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Introduction.

It is an important but difficult problem of topology to compute the coho-
mology groups of Postnikov complexes K(z, #; k;G,n+q). These cohomology
groups become stable for large »n; more precisely, H"'(K(z,n;k;G,n+q) ; A)
become independent of » for sufficiently large n. This “limit group” will be
denoted by

A, b, G, q; D) =lim H""(K(z.n; k; G, n+9); 4).

The purpose of this paper is to determine A'(z, k,G,1;7Z,) (which we shall
hereafter denote simply by A%r, k, G ;Z,)) for the case where each of =, G is
generated by one element. Our result will be given as in §3, after
some preparations in §§1-2.

Our computation is based on some properties of secondary cohomology
operations as given in §2.

We shall indicate another geometrical method in the appendix.

In the case where n=2,G=2,, A=7,and g=1, the preoblem was solved
by H. Toda [9] by geometrical methods.

The author is greatly indebted to Professors S. Iyanaga and T. Yamano-
shita for their helpful suggestions and discussions. The author also wishes to
acknowledge his gratitude to Professors A. Komatu and H. Toda for having
called his attention to this problem and for their encouragement.

§1. Preliminaries.

1. Let n, G be abelian groups and #, g positive integers. A Postnikov
space Kz, n;k;G,n+q with an invariant k2 H*"*(xr, n; G) can be considered
as a fibre space with the base space A(x, ) (Eilenberg-MacLane space) and the
fibre KX(G,n+q):

1.1 K, n; kG, n+q/KG, nt+q) = Kr, n) .

The projection and the inclusion of the fibering will be denoted by p, i respec-
tively. Then we have the following exact sequence associated with [1.I) for
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i=2n+q—1:
T ol
(1.2) - —H" g, n; Z,)——H G, n+q; Z) ——H (K, n; k; G, n+q) ; Z,)
*
—HYw, n; Z,) e— -+,

where t is the transgression.

It is known that the groups H**{X(x, n; k; G, n+q); Z,) become stable for
sufficiently large n. We denote this group by A'(z, &, G, ¢; Z,) and write

a3) Az, b, G, 43 2) = 3 Aw b, G, 43 20)

If we denote as usual by A%r;Z,) the stable group H"{(X(x,n); Z,) for large

n, then we have (1.2)
T ¥
(1.4) o — ANy Z,) —— ATUG 3 Zo) —— Az, k, G, 5 Zy)
%
—— A¥m ) Zy) — -

We denote further by A* the Steenrod algebra
A¥(Zy; Zy) =lim H*(Zo, m 5 2)

in which the multiplication is defined by the composition of the squaring oper-
ations Sq”. The squaring operations in A*(x; Z,), A¥(G; Z,) and A¥(x, k, G, q; Z,)
define naturally the left A*-module structure in these modules, and z, ¥, p* in
exact sequence are A*-homomorphisms.

2. We need the following results on A*.

Let @« € A*. The mapping 8 — fa for every f € A* will be denoted by a,.
Then we have the following exact szquences (cf. H. Toda [9] and A. Negishi -

[4).

Sqty SEs

1.5) A¥—  A*  — AF,
Sq2y Sq2y

(1.6) Af— A¥ — A*/A*Sq!,
Sq®4 Sq24

a.n A*/A¥Sql— A* —— AF,
Sqbs Sq3y

1.8) A*/A*Sql — A*/A*Sql — A*,
53y Sqdy

1.9) A*/A*Sql—— A*/A*Sql — A*/A*Sq!,
Sq2y Sq°y

(1.10) A¥—— A* /| A*¥Sql — A*/A*Sq! .

3. We shall use the following results on derived Bockstein cohomology

operations.
Let
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fq &g
(1.11) O ‘qu qu+1 Zz 0 s

fq/ gq/
(1.12) 0 ZZ qu*'l qu O y
be exact sequences. The coboundary opzrators associated with [(1.11), are
denoted by d,, 0,” respectively. Then derived Bockstein cohomology operations
4ig=1) were defined by T. Yamanoshita [107], such that for any pair of spaces
(XY).

1.13) 4 H' X, Y Zy) nKer 43— H"" (X, Y; Z)/Im &', .
The following properties of 4¢ are known (cf. T. Yamanoshita [107.
(1.14) =59\ H" X, Y ; Z,)— H"Y(X, Y ; Z,).

(1.15) The naturality f*.47= A4%f* holds for homomorphisms f* of coho-
mology groups induced by a mapping f: (X, Y)— (X, Y).
(1.16) A% 4= 4.4} for tha coboundary homomorphism 4 of cohomology se-
quence. '
1.17) 4ot =04y for the transgression z.
(1.18)  d5o43=0.

