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1. Introduction.

The theory of norm residue symbol in algebraic number fields has been
variously treated. An explicit formula of the local norm symbol has been given
as the \v{S}afarevi\v{c} symbol by \v{S}afarevi\v{c} [8]. Hasse [5] and Kneser [7] improved
the result of \v{S}afarevi\v{c} and supplied a link for the $2^{n}$-th symbols.

As for a more special case than that of \v{S}afarevi\v{c}, Yamamoto [11] has
proved the local reciprocity law of Kummer-Hilbert, on which the present
author gave a note [9].

The structure of norm group of Kummer extension of prime degree was
characterized to a certain extent by Hensel-Hasse [6]. The specially important
formula of Hasse

$(\frac{\nu}{\mu})(\frac{\mu}{\nu})=(-1)^{s(\frac{1-t^{\ell}}{2})}1-\nu_{-}2$ $(\mu\equiv\nu\equiv 1(2))$ ,

is widely known. Here $\mu,$ $\nu$ mean two total-positive numbers in an algebraic
number field which are mutually prime, and $S$ denotes the trace from this field
to the field of rational numbers.

Recently Siegel [10] proved the formula of Hasse from the viewpoint of
the Gauss-Hecke sum in the theta function theory.

In this paper it is our purpose to give a local refinement of the formula of
Hasse, from which we also show that the \v{S}afarevi\v{c}-Hasse-Kneser formula [5],

[7] in the quadratic case can be readily derived.
Our method is to calculate explicitly the norm elements in the quadratic

case by means of an idea of Yamamoto [11] and the present author [9]. In
order to make this paper self-contained we shall prove several lemmas analogous
to those given in [11], [9].

2. Several preliminary lemmas.

Let $k$ be a local number field of finite degree over the field of rational 2-adic
numbers $R_{2},$ $e$ its ramification order, $f$ its residue class degree and $h_{r}$ the field
of inertia, $i$ . $e.$ , the maximal unramified field, contained in $k$ . We denote by
$\mathfrak{O}_{R_{2}},$ $\mathfrak{O}_{k},$ $\mathfrak{O}_{k_{T}}$ the rings of integers in $R_{2},$ $k,$ $k_{r}$ respectively and also by I, $7T$
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the prime ideal, a prime element in $k$ .
We consider $K=k(\sqrt{\mu})$ with the ramification constant $v$ , in which $\mu$ means

a principal unit in $k$ . If $\mathfrak{L}$ denotes the prime ideal in $K$, then of course $I=$

$\mathfrak{L}^{2}$, the different of $K/k$ is $\mathfrak{D}_{K/k}=\mathfrak{L}^{v+1}$ .
LEMMA 1. If $K/k$ is ramified, we can select a suitable unit $\mu$ such that

$Ord_{1}(1-\mu)=s,$ $s\equiv 1(2)$, and then we have $s+v=2e$ . Therefore the number $s$ is
zrniquely determined by $K[2]$ .

PROOF. If we have $K=k(\mathcal{F}\mu)$ , $s\equiv 0$ (2), then select a number $\mu^{\prime}$

$=\mu(1+b_{s,2}\pi^{2}s)^{-2}$ with $b_{s,2}=a_{s}^{2^{f-1}},$ $\mu=1+a_{s}\pi^{s}+\cdots$ , $a_{s}\in \mathfrak{O}_{kT}$ . Because $s<2e$ in the

ramified case, we have $ord_{I}(2b_{\frac{s}{2}}\pi^{\frac{s}{2}})=e+\frac{s}{2}>s$, from which $k(\sqrt{\mu^{\prime}})=k(\sqrt{\mu})$,

$Ord_{I}(1-\mu^{\prime})>s$ follows. Here if $s^{\prime}\equiv 0(2)$ again occurs, select a unit $\mu^{\prime\prime}$ from
$\mu^{\prime}$ as above. By continuing the same process if necessary, we can find some
unit $\mu^{(i)}$ such that $k(\sqrt{\mu})=k(\sqrt{\mu^{(i)}}),$ $s^{(i)}\equiv 1(2)$, because we have $s<s^{\prime}<\cdots<2e$.
Now set $s=2d+1$ with the non-negative rational integer $d$ and $M=\sqrt{\mu}$ , then
$\Pi=(1-1\psi)\pi^{-d}$ is a prime element of $K$. From the definition of the ramifica-
tion constant $v=2e-s[2]$ directly follows.

