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§ 0. Introduction.

The purpose of this paper is to show that the proofs of some main
representation theorems for moment sequences and Laplace-Stieltjes trans-
forms are obtained probabilistically by making use of the representation
theorems in the theory of Martin boundaries induced by Markov processes
%1

We prepare, in §1, the following three topics: (a) the definition of
time discrete Markov processes over the denumerable space, (b) the definition
and some properties of process harmonic functions and (c) the summary of
the theory of Martin boundaries for the above processes. In §2 we shall
construct the Martin boundary for the space-time Markov process attached
to the Bernoulli sequence B(1/2). In §3, using the results of §2, we shall
derive the representation theory for moment sequences which is known as
Hausdorff moment problem.

In the last section we shall discuss the representation theory for Laplace-
Stieltjes transforms in connection with the space-time Markov process
attached to the standard Poisson process. This may be considered as a
continuous analogue of §1 through §3.

It may be interesting to apply the above method to the representation
theory for more general transforms with positive kernels. For example,
the convolution transforms [2] are expected to have a close relation with
the space-time Markov processes attached to additive processes.

The author wishes to express his hearty thanks to Professor K. It6 for
his kind suggestions.

§1. The sketch of the theory of Martin boundaries induced by time
descrete Markov processes over the denumerable space.

All the results in this section are stated without proof: they shall be
discussed systematically in [6].

Let £ be the denumerable space {I,2,3,---} with the discrete topology
and an extra point co be added to E as an isolated point. We shall denote
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E\J oo by E*, the discrete time space {0,1,2,3, -, + o} by T, the topological
Borel field of E* by Bz D and the Borel field of all subsets of T by B;.
Any mapping from (7, By) into (E*,Bg) will be denoted by w and the »-th
coordinate of w, by w,, or by x,(w) or simply by x,. For each w the passage
time o(A;w) for any A< Bg. is defined by

a1.Dn 6(A;w)=min{n; x,(w) € A} if x,(w)e A for some =0,
= 400 otherwise.

Now consider the set W of all the w’s which satisfy the two conditions
(W.1) that xs(w)=co and (W.2) that x,(w) = oo holds for every # = a({o0};
w).? A general element of W is called a path function. Let B denote the
‘Borel field generated by the sets {w;w, = A}, where A runs over Bz and &
over 7. Any mapping o(w) from (W, B) into (T, B;) is called a random time.
For a random time o, we shall now define the stopped path w,” and the shifted
path w,” as follows:

(1.2) (Ws" )k = Wminw,ky 10T except k=400 and (W, )+e=00,
(W, =w,s  for every ke T.

Since ¢,(w)=w,” is a measurable mapping from (W, ®B) into itself, B, = (¢, 'B
becomes the Borel subfield of B. It is clear that the ¥, for the constant
random time # coincides with the Borel field generated by all the sets
{w; w, € A}, where £ runs over 7T,=1{0,1,2,---,n}. Especially, we have
Bro=1\B.

A random time o is called a Markov time if {w; o(w) <n} B, for every
neT. It is easily shown that every passage time is a Markov time.

We shall say that the combination (W, 8, P, x & E*) is a time discrete
Markov process over E if (P,, x € E*) satisfies the following conditions:

(P.1) For any fixed x, P,(-) is a probability measure on (W, B).

(P.2) Each x is not fictitious, that is,

(1.3) Plw;xw)=x}=1 for every x € E*.
(P.3) (Marxov ProrerTY) For every x € E¥, every n =0 and every B B,
1.4) P AP, (w;w,* € B|%B,)=P,,(B)} =19

A simple calculation proves that (P.3) implies the following property :
(P.3)’ (Strong Markov Property) For every x & E*, every Markov time
6 =0 and every B %,

1) In our case, Bg* coincides with the Borel field of all subsets of E*.

2) {0} means the set consisting of a single point oo.

3) Pu(w;w,* € B|®B,) is the conditional probability of the set {w; w,* € B} relative to
B, under P,.
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(1.4) P{Pw;w,” € B|B,) =P:(B)}=1.

In the sequel any Markov process (W, S, P,,x< E*) will be denoted
simply by =x,.