Let E/F= B be a fibering of aspace £ such that the local system formed
by HYF;Z,) 1is trivial for each i=0, H{(B;Z,) =0 for 0<i< A, and H(F; Z,)
=0 for 0 <i<<u. Let

) ol p* T

119) - ——H(F; Zy)«——H L Zy))——H'(B; Zy)) «—— H"\(F; Zy) —— -+
be an exact sequence associated with the above fibering, where p is the pro-
jection, 7 is the inclusion, and ¢ is the transgression (1 =i <A-+4uw).

Then we have (cf. T. Yamanoshita [10] and H. Toda [97) :
(1.20) For ac H(F;Z,), B HY(B; Z,), assume that 4;8={ra}. Then there
is an element @ € H*"{(E£; Z,) such that i*&@ =Sq'a and 4;*p*8 = {a} r=1.
1.21) For acHYE;Z,), B< H"YB;Z,), assume that Jdja={p*p}. Then
rodittei*(a) = {Sq!S}.
(1.22) For a € H(F; Z,), B = H*\(B; Z,), assume that ra =4, and g < Ker 457
Then there are elements a € H*YE; Z,), r €« H™¥B; Z,) such that i*a& = Sql«,
4ip={r} and d7'a={p*r}, r=2.

§ 2. Certain secondary cohomelogy operations.

Let éa’iﬂizo be a relation with homogeneous degree m+1 in A%, and C
be a graded left free A*-module generated by symbols [§;], where deg [f:]=
deg fi=v;:

k
C= ;l A*[B].
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Let (d,2) be a pair, where d is a A*-map of degree zero from C to A* defined
k
by d[B:]1= B, and z= Eazl:ﬁz]

For such a pair, J. F. Adams has defined axiomatically the stable secondary
cohomology operation @, such that

2.1 0,: HY(X; Z,) N Ker B, N - nKer g, — H""™(X; Z3)/ élm a;,
for any space X.
We use the following results in [1]
a) If @, @ are two operations associated with the same pair (d,z), then
there is an element y in (4*/dC),, such that
2.2 D) —D' () = {r(w)},
for u € HYX; Z,) nKer B, - N\ Ker B,
b) Suppose z= X @z, where @, € A¥, z,= 3 «;,[A;] and dz,=0, and let @,
L

be an operation associated with the pair (d,z,). Then there is an operation @
associated with (d, z) such that

2.3) ‘t/_,“ a0, () = {O(w)} mod E» Im a«;,,

for uc HMX; Z,) n\ Ker B, -+ N Ker S
c¢) Let the following commutative diagram be given:
d
A*——C
24 p|l gl
A* ¢ C/

J .
in which d, d’ are as above, C' =X /[ 8], and u, ' are A*-maps with the
=1

same degree. Let @ be an operation associated with a pair (d,z). Then there
is an operation @’ associated with (d’, #’2) such that

(2.5) D) = {0 w(w)},

for u e HY(X; Z,) n Ker 8/ nKer By’ n -+ nKer B/.

We put now:
2(1,1) = Sq'[Sq'], 2(2, 2) = Sq2[Sq*]+Sq®[Sql], 23, 3) = Sq®[Sq*1+Sq’[Sq'], 2(1,3)
=Sq'[Sq®], 2(3,2) = Sq*[Sq?] and z(5,3) = Sq°[Sq®]. Operations associated with
z2(1,1), 2(2,2), 2(3,3) are defined uniquely from c¢). We denote them with @(1,1),
D2, 2), O3, 3) respectively. We have O1,1) =42

ProrosiTiON 1.
1) Sq'diu =0, for u e H(X; Z,) N Ker Sq'.
2) 1) Sq20(2,2)u = 435q*u+Sqid2e mod Im Sq'-+Im Sq*Sq!, for ue H(X, Z,) N

Ker Sq' n Ker Sqg*.
i) @2, 2)Sq = O3, 3)u+Sq*d2u mod Im Sq?>+Im Sq*+Im Sq*'Sq*, for wue
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H(X;Z,) " Ker Sq' n Ker Sq?.
3) 1) O3, 3)u=43Sq*# mod Im Sq?,
i) Sq20(3, 3)u = 435q*Sq?u+Sq*435q%u+Sq 43w mod Im Sq'+4-Im Sq*Sq!-+
Im Sq®Sql, for v = H(X;Z,) n Ker Sq! ~ Ker Sqg®.
Proor. The proof of 1) is easily sesn from and (1.18).
The proof of 2), 1)*.
Consider the following commutative diagram

