra in p (cf. Lemma 2).
A Cartan subalgebra §, of g containing m is given as follows:

1) By = { Dty > hmy Frgyees Fim) 3 i € C, (D i) =0}
i=1

As the root system R of ¢° with respect to §,¢ is defined by [69), and

BX, Y)=2n+1)TrXY,
we have

1
f{ei—ej = —zm (BEu—Ej)) -
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Therefore we see that

72) R(m) =empty.

implies that the only possible ! is {0}. Consequently, the number N of
conjugate classes of Cartan subalgebras in g is equal to 1:

N=1.

In other words, every Cartan subalgebra of g is conjugate to §, defined
by

g is an example of non compact real simple Lie algebra, of which Cartan
subalgebras are mutually conjugate.

Type (AIII). The Lie algebra of the type (AIII) is the Lie algebra
o(H) of special unitary group with respect to a (not necessarily definite)
Hermitian form A on a (#z+1)-dimensional complex vector space V. Let H
and H’ be two Hermitian forms on V, then o(H)=o(&’) if and only if index
of H=index of H'.

Therefore, there are exactly "——2*_—1]%—1 non isomorphic real forms of the

type (AIIl) with the rank .
Let A be of the index m (O =m= ["TH]) Then g, =0o(H) can be defined

as follows. Let

Ho=(gr _p ) mii=n+1, (0=m=[21]),

then we have
O = {X€8(n+1, C); *XH,+H,X=0}
___{(4 B\ . Aculm), Deul)
‘B D/ BeWim,!C), TrA+TrD=0S"

gn is self-adjoint, hence g, =8u(z+1) is a compact real form of g,° which is
invariant under 6.

We have

fzgmmgu={<64 B ; Acugm), Deu(), TrA+TrD=0}

and

p=onv=Ta={(g 5); BeMumL0)}.
Then
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3 A

- P

/
m== { Zl'-_ ; kieR}

\ J

is a maximal abelian subalgebra in p, and

(ul Iy )

Z‘m, hm

" “ VIR leR
_ __ . . > U S - > i & ’
@3 b ={H = : : TrH=0

P U

Uom+1

L Un+i

J

is a Cartan subalgebra containing m. §,° consists of matrices of the same
type as H in with complex elements %; and u;.
Let ¢; be the linear function on %,° defined by

—V:—Tiii+hi 1=i=m),
ez(H) = “'\/'——1 ui—m—hi—m (m+1 é Z é 2m) 5
—A =1 uy Cm+1<iZnt+l).

Then
R={*t(e;—ep); (1=i<j=nt+1)}

is the root system of ¢¢ with respect to §°.
Therefore we have

R(m) = {i(ei_eiﬂn) 5 1= ém)} .
The possible types of the admissible root systems F are as follows:
F={(e;,—eism); 1=k=l},

where i,,---,; are different / integers from {1, 2,:--, m}.
Since the Weyl group W contains all permutations of e;s, §, and 5, are
conjugate if and only if dim§,*=dim¥,*. The possible values of / are
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0,1,2,--,m. Consequently the number N of conjugate classes of Cartan sub-
algebras in g, is equal to m+1:
N=m+1.
It is remarkable that N does not depend on the rank » but depends on
the index m only. A representative § of the conjugate class with dimYy =k
is given as follows:

ul hl
?’/‘k bk‘

Up+t

Um

I 17 ” i e R ussvV—1R,
j={H= |/ h TrH=0 :

R U

Um +x+1

uzm

Uom+1

Unty

Types B and D

¢ =0(s, CO).

Type B,:a=0(2n+1,C) has only one kind of real form (BI) which
contains #--1 non isomorphic real forms with the rank .

Type D,: The real forms of g°=02#n, C) are divided into two types (D I)
and (DIID. Type (DI) contains #-+1 non isomorphic real forms, type (D III)
contains only one real form with the given rank. The real form of type
(BDII) in Cartan’s notation is a particular real form contained in type

(BD D).

Type BDI). g is the Lie algebra o(Q) of the orthogonal group with
respect to a quadratic form @ on a real vector space V. Let
2n+1 if ¢¢ is of type B,
2n if ¢% is of type D,,,
then dim V=s.
Q) = o(Q") if and only if index of @ =index of @’.
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Therefore, there exist exactly #-+1 non isomorphic real forms of the

type (BDI) with the rank z.
Let @ be of the index m (0 =m =n), then g, =0(Q) can be defined as

follows: let

0 E,. O
B, = E. 0 0 > (P+2m =3s),
0 0-—F

p
then we have

A B D
— .t . A S g‘[(m’ R), B’ C = D(WI),
={ | €A F i D Feting Ry Leos )
D L
SinceTg,, is self-adjoint, g, =1+ is a Cartan decomposition of g,, where
A B D
— .t — . Ar Be D(m): Le D(P),
t={ B—A-=D s DCamp R i
—tD D L
and
A B D
_ _n . AeS(im, R), B = o(m),
- { B-A D ? DeWMim, p, R) }
tD D 0

m= {D(hh"'s hms —kly"” _km’ O:"" 0); kz € R}
is a maximal abelian subalgebra in p (cf. Lemma 2), and

ky

-

i, .
hy = {H= —u, s ER, u < R}

Uy

“u,




Conjugate classes of Cartan subalgebras in veal semisimple Lie algebras. 403

is a Cartan subalgebra of g, containing m, where t=[n_22m ] The last row

and column exist only for g, of the type B.
Let e¢; be the linear form on Y, defined by

h l=i=m),

e, ()= {

V=1 1y m+1=i<mn),
then the root system of g,° is given as follows:
R={x(eite), (1=i<j=n)}
for ¢, = D,, and
R={x(e;tep, 1=i<j=n); e, (1=Zi=Zn)}
for ¢,° = B,.
Therefore
R(m) = {x(eitey), 1=i<j=m)}
for g, of type (DI) and
Rim)={x(e;xey), 1=i<j=m); te; 1=i=<m)}

for g, of type (BD).
Now we investigate type B and type D separately.

Type (DI). The Weyl group W of ¢,° consists of all permutations of
e;’s and change of signatures of an even number of e;s. Therefore any
admissible root system F is conjugate to one of the followings:

F(, k)= {e;+ey e;—ey, ey_11€5, €51~y
(74)

o141 Co1ak+10"""s Corek—Corrok ) »

where two integers /, & satisfy the conditions:

(75) 0=k 051, 2U0+R)=m.
If m=#n and m is even, there exists another type of F; i.e.
(76) F={F©0,m—2), en-1+en}

where F(0, m—2) is defined by (74).

Two F(/, k)s with different (/, k) are not conjugate under W.

The number m, of lattice points on the straight line x+y=p (p is a non
negative integer) in the first quadrant is equal to p+1. Consequently,

[;%]mp = %([—g‘—]%-l) ([]3—]#—2) , m<n or m=n=o0dd,

p=0

%T(_’;LH) (-’;?—-#2) +1, m=n=even.

m/2
> my+1
p=0
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A representative § of the conjugate class characterized by (74) is given as

follows:
D, D,
D, D,
D,
™ s={ | D b, - hen),
D, —D,
_D5
Dy
where
/ hy —hun }lz‘zn
Dl:[ 'kz . —km . _hmk h
t\ hy Fyes e
\ Iy 'l Bates
(78)
~Por skt oo _hhwl
Di= R s+t L » o= » De= M sy =
Pragasn fm s

A representative of the conjugate class characterized by is given
also by except that D, should be replaced by D, = D(tm_y, —ltm_). (In
this case, we have /=0, 4 =m, therefore D,, D, and D, disappear.)
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Type BI). As
ete;€R, G#7); (e;xe)Flejrep) e R, G+ Ek);
(estepFe; e R (ete)t(e,—er) ER, (#k),
the pairs {e;, e}, {eie;, e;=er}, {e; e, e;} and {e;+e;, e,—e,} can not be con-
tained in admissible root systems. On the other hand,
(e;tep*(e,—epeE R (I+7),
(eitepE(exste)e&E R (G,j, k[ are mutually different),
(e;tey) ke &R
and the Weyl group W consists of all permutations of ¢’s and changes of
signatures of e;’s.