LEMMA 2. If $\left(\begin{array}{l}n\\m\end{array}\right)$ denotes a binomial coefficient, then

$Ord_{2}\{\frac{\nabla,}{t}\left(\begin{array}{l}j\\2t\end{array}\right)\left(\begin{array}{l}t\\n\end{array}\right)\}\geqq i-2n-1$ for $j>2n$ .

PROOF. First we have

$\nabla_{t}/A\left(\begin{array}{l}j\\2t\end{array}\right)\left(\begin{array}{l}2t\\k\end{array}\right)=\left(\begin{array}{l}j\\k\end{array}\right)\sum_{\iota}\left(\begin{array}{l}j-k\\2t-k\end{array}\right)=\left(\begin{array}{l}j\\k\end{array}\right)\sum_{j(2)}\left(\begin{array}{l}j-k\\l\end{array}\right)=2^{j-k-1\left(\begin{array}{l}j\\k\end{array}\right)}$ if $j\geqq k+1$ .

Now, the Fa\’a di Bruno formula on successive derivatives gives us immediately
for $f(\xi)=\xi^{2t},$ $\xi^{2}=x$,

$(t)_{n}=\sum_{\omega}\frac{n..!}{(1!)^{a_{1}}(2!)^{a_{2}}\cdot a_{1}!a_{2}!}((\frac{1}{2})_{1})^{a_{1}}((\frac{1}{2})_{2})^{a}\cdots\cdots(2t)_{a}$ ,

in which the summation runs over all partition $\alpha:n=a_{1}+2a_{2}+$ – , $a=$

$ a_{1}+a_{2}+\cdots$ .
Therefore we have

$\lrcorner y_{2^{n}}\left(\begin{array}{l}j\\2\star\end{array}\right)\left(\begin{array}{l}t\\n\end{array}\right)=\sum_{t}\sum_{\alpha}\frac{1}{(1!)^{a_{1}}(2!)^{a*}}\frac{a!}{a_{1}!a_{2}!}(1-2)^{a}((1-2)(1-4))^{a_{8}}\cdots\left(\begin{array}{l}2t\\a\end{array}\right)\left(\begin{array}{l}j\\2t\end{array}\right)$ ,

$=\sum_{\alpha}T_{\alpha}$ .

$Ord_{2}T_{\alpha}\geqq Ord_{2}\left(\begin{array}{l}j\\a\end{array}\right)+(j-a-1)-\Sigma a_{i}Ord_{2}(i$ ! $)$ ,
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$\geqq Ord_{2}\left(\begin{array}{l}j\\a\end{array}\right)+(i-a-1)-\sum_{l}a_{i}(i-1)=Ord_{2}\left(\begin{array}{l}j\\a\end{array}\right)+i-n-1$ ,

$\geqq i-n-1$ .
Finally we obtain $Ord_{2}\{\sum_{t}\left(\begin{array}{l}j\\2t\end{array}\right)\left(\begin{array}{l}t\\n\end{array}\right)\}\geqq j-2n-1$ .

We denote by $N_{K/k}$ the norm from $K$ to $k$ and by $S_{K/k}$ the trace. Then
we put $\gamma=N_{x/k}\Pi,$ $\sigma_{j}=S_{K/k}(\Pi^{j})(j\geqq 1)$ .

LEMMA 3.
$\sigma_{j}\equiv 2\pi^{-J^{(l}}\beta^{[\frac{j}{2}]}$ (I $v+1$).