A* ‘-d— A*[Sq]
[saty |w
A% —  ASQIHATSeT]=C
where u/ is given by ’
#'15q'] = Sq'[Sq' 1+5¢*Sq'[Sq*] -
Then we have
©'2(1,1) = Sq’[5q*]+5q°Sq'[Sq™]

= S5q*(Sq’[Sq*1+Sa°[Sq' D+5q*Sq'[Sq']

= 5q%z(2, 2)+Sq*2(1,1).
From the above c), there is an operation Qu,q,;, associated with #'z(1,1)=
Sq%2(2, 2)+Sq*z(1,1) such that

435q"u = O pipy,pue mod Im Sqt,

for u € H*(X; Z,) N\ Ker Sq' n Ker Sq?.

On the other hand, from a) and b), there is an element 7 in (A4*/d’C’); such
that

Sq*D2, 2)+Sq*4Du— D prq, et = e mod Im Sq'+Im SqSqt.
But, we have (A*/d’C");=0, and so y =0. This yields. the result 2), i).
In the same way, we can also prove the relations 2), ii) and 3), i). We
omit the proofs of them.
Using the results 2), i) and ii), we have
Sq?0(@3, 3)u = Sq*d(2, 2) - Sq%u+Sq*Sq* 42u
mod Im Sq°Sq'+Im(Sq®+Sq*Sq')+Im Sq®Sq! ,
= (435q*+Sq*43)- Sq?u-+(Sq°+Sq°Sq') 45u
mod Im Sq'+Im Sq*Sq*+Im Sq%Sq!,
= A35q*Sq?u+Sq435q %% +Sq°dju
mod Im Sq*-+Im Sq*Sq!+Im Sq®Sq!,

*¥)  This was also proved by N. Shimada and T. Yamaneshita, not utilizing the re-
sult of Adams [1].
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for e HYX; Z,) N Ker Sq* n Ker Sq®

This completes the proof of (3), ii).
Operations associated with z(1, 3), 2(3, 2), 2(5, 3) are not uniquely determined.
If ©(Q,3), ©'(1,3) are two operations associated with z(1, 3), we have

2.6) o, 3u—0’1, 3)u = x5¢*Sq'x mod Im Sq?,
for = HY(X; Z,) " Ker Sq®, x being zero or one.

For two operations @(3,2), @'(3,2) associated with z(3, 2), we have
2.7 D@3, 2u—D' (3, 2)u = x5q*x mod Im Sq?,
for » = H*(X; Z,) " Ker Sq? x being zero or one.

For two operations @5, 3), @'(5,3) associated with z(5,3), we have
2.8) D5, 3u—D0'(5, 3)u = x5q"u+ySq’Sqlx-+25q*Sq?Sqlu mod Im Sq°,
for ue HY(X; Z,) " Ker Sq®, x, v, z being zero or one.

Now we have

ProrosiTioN 2. There exist secondary operations ©@(1,3), ©(3,2) and DO5,3)
associated vespectively with z(1,3), 2(3,2) and z(5,3) such that
1 1) O3, 2)u=435q°Sq'# mod Im Sq?,

ii) Sq*®(3, 2)u = 435q*Sq>Sq'x mod Im Sq*, for v = H*(X; Z,) n Ker Sq2.
2) 01, 3)u = 43Sq?» mod Im Sq*, for v € H*(X; Z;) n Ker Sqg3.

3) 1) @O,3)u = 435q*Sq*» mod Im Sq',

i) Sq*@(5, 3)u = Sq®43Sq*» mod Im Sq°Sq!, for w = H(X; Z,) N Ker Sq®.

Proor. 1) Applying c), we see easily that there is an operation @@, 2) as-
sociated with z(3,2) such that

O(3, 2)u = 425¢*Sq'z mod Im Sq?,
for u € H*(X; Z,) N Ker Sq>.

Consider the following commutative diagram

d
AF —  ASqY]

Jv Sq4SqJSq1 lﬂl
d’
A* e A*[Sq¥ ] =C
where u/ is given by x/[Sq']=S5q'Sq’[Sq?]. Then we have
©'z(1,1) = 5q'Sq*Sq°[Sq?] = Sq*Sq*[Sq?] .

Therefore, there is an operation @u.,q,; associated with u’z(1, 1) = Sq*Sq’[Sq?],
such that

A%S(fsqgsqlu == @ﬂ/m,])u mOd Im Sql .