Therefore any admissible root system F is conjugate to one of the sys-
tems listed in the following [79) and [79Y.

(79) F(, k)= {e;+e; e1—ey, -+, ex_1+ey, €51y,
o141 Corakr1> ** » Cotrk—Corraj) »
0=£F0=/ 2k+tD=m.
K79y F'(l, k) = {e,+ey e1—ey, -+, 00 Feo, e1—€1,
o141 otk i1y > otk Calroky Cortoki)

0=k 0=/ 2(k+D)+1=m.

F(/, k) is not conjugate to F’/(//, k') under W. And two F(/, k)’s (or F'(l, k)’s)
with different (/, k) are not conjugate under W. Therefore the number N of
conjugate classes of Cartan subalgebras is given as follows:

mo_q

i _(m P (m+2)* _
2 p}:o mp+mm/2—( 9 +1> = i , m=even

N=
2 [;éf] My = <[_’;i]+1) ([%]Jrz) — (m;fl)i(mﬁ?), = odd.

p=0

(m, is the number of lattice points on the line x+y=p in the first quadrant.)

A representative §) of the conjugate class associated with is of the
same type as (The last row and column consisting of zero should be
added.) A representative § of the conjugate class associated with [79) is
given as follows:
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D, D,
= { D, D, ; hiER}

Dy —FRypron st

D, D,

D, —D;
—D,’ Rarsanss
Dy
Morranet . ~ Doy opers

where D, = D0, 2y(4541), "> #n) and other D;’s are same as in (78).

Remark 1) The number N of conjugate classes in a Lie algebra g of
type (BDI) does not depend upon the rank of g. N depends upon the index
of the quadratic form @ only.

2) There exist non-conjugate Cartan subalgebras of which toroidal parts
have the same dimension. For example, Cartan subalgebras which correspond
to F= {e,—e,} and F= {e,;} respectively are not conjugate.

3) When the quadratic form Q is of the maximal index, i.e. if m =,
then m coincides with §,. In other words, g, is the normal real form of gC.

4) We divide the Lie algebras of type (DI) into two classes (DIa) and
(DI b) according to m is even or odd. We remark that a Lie algebra g, of
type (DI) has an m-dimensional admissible root system if and only if = is
even. This fact implies that g, has a Cartan subalgebra § which satisfies
§* =19, if and only if g, is of the type (DIa) (cf. in §4).

Type (DIII). ¢ is the Lie algebra of the group G of linear transforma-
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tions in 2z complex variables which keep invariant the quadratic form
2\2p41 7+ +2,2,, and Hermitian form z,z,+---+2,2,— - —2,,5,,. 1f we perform
the suitable transformation of variables, G is transformed to the group which
keeps invariant ooy, + - +atb (- thon—1%9n) ANA 2,801+ + Uiy Ty thog g+

- or 084+ tgp—1Thp—; — Wonlls,), Where k:[_gi], The terms in parenthesis exist

only if » is odd.
Let

E]c E2k
K= and L=

= O
O =

(The last two rows and columns in K and L exist only if # is odd. The

same remark holds in the following.)
We have

g={Xegln C);'XK+KX=0, XL+LX=0}

{
A B
D G ; Aegl(k, C), Bk, C),
C —'A Ceo(k, C), D=u(2k),
= : a=sV—1R,
—t4 | C GeM2k, 2,0)
B A

_ a 0

_FlzGFk —]tG
0 —a

where Fk:<EO:k g"‘) and J =<(13 __(1))

Since g is self-adjoint, we get a Cartan decomposition g=¥t-+p by
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G ; Aeu(k), Beolk, C),

1l 8| 71 |-p|-D D,cu(k), Dy=Sk, O),
asV—1R, ,G—F,G=0,
D, D, A B GeM(2Ek, 2, C)
GJ
-D,|—D,| B A
a 0
—'G —J'G
0 —a
and
p={Xeg;' X=X}
A B D, D,
G ; AeH(k), Bo(k, C),
_yi{-B|—-4A| D, | D, D,su(k), D =0k, C),
GeM(2k,2,C),
—D,| —D,| —A | —B FG+FG=0
—GJ
-D,| —D,| B A
G ~J'G 0

= {D{y, -, b, —Dhy,++y —liy —hyyey — iy Byyoey By (0,0)); ;= R} is a maximal
abelian subalgebra in p (cf. Lemma 2).
A Cartan subalgebra Y, containing m is given by

I)Dz {D(hl} Tty klc: _hl, Tty '_hlc’ —f—ll’ Tty -'Ek’ Ela "ty Ekr (CZ, _a));

h,eC,acV—1R}.
Then

I)()ﬂw: {H: D(hla o 7hk’ _hlr R _hlc: hk+]: v 312210 _hk-l-l’ Tty _hzk ’
(hokery —hors1)) s hi s C}

is a Cartan subalgebra of ¢°= {X < gl(2»n, C) ; XK+ KX = 0}.
Let ¢; be the linear form on %, defined by

e(H)=h,,



then we have
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By the identity

we have

ber N of conjugate classes is equal to k+1:[%]+1:

R={x(ate), 1=i<j=n)}.

BX, Y)= 50—y

D

Tr XY,

R(m)={x(e;—ei), 1=ZiZR)}.

The Weyl group of gf contains all permutations of e;’s.
Cartan subalgebras Y, and §, of which vector parts have the same dimension
are conjugate to each other.
The possible values of dim %~ are %, k—1,---,1,0. Consequently the num-

w-[ 3],

409

Therefore, two

A representative § of the conjugate class of which vector part has the
dimension 2—/ is given as follows:

U,

Uy

B2

frrs

‘hk

7N

— sy

._hk

U1

2,

";3«14-1

"‘hk

U4y

—‘751

hl—H

Ugk+1

—Uogpy

}

R
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Type C

The real forms of g%=28&p(n, C) are divided into two types: (CI) and (CID.
The type (CI) consists of the only one real form and the type (CII) contains

[%]Jrl non isomorphic real forms with the rank z.

Type (CI).
g =8&p(n, R) =38p(n, C) N\ o!(2n, R) .
Let
0 E,
(_ E, 0 ) ’
then

g={Xegl@n R); ‘XJ+JX=0}

A B
H c —'A
g is self-adjoint, hence g=f+p is a Cartan decomposition, where

I={Xeg; 'X=—-X}

|: Acq,R), BCeSw R .

2[(_: j ); A o(n), BeS(n,R)},

A B
P={( ); A, BeSm R); .
B —A

f)o ={D(h1""5 llm —"hl:"'9 ——hn); hz € R}

is a Cartan subalgebra of g, and §,Cp, therefore )~ =1,. Hence g=3p(1z, R)
is the normal real form of &p(n, C).
Let e; be the linear form on )¢ defined by
ei(D(}ll’"'y hn) —h19"'7 _hn)):hz (lélén)y
then |
Rm=R={x(e;xe), 1=i<j=n); 22 1=i=n)}.
The Weyl group W of ¢° consists of all permutations of e;s and changes of

the signatures of e,'s.
Let § be a standard Cartan subalgebra of g,and =)~ m. By
4, any admissible root system F is conjugate to one of the followings:

(80) F(k,[)=(2e,,, 201, €ps1—Chisr""» Chrat—1 —Chsal) »
where % and / satisfy
81 0k 0Z/ kRI20Zm.
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Since (2e;, 2e;) # (e;—ex, ¢;—ei), the elements of the Weyl group W can not
transform 2¢; to ¢;—e;,. Consequently each conjugate class is characterized
by two integers (&, [) satisfying the condition The number m, of lattice
points on the line £2+2/=p in the first quadrant is given as follows:

~12>—+1 p=even,
m, =

P{th p=odd.