We shall now introduce several notations and definitions. First we
shall define the transition probabilities of the process x, as follows:

(1.5) (%, y) = Pol{w ; x.(w) = y}

for every =T and every x,y< E* According to the Markov property
II'(x, y) is the (x,y) element of the x-th power (II*)* of the matrix II* =
IT'(x, v); x, y € E*) for except n = +oo, where (IT*)" is defined as the identity
matrix over E¥*,

We shall next denote, by R, the set of all the finite real valued func-
tions over E* vanishing at co. Further we shall put

EAr@)}=[ r@)Pudw) and Eddfw); Bt = fa)Pudw)

for any real valued measurable function f(w) on (W,®) and any B< B.
The Green measure of the process will be defined by

G, 9) = Eo{ 2 2 (m@)} )9

where x, is the indicator function of the one point set {y}.
DeriniTion 1.1. The Markov process x, is conservative over E if

1.6) Plw;o({o};w)=+c0}=1 for every x€ E.
DeriniTion 1.2. The point x € £* is a trap if

1.7 Polw; o(£* — {x} ;w) < + 00} =0.
DerinitioN 1.3. The point x € E* is recurrent if

1.8) Po{w; o({x};0,") < + oo} =1.

The matrix II* is a stochastic matrix® over E* which satisfies IT'(co, o)
=1. Conversely, we can see that such any stochastic matrix IT* over E*
determines uniquely a time discrete Markov process over E which satisfies
(1.5), using Kolmogorov extension theorem. On the other hand, I7* is uniquely
determined by the restriction I to E, which is in general a substochastic
matrix over E.» Thus we may identify a Markov process x, over E with
the above substochastic matrix /1. Further we have the proposition that
IT is stochastic if and only if x, is conservative.

4) G(x,y) may take oo.
5 X II'(x,y) =1 for every x € E*,
yEE*

6) > II'(x,y) <1 for every x &€ E.
yeE
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If the point y is not recurrent, we have
(1.9 G(x,3) = Pe{o({3};w) < 4 c0}G(y, 3) < 00

for any point x. Conversely, if G(y,y) is finite, y is not vecurvent (see [5]).
Next we shall give the definition of process harmonic functions and
two lemmas useful for later considerations.

DeriniTion 1.4. (a) Let x € E be not a trap for a given process x,. Then
the function w< R is harmonic with respect to x, (or simply, x,-harmonic) at
x if
(1.10) (%) = Ex{t(Xg(ze-(z); w)@W)) } -

(b) If x E is a trap, every u < R is x,-harmonic at x.

(¢) If u= M is x,-harmonic at every x in E, the function is x,-karmonic
(over E).

Then we have
Lemma 1.1. A nonnegative function u < R is x,-harmonic if and only if

(1.11) w(x) = E {u(x,(w))} =y§g II'(x, y)u(y)

for every x in E.

Lemma 1.2. (i) A function u s R can be represented as the difference of
two nonnegative x,-harmonic functions if and only if u is x,-harmonic and the
Junction defined by

(1.12) s oo(x) = 1im Ep{| () [}
B>+ oo

belongs to N.

(ii) If y is accessible from x, that is, P.{o({y};w) <+ o0} >0, 2%+e(x) < 0o
implies that u..(y) < co.

In order to proceed to the theory of Martin boundaries, we shall here-
after assume that the x, satisfies the following three conditions:

(A.1) All the points in E are not recurrent.

(A.2) There exists a point ¢ called the center of the process such that

(1.13) Plo({y};w)< + o0} >0
holds for any point y in E.
(A.3) For each x € E, there exists a finite set F, C E such that

(1.14) Pol{w ; %58 - (21; )W) € F,\Joo} =1.

It is clear from that, under the assumption (A.1), (A.2) is equiva-
lent to the condition

0<GlE, < + 0 for every ye E.

7) If u is x,-harmonic, E,{|#(x,)|} increases with » for every x in E. Thus #, .
is always well defined if we admit oo for its value.
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Hence the ratio

(1.15) K, y)= E&2) _ Pelo({y}; w) < + oo}

Gle,y) ~ PAo({y};w) <+ oo}

is well defined and is finite for every x,y= E. An infinite sequence {y,;
n=12,3,---} is called a fundamental sequence if K(x,y,) tends to a nonnega-
tive x,-harmonic function. Then, using (A.1) and (A.3), we can prove that
every fundamental sequence has no lmit points in E and that any infinite
sequence having no limit points in E contains at least one fundamental sequence.®
We say that two fundemental sequences y,, 2z, are equivalent if K(x,y,) and
K(x,z,) have the same limit function. Let b denote an equivalence class of
sequences and K(x, b)®» denote the common limit function for the fundamental
:sequences belonging to the class b. We shall also denote the set of all b’s
by M, and the set E\UM by E.