Since the operation Sq*@(3,2) is also associated with x’z(1,1), there is an ele-
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ment r in (A*/d’C’); such that
Sq'0@G, 2)u—@ g,y = ru mod Im Sq°Sq? .
But we have (A*/d'C’); = {Sq?, Sq"Sq!}. Thus we may put
Sq*'DB, 2)u—D o, 2t = 253 u+vSq"Sq'# mod Im Sq°Sq?,

where x, vy are zero or one.
Operating Sq! from the left to the above, we have

Sq*D(3, 2)2 = x5q°% mod 0.

Since Sq*Sq®(3, 2) =Sq"Sq'P3,2) =0 and Sq?(xSq®) = xSq''Sq!, we have x=0.
Thus we have

SqD3, 2)tt—D oy, e = ¥Sq'Sq'w mod Im Sq°Sq?,
which shows

SO 3, 2)u = Oy, = 4359°'Sq*Sq'e mod Im Sq'! .
Proof of 2) is easy, and so omitted.

3) Applying c), we see easily that there is an operation @’(5,3) associated
with z(5, 3) such that

@’ (5, 3)u = 43S5q*Sq%x mod Im Sq*,
for u € HY(X; Z;) N Ker Sq°.
Since the operation Sq2@’(5, 3)-+-Sqé®@(, 3) is associated with the trivial re-
lation Sq2Sq°[Sq®*]+Sq®Sq'[Sq?] in A*[Sq®], we may put

(Sq20’(5, 3)+Sqt@(, 3)u = xSq°u+ySq?Sqlu-+25q'Sq*# mod Im Sq®Sqt,
where x, y, z are zero or one. Since
Sq*(Sq*@’(5, 3)+Sqfd(, 3))x =0 mod 0 and
Sq’(xSq°u+y5q*Sq'u+25q"Sq’w) = x5q"'Sq'u+y5q!'Sq'w
we have x =y, that is,
(Sq?@’ (5, 3)+SqtD(, 3))u = x(Sq*+Sq®Sq!)+25q"Sq % .
Next, operate Sq? to the above, then we have
SqX(Sq2@’ (5, 3)+Sq*@(1, 3))u = Sq*Sq'®’ (5, u-+Sq'Sq'O(1, Ju
=0 mod 0, and
Sq2x(Sq+Sq¥Sqh)u-+S5q°25q"Squ
= 2(Sq'°Sq'+5q'°Sq"u+2(Sq°Sq* +5q°Sq”)u
= 25q°Sq*« ,
which show z=0. Thus we have

(Sq*@’ (5, 3)+Sq*P(1, 3)u = x(Sq°+S5q*SqHu med Im Sq°Sq* .
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If we take @5, 3) = 0(5, 3)+x5Sq” for the above @'(5, 3), we have
05, 3)u = 435q*Sq?*¢ mod Im Sq!, and
SA*06, 3)+5q°0(, 3))u
= Sq20’ (5, )u+x(Sq°+SqSqHu+Sq*D(, 3) mod Im Sq’Sq?
=0 mod Im Sq®Sq'.
This completes the proof.
In the sequel, @(1, 3), @3, 2), @(5,3) will always mean a fixed cohomology
operation associated with z(1,3), z(3,2), 2(5, 3), respectively, with the properties

of the

§ 3. Stable cohomology group A*(z, k', G ; Z,).

In this section, we shall consider the stable cohomology group A*(z, &%, G;
Z,) determined by abelian groups =z, G and an invariant 2% € A%z ;G), where
z and G have one generator and the invariant 2% is non-trivial.

Let us denote by = one of the groups Z, Z, or Z,w+1 (¢’ =1), and by G one
of Z, or Zy+1 (g=1).

Let

I
0 Z2 qu‘i-l Z2q 0

be the exact sequence, then we see easily
GE.1D A¥r; G) = Z, and  fh:A¥Nr; Zy) = Ay Zya),

where fJ denotes the homomorphism of cohomology groups induced by the
inclusion f,” of coefficient groups.