Therefore the number N of conjugate classes is equal to
Ve (2 _
<2+1)— i , 7 =-even,

N=3m,=
B O (I (R e e

A representative § of the conjugate class with the characteristic (%,7) is
given as follows:

’I’l]
"]lk
A,
- A . (i — iy
I)= : 7 ’ AZ <hk+i hk+l+i>,
Ic.+‘ll+1 ER
/-
7,
'bk
__Al
—A,

—leg o

'——hn

Type (CII). g is the Lie algebra g, of the group of linear transfor-
mations in 2z complex variables which keep invariant the skew symmetric

n o, m - -
bilinear form Y} (2;2;.,"—2:4.2:) and the Hermitian form 21) (2:Zit 230020 0n) —
i=1 i=
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n—-m

= = . . n —~ .
El (Zj+mzj+m+zj+m+nzj+m+n) with index m (Oémé[T]) As Oms = G, it and

(CII) with the rank n. Let
0 E,

'—En

Ey,
) and H= —E,_,

E, ’
—En—m

-

then
g={Xegl(@n C);  XJ+/X=0, tXH--HX = 0}

' C F G\ Aesuim), C<un—m),
= = - = B, F & W(m, n—m, C), .
tF -G —B C D e S(m, C), G S(n—m,C)

3
o

A 0 DO
_ 0O C 0 G\: A euim), C < uwin—m), }
5 o0 A0 D& Sim,C), GeSn—m,C)
0 —G 0 C
and
0O B 0 F
p={['B 0 F 0|; B FeMmnu—mC)},
0 F 0—B
‘F 0—-'B 0
h1, E :
o |
i H
It ! E
. f |
fim | |
m={H—=H_(h1;°";km)= —————— r—"""" ?__-' } ; hﬂER}
| |
I
{
i
L

|
~°
3

Ny
g
doaa

e

- —
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is a maximal abelian subalgebra in b.
Let
b={H"= D(tt1y s Uy Uty s Umy Womats ™"y Uny — Uty "y — U
— Uyt —Umy —Ugmsts s —Un); U EV —1 R)

then %, ="b-+m is a Cartan subalgebra of g and §,* =0, h,~=m.
If we define the linear form ¢; on §, as

ei(H++H_) = —/\/:—1— ui—-m'—ki—-m m_{"]- é Z é 2m ’
—V =1 u; 2m+1<i<m,

and extension ¢; as the linear form on §,¢, then
R={x(e;tep, 1=i<j=n); t2¢, 1=i=n)}
is the root system of g¢ with respect to §°.
Therefore we have
R(m)={t(e;—eisn), 1 =i=m)}.

The Weyl group of ¢ contains all permutations of e;s. Therefore two
Cartan subalgebras §; and ), are conjugate if and only if dim§,~=dimp,".
The possible values of dim Y~ are m,m—1,---,1,0. Consequently the number
N of conjugate classes is equal to m-1:

N=m+1.
A representative §) of the conjugate class of which vector part has the
dimension % is given as follows:
§={H (s, By 0,4, 0) Dty thmy Uy Uy Unmaiosts*s Ui »
Uy — Uy — Uy s — Uy —Umrsty s —Un)

hi ER, U; EV?R}.

§4. Conjugate classes of Cartan subalgebras in exceptional real simple
Lie algebras.

Let g=%+p be a Cartan decomposition of real semisimple Lie algebra g,
and g,=k-++—1p. Then the conjugation 8 of ¢¢° with respect to g induces
an involution 7z of g,. Real semisimple Lie algebra g is called of the first
category if t is an inner automorphism of g,, i.e. = belongs to the component
of the identity G, of the full automorphism group of g,, otherwise ¢ is called
of the second category.

Complex semisimple Lie algebras regarded as Lie algebra over reals
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are always of the second category. Among the real forms of complex simple
Lie algebras, the algebras of type (A, 1) (#=2), (AIl), (D,Ib) (n=3),(EI) and
(EIV) are of the second category, other real forms are of the first category.

Let ¢ be of the first category, then r belongs to a Cartan subgroup
(maximal torus) H of G,. Therefore v can be expressed as

r=expad H, H,Y,
where § is the Lie algebra of H. Hence tH=H for all H< 1. So we have
jct={Xeg,; 1 X=X}.

Now we shall call a Cartan subalgebra §) of a real semisimple Lie algebra
g compact if Y* =Y. Then by the above argument we have the following
proposition which is important in what follows.

Proposition 12. A real semisimple Lie algebra ¢ has compact Cartan Sub-
algebras if g is of the first category.

Remark. We shall see that the converse of this proposition is also valid
(cf. Theorem 8).

Now let R be the root system of ¢ =g,° with respect to the Cartan sub-
algebra Y)¢ contained in {¢, and let £, (¢ R) be non zero elements of ¢° satisfying
(51). As [§¢,t€]CtC, [§C°, p¢1Cy E, belongs either to ¢ or to p°. We put

Ri={acsR;E,=t¥} and R,={a=R;E,=°}.

A root « in R is called compact or non compact according to a = R, or
a e Rp.

Let (H;, E,) be a basis of o satisfying the conditions (54), (65), (56) and
(57), then we may assume that g, is defined by (58). We introduce a fixed
lexicographic order in R, and we put R*={a>0; a= R}, R,*=R*nR: and
R,*=R*NR,. Let
(82) Up=(E,+E_.)/2a, a))”? and V, =V —1(E,—E-.)/(2a, a))*2,
then we have

I=0h+ 2 (RU,+RV,),

WGRE

p=vV—-1 ¥ (RU,+RV,).

+
wERp

For each root «a, we denote by H, and H,° the unique elements which satisfy
the condition (83) and (84) respectively.

(83) H,= %, B(H, H)=a(H) for all He{°.
(84) HY=~—1H,/(a, ).

Let p, be the automorphism p,=expad V, of ¢°, then we have
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(85) pw(Hwo) = Um and pm( Uw) = “Hwo .

Let F={a, -, a;} be a maximal admissible root system in R,*, i.e. a set of
«;’s which satisfy the following three conditions.

a) a; =R 1=i<)), b) a;fa;&R,

¢) F is a maximal set having the properties a) and b).
Then

m=+—1 EL RU,,
i=1

is a maximal abelian subalgebra in p. Let
b={Xe}; [X, m]=0},
then §,=5-+m is a Cartan subalgebra of g, and §,* =b and " =m. We put

O = Pa:1Pa:" " Loy

then p is an automorphism of ¢° and we have
o(HY=H for all Heb.

As a;,+a; & R and (ay, aj) =0 if i+, we have Pui(Unp) = Uy; and 04,(Hy))
=H,, if i# 4. Therefore we have by (85)

,O(Ha,;) =—+—1 (g, ;) Umi I=:i= l) .
{
Consequently the automorphism o of ¢¢ transforms X RH,, onto m, and

i=1
§¢ onto §,°.
Thus we have proved the following theorem.

TueoreMm 7. Let g=1+b be a Cartan decomposition of a real semisimple
Lie algebra ¢ of the first category and V) a Cartan subalgebra of § coniained in
Y. Let F={a, -, a;} be a maximal admissible root system in R,. Then there
exist an automorphism o of o° and a Cartan subalgebra Y, of g which satisfy the
following conditions: 1) p transforms O\ onto §,°, 2) 9~ = m is @ maximal abelian
subalgebra in p, 3) R’ = {a' ="p(a); a = R} is the voot system with respect to §,°
and {a/, -, o} spans B~

Finally we give a proposition which is interesting in comparision with
Corollary 2| to [Theorem 3. The proposition will be used in the followings.

Prorosition 13. In a real semisimple Lie algebra, all Cartarn subalgebras of
which toroidal parts have maximal possible dimension are mutually conjugate.

Proor. Let b be a maximal abelian subalgebra of ¥, then it is known
that there exists the unique Cartan subalgebra ¥ which contains b and §* =15
(cf. Murakami [11, p. 107]). Hence if § is a Cartan subalgebra of g of which
toroidal part $* has maximal dimension, then dim §* =rankf.

Let §, and %, be two standard Cartan subalgebras which satisfy
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dimY,* =dim §," = rankf, then §* and §,* are two Cartan subalgebras of f.
Hence there exists an element %< K, which transforms %,* onto %,*. By the
uniqueness of Cartan subalgebra ¥, of g containing 1,7, we have &b, =,.
Notations: We make now the following conventions for the sake of

brevity. We denote a root «’ ="’p(a) on §,¢ by the same letter a which is a
root on §°. Hence H, and H,’ is defined by the conditions.

H,eY%, BH, H)=a(H) for all He°,

H,/=4%° BWH,, H=«afH) for all He ).