Here $[x]$ denotes the Gauss’ symbol indicating the greatest integer $\leqq x$ and
$\beta=1-\mu$ .

PROOF. $\sigma_{j}=\pi^{-a_{J}}(1-M)^{j}-\pi^{-(}lj(1+M)^{J}=\pi^{-a_{j}}2_{\Delta_{t}}V\left(\begin{array}{l}j\\2t\end{array}\right)M^{2t}$

$=\pi_{k}^{-dj}2\sum_{t}\sum(-1)^{k}\left(\begin{array}{l}j\\2t\end{array}\right)\left(\begin{array}{l}t\\k\end{array}\right)\beta^{k}$ . Now by Lemma 2 we obtain

$Ord_{t}(2\pi^{-a_{j}}(-1)^{k}\sum_{t}\left(\begin{array}{l}j\\2t\end{array}\right)\left(\begin{array}{l}t\\k\end{array}\right)\beta^{k})\geqq e-jd+e(j-2k-1)+ks=-jd+ks+e(j-2k)_{r}$

from which $-jd+ks\dashv- e(j-2k)\leqq v$ is valid if and only if $k=[-2j-]$ .

Therefore $\sigma_{j}\equiv 2\pi^{-j(}{}^{t}(-1)^{[\frac{j}{2}]}(j_{2}j)\beta^{[\frac{j}{2}]}(l^{v+1})$ . Observing that $ord_{1}(2\pi^{-ja}\beta^{[\frac{j}{2}]})1$

$\geqq\frac{v+j}{2}$ , we obtain our proposition.

LEMMA 3’. We have

$\sigma_{j}\equiv 2\gamma^{\frac{j}{2}}$

$(1^{v+1})$ if $j\equiv 0(2)$ ,

$\sigma_{j}\equiv 2\gamma^{\frac{j-1}{2}}\pi^{-}s-12(1^{v+1})$ if $j\equiv 1(2)$ .

PROOF. Because we have $\gamma=N_{K/k}\Pi=\pi^{-2d}\beta=\pi\frac{1-\mu}{\pi^{s}}$ , we see $2\pi^{-jd}\beta^{[\frac{j}{2}]1}$

$=2(\beta\pi^{1-s})^{\frac{f}{2}}=2\gamma^{\frac{j}{2}}$ if $j\equiv 0(2)$ and $2\pi^{-jd}\beta=2(\beta\pi^{1-S})^{\frac{j-1}{2}}=2\gamma^{\frac{j-I}{2}}\pi^{-\frac{s-1}{2}}$ if $j\equiv 1(2)$.
Therefore we obtain similarly
LEMMA 4. For any element $a\in \mathfrak{O}_{k_{T}}$ , we have

$N_{K/k}(1-a\Pi^{j})\equiv(1+a\gamma^{\frac{j}{2}})^{2}$
$(1^{v+1})$ if $j\equiv 0(2)$ ,

$ N_{K/k}(1-a\Pi^{j})\equiv 1+a^{2}\gamma^{j}+2a\gamma^{\frac{j-1}{2}}\pi$
‘

$\frac{s-1}{2}(1^{v+1})$ if $j\equiv 1(2)$ .
LEMMA 5. For any partition $n=i_{0}+i_{1}+\cdots+i_{p},$ $i_{j}\geqq 0$ , of natural number $n$,

it is necessary and sufficient for $\frac{n..!}{i_{0}!\cdot i_{p}!}\equiv 1$ (2) that eve have $c_{t}=\sum_{j=0}^{p}c^{(j)},$ .
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$t=0,$ $\cdots$ , $r$, with respect to the coefficients of $n=\sum_{t=0}^{\prime}c_{t}2^{t}$ and $i_{j}=\sum_{t=0}^{7}c_{t^{(j)}}2^{t},$ $0\leqq c_{t}\leqq 1,$.