Let » be the generator of degree zero of A*(r;Z,), and a be the generator
of degree zero of A*(G;Z,). Then, from [3.1), our A*(x, &, G ; Z,) must be one
of the following six types, as £® € A%r; G) is non-trivial:

(3.2) ) AXZ,Sd’u, Z,; Z,) Q) A*Z,, S, Zy 5 Z,)

B A*(Zaar+1,5q%u, Zy 3 Zy) @) AMZ, f3:SQ%u, Zya+1 5 Zy)

B) AX(Z,, fiSA*u, Zag+1 3 Zy) 6) A*(Zaa+1, fpSQ%u, Zoari s Z3) .
For convenience, we denote these types by A*(1), A*(2), A*(3), A*4), A*®) and
A*(6), respectively, and write e.g. A1) for AYZ, Sq*u, Z, ; Z,). Then we have

the following exact sequence:
7k *

; ;
(Sp: e Ay Zy) —— AFNG ; Zy) — A —— ANw s Z)

T
AN 2y —
where j=1,2,3,4,5,0.
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We are now in a position to formulate our main theorem.
THEOREM.

d) AXZ,Sq%u, Z,; Z,) is an A*-module generated by elements v= p*u and D2, 2)v
with basic rvelations

Sqlv = Sq20 =Sq*0@2, 2w =0.
In particular, we have

435qt = S5q*02, 2)v .

A A*(Z,, Sq®u, Z,; Z,) is an A*-module genevated by elements v = p*u and O(3, 2)v
with basic velations

Sq?v = Sq'@(3, 2)v = Sq°D(3, 2)v =0.
In particular, we have
D(3, 2)v = 435q°Sq'y, Sq*D(3, 2)v = 43Sq*Sq>Sqly mod Sq’Sqlv.

Al  A*(Zye+1,SQ%u, Z, 3 Z,) is an A*-module generated by elements v = p*u, 43 v
and OQ2, 2)v with basic relations

Sq'v =S’ =Sq' 44 =0, and
0 if qg'>1
SqP49 1 if ¢ =1.

Sq*0 2, 2)v =
In particular, we have
Sq20(2, 2)v = 43Sq*v+Sqtdiv .

(V)  A¥Z, f}Sq®u, Zyw+15 Z,) is an A¥-module generated by elements v=p*u, b,
such that i*b, = a, and O3, v with basic relations

Sq'v = Sq’y = Sq'@3, ) =Sq*P3, ) =0, and
0 i g>1
Sq if g=1.

Sqlh, =

In particuler, we have
Ah, =Sq%, O3, 3)0=45q and SD@3,3) = 425q'Sq%.

V) A¥Z, fiSQ%u, Zy+1,2,) is an A¥-module generated by elements v =p*u, b
such that i*b,=a and OO, 3)v with basic relations

Sy =Sqld(5, 3)v =Sq*0(5,Nv=0, and
0 if g>1
Sq? if g=1.

Sqlb1 ==
In particular, we have
4%, =Sq* and O, 3)v = 435q*'Sq’*r mod Sq"v.

(VD) A¥(Zyw+1, 1SAPu, Zar1s Zy) is an A¥-module generated by elements v = p*u,
49y, B such that %' =a and O, 3)v with basic relations
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Sqly = Sq’y = Sq'4¥ 'y =Sq'D(3, v =0,
0 if g>1

Sq»  if gq=1, and

0 if ¢ >1
Sq74¢ if g’ =1.

Sqlbl = {

Sq*d(3, 3)v = {

In particular, we have
4%, =Sq%v, @3, 3)v=4Sq'v and
435q*Sq®y = Sq*?(3, 3)v+Sq4iv mod Sq'v.
To prove this theorem, we need some informations about the exact se-
quences (S5;).
First, it is well-known that
3.3) AZ,Z) = A'JAT'Sqt, ANZ,;Z) = A and
AN Zyr15 Z,) = AT/ AFISq D A7/ A8,
where @ denote the direct sum.
Second, the transgression r is determined by the following property.
Proposrtion 3.
1) In the cases (1), (2) and (3), we have
; ra = Sq’u .
i) In the cases (4), 6) and (6), we have
ra=0 and td49'a=Sq%.

The first part i) is a well-known result. To prove the second part ii), we
require the following lemma.
Let
fq/ gq,
0 ZQ ZZqH qu U] 3

fq &q
O ZQq qu-)-l Zg 0 3

0—— Zoar1—— Zy2eqtn— Zyq+1—— (0

be exact sequences defined in usual ways. And we shall denote by 9,/, d, and
& the coboundary homomorphisms associated with the above sequences, respec-
tively.
Consider the. following diagram :
0

(3.4) Ay Zygr1) —— Aw; Zye+1)

lee sqiogy | |2

A¥r 5 Zy) — Aym; Zy)
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Then we have
Levmma. In the above diagram (3.4), we have

gq*fq/* =0 and gq*ﬁf({a = Sql .