We identify the dual space (§,9)* of §,¢ with §,¢ by the use of Killing form
B(X, Y). So we often denote H, by «a.

We denote by ey, e, --- orthogonal vectors with the same length 4/¢ in a
Euclidean vector space, and we define ¢™ by

e =¢e +eyt+e,.

We introduce a lexicographic order so as to X mue; >0 if my=--=m,_ =0
and m, > 0. We denote the reflection with respect to a root « by S, i.e.

Sa(x) = x—2[(a, B)/(@, @) ] .

Type E,
The root system R of complex simple Lie algebra E; is
(86) R={x(e;—e), 1<i<j=<6), £2V%, £(2Vig,+27'e® —¢,—e;—ey)}
1=i<j<k=6).
Cf. Pontrjagin [12, p. 504],
£ (2712, 4-271®) —¢;—e;—e;) is represented as 272,271 izs)ﬂeiei. We

denote this root by (e, &, =1) or (g, £1).
The operations of the generators of the Weyl group W are as follows:

87 Ses—e; = substitution of e; for e;.
(88) S,l/z = change of signature of e,.
‘7
er—e (er=¢),
(89) S(E,l)(ek“el) = (E,’ —1) (elc = 1, &= “1) ’
e, 1) (ex=-—1, &= 1,

where ¢’ =—¢; ((#k,[) and ¢/ =¢; (=4, ).
(90) S(s,])(21/287) = (6, ——1); S(E, —1)(21/267) = (E’ 1) .
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(=0, —=1) (e=0),

21/267 (6 = _5) ’
©D Sen@ D=y , _, (e 0ni=Fk1; e;=0,7+ k1),
3,1 ((6,0)=0).

We denote by «;, a,, @3 and «, the following four positive roots.
Q) = (1: 1, 1; _‘1; "']-’ _1’ 1), Ay = (1: "_1’ _17 '_17 1’ 17 1) ’

©2) {
a,=@1, -1,1, -1,1, -1, -1, «,=(1, 1, —1, —1, —1, 1, —1).

Complex simple Lie algebra E; has five types of real forms (E I), (E II), (E III),
(EIV) and (E X).

(ED and (EIV) are of the second category, other real forms are of the
first category.

Type (EI). (EI) is the normal real form of E;, hence R(m) is equal to R
defined by (86). It is easily verified that {«a,, a,, «;, @,} defined by (92) is a
maximal admissible root system in R. Therefore the possible values of
dimension of troidal parts of Cartan subalgebras are 0,1,2,3 and 4. We
shall prove that two Cartan subalgebras of (E I) which satisfy dim §,* = dim §,*
are mutually conjugate. In order to prove this fact, it is sufficient to show
that any admissible root system in R is conjugate to one of the following
five systems Fy, F, F,, F, and F, under the action of the Weyl group W.

F,=¢ (empty set), F, = {«,}, F,={a,, a,},
(93) {

F;={a,, a,, a,}, F,={a;, a,, a;, a,} .

1°) All one dimensional F’s are mutually conjugate, because every root
is transformed to «, by an element of W. The last fact is easily seen from
(87), (88), and

2°) Every 2-dimensional admissible root system is equivalent to one of
the followings.

1) {6 D, 6, D} (0)=0,

(2) {ei—ej, ex—e} 4,7, k[ are mutually different,

@) {ei—ej, 212},
Every F’s of type (2) are conjugate to Fy= {e,—e,, e;—e,}, because all sub-
stitutions of e;’s are contained in W (cf. (87)). F; is transformed to one of
the type (1) by Sci,1,-1,1,-1,1,0 (cf. (89).

Every F’s of type (3) are conjugate to Fy; = {e;—e,, 2%¢,} (cf. (87)). F, is
transforined to one of the type (1) by Sc_y,1,-1,-1,1,1,00 (cf. [90). As all permu-
tations of e;’s are contained in W, we have

{(& 1), (0, D} = {(&, 1), (¢, D},
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where ¢/’ =¢;, (i=2,6) and ¢/ =—¢; (j #2,6) and (e, €;) must be either (1, —1)
or (—1,1), because if (e&,¢)=(1,1) or (—1, —1), the number of ¢’s (or &’’s)
which are equal to 1 can not be three. We may assume (&, ¢)=(1, —1),
because we can substitute e, for ¢; if necessary. In this case the possible
(e, &5, €4, €;) are as follows:

(1, 1) —'ly "—1) ’ (1’ __19 ly _"1) > (1’ _1) _1: 1) b
(-1,1,1,-1), (-1,1,—-1,1), (—-1,—1,1,1).

The six F’s so obtained are transformed to {«;, a,} by suitable permutations
of e;s.

Thus we have proved that every two dimensional admissible root system
is conjugate to F,.

3°) By the result in 2°), every 3-dimensional F is conjugate to {«, a,, B}.
We may assume that B is of the type (g, 1), because if §=e¢;—e;, a suitable
element S; of W transforms {«ay, @, e;—e,} to {ay, a,, (¢,1)}. As B is orthogonal
to «, and «,, the possible positive roots g are one of the followings: «,, a,,
5,=0,1,-1,-1,1,—-1,—-1),8,=(1, —1,1, —1, —1, 1, —1). {ay, ay, a,}, {x, Ay, B1}
and {a,, ay, B,} are transformed to {a;, &, &3} DY Seye;Se, ey Sep—e; and S,
respectively.

Thus we have proved that every 3-dimensional F is conjugate to F, =
{ay, ay, as}.

4°) Every 4-dimensional F is conjugate to F,. This fact is proved as
in 3°). However this fact is also a direct consequence of [Proposition 13

Thus we have proved that two Cartan subalgebras §); and %, in (EI) are
conjugate if and only if dim§,* =dimY,* and every admissible root system
of (EI) is conjugate to one of F,, F,, F,, F;, and F,. Consequently the number
N of conjugate classes of Cartan subalgebras in (EI) is equal to five:

N=5.

eg—eg 5—¢6

Type (EII). The real form (EII) is defined by the involution

T =exp .'al(fl(??:«/_—THl/2 /c).
e ey

The set R, of non compact roots is
R, ={£(@2 %, 427e® —¢;—e;—er); 1=i<j<k=6}.

The number of non compact roots is 40 and the character 6 =2 dimp—dimg
=2x40-78=2. The roots a,, a,, a; and «, defined in (92) are all non compact.
Hence a maximal abelian subalgebra m in p is defined by

m= RH,'+RH,'-+RH,,'+RH,, .
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Therefore F,, F,, F,, F, and F, defined in are all contained in R(m) and
every admissible root system in R(m) is conjugate to one of these five systems.
Hence %, and Y, are conjugate if and only if dim9,*=dim},*, and the num-
ber of conjugate classes are equal to five:

N=5.
Type (EIII). The real form (EIII) is defined by the involution
t=expad(zV—1 (H,—H,,—H,)/c].
The set R, of non compact roots is
R, = {*+(e;—e;), L(e;—es), =21, +27e® —e;—e;—ey) ,
£(@2 V%, +271e®) —e;—e;—e;) }

where i, j, & are mutually different integers from 1 to 4. The number of
non compact roots is equal to 32 and the character § =2x32—78=—14.

Let «, be the root defined in (92) and B3, = ¢, —e;, then {«,, £,} is @ maximal
admissible root system in R,". And we have

R(m) = {*a;, =5}

by As {B,} is conjugate to {a,} under W (cf.1°) in Type (EI)),
every admissible root system is conjugate to one of ¢ (empty set), {«,} and
{ay, B;}. Therefore %, is conjugate to §, if and only if dimY,*=dimY," and
the number N of conjugate classes is equal to three:

N=3.

Type (EIV). The Lie algebra (EIV) is the real form of E; with the
character 6 =—26. It is known that dimm=2 and t= F, (cf. E. Cartan [2,
p. 4227). Hence every Cartan subalgebra § of (EIV) must have 4-dimen-
sional toroidal part §*. By [Proposition 13 (or by [Corollary 2 to [Theorem 3),
all Cartan subalgebras of (EIV) are mutually conjugate. Thus, the number
N of conjugate classes is equal to one:

N=1.

Type (EX). The Lie algebra (E X) is the compact real form of FEi.
Therefore all Cartan subalgebras of (E X) are mutually conjugate, and

N=1.