Finally, we shall topologize E, using the metric

_ | K(x, &)— K(x,7) |
(1.16) o(&, m) = ) T+ K(x §)—K( m)]

S

m(x)  for any &< E,

in which m(x) is an arbitrary totally finite measure on E such that m(x) >0
for every x in E. Then we have

TueoreMm 1.1. (i) E is a compact metric space.

(i) E is open in E and its relative topology is the original discrete one.

(iii) M is the boundary of E in this p-topology.

(iv) K(x, &) is continuous in & for each x.

Derinition 1.5, The above M is the Martin boundary induced by the
Markov process.

Apparently the above definition of M depends on the choice of the
center ¢ and the measure m, but we can see that it does not depend actually.

DeriniTion 1.6. A nonnegative x,-harmonic function » is minimal if any
ay-harmonic function » such that 0 <v <« is a constant multiple of .

Now denote by I, the set of all points of M for which K{(-, b) is minimal.
In order to state a condition that K(-,») be minimal, we shall need several
Ppreparations.

Consider any nonnegative x,-harmonic function # over E. Given an
arbitrary subset A of E, put

117 wi(x) = Ex{u(Xs00)} -

It will be shown that #, is well defined for every x and that »% <. Next,

8) In case there exist recurrent points, these statements must be slightly
modified.
9) K(x, b) is called the generalized Poisson kernel induced by the given Markov process.
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let D be an arbitrary closed subset in M and, A;, A; --,a decreasing se-
quence of open subsets in E such that A, DD and f\lfl'n=D1°>. Then we
n=

shall define #, as
(1.18) up=limufy,;,

n—oe

where [A,]= A, NE. up is well defined, independently of the choice of A, and
is a nonnegative x,-harmonic function which does not exceed u.

Using the above notations, we have

Tueorem 1.2. (1) M, is Borel measurable in M.

(i1) A mecessary and sufficient condition that a boundary point b belongs to
WM, is that

(1.19) Kipy(c, b) =1
or equivalently that
(1.20) Epfc, ) =1

for any closed subset D in M containing the point b as an interior point.

We shall now give the representation theorems for x,-harmonic functions.
Denoting by By, the Borel field consisting of all p-Borel subsets in M, we
shall first have

Traeorem 1.3. If u is nonnegative and x,-harmonic, there exists uniquely a
bounded measure 'V on (M, Bw,) such that

1.21) w(x) = LRK(x, b)u(dp)  for every x E.

The total mass u(M,) is equal to the value u(c). Conversely, given any bounded
measure 1 on (M, Bw,), the function defined by the right side of (1.21) is a
nonnegative x,-harmonic function.

For the x,-harmonic functions which are not necessarily nonnegative,
combining the above theorem, and Jordan decomposition theorem
for bounded signed measures, we have the following

Tueorem 1.4. (i) (Uniqueness of the representation). A function usR
can have at most one representation if 1 is @ bounded signed measure on
'(9321, Q'3‘.%)

(ii) In order that a function uc R is expressible in the form of [(L2I) by
means of a bounded signed measure on (M, By,), it is necessary and sufficient
that w is x,-harmownic and that

lm Eo{|u(xn)} < oo,

10) A, is the closure of A, in E.

11) By a bounded measure, we shall understand a nonnegative and totally finite
regular measure.
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§ 2. The construction of the Martin boundary induced by the space-time
Markov process attached to the Bernoulli sequence B(1/2).

In this section we shall represent the denumerable space £ under
consideration by the set of all points (»,{) such that »=:=0,1,2,-.-.
Now consider a time discrete Markov process conservative over E which
corresponds to the stochastic matrix I defined by II'((n,i), (r4+1,7) =
I'((n, i), (n+1,i+1))=1,2. First we shall remark that this process can be
derived from the Bernoulli sequence through space-time consideration.