$0\leqq c_{t^{(j)}}\leqq 1$ .
PROOF. If $p=1$ , we have always $c_{t}^{(0)}+c_{t^{(1)}}+d_{t-1}=c_{t}+2d_{t}$ , with $d_{t}=0$ or 1

for $t=1,$ $\cdots$ , $r-1$ , and $d_{-1}=d_{r}=0$ .
Because $ord_{2}^{n}\frac{!}{i_{1}!}\overline{i_{0}}!=0$ is equivalent to $\sum_{t=0}^{r}c_{t}=\sum_{\iota=0}^{r}c_{t^{(0)}}+\sum_{\iota=0}^{7}c_{t^{(1)}}$ , this also is

equivalent to $d_{t}=0$ for all $t,$
$i$ . $e.,$ $c_{t}=c_{t^{(0)}}+c_{t^{(1)}}$ for all $t$. For the numbers

$p>1$ , the proposition can be easily verified by induction on $p$ .

3. A formula of Hasse.

We can immediately verify one of the formulas of Hasse from Lemma 4.
Let $\nu$ be another principal unit in $k$ , and denote by $(\nu, \mu)$ the quadratic

local Hilbert norm symbol, that is, $(\nu, \mu)=+1$ or $-1$ according to that $\nu$ is.
the norm of an element from $K$ to $k$ or not.

THEOREM 1 (Hasse [2], [3]). Under the assumption $s+v=2e,$ $Ord_{I}(1-\mu\rangle$

$=s,$ $Ord_{1}(1-\nu)=v$ ,

$(\nu, \mu)=(-1)^{s_{\kappa_{T}}(\frac{1-\mu}{2})}\underline{1}-\underline{\nu}2$

Here $S_{k_{T}}$ means the trace from $k_{T}$ to $R_{2}$ .
PROOF. Put $2\pi^{-\frac{S-1}{2}}=\gamma^{\frac{v+1}{2}}\Phi(\gamma),$

$\Phi(\gamma)=\sum_{i=0}^{\infty}\xi_{i}\gamma^{i},$ $\xi_{i}\in \mathfrak{O}_{k_{T}}$ , then by Lemma 4

$N_{x/k}(1-a\Pi^{v})=1+\{a^{2}+a\Phi(\gamma)\}\gamma^{v}$ $(I^{v+1})$ ,

for any element $a\in \mathfrak{O}_{h_{T}}$ .
Therefore $\nu\equiv 1+b\gamma^{v}(1^{v+1}),$ $b\in \mathfrak{O}_{k_{T}}$ is the norm of an element of $K$ if andk

only if $b\equiv a^{2}+a\xi_{0}(2)$ is valid for some element $a$ in $\mathfrak{O}_{k_{T}}$ . This condition is

$equivalenttoS_{k_{T}}(\xi_{0^{-2}}b)\equiv 0(2)$ . By making use of that $\xi_{0^{-2}}\equiv\frac{\pi^{s-1}}{2^{2}}\gamma^{v+1}\equiv\frac{1-\mu}{2^{2}}\gamma^{v}$

(2), this also equals to $S_{k_{T}}(\frac{1-\nu}{2}\frac{1-\mu}{2})\equiv 0(2)$ . Therefore we obtain our for–

mula.
COROLLARY (Hasse [2], [3]). If $\nu\equiv\mu\equiv 1(2)$ , then

$(\nu, \mu)=(-1)^{s(\frac{1-\nu}{2}\frac{1-\angle z}{2})}$ .
Here $S$ denotes the trace from $k$ to $R_{2}$ .

PROOF. If $Ord_{1}(1-\nu)>v$, then $(\nu, \mu)=1$ . On the other side we also have
$S(\frac{1-\nu}{2}\frac{1-\mu}{2})\equiv 0(2)$ and the proposition is valid. If $ord_{\iota}(1-\nu)=v$, we see
$v\geqq e,$ $s\geqq e,$ $v+s=2e$ by the assumption, from which $v=s=e,$ $e\equiv 1(2)$ follows.
Thus we have $S(x)\equiv eS_{k_{T}}(x)\equiv S_{k_{T}}(x)(2)$ . Our proposition is also valid from
Theorem 1.
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4. Recursive formulas.