Type E;
The root system R of complex simple Lie algebra E, is

99 R={e;—e; 27'e® —e;,—e¢;—e,—e;}
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where 7,7, k,/ are mutually different integers from 1 to 8 (cf. [127). We
8

denote 2‘1e<8>~ei—ej—ek——el=2‘1i2 ge; by (&1, €550, &) OF €.
=1

The operations of Weyl group W are as follows.

(95) Sei-e; = the substitution of e; for e,
e’ & =1, g=—1,
(96) S.(ex—e) 2{ —é’ ga=—1, =1,
ér—ey Ex=¢1,
- where

€10) &' =—¢ (i#+ k1) and ¢/ =¢; (j=4k,1).

—0 0==e,

J 0—e==x(ey—e) 0=—¢',

(98) S:(0) = 0+e==2(er—e) o=¢,

) (6,0)=0,

where ¢’ is defined by (97).

The complex simple Lie algebra E, has four different real forms (E V),
(E VI), (E VII) and (E XI).

Type (EV). The Lie algebra (EV) is the normal real form of E,. Hence
R(m) is identical with R defined by [94).

Let a; (1 <i<7) be seven roots defined as follows:

=111, —1, -1, —1,1, —1), a=(1,—1,—1,1,1, —1,1, —1),
=01, -1,1,-1,1, -1, —1,1), ea,=(1,1,—1,1, -1, -1, —1,1),

(99) a, =1, -1, —1, -1, —1,1,1,1), =, —1,1,1,—1,1, —1, —1),
a,=@1,1,—1,—1,1,1, —1, —1).

Let
(100) Fz = {aly Ay, ai} (0 é i é 7)’ FB = {al’ oy, Ctt5}> F9 = {ali «,y, &g, (X5} ’

(F,=empty set), then every admissible root system is conjugate to one of
theselten F;’s.

1°) A root e;—e, is transformed by S, to a root ¢ =213 ¢;/¢;, (cf.
and a root e=2"13 ¢e; is transformed to &, by an element of W (cf. (95)).
Hence every 1-dimensional F is conjugate to {«;}.

2°) By the result in 1°), every 2-dimensional F is conjugate to {¢, 8}.
Bamay be assumed to be of the type &' =213 ¢/e;, because if §=e¢;—e;, Sen
for a suitable ¢’/ =2"13 ¢, e; transforms {¢, e;—e,} to {¢, 8} (cf. 9nN).

Let

eil = 67;2 = 61;3 = 57;4 2_67}5 =_Ei6 =—E'E7 =—€i8 =1 y

0j;=10j,=0;,=0;,=—0;,= —0jo=—0j,=—0;,= 1,
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then every one of (i, és, 23, 24) N\ (F1s T2s T35 Fa)s (B B35 835 20) N\ (F5s T6s T T80 (s By Brs E) N
(F1s Jos G50 70) @and (i, 2g, 21, ) N\ (Fs» Jo» J1» Js) coOnsists of two elements. Let these
four set be {&, k,}, {k:, B}, {ks, B} and {k,, ks} respectively, then the permu-
tation

ki, ko, By, Eyy R, Re, By Ry

1 7 2 3 45 6 8

transforms {¢, 0} to {«,, a,}.

Hence every 2-dimensional F is conjugate to {«ay, «,}.

3°) By the result in 2°), every 3-dimensional F is conjugate to {«;, «,, 8}.
B may be assumed to be of the type e =27 3 ¢;e;, because if g =e;—e;, S for
a suitable & transforms {a,, a,,e;—e;} to {a,, a,, ¢} (cf. [06), (97)). The posi-
tive root ¢ must be orthogonal to a; and a,. Hence merely the following
nine vectors in (101) are possible as e.

a3, Qg Ay, aS) a7! :81 = (1’ 1) _'1: ]-! _1: 11 “1’ ~*1) ’
(101) 32 = (1; _1) 1,-1,1,1, —1, —1)7 /93 = (1’ 17 —1: —'17 1, "11 -1, 1) )
ﬂzi = (1; _‘1, 1: 1’ _1) _17 —1) 1) .

Now
{“1, a?) 064}, {al’ a2: C(s}, {av a’z: a?} ’
{a;, ay, Bi}, {ay, ay, Bo}, {a), ay, B} and {«a,, a,, B4}

are transformed to {«,, @, «;} by (23¥45), [(45X68), (23¥68), (23X45)X68), (6]),

(23) and respectively, where (ij) represents the substitution of e; for e,
i.e. () =Se-c;
Thus every 3-dimensional F are conjugate either to F;= {«,, a,, a;} or
to Fy= {a,, a,, a5} and F; and F; are not conjugate.
4°) Every 4-dimensional F is conjugate to {«ay, a,, a,, B} or to {«,, a,, &;,
7} by the result in 3°). A must be a positive root of type 27! X ¢e; and
orthogonal to «;, a,, a;, hence merely the following four vectors in [(102) are
possible as 3:
(102) Qy, Oy, O, Oy .

{a,, a,, a;, a;}, {a;, ay, oy, a,} are transformed to Fy= {«a;, a,, a;, a;} by
(37)(48) and respectively.

7 must by one of «a,, a, a, @, 7=0a; gives F,. 7r=a, a; and «a, give
systems which are transformed to F, by (23)(45), and (23}(68) respec-
tively. Thus every 4-dimensional F is conjugate either to F, or to F,.

The space [F,] spanned by the roots in F, contains 24 roots, but [F,]
contains 8 roots. Therefore F, is not conjugate to F,.

5°) The possible types of 5-dimensional F’s are {e®, e®), e®), ¢ ®}
where €®’s are mutually orthogonal roots of type 27! ge,.
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By the results in 4°), F is conjugate to one of {«, a,, a3, ay, f} and {«;,
Aoy &g, 05, 7. As 8, merely one of «;, «; and «, are possible.

{ay, ay, a5, ap a0 and  {ay, oy, a, Ay, @y}

are transformed to F;= {a,, a,, &, a,, a;} by [37)48) and r must be
one of a,, ¢ and «,. 7=a«, gives F;. 7r=a, and «a, give systems which
are transformed to F, by [26)38) and [(46)(58) respectively.

Thus every 5-dimensional F is conjugate to Fj.

6°) The possible types of 6-dimensional F’s are {e®,---,¢®}. By the
results in 5°), {eM,---,e®} is conjugate to {«a,, a,, a3, ay, &5, €}, As e, merely
«a; and «, are possible. {«,, a,, as, ay, a;, «;} is transformed to F,= {«a,, a3, a;,
a,, s, o} by (23)564)

Thus every 6-dimensional F is conjugate to Fi.

7°) Every 7-dimensional F is equivalent to F, defined in (100), because
the vectors in F span §.

Thus we have proved that every admissible root system is conjugate
to one of the ten systems defined in (100). And any two of these ten systems
are not conjugate. Therefore the number N of conjugate classes is equal to
ten:

N=10.

Type (E VI). The real form (E VI) is defined by the involution
r=expad@V —1 (H,,—H,)/c).
The set R, of non compact roots is
R, ={x(e;—e), t(ei—es), 27'¢®—e,—e;—ep—e;,
27e®) —e¢;—e;—ep—ey}

where i, 7, £ are mutually different integers from 1 to 6. The number of
non compact roots is 64 and the character §=2x64—133 = —b5.

Let «y, ay, @; and «, be the roots defined in (99), then {a,, a,, a;, a,} is a
maximal admissible root system in R,. Hence by

m= RHw,/+RHw.,+RHaa,+R m/

= {xe,+ye,+2e;—20,—ve,—xes+we,—wes ; x,9, 2, w < R}
is a maximal abelian subalgebra in p and we have
R(m)={ta,, T, *a; ta, t(e;—e), >(e;—e;), T(es—e,), T (e;—ep)} .