Let (2,%, P) be an abstract probability field. If {y.(&);n=1} is a
sequence of random variables on (2, ¥, P) which are mutually independent
and each of which satisfies

(2.1) P{y (&) =1} =p, P{y(83)=0}=1—p,

it is called a Bernoulli sequence and denoted by B(p). In the sequel we shall
consider B(1/2). For convenience we shall introduce a trivial random vari-
able (&) =0. Now put s,(&) = Zk} (&) and consider a collection of processes
defined by -

(2.2) @) = x + (&, sx(@))

for every x€ E* and k= T; if x=00 or k= -+co, we shall define (@)= co

conventionally. Since the set {&@;3"(®&)< B} belongs to § for every x and
Bej,
2.3) P B)=P{& ;8" (&) € B}
is well defined. Then it is shown from the definition of B(1/2) that the
combination (W,%®B, P,,x = E*) gives the time discrete Markov process over
E induced at the beginning of this section. Thus it will be natural to call
our process the space-time Markov process attached to B(1/2).

In order to get into the concrete construction of the Martin boundary

for the above process x,, we shall first check that our process satisfies the
assumptions of §1. In fact, noting that

k
@4 Papli=mt=(5) (;F;) for m=ntr izi,
=0 otherwise,
where £ =0, (»,i) € E and (m,j) € E, we have
(2.9 Poplo({n, i} ;w ™)< + oo} =0 for any (n,i)) € E,

(2.6) P(n,i){xd(E-{n,i}) S F(n,i)} =1 for F(n,i) = {(ﬂ + 1) l) > (n + 1’ i+ 1)}'
and

@ G ), (m 1) = Paa,o{0(im, 1) < +0} = g (1)



A probabilistic method in Hausdorff moment problem and Laplace transform. 199

where the right side is understood to be zero unless m =#n, j=i and m—n
=Zj—i.

implies that the point (0,0) is the unique center of our process.
Hence we have

. . Pa,pn{o({m, j}) <40} n_ (m—m)!j! (m—j)!
2. b} ’ = St T (T = T < - - .
@8 KD, 0m i) = p " o(m, i) <+t = 2 mim=n—i+DT (!
Now consider an infinite sequence (my,7;) having no limit points in £
such that

©2.9) lim -7 —=1—p

koo My

for a suitable 0 <p<1. Then using Stirling formula, it is shown that such
a sequence is a fundamental sequence with the limit function 2""~%1—b)¢,
and conversely that every fundamental sequence has the property for
some 0 <b=<1. Moreover it is also clear that, given any fixed 051,
there exists a fundamental sequence (my, ;) Which satisfies Thus we
may consider that the Martin boundary I induced by the space-time process
x, coincides with the interval [0,1] as a set. Hence we shall denote a
Martin boundafy point by 5e[0,1] and the generalized Poisson kernel
2mpn=i(1—b) by K((n,i),b). We shall now show that the relative p-topology
in M defined by (1.16) coincides with the ordinary one in [0,1]. In fact
this is easily proved, noting that K{((»,i),b) is continuous as a function of
b with respect to the ordinary topology in [0,1] for every (»,{) and that
(2.10) p(0, ) > %‘;’lggb' (1,00 > % m({1,0})|b—0'] .

Next we shall prove that M =M, namely, that K((x,7),d) is minimal
x,-harmonic for every b<[0,1]. For this purpose, according to [Theorem 1.2,
it is enough to show that

2.11) Kp((0,0),0) =1

holds for any closed set D=[b—¢,b+c]N[0,1], where ¢ is an arbitrary
positive number.

Now we shall denote by A, the set of all the boundary points 4’ in the

interval (b—e—~ %, b+e+ 317> and all the points (m,7) in E with m = and

1 j 1
1=b—e— <oy <l-btet—-.

Then it is evident that A, DD and N A,=D. Therefore using the results
n=1

in §1, we have
(2.12) 1= K((0, 0), b) = K»((0, 0), b) = lim K2,1((0, 0), b) ,
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and
(2.13) Kf'}n]((o, 0),8) = E(O,O){K(xa(An)’ b); o(A,) =n}
= i —pyi( 7).
_‘1~b—s§zz/:n§1—b+eb ( 2 (Z )
Now applying the law of large numbers, we can see that the last term of

(2.13) tends to 1 as # increases to infinity. This proves [2.11).
Finally, noting that for a function # over E

(@.14) EoollutD =273 a0 I( 1),

and applying the theorems of §1 to our case, we can summarize our results
in the following .

Tueorem 2.1. Let x, be the space-time Markov process attached to the
Bernoulli sequence B(1/2).

(i) The Martin boundary induced by x, is equivalent to the interval [0,1]
with the ordinary topology.