It is our task to obtain an explicit formula for the symbol $(\nu, \mu)$ under no
assumption with respect to the orders of $1-\nu,$ $ 1-\mu$ .

For convenience’ sake, we put $ 2^{f-1}=\Delta$ , and then of course we have $a^{2\Delta}$

$=a^{2^{f}}\equiv a(2)$ for any element $a\in \mathfrak{O}_{k_{T}}$ .
If two principal units $A,$ $B$ in $k$ belong to the same coset with respect to

the multiplicative group of the norms $N_{K/k}K^{*},$ $i$ . $e.$ , there exists an element $X$

in $K$ such that $A=BN_{x/k}X$, which is equivalent to $A\equiv BN_{K/k}X^{\prime}(I^{\tau+1})$ for
some element $X^{\prime}$ in $K$, then we shall write $A\sim B$.

By making use of this notation, Lemma 4 yields for a natural number $m$

and $a\in \mathfrak{O}_{k_{T}}$ .
(1) $1+a^{2A}\gamma^{2m}\sim 1+\frac{a^{\Delta}\cdot 2\gamma^{m}}{1+a\gamma^{2m}}$ ,

(2) $1+a^{2A}\gamma^{2m+1}\sim 1+\frac{a^{\Delta}\cdot\gamma^{\frac{v+1}{2}+m}}{1+a\gamma^{2m+1}}\Phi(\gamma)$ .

Here $\Phi(\gamma)$ means an I-adic expansion of $2\pi^{-\frac{s-1}{2}}\gamma^{-\frac{v+1}{2}}$ with a prime element $\gamma$ ,
and so a unit in $k$ .

In order to simplify our computations, we assume $\mu=1-\beta=1-\text{\‘{A}}\pi^{s},$ $\lambda\in T$,

where $T$ means a system of representatives of Teichm\"uller, that is, the multi-
plicatively closed representative system of the residue class field of $k$ .

If we denote by $2=\sum_{i=e}^{\varpi}\eta_{i}\gamma^{i}$ the I-adic expansion of 2 with the coefficients

contained in $T$, then we have $\Phi(\gamma)=2\lambda\gamma^{-e}S_{\frac{-1}{2}}=\sum_{i=e}^{\infty}\lambda^{\frac{s-1}{2}}\eta_{i}\gamma^{i-e},$
$\lambda^{\frac{s-1}{2}}\eta_{i}\in T$. Then

also from (1), (2) follow after a short calculation,

(3) $1+a^{2\Delta}\gamma^{2m}\sim 1+\sum_{\iota=e\tau m}^{v}(\sum_{(2i+J)m+j=\iota}(-1)^{?}a^{\Delta}a^{i}\eta_{j})\gamma^{t}$ ,

(4)
$ 1+a^{2\Delta}r^{2m+1}\sim 1+\Sigma^{v}(\sum_{=\iota=v^{*}+\gamma;Lm+(\sim m+1)i+j-,2t}(-1)^{i}a^{\Delta}a^{i}\eta_{j}\lambda^{\frac{s-1}{2}})\gamma^{f}s-\llcorner$

Here we put $v^{*}=\frac{v+1}{2}$ . In the second summation we mean $j\geqq e$ and $i\geqq 0$ and

we fix these meaning in this and the next sections. Also the letter $I$ means
always an odd number.

We see

$\sum_{(2i+1)m+j=\iota}(-1)^{i}a^{\Delta}a^{i}\eta_{j}\equiv.\sum_{A\lrcorner}(a^{l}\eta_{j^{\underline{o}}})^{\Delta}l2$

’

$(mod 2)$ ,

$\sum_{m+(2m+1)i+j-\frac{s-1}{2}=c}(-1)^{i}a^{\Delta}a^{?}\eta_{j}\lambda^{\frac{s-1}{2}}\equiv\sum_{\underline{o}l(2m+1)+j-s=3t}(a^{l}\eta_{j^{2}}\lambda^{s-1})^{\Delta}$ $(mod 2)$ .
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If we denote the coefficients of $F=\sum_{j=e}^{\leftrightarrow}\eta_{j^{2}}\gamma^{2j}$ and $G=\sum_{j=e}^{\infty}\eta_{j^{2}}\lambda^{s-1}\gamma^{2j-s}$ respec-

tively by $D_{m}F$ and $D_{m}G$ , we evidently obtain the following formulas.