Proor. The first part is clear, and so we shall prove only the second part.
Let us consider the commutative diagram

0 0
) —— 7, » Zoat1

\ 1

Q——> qu+2 — = 252041

qu+1

0—

.,

From the above diagram, we sce that dfj is equal to the coboundary homo-
morphism 0,4

Similary the composition g,0,4; is equal to the coboundary homomorphism
0, =Sq!. Thus we have £, = gp0,41 = Sq.

Proor or Prorosition 3, ii).

Let ¢ be a fundamental class of A°(Zyq+1; Zyg+1), and u# be the non-zero ele-
ment of A%z ;Z,). Then we see easily that

0

(3.5) gpc=a, gpoc=A4{a and tc=fLSq*u.
Since g, =gpt and 0 =387 hold, we see by using the lemma and that
TQ = TLpC = LpTC
= &pf $Sq”
=0
1d4{"'a = 1gpdc = gp10c
= gp0fpSqu
= 5q'Sq%x = Sq’x« .

This completes the proof.

Proor or THE THEOREM.

We begin with the proof of (II).

From the exactness of the sequence (S,), we have an isomorphism p* : A%(Z;;
Zy) = A%2), therefore v=p*u is a generator of A*(@2). The homomorphism 7:
A¥Z, Z)— A*(Z,, Z,) is given by t(a) = Sq?x. Since taa = aSq?*x for each «
in A*, ¢ is equivalent to Sq%: A*— A*. It follows from the exactness of the
sequence in §1 that the kernel of Sq% is
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Sqk(A*/A*Sq") = (A*/A*Sq")-Sq?,
that is, the kernel of t is generated by Sqa.

From the exactness of (S,), we see that A*(2) is generated by v = p*nx and
an element b, = A%2) such that

i*b4 = qua .

Since ra = Sq*x, we have Sq?v =0, and so O3, 2)v is well-defined. As b, we may
take @(3,2)» such that

D3, 2)v = 435q°Sq'y
Sq'O@G, 2)v = 435q*Sq?Sq'y  mod Im Sq*.

Then we have relations

Sqth, =Sq°h, =0.
Now let

av+pby=0, a’ﬁEA*
be a relation between generators v and b,, then we have *(av+£b,) =i*(5b,) =
BSq’e=0. From in §1, the kernel of Sqgi: A*— A* is generated by Sq!

and Sq° Therefore such a B is generated by Sq! and Sq’ that is, there are
some elements B, and B, in A* such that

B=55q"+5,5¢".

Since Sq'd, = Sq°b, =0, we have fb,=0, and so av=0. Since the image of =
is generated by Sq2x, such an « is generated by Sq?, that is, there is an ele-
ment «,; in A* such that
a=aSq?.
Hence we have
av+pb, = a,;Sq*v+ 5,59 b+ £:59°0, .
This shows that
Sq%v = Sq'b, = Sq°h, =0

are the basic relations of the generators.

The proof of (I) is similar to the above. We only use the exact sequences

(Sy), (1.6), (1.7) and the [Proposition 1] instead of (S,), (1.7), (1.8) and the Proposi-

tion 2.

Proor or (V).

From the exactness of the sequence (S;), we have an isomorphism p* : A%(Z,;
Z,) = A%D), therefore v =p*u is a generator of A*(5).

According to the the homomorphism 7 : A*(Zyq+1; Z5) — A¥(Z,;
Z,) is given by ta=0 and 74%"'a = Sq®u.

From the exactness of [1.8), the kernel of such a ¢ is generated by «¢ and
Sq®4¢+'a. From the exactness of the sequence (S;), we see that A*(5) is gener-
ated by v =p*u, an element b; such that *b, =« and an element b, in A’(5)
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such that i*b, = Sq®4¢*'a. Since v43"'a = Sq?u, we have Sq®» = (0. Applying (1.21)
to the exact sequence (S;), we easily verify that
4%, = Sq’v .
Then we have
0 if ¢g>1
Sqlb, =
Sq?v if ¢g=1.
Since Sq®’v =0, @5, 3)v is well-defined. As b, we may take @@, 3)v such that
D(5, 3)v = 435q'Sq?» mod Sq'», and
Sq205, 3)v = Sq°435q% .
By applying (1.20) to the exact sequence (S;), we see that in this case 43Sq?» = 0.
From the above relations, we have
Sqlb, =Sq?, =0.
Let
av+ﬂb1+7’b7=0, a,B’TEA*
be a relation between the generators v, b, and b, taken as above. Then we have
*(av+pBb,+1b;) = *(Bb+7rb;) = Ba+rSq°4itla=0.
Now we define a homomorphism
@ A*¥(Zyar1y Zy) — A¥(Zoq+1 3 Zy)