(ii) The generalized Poisson kernel K((n,i),b) is the function 2"b"*(1—0b)
and is minimal x,-harmonic for any fixed b <[0,1].1»

(1iii)'®»  Every momnegative x,-havmonic function u over E can be written in
the form

(2.15) un,iy =2 ;b"‘i(l —0idu®)  for every (i) E,

where p is a bounded measure on ([0,1], By,11) which is uniquely determined by
u and whose total mass p([0,1]) is equal to u(0,0). Conversely, given any
bounded measure 1 on ([0,1], ¥ 1), the function defined by the vight side of
(2.15) is nonnegative and x,-harmonic.

(iv) A function u<= R can have at most one representation (2.15) if 1 is a
bounded signed measure on ([0, 1], By, ).

) A function u s R can be written in the form of (2.15) by means of a
bounded signed measure on ([0,1],B11), if and only if u is x,-harmonic and
(2.14) is bounded in n.

12) The assertions (i), (ii) implies that By, defined in §1 coincides with the
Borel field By,1) consisting of all the ordinary Borel subsets in [0,1].

13) Let &, be the Borel field generated by s,(@), ss(@),---- , sp(@) and #, a function
belonging to ®. Then according to (2.4) and the Markov property of the sequence
{sp(@); 7 =0}, the condition that w#(#,i) is a nonnegative x,-harmonic function is
equivalent to the condition that {#(n,s,), §., #=0} is a nonnegative martingale.
Hence the assertion (iil) answers to the following problem: Under what condition is
{u(n, s,), Fn, » =0} @ nonnegative martingale ?
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§ 3. The solution for Hausdorff moment problem.

Hausdorff moment problem is the representation theory for moment
sequences. In this section we shall show that the solution for the problem
is easily derived from [Theorem 2.1l

First we shall give the statement of the problem following D.V. Widder
7] except some change of notations.

DeriniTioN 3.1. A sequence of (real) numbers, {f(n);n =0}, is a moment
sequence if there exists a bounded signed measure x on ([0,1], By ;) such
that for every # =0

1
(3.1 Fmy={ o"du®).
We shall now denote by 4 the difference operator:

3.2) df () =f(n+1) —f(n) .

Then we have
k

(3.3) L) = A4 — Afn) = \’f‘o(—l)m(Z)f(nJrk—m) for every £=0,

where 4° is the identity operator by definition.

DeriniTion 3.2. A sequence of numbers, {f(#n);n=0} is completely mono-
tonic if for every #=0 and every k=0
3.4) (=14 (n) = 0.

The main part of the representation theory for moment sequences
consists of the following

Tueorem 3.1 A sequence of numbers can have at most one representation
(8.1) if u is @ bounded signed measure on ([0,17], 23[0,1]).

Tueorem 3.2 A sequence of numbers is a moment sequence with a bounded
measuve on ([0, 1], By,11) if and only if it is completely monotonic. ‘

Trureorem 3.3.19 A sequence of numbers is a moment sequence if and only
if there exists a constant L such that

(35) 4=l ()<L

for every n=0.

We shall now show that Theorems [B.], and are, respectively,
reduced to the statements (iv), (iii) and (v) of [Theorem 2.1l

Proor or Tueorems. Let x, be the Markov process of §2 and u(#n,i) an

14) D.V. Widder [7], p. 60, Theorem 6.1.
15) Ibid. p. 108, Theorem 4a.
16) 1Ibid. p. 103, Theorem 2b.
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x,-harmonic function over E= {(n,i);2={=0,1,2,---}. Then, for the se-
quence of numbers defined by

3.6) Sf(n) =2"u(n, 0) for n=0,
we have
3.7 (=i f(n—i) = 2""u(n, i) for every (n,i) € E.

This shows that any «x,-harmonic function is uniquely determined by
those values on the n-axis. Conversely, given any sequence of numbers
{f(n);n =0}, the function u(n,i) over E defined by the right side of (3.7)
is x,-harmonic.

Now consider a moment sequence

3.8) fw= :b”d,u(b) for n=0.

Then the x,-harmonic function # obtained by (3.7) is written in the formr
(2.15) for the above u. Therefore #» determines g uniquely as a bounded
signed measure (Theorem 2.1|. (iv)). This proves [Theorem 3.1l

Moreover, for the above function #, (2.14) is bounded in » (Theorem 2.1l
(v)). Hence the moment sequence satisfies (3.5). Next, assume that a se-
quence f(n) satisfies (3.5). Then, for the x,-harmonic function % defined by
3.7, (2.14) does not exceed L for every n=0. Therefore » has the represen-
tation (2.15) (use [Theorem 2.1. (v) again). This shows that f(») is a moment
sequence. Thus was proved.