(5) $1a^{2\Delta}\gamma^{2m}\sim 1\Sigma^{v}(.\sum_{\cap,\sim}a^{\iota}\cdot D_{m_{0}}F)^{\Delta}\gamma^{t}$ ,

(6) $1+a^{2\Delta}r^{2m+1}\sim 1+\sum_{t=v^{*}+m}^{v}(\sum_{l(2m+1)+m_{0}=2t}a^{\iota}\cdot D_{mo}G)^{\Delta}\gamma^{t}$ .
Remark that $D_{p}F=0$ for $p<2e$ , and that our formulas are reduced to the

trivial ones if $v<v^{*}+m$ occurs.
Now we put H$=-F+GanddenoteitscoefficientsbyD{}_{m}H$. Observing that

$D{}_{m}H=-D_{m}F$ for $m\equiv 0(2)$ and $D_{m}H=D_{m}G$ for $m\equiv 1(2)$ , we obtain for both
cases $n=2m$ and $n=2m+1$ ,

(7) $1a^{2\Delta}\gamma^{n}\sim 1\sum_{2}^{v}(.\sum_{ln+m_{0}=2t}a^{l}D_{m_{0}}H)^{\Delta}\gamma^{b}\underline{v}+\underline{n}$

Here $\{x\}$ means the symbol indicating the least integer $\geqq x$ and so $\{x\}=-[-x]$ .
REMARK.
(I). In the case where $n\geqq v^{*}$ , we particularly obtain from (7) the follow-

ing formula.

(8) $1+r_{i=\{\frac{\sum_{v+n}^{v}}{2}\}^{(aD_{2t-}{}_{n}H)^{\Delta}\gamma^{t}}}^{n}$ .

For, $l\geqq 3$ yields $nl+m\geqq 3v^{*}+m>v+1+m$ and we see by our definition $D_{m_{0}}H=$

$0$ for $m_{0}<v$ . Therefore $2t=ln+m_{0}>v+1+v=2v+1$ , i. e., $t\geqq v+1$ . Thus the
terms with the summation $2t=ln+m_{0},1\geqq 3$ makes no contribution in (7). On
the other hand we have trivially $1+a^{2\Delta}\gamma^{n}\equiv 1+a\gamma^{n}(t^{v+1})$ for $2l\geqq e^{*}$ . Thus (8)

follows from (7).

(II). Our definition evidently yields

$H=-F+G=-F+\lambda^{s-1}\gamma^{-s}F=(-1+\lambda^{s-1}\gamma^{-s})F$

$=(-1+\frac{1}{1-\mu})F=\frac{\mu}{1-\mu}F$ .

Ey making use of the formula (7), we can transform $1+a\gamma^{t},$ $a\in \mathfrak{O}_{k_{T}}$ as
follows.

$1+a\gamma^{t}\sim 1+\alpha\gamma^{v}$ , $\alpha\in \mathfrak{O}_{k_{T}}$ ,

in which av is not uniquely determined, but $ 1+\alpha\gamma^{v}\sim 1+\alpha^{f}\gamma^{\prime}\iota$ cc, $\alpha^{\prime}\in \mathfrak{O}_{k_{T}}$ is,
from Theorem 1, equivalent to

(9) $S_{k_{T}}(\frac{\alpha}{D_{v}G})\equiv S_{k_{T}}(\frac{\alpha^{\prime}}{D_{v}G})$ (2).