by ¢(a) =a and ¢(4f*'a) = Sqk(4§"'a).
From the exactness of [1.10), we see that the kernel of ¢ is generated by Sq'e,
Sqid¢tla and Sq?4?*'a. That is, B is generated by Sq!, and 7 is generated by
Sq! and Sq?:
B=p:5q" v =7r:S5q"+7r.S5q* for some f,, r; and r, in A*.
Since
0 if g>1
Sqlbl = {
Sq?v if g=1,
and Sq'b, =Sq?%, =0, we have
0 if g>1
£:5q% if g=1.
Since the image of ¢ is generated by Sq’x, such an « (resp.’a+/4,Sq? is gener-
ated by Sq3. Therefore we may put

aw=|

a=a,5¢° if ¢g>1, and

a+73,5q% = «a,5q® if g=1.
Then we have
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S0+ 5,500, + 711591 b +125q%b, if g>1
a,Sq*v+£,(Sqtb,+Sa*) +7.Sqtb, +r.Sq%,  if ¢=1,

which shows that our relations are basic.

Proor or (VI).

From the exactness of the sequence (S;), we have an isomorphism p*:
AN Zyr+1 3 Z,) = A%6), therefore v=p*n is a generator of A*(6). According to
the the homomorphism 7t : A% (Zu+1; Zy)— A*¥(Zea+1 3 Z,y) is given
by ra=0 and 74%'¢=Sq*. From the exact sequence [1.9), we see that the
kernel of r is generated by a and Sqg*4i*la.

From the exactness of (Sy), we see that there are elements b, in A'(6) and
bs in A°%6) such that i*b, = a, *b; =Sq®4%*q, and A*(6) is generated by v = p*u,
43, b, and b;.

Since 749*'a = Sq®u, we have Sq» =0 and Sq'v = 0, therefore @(3, 3)v is well-
defined. Then we may take @@, 3)v as b;.

According to (1.21) and the [Proposition 1, we have relations:

av+pBb,+rb, =

43, = Sq%, @, v = 4i5q*y
and Sq?@(3, 3)v = 425q*Sq2v+Sq43y mod Sq"v. This shows that

(3.6 Sqlv = SqPv = Sql4¥ v = Sq'b; =0,
0 if g>1
S5q'h, = {
Sq%v if g=1, and

0 i og'>1
Sq3b5 == {
Sq74T it ¢g'=1.

Next we shall prove that the relations (3.6) are basic relations.
Let

av+ LAY v+7b,+0b, =0, a,B,r,0 € A*
be a relation between generators », 4¢*'», b; and b;. Then we have
*(av+B4Y v +1b,+0b;)
=1*(rb,+00;)
=7ra+0Sq®4itla=0.

From the exactness of (1.9), such a ¢ is generated by Sq! and Sq?, that is, 6 =
0,9q'40,5q® for some §, and d, of A*. 7 is generated by Sq!, that is, 7 = r,Sq!
for some r; of A*. From (3.6), we have

av-+p447 =0 if ¢'>1and ¢g>1,
(a+7:Sq)v+p4¢+ v =0 if ¢>1and ¢g=1,
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av-+(f+06,5qN4§* v =0 if ¢’=1and ¢>1,
(a+B:54*)v+(B+0,5q) 43 v =0 if g¢=1and ¢g=1.

On the other hand, since the image of r is gensrated by Sq®x, and Sqlx =
Sql4¥*'u =0, we may put for soms «y, «,, a/, «’/, f; and B,/ of A*,

a=a,5q"+a,5q¢°, B=p,5q" if ¢ >1and ¢g>1,
a-+7;5q = a,/Sq' +a,'Sq®, B =p,5Sq! if ¢’>1and ¢g=1,
= a Sq'+a,S5q*, B+06,5q"=,'Sq! if ¢=1and ¢g>1,

a+718q2:a1/5q1+dg/5q3, ﬂ+6gsq7=ﬂ1/sq1 if q/:]. and q:1.