Finally we shall prove Let f(z) be a moment sequence
with a bounded measure ux. Then the function # given by (2.15) for the
same u is a nonnegative x,-harmonic function and satisfies (3.7). This proves
that f(n) is completely monotonic. Conversely, assume that f(z) is completely
monotonic. Then the function » obtained by (3.7) is nonnegative and x,-
harmonic. Hence # can be written in the form (2.15) by means of a bounded
measure (Theorem 2.1. (iii)). Consequently the completely monotonic se-
quence is a moment sequence with a bounded measure. This completes the:
proof of

§4. A probabilistic approach to the representation theory for Laplace~
Stieltjes transforms.

The representation theorems for Laplace-Stieltjes transforms which are
the continuous analogues of the theorems in § 3 are the following

Tueorem 4.1.10 A real valued function f(t) over [0, +o0) can have at most
one Laplace-Stieltjes transform representation

17) D.V. Widder [7], p. 63, Theorem 6.3.
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@) oy ={. e rdu)

with a bounded signed measure p on ([0, +00), B, +=y), wheve Bio,+=y is the
topological Borel field of [0, + o).

Tueorem 4.2.% A real valued function f(t) over [0,-+<0) is @ Laplace-
Stieltjes transform of a bounded measure on ([0, +0), B, +)), if and only if it

is completely monotonic in [0, +o0), that is, it is continuous in [0, 4-o0) and
satisfies

(42) (~ (&) =0

Jor every t = (0, +00) and every nonnegative integer i.

Tueorem 4.3 A real valued function f(t) over [0,+o0) is a Laplace-
Stieltjes transform of a bounded signed measure on ([0, +0), Bro,+y) if and
only if it is continuous in [0, +00) and there exists @ constant L such that

(43) El(%} ol <L
Jor every t < (0, +co0),

We shall here prove these theorems by the same probabilistic idea as
we did for the moment problem. For this purpose we shall first give a
:simple remark concerning the theory of Martin boundaries for time con-
tinuous Markov processes and second we shall prove a theorem
‘4.4) which is analogous to [Theorem 2.1, constructing the Martin boundary
for the space-time Markov process attached to the standard Poisson process.
Finally we shall show that implies Theorems [4.1], and

Tue Tueory orF MarTIiN Bounparies ror Time ConTiNnvous Markov
Processes. The results in §1 are true with some modification for a time
-continuous Markov process x, over a separable locally compact space E2%9
‘which satisfies some restricted conditions. For simplicity we shall only
state the definition of process harmonic functions.

DeriniTioN 4.1. Let R be the set of all the finite real valued continuous
functions vanishing at co.

(@) In case xeE is not a trap, the function &R is x-harmonic at x
if there exists an open set U containing x such that

(4.4) w(%) = Ep{ut(%ye; ()}

18) 1Ibid. p. 160, Theorem 12a.
19) 1Ibid. p. 308, Theorem 13.

20) See for the definition of such process.
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for every open set (VcU).

(b) If xeE is a trap, every < R is x,-harmonic at x.

(¢) If u= R is x-harmonic at every x in £, the function is x,-karmonic
(over E).

Tue ConsTRUCTION OF THE MARTIN BouNDARY FOR THE Space-Time Process
ArtacuEp TO THE STANDARD Poisson Process. Now consider as E the set of
all the points (4,1), where ¢ runs over [0, 4o0) for =0 and over (0, - o0)
for i=1,2,3,:--. We shall determine the topology in E by the neighborhoods
Ue,n(e) ={(,1); [t—t'| < e}. Further consider a time continuous Markov
process conservative over E whose transition probabilities are given by

7t

(4.5) Pl @0, (st =e7 pr i s=t+n jzi,

=0 otherwise,

The existence of such process is proved by the same arguments as in
Hunt’s paper [3, II, pp. 354-355]. This process will be also constructed
from the standard Poisson process? by the same space-time consideration
as in §2. Thus we shall name our process the space-time Morkov process
attached to the standard Poisson process.

We shall now apply the theory of Martin boundaries to the above
process. Since a simple computation shows

A\~
(4.6) Paplo(ls,i};u) < + oo} =0 00 for szt iz,

the point (0,0) is the unique center of our process and we have

; - Paplo({s, )} <+ oo} tw(;?—jy_i]‘ !
@0 K@ (5 ) = it a((s 1)< + o) = ¢ siG—i)!