Here we shall denote by $\alpha\approx\alpha^{\prime}$ , that two elements $\alpha,$
$\alpha^{\prime}$ satisfy the rela-
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tion (9), and by $\varphi(a, t)$ a representative of the equivalence class of $\alpha$ , deter-
mined by $1+a\gamma^{t}$ .

Evidently we have the following propositions.
(I) If $\varphi(a, t)\equiv\beta(2)_{;}$ then $\varphi(a, t)\approx\beta$ .
(II) If $1+a\gamma^{t}\sim 1+a^{\prime}\gamma^{t}$ ‘, then $\varphi(a, t)\approx\varphi(a^{\prime}, t^{\prime})$ .
(III) $\varphi(a+a^{\prime}, n)\approx\varphi(a, n)+\varphi(a^{\prime}, n)$ for $n\geqq v^{*}$ .
Now we shall obtain a recursive formula for $\varphi(a, t)$ from the formula (7).
Set $\delta_{t_{1}}^{t}a\equiv$

$( \sum_{lt+m_{0}=2t_{1}} a^{l}\cdot D_{m_{0}}H)^{\Delta}(mod 2)(t\geqq t_{1})$ . Then from (7) and the re-
mark we see

$1+a^{2\Delta}\gamma^{t}\sim 1+\sum_{2}^{v}\delta_{t_{1}}^{t}a\gamma^{t_{1}}\sim_{\iota_{1}=\{\frac{\prod_{v+t}^{v}}{2}\}^{(1+\delta_{t_{1}}^{t}a\gamma^{t_{1}})}}c_{1}=\{\underline{v}+t_{-}\}$

$\sim$
$\Pi^{v}$

$(1+\varphi(\delta_{t_{1}}^{\iota}a, t_{1})_{7^{\prime}}v)\sim 1+$
$\Sigma^{v}$

$\varphi(\delta_{t_{1}}^{t}a, t_{1})\gamma^{v}$ .
$t=\{\underline{v}2+\underline{t}\}$ $t_{1}=\{\frac{v+t}{2}\}$

Consequently we obtain

(10) $\varphi(a^{2\Delta}, t)\approx$
$\Sigma^{v}$

$\varphi(\delta_{t}^{t_{1}}a, t_{1})$ ,
$t_{1}=\{\frac{v+t}{2}\}$

in particular for $t\geqq v^{*}$ ,

(11) $\varphi(a, t)\approx$
$\Sigma^{v}$

$\varphi(\delta_{c_{1}}^{t}a, t_{1})$ .
$t_{1}=\{\frac{v+t}{2}\}$

Here note that $\varphi(a, v)\approx a\approx(aD{}_{v}H)^{\Delta}$ .
By making repeatedly use of (10), (11) with (I), (II), (III),

$\varphi(a^{2\Delta}, t)\approx$
$\Sigma^{v}$ $\varphi( \Sigma^{2t.-v}\delta_{t_{2}}^{t_{1}}\delta_{c_{1}}^{t}a, t_{2})$ .

$\iota_{2}=\{\underline{3}v_{2}2+\underline{t}\}$ $t_{1}=\{\underline{v}2+\underline{t}\}$

Generally we obtain

$\varphi(a^{2\Delta}, t)\approx\varphi(\sum_{c_{i}=u_{i}}^{v}2-v\sum_{t_{i-1}=u_{i-1}}^{\iota_{i}} \sum_{\iota_{1}=u_{1}}^{2t.-v}\delta_{c_{i}^{i-1}}^{t}\delta_{c_{i-1}^{i-2}}^{t}\cdots\delta_{c_{1}}^{t}a, t_{i})$ ,

in which we put $u_{i}=\{\frac{(2^{i}-1)v+s}{2^{i}}\}$ .
If we select a sufficiently large $i$ such that $u_{i}=v$ holds, our remark $afte\iota\cdot$

.