By the results on the admissible root systems in the algebra of type (EV),
every admissible root system in R(in) is conjugate to one of F,, F,, F, F;,
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and F, defined in (100). Therefore ¥, is conjugate to ¥, if and only if dim §,*
=dim§,*. The number N of conjugate classes is equal to five:

N=5.
Type (E VII). The real form (E VII) of E, is defined by the involution
t =exp ad(zV —1 (He, - He,+He, -+ He,+ He,-+ He,— 3He,—3He;) /4c) .
The set R, of non compact roots is
R, = {£(e;—e;), £(e;—ey), 27e®) —e;—e;—e;—eq,
27'e® —e;—e;—er—ey}

where i, 7, £,/ are mutually different integers from 1 to 6. The number of
non compact roots is equal to 54 and the character ¢ =2x54—133=—25.

Let a;, a; and «, be the roots defined in (99), then {«;, a;, .} is a maxi-
mal admissible root system in R,. Hence by

m= RH,'+RH, '+RH,,
= {ale,+eq)+y(eytes)+2(es+e)—(xt+y+2)e:+es); %9, 2 € R}
is a maximal abelian subalgebra in p. Therefore we have
Rm) ={*+a; *+a,, Ta,}.
By the results on the admissible root system in R (cf. type (EV)) every
fundamental root system in R(m) is conjugate to one of ¢, {a;}, {a;, @}, {as,

o, ;). Hence %, is conjugate to Y, if and only if dim §,* =dim§,*. The
number N of conjugate classes is equal to four:

N=4.
Type (EXI). The algebra (E XI) is the compact real form of E,. Hence

all Cartan subalgebras in (E XI) are mutually conjugate. Thus, the number
N of conjugate classes is equal to one:

N=1.

Type E;

Complex simple Lie algebra E; is of rank 8 and of dimension 248. E;
has three non isomorphic real forms (E VIII), (EIX) and (E XII).
The root system of E; is

(103) R={te;xe;, £(27e® —¢), (27 e® —e;—e;—en)},
where i, 7, £ are mutually different integers from 1 to 8. We denote a root
a:2“1éeiei by (e,-:-, &) or simply by e.

The operations of the Weyl group W are as follows:
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104) Sei_ej = the substitution of e¢; for ¢;.
(105) Sei_ejS‘eiHj = the changes of signatures of e¢; and e;.
¢ (=1, ¢;=-1),
(106) Se(es—e;) ={ —¢’ (6;,=—1, ¢;=1),
el_e] (é‘i:é'j).
&’ (6'5 =¢&;= 1) ’
(107) Se(ei+ej) ‘:{ —E, (87-,:: E]:—__l) ,
€;—¢&; (5i$€j) .

In and €kl =& (k == Z., j), 5kl =& (k * i, ]).

—0 (0==¢)
(108) S.(8) ={ 0:e,-+0,e; ((e,0)=1 or —1)
0 ((,0)=0).

Type (E VIII). The Lie algebra (E VIII) is the normal real form of E,.
Hence R(m) is identical with R defined by
Now consider the following eight roots:

(109) ay=ete;, Ay=e,—e, Ay=eyte, A =2e,—¢,
O;=e5+e, Qg=e3—e,, A;=¢e;+e; g=e;,—¢;.

We shall prove that every admissible root system in R is conjugate to one
of the following ten systems from F, to F,.

Fy,=¢, F,={a,}, F,={a;, a,},
(110) F;={a;, ay, a3}, Fy={a;, ay, as a,}, F;={a;, a,, &, as},

Fo={a,, a; a3, a,, a;}, F,={a;, a,, a,, o, a;, o},

F; = {a,, a,, a;, a, a;, a, a,}, Fy={a;, a,, a;, a,, &5, o, &7, ag} e

We shall use the following two systems F,, and F;; which are conjugate to
F; and F, respectively:

Fyy= {a;, ay, a3, ay, a;}, Fiy={a;, ao, ag gy 0 A}

1°) {e} is conjugate to {e;%e;} by and {e;te;} is conjugate to {a;}
or {a,} by (104). {a,} is transformed to {a;} by S,;-e,Sesre, (cf. (105)).

Thus every 1-dimensional F is conjugate to {a,}.

2°) The possible types of 2-dimensional F are as follows:

@) {ei+ej; ertet, (2) {ei_ejy ex—ei}, (3) {& 06}, (5,0)=0,
@) {eite; er—e}, (B) {eitej ¢}, es=—¢; (6) {ei—ey e}, a=¢;,
(7) {ei“l‘ej, e.i—ej} .
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(2)= (1) and (4) = (1) by (105). (6) is conjugate to one of the type (5) by (105).
(1) is transformed to one of the type (3) by S., (e;=¢,, &x=¢, cf. [A07). (1)
is transformed to one of the type (5) by Ss; (3;=—0;, 0r=20, cf. and
[(A07). Every F of type (1) is conjugate to F;;= {a;, a3} by (104). Every F
of type (7) is conjugate to F,. S(-1,1,1,1,1,1,1,09(1,~1,1,1,1,1,-1,—1) transforms F, to
F,. Thus we have proved that every two dimensional F is conjugate to F,.

3°) By the result in 2°), every 3-dimensional F is conjugate to a system
of type {a;, a,, B}, where B is a positive root which is orthogonal to «, and
«,. Therefore f must be one of the following roots: e;*e; (;,7=2,3,4,5,6,
8,i<f. {ay,asete;} = {a;, as,e;—e;} by (105), {a;,ay e;+e;} =F; by (104).
Therefore every 3-dimensional F is conjugate to Fi.

4°) By the result in 3°), every 4-dimensional F is conjugate to {«y, a,,
as, B}. [ must be one of e;—eg e,4e; (,7=3,4,5,6,8,i<j). B=e;—e; and
B =e;+e, give F, and F; respectively. Any other f’s give the systems con-
jugate to F;. Thus every 3-dimensional F is conjugate either to F, or to F;.
And F, can not be conjugate to Fj;, because the space [F,] spanned by the
vectors in F, contains 24 roots, but [ F5] contains only 8 roots.

5°) By the results in 4°), every 5-dimensional F is conjugate to one of
the following systems:

(8) {011, “2’ a3’ a4, ﬂ}: (9) {“1’ C(2, “3: as’ T} .

As f in (8), 4 roots, e;te,, e;-¢;, are possible. All 4 systems so obtained are
conjugate to Fy As 7 in (9), 4 roots, e,—es, e;—e,, ;1 ¢, are possible. r =
e,—e; gives Fo. v =e,—e, gives a system conjugate to F,. 7 =e;+e¢; gives
F,,. 7r=e;—e; gives a system conjugate to F,,. F; is transformed to F,, by
St 141,11y =1y =1y =DDegmer S (1, 1, =1y~ 1, —1s=1,1,~DSeg egdes—ege  LHETETOTE €very 5-dimen-
sional F is conjugate to Fi.

6°) By the result in 5°), every 6-dimensional F is conjugate to one of
the following systems:

[@ {alr az: asr a4y 055; ﬂ} .

As B in [(10), e;—ey, e;7-¢, are possible. f=e;—e, gives F,. [ =e;+e¢; gives
F,,. [p=e;—e; gives a system conjugate to F,,. F,; is conjugate to F..
Hence every 6-dimensional F is conjugate to F,.

7°) By the results in 6°), every 7-dimensional F is conjugate to one of
the following systems

{ay, ay, as, ay, as, ag, B} .

The possible A’s in are e;e; and e;—e;. [ =e;te; gives Fs. B =e;—e¢;
gives a system which is transformed to Fy by S, Se;+e.-
Hence everv 7-dimensional F is conjugate to Fi.
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8°) Every 8-dimensional F spans f)=§~, hence F is equivalent to F,.

Thus we have proved that every fundamental root system in R is con-
jugate to one of the ten systems defined in (110), and any two of these 10
systems are not conjugate,

Therefore the number N of conjugate classes of Cartan subalgebras in
(E VIID) is equal to ten:

.‘:V—: 10 .

Type (EIX). (EIX) is the real form of E, defined by the involution
r=exp ad(@Vv —1 (H,,+H,,)/c).
The set R, of non compact roots is
(111) R, ={t(e;te;), T(esLey), =(27'e®—¢)),
(@27 1e® —e;—e;—eg), =(27e® —e;—e;—ey)}
where ¢, j, £ are different integers from 1 to 6.
The number of non compact roots is equal to 112, and the character
0=2x112—248 =—24.
Let ay, ay, a3, and «, be the four roots defined in (109), then F,= {«, «s,
@, a,} is a maximal fundamental root system in R,. Hence by
mZRde/+Rsz/+RHMs/+R ml
= {xe;+ve,+ze,tweg ; x, 9,2, w € R}
is a maximal abelian subalgebra in p. Therefore we have
112) Rm)={*e;*e;;4,7=1,2,7,8}.