Then we have
av+ 44+ v+rb,+0b;

a,Sqle+a,Saty+£,5q1 48 o r15q b, 4-6,5q1 b+ 06,540,
if ¢'>1and ¢>1,
a,'Sq'v+ay'Sq’v+5,5q" 45 o+ 71(Sq'0, +5q%)
40,5905+ 8,5q°b; if ¢’>1 and ¢=1,
a,Sqlv+a,Sq v+ B,'Sq 43 o+ 1,50, +0,5q1 b,
+8,(89%h;+Sq"4¢ 1) if ¢'=1and ¢>1,
a,'Sq'v+ay’'SqPv+B,'Sq 48 o7 1(Sq1b: +Sq*)
+8,5q'b,+0,(Sq%b;+Sq" 49 %) if ¢’=1and ¢=1.
This shows that (3.6) are basic relations between v, 4¢*'», b, and b;.
The proofs of (III), V) are similar to the above, and so omitted.

Appendix

We shall show in these Appendix that we can obtain the above results in
low dimensional caszs also by geometrical considerations.

First we shall summarize the results of H. Toda [7], [8] and T. Yamano-
shita on stable homotopy groups of spheres: G;=1lim 7,+(S™) (= m,:4(S™)
for i+1 <#n) for ¢ =10.

Gy=2Z= {1},

G,=Z,={7n}, where 7 is a suspension of Hopf map S*—S?,

Gy, =Z, = {n°n},

Gy = Z3;+Z,, where Z; = {v}, and v is a suspension of Hopf map S"— S*,

G,=G5;=0,

Ge=2Z,={vov},

G,=Z+Z;+Z,, where Z,, = {0}, and ¢ is a suspension of Hopf map S?*—S¢,

Gy=Zy+Zy,={o°7,¢}, ¢e=1[n,2v,v], where [ , , ] denotes the toric construc-

tion [7]. '
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G9 = ZQ+ZZ+ZZ - {0'077077:6077’ /1}9 Mm= [777 16!’ G],
GIO — ZQ+ZQ, Where Zg = {ﬂoﬁ}.
We have relations

7701):09 goy =0, ¢eonon=0, znonen=4v.

(We shall use these results up to G, in the following. Further results on G,
Gy, -+ would be needed, if we continue our computation to higher dimensional
cases.)

Now let = and G be finitely generated abelian groups, and X, be an (z—1)-
connected CW-complex such that z,(X,) ==, 7,.,(X,) =G, and with the Eilen-
berg-MacLane invariant k"2 H**(z;G). n is supported to be sufficiently
large.

The following are the CW-complexes X, with the invariants corresponding
to the cases (1)~(6), §3. (X, corresponding to the case (j) is denoted by X,.(}))
(cf. A2-polyhedra [3).

X, 1) =S",

X.(2) :Sn\qje”"l, where ¢"*! is attached to S™ by a map of degree 2,

X.3)=5, Ule"“, where ¢**! is attached to S” by a map of degree 27+,

o+
q'=1,
X,(4)=(S" Vv S™)\J ¢**2, where (S"V S™) is a union of S” and S**! with
2,27
a single common point, and ¢**? is attached to (S”V S™") by a map
7 and of degree 2? over S™*,

X, (5)=(S™Vv S™H) U "2\ Jem*!, where ¢*! is attached to S®™ by a map of
77,2(1 2

degree 2,
X, (6) = (S™\V S*H) 1 "2 ) ™!, where ¢**! is attached to S™ by a map of

7Y’rzq ot +1
degree 29%1, ¢’ =1.

For such a complex X,, we can construct by killing homotopy methods a CW-
complex K,, satisfy the conditions:

1) KA, n)DK,DX,

2) Kr*=X, and

3) m(K)=0 for n+2<i.
Then K, is a complex of type Kz, n; k**2; G, n+1). From each X,(j) we obtain

K3+ (9) (=123 )

by step by step construction. For examples, K2*(j), 7=1,2, ---,6 are given as
foliows.
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ot g"+4 ontt ontt gntt Pk enti

2 4/ l2 2

n+3 ents
¢ y 7 l ents P
vV
n
7
° n+1
’ | ,/2 ’ i emtt
s* gn Sn/qu/u
LENNC) Ku+t (2) Kzt (3)
enrtt entd ot ot ot en+4‘ et et
e‘n+3 e’n+3 en+3 en+3 enJ_a
V
v v
g 7 7 7
eﬂ+2 e?’h‘ﬁ e7l+2 7]
q
ol 2 n+1 \
ou > S \\ € 2¢

K3+t @) K3+ (5) K3+ (6)

where --- means union with a single common point.
By the construction, we have

AYG) = lim H(EK,(7) 3 Zs) -
From the cell structure of K,(j), we can obtain cohomological informations of
Hz, n; B**?; G, n+1) in low dimensions. For examples, the in §3
is easily obtained from the aboves. We can also obtain the same relations of
generators in A*(j).
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