Then using the same consideration as in §2, it is shown that the Martin
boundary for our process is equivalent to the half line [0, +co] with the
ordinary topology and that the generalized Poisson kernel K{((¢,7),b) is the
function e'e™®b* which is understood to be identically zero except at (0, 0)
for b= -+oco. Here we shall remark that the boundary point d&[0, +o0]
corresponds to a class of all the fundamental sequences (sg, ;) in £ with
(4.8) lim 7% =p.

k—oo Sk

Moreover K((¢,7),b) proves to be minimal x-harmonic as a function of (# i)
except for b= -+ oo. Since K((0,0), +o0)=1 by definition, K((, i), +0) is not

21) By the standard Poisson process we shall understand a Poisson process whose
average holding time is equal to 1 and whose sample paths are (almost all) increas-
ing in isolated jumps of unit magnitude (see Doob [I]).
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x-harmonic at (0,0).22 Hence we have M, =[0, + o).

Now let # denote any x,-harmonic function and o(w) the passage time
for the complement of the e-neighborhood of the point (¢,7)< E. From the
definition of x,-harmonic functions we have

4.9 u(t, i) = Eq,p{te(Xoan(w))}
= Ji+€zt(s, 1+ De S 0ds + u(t +¢,i)e*

for every (¢,i) € E and any ¢ >0. Hence it is clear that # satisfies
(4.10) Sult, i) = ,gf wlt, i)+ ut, i+ 1) — ult, i) = 0

for every (4,i) € E except for (0,0). Conversely, if # is continuous in £ and
satisfies in £—{0,0}, a simple calculation shows that # is x-harmonic.
In particular, [£.10) implies that any x-harmonic function is infinitely differ-
entiable as a function of ¢ in (0, + o).

We shall now sum up our results in

Tueorem 4.4. Let x, be the space-time Markov process attached to the
standard Poisson process.

(1) The Martin boundary induced by x, is equivalent to the half line [0, + o]
with the ovdinary topology.

(ii) The generalized Poisson Kernel K((¢,1),) is the function e'e™®b* and is
minimal x,-harmonic for any fixed b < [0, +o0).

(iil) Every mnonmegative x-harmonic funclion u can be represented in the
form
(4.11) ut, i) = ¢ f:me‘btbidu(u) for every (t,i)EE,
where p is a bounded measure on ([0, +0), B, +=)) whose total mass u([0, -+o0))
is equal to u(0,0). Such p is determined by u uniquely. Conversely, given any
bounded measure p on ([0, +00), B, +~)), the function given by the right side of
4.11) is @ nonnegative x,-harmonic function.

(iv) A function u =R can have at most one representation (4.11) if u is a
bounded signed measure on ([0, 4+ ), By, + ).

(V) A function u s R is expressible in the form of (4.11) by means of a
bounded signed measure on ([0, +00), B, +=), if and only if u is x-harmonic
and

22) In general some boundary points may correspond to limit functions which
are not x,-harmonic, as +oo in this process, while this does not occur in the special
cases as in §2. See as to details.

23) Roughly speaking, this operator ® is the generator of our process.
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R L2
(4.12) ol |81} = e Y [t )] 4y
=0
is bounded in t.
(vi) A function u is x,-harmonic if and only if it is continuous in E and
satisfies for every point in E except for (0,0).
Proor or Turorewms 4.1, 4.2 axnp 43. Let x, be the above Markov process
and «(f,i) an x,-harmonic function. Then if we define the function f(#) by

(4.13) F(@) =e"tult, 0) for + = [0, 4-0),
we can see from [Theorem 4.4, (vi) that

“.14) (— (-8 O = e tutt, )

holds for every £ (0, +o0) and i=1,2,.--. Hence the x-harmonic function
u is uniquely determined by the values of #(z,0). Conversely, if f(¢) is
continuous in [0, 4-o0) and has derivatives of all orders in (0, +-oc0), the
function #(¢, i) over E defined by [4.13) and [(4.14) is x,-harmonic (use
4.4, (vi) again).

From this remark it is easily shown that Theorems K.1], and 4.3 are,
respectively, reduced to the assertions (iv), (iii) and (v) of
Since our arguments are quite similar to those in §3, the details will be
omitted.

Department of Mathematics,
Osaka City University.
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