Every 4-dimensional F in R(m) spans m, and is equivalent to F,. By the
results on (E VIII), every i-dimensional F in R(m) is conjugate to F; defined
in (110) (0<i=<3). Therefore the number N of conjugate classes of Cartan
subalgebras in (E IX) is equal to five:

N=5.
Type (EXII). (EXII) is the compact real form of E,. Hence all Cartan
subalgebras in (E XII) are mutually conjugate and we have
N=1.

Type F

Complex simple Lie algebra F, is of rank 4 and of dimension 52. The
root system R of complex simple Lie algebra F, is

113) R={*te; Le;te;, 271 (Leteyte;te)},
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where 7 and j are different integers from 1 to 4. We denote the root
4

2713 g;e; by (e, €, €5, €,) O simply by e.
i=1
The operations of the Weyl group W are as follows:

114) S.; =the change of signature of e;.
(115) Sei_ej = the substitution of ¢; for e;.
(116) Sei_ejS‘eHej = the changes of signatures of ¢; and e;.
—(erertc€r) 6=—1, ¢,=—1,
(117) Sg(ei_ej) :{ ekek+€lel &= —1’ Ej =1 ’
e; *e] & = Ej .
—(exertce) E=¢&;= 1,
(118) Seles+-e;) = l Exer €2, g=¢=—1,
e;+e; & F€j.

In [117) and [AI8), {i, 7, &k, I} = {1, 2,3, 4}.

—0 e==+4d,
(119) S:(0) = { e, (e, 0)=271,
o (6,0)=0.
(120) Se(e) = e® |
where ;) =—¢; (j#1) and & =1.

The complex simple Lie algebra F, has three different real forms (FI)
(FII) and (F III).

Type (FI). (FI) is the normal real form of F,, hence R(m) is equal to
R defined in

A complete system of representatives of conjugate classes of admissible
root system is given by (121).

Fy,=¢, F,= {e}, Fy= {31+32} ’

F;= {e;+ee,—e,}, Fy={e,+e, e},
(121)
F;={e;+}eye—ey e54e,), Fs= {e;+e,, e,—e,, s},

F,={e;-teye;—ey, e5tey, e5—e,} .
1°) The possible types of 1-dimensional F are as follows:
D {e}, @) {este;}l, ) {ei—esl, (@) {e}.

(3) is conjugate to (2) by (114) and (4) is conjugate to (1) by [I120)} Every F
of type (1) ((2)) is conjugate to F, (F,) by (115). F, can not be conjugate to

F,, because 2(e, e;) = (e, +¢e,, e,+¢,).
2°) The possible types of 2-dimensional F are as follows:
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(5) {ee;}, (6) {etey entet, (7) {e;—e; ev—el,

(8) {&, 0}, (9) {es extel, {es, ex—er} s

{ei+e;, e;—eyl, 1z {e;-+ej, er—es}, {eite;, €},

{ei—e;, €} .
There are certain relations among these systems. (5) = (11), (6) = (7), (9) = (10),
(6) =~ (12) and is conjugate to one of the type by (114). (8) = (5) by
[(020). (9) is conjugate to one of the type [13) by [(118) and [120). Every F
of type (7) is conjugate to Fy, = {e;—e,, ¢;—e,}. F,, is transformed to F; by
Sa,1,-1,0 (cf. [AI8). Every F of type (9) ((11)) is conjugate to F, (Fy;). Thus
we have proved that every two dimensional F is conjugate either to F, or
to F,. F; and F, can not be conjugate, because the space [F;] spanned by
the vectors in F, contains eight roots {=*e,, e, +(e,=-e,)} and [F,] contains
only four roots {*(e,+e,), =e;}.

3°) By the result in 2°) every 3-dimensional F is conjugate to one of

the following:

{F3,C(}, {in)ﬁ}'

The positive root a in is orthogonal to ¢,%e,, hence a is one of e;+e,,
e;, e, Therefore every F of type is conjugate either to F, or to Fj.
The possible positive root £ in is e;—e,. B=e,—e, gives Fy;. Thus we
have proved that every 3-dimensional F is conjugate to one of F;and F;. The
root system R([F,]) (where [F,] is the space spanned by the vectors in F;)
is of the type C; but R([F;]) is of the type B,. Hence F; and F, can never
be conjugate.

4°) All 4-dimensional F span Y)=Y%~ and they are mutually conjugate.
Thus we have proved that the eight admissible root systems in (121) make
a complete representative system of conjugate classes of the admissible root
systems in R. Consequently, the number of conjugate classes of Cartan
subalgebras in (FI) is equal to eight:

N=38.

Type (FII). The real form (F II) is defined by the involution
t=expad@zv —1H,/c).
The set R, of non compact roots is
R, = {27 (*e, e, te,te)}.

The number of non compact roots is equal to 16, and the character 6 =2x 16
—52=-—20. For any two roots «, and «, (a, #+ta,) in R,, either a,+«, or
a,—a, is again a root in R. Hence maximal admissible root systems are
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1-dimensional. It is clear by (104) that every 1-dimensional admissible root
system is conjugate to {27'(e,+e,+e;+e,)}. Therefore the number N of
conjugate classes of Cartan subalgebras in (F II) are equal to two:

N=2.

h, and §, are conjugate if and only if dim %, =dim b,*.

Type (F IIY). (FIII) is the compact real form of F,. All Cartan subalgebras

are mutually conjugate:
N=1]}

Type G

Complex simple Lie algebra o of type G, has two non-isomorphic real
forms. The one (type (GI)) is the normal real form of ¢ and the other
(type (GID)) is the compact real form
of ¢°.

28—3a

Type (G I). Since g is normal, there
exists a Cartan subalgebra ¥, of g of
which toroidal part §,* is {0}. Then we
have §,=m and R(m)= R. R consists
of twelve vectors shown in Fig. 1.
Fig. 1 shows that two roots with the
same length can be transformed each
other by the action of the Weyl group
W. Therefore every admissible root
system in R is conjugate to one of
the following four systems under the

action of W. Fig. 1
(1) F0={¢}’ (2) l:{a}:
3 F,={p}, 4 F;={«a,p}.

{a} and {A} are not conjugate under W, because (8, B) = 3(«, ).
Consequently, the number N of conjugate classes is equal to four:

N=4.
Type (GII. (GII) is the compact real form of G, therefore every two
Cartan subalgebras of (GII) are conjugate to each other, i.e.
N=1.

Finally we give a theorem.
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TuroreMm 8. Real semisimple Lie algebva § has a compact Cartan subalgebra
if and only if g is of the first category.

Proor. The “I1f ” part of the theorem is proved in Proposition 13. To
prove the converse, it is sufficient to show that every real simple Lie algebra
of the second category has no compact Cartan subalgebra. A real simple
Lie algebra is either a real form of a complex simple Lie algebra or a
complex simple Lie algebra regarded as Lie algebra over reals. The simple
Lie algebras of the latter type are always of the second category, and they
have not compact Cartan subalgebras by (16) in §1. The real forms of the
second category of complex simple Lie algebras are algebras of types (A, D)
(n=2), (AID, (D, Ib) #=3), (ED) and (EIV). The fact that Lie algebras of
these five types have no compact Cartan subalgebra is verified by the results
in §3 and §4.

§5. Conjugate classes under the automorphism group.

In this section, we study the conjugate classes of Cartan subalgebras
under the action of the automorphism group instead of the adjoint group.
Let g=ft+p be a fixed Cartan decomposition of a real semisimple Lie
algebra g, and # be the conjugation of g¢ with respect to the compact real

form g, =f++—1p, then
(X, Y)=—B(X,nY)
is a positive definite Hermitian form on gf.

We denote the full automorphism group of g, g, and ¢° by G, éu and G°
respectively. G and G, are regarded as subgroups of G°. (¢ is an algebraic
group which is self-adjoint with respect to (X, ¥)>. By a lemma due to
C. Chevally [4, (a), p. 2017, every element g of G° is decomposed uniquely
to the product

g=kp, k=G, p=expV—1g,.
If g belongs to 5, then £ and p also belong to G. Hence every element g
of G is decomposed to the product of an element % of the maximal compact
subgroup K’z&r\éu and an element p=expad X, Xep=gn\V—1g. We
remark that
R={kcG; k=1, ky=y}.

Let m be a maximal abelian subalgebra in p, and
N={keK;m=m} and W,={p(k); k= N},

where ¢(k) is the restriction of £ to m.
Let §, be a Cartan subalgebra of g containing m, and W be the Cartan
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group of ¢¢ with respect to §,¢. W is the group of all linear transformations
on %,° which transform every root to another root. It is well known that
W consists of all the restrictions of the automorphisms of ¢¢ which keep
invariant Y°.

Turorem 9. 1) Two standard Cartan subalgebras %, and Y, are conjugate
under the automorphism group G if and only if their vector parts §,~ and B,~ are
conjugate under the group Ws. 2) Two standard Cartan subalgebras 9, and b,
are conjugate if and only if {, and \, are conjugate under the Cartan group W,
where ;= {Xem; B(X, §;")=0}.

Proor. The proofs of Theorem 3 and Theorem 4 are valid if we replace
K, N, W, and W with K, N, W, and W.

Derinirion 10. Two admissible root systems F, and F, are called con-
jugate under the Cartan group W or W-conjugate if there exists an element
s in W such that sF,=F,.

By Theorem 5 and Theorem 9, 2), we have the following Theorem 10
which is fundamental for the problem of conjugacy under the automorphism
group G.

Tueorem 10. There is a one to one correspondence between the conjugate
classes of Cartan subalgebras in a real semisimple Lie algebra ¢ under the full
automorphism group G and the W-conjugate classes of admissible root systems
in R(m).

Now, we determine explicitly the conjugate classes of Cartan subalgebras
under the automorphism group G.

The normal real form of complex semisimple Lie algebra D,, is denoted
by (D, Ic). Lie algebra (D,,Ic) for a certain integer » is called of the type
(DIc). Type (DIc) is a particular type of the type (DIa). Lie algebras of the
type (DIa) other than algebras of the type (DIc) are called of the type
(DId). There are five non isomorphic algebras of the type (D,J). One of
them is (D,Ic). Other four algebras are called of the type (D,e).

The number of conjugate classes of Cartan subalgebras in a Lie algebra
g under the adjoint group G and under the full automorphism group G are
denoted by N(g) and N(g) respectively.

Turorem 11. 1) In all real simple Lie algebras except algebras of type
(DIc), two Cartan subalgebras ave comjugate wunder the automorphism group G if
and only if they are conjugate under the adjoint group G. 2) In the Lie algebra
(D, lc), n = 3, the n-dimensional admissible root system defined by (76) is conjugate
to one of the systems defined in (74) under the Cartan group W. All other con-
Jugate classes under W ave also conjugate classes under W. Hence we have

ND,,Ic) = N(Dyalc)—1 n=3).
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3) In the Lie algebra (D/]c), there are three 2-dimensional conjugate classes
of admissible voot systems umder W. All systems in these three classes are
mutually conjugate under W. All other conjugate classes under W are also
conjugate classes under W. Hence we have

N(D,Ic) = ND,Ic)—2=5.

Proor. 1),2) Any real simple Lie algebra is either complex simple or a
real form of a complex simple Lie algebra. In every complex simple Lie
algebra, all Cartan subalgebras are mutually conjugate under G, hence they
are also conjugate under G. The Cartan group W coincides with the Weyl
group W in all complex simple Lie algebras except A,, D, and E,. Hence
in all real forms of complex simple Lie algebras of types B,, C,, E,, E;, F,,
and G,, the conjugacy of Cartan subalgebras under G coincides with the
conjugacy under G. In all real forms of A, and E; and the simple Lie
algebras of types (DIII) and (D,le), two Cartan subalgebras §j, and §, are
conjugate under G if and only if dim¥%,* =dim§,* (cf. §3 and §4), hence in
each real forms of A, and E; and the Lie algebras of types (DIII) and (D,Ie)
conjugacy under G coincides with the conjugacy under G.

The Cartan group W of D, (#>4) consists of all substitutions of e/s
and changes of signatures of arbitrary number of ¢;s, hence any two different
systems in (74) are not conjugate under W and the admissible root system
(76) is conjugate to a system in (74) under W. Thus we have proved that
N(D Ib) = N(D Ib), N(D Id) = N(D Id) and N(D,, Ic) = N(D,, Ic)—1 if 21 = 6.

3) In the Lie algebra (D,Ic), there are three 2-dimensional admissible
root systems defined as follows:

F,= {e,+ey e,—ey}, Fy={e;+ey estes}, Fy={e +e, e;—e,} .

Every 2-dimensional F is conjugate to one of F, F, and F;, and any two
of F,, F, and F, are not conjugate under the Weyl group W.

However F,, F,, and F, are mutually conjugate under the Cartan group
W. The Cartan group contains the subgroup
P consisting of the linear transformations

e;—e

which keep invariant the set S of all simple e
roots. An S in D, is indicated in Fig. 2.
Hence PC W contains an element 7 defined A
as follows: e,—e,

T(e;—es) = estey, T(este)=e;—ey,

T(es—e)=e —ey, T(ey—e;) =e;,—e;.
T transforms F, and F, to F, and F, respec- e;tey

3%

tively. Fig.
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All four conjugate classes under W other than {F,}, {F,} and {F;} are
also conjugate classes under . Thus we have completed the proof of
Theorem 11.

Now we have a complete knowledge on the conjugate classes of Cartan
subalgebras in real simple Lie algebras under the adjoint groups or under the
full automorphism groups. This suffices to determine the conjugate classes
of Cartan subalgebras in general real semisimple Lie algebras.

Indeed, let g =g, -----+q, be the decomposition of a semisimple Lie algebra
g into the simple ideals g;, then every Cartan subalgebra § of g is the direct
sum of the Cartan subalgebras §; of g;. Let =9 +---+%, and § =%,/ +---+9/;
%, B’ Cg; be two Cartan subalgebras in g, then we have clearly the following
theorem.

TueoreM 12. 1) Y) and Y are conjugate under the adjoint group G of ¢ if
and only if B and Y9 are conjugate under the adjoint group G; of ¢, Hence
the number N(Q) of conjugate classes of Cartan subalgebras in § under the adjoint
group G is the product of that of g i.e.

NG = [T Mg,

where N(g;) is the number of conjugate classes of Cartan subalgebras in simple
Lie algebras ¢, under G 2) Mutually isomorphic simple components ¢; ave
identified to a fixed one among them. We divide the set I={1,2,--,7} of indices

of a’s mnto I, L £k<5s) so that we have I:kL:)lIk, LN =0 (k+10), and 9;=4;

if i and j belong to the same I, and §;%=8; if ic i, j<€ 1, and k+1. Then, §) is
conjugate to Y under the automorphism group G of ¢ if and only if there exists
a permutation o of {1,2,--,r} which keeps each I invariant and each Y.u is
conjugate to B, under the automorphism group 6,- of g;. Hence the number Z\NT(g)
of conjugate classes of Cartan subalgebvas in § under the automorphism group
G of g is given as follows:

&y (Metre—1

Ngy=11 ("7 %)
where nkzﬁ(gi), i€l i.e. ny is the number of conjugate classes of Cartan sub-
algebras in §; under é (iely), and vy is the number of integers contained in I.
ExampLe. Let g=38((2, R)+8l(2, R). As N2, R)=2 (cf. §3), N@&I(2, R)

==2 by Theorem 11. Hence we have ]\7(Q)=(2+§_1)=3 by Theorem 12. As

is well known ¢ is isomorphic to the Lie algebras g, of the orthogonal group
of the quadratic form x,?+x,2—x,2—x,? (cf. [1, p. 353]). We know that N(g,) =4
in § 3, therefore N(g,)=3 by Theorem 11.
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M. Suciura
This result on ¢, is in accordance with the above result on g.
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