(11) shows

(12) $\varphi(a^{2\Delta}, t)\approx\sum_{t_{i-1}=u_{i-1}}^{v}\cdots\sum_{\iota_{1}=u_{1}}^{2t.-v}\delta_{v^{t_{i-1}}}\delta_{\iota_{i-1}^{i-2}}^{t}\cdots\cdots\delta_{t}^{t_{1}}a$ .

5. An explicit expression for $\varphi(a, t)$ .
Our next concern is to give an explicit expression of the member of the

right hand side of (12) by means of $1+a^{2A}\gamma^{t}$ .
From our definition we see immediately
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$\delta_{t_{2}^{1}}^{t}\delta_{t}^{t_{1}}a\equiv$

$\sum_{tl+m_{0}=2t_{1}}$
$(a^{t}\cdot D_{mo}H)^{\Delta^{2}}(D_{2t_{1}}{}_{-t}H)^{A}$ $(mod 2)$ .

Generally we have

$\delta_{v}^{\iota_{i-1}}\delta_{t_{i-1}}^{t_{i-2}}\cdots\delta_{t_{1}}^{t}a\approx\sum_{l}a^{l\Delta^{i}}(D_{2t_{1}}{}_{l}H)^{\Delta^{i}}(D_{2t_{2}-t_{1}}H)^{\Delta^{i-1}}\cdots(D_{2v-\iota_{i-1}}H)^{\Delta}$ .

Therefore we obtain from (12),

(13) $\varphi(a^{2\Delta}, t)\approx\sum_{c_{i-1}=u_{i-1}}^{v}\cdots\sum_{t_{1}=u_{1}}^{2t,-v}\sum_{\iota}a^{lA^{f}}(D_{2t_{1}}{}_{l}H)^{\Delta^{i}}\cdots(D_{2v-\iota_{i-1}}H)^{\Delta}$

$\approx\sum_{\iota}a^{ld^{i}}\sum_{\iota_{i-1}=u_{i-1}}^{v}\cdots\sum_{c_{1}=u_{1}}^{2t_{*}-v}(D_{2t_{1}}{}_{\iota}H)^{\Delta^{i}}\cdots(D_{2v-ti-1}H)^{\Delta}$

$\approx_{2^{i}}\sum_{v=tl+m}a^{l\Delta^{i}}\sum_{m=m_{0}+2m_{1}+\cdot\cdot+s^{i-1}m_{i-1}}.(D_{m_{0}}H)^{\Delta^{i}}(D_{m_{1}}H)^{\Delta^{i-1}}$
... $(D_{m_{t}-1}H)^{d}$ .

Now we define a formal power series $H(x)=\sum_{n=0}^{\infty}(-1)^{n-1}D{}_{n}Hx^{n}=_{1-\mu(\overline{x)}}^{\underline{\mu(}x)}-F(x)^{i}$

by taking an indeterminate $x$ instead of $\gamma$ in the I-adic expansion of $H$, in-
dicated before. The $\mu(x)$ denotes the $polynomial1-\lambda^{1-s}x^{S}$ and the $F(x)$ a formal
power series defined by replacement of $\gamma$ in $F$. Then

(14) $H(x)^{i-1}\mathcal{T}=\sum_{it=(\angle-1)v}^{\infty}\sum_{a}(-1)^{t-1}\frac{(2^{i}-1)..!}{i_{0}!i_{1}!}(D{}_{0}H)^{i_{\Phi}}(D_{1}H)^{i_{1}}\cdots x^{t}$ .

where the second summation runs over all partition $\alpha:i_{0}+i_{1}+$ $=2^{i}-1$ ,
$i_{1}+2i_{2}+$ $=t$ .

Lemma 5 shows for all $t\geqq(2^{i}-1)v$ ,

(15) $\{D_{t}(H(x)^{2^{i}-1})\}^{\Delta^{i}}\equiv\sum_{\iota=m_{0}+2m_{1}+\cdots+2^{i-1}n_{i-1}}(D_{mo}H)^{\Delta^{i}}(D_{m_{1}}H)^{\Delta^{i-}1}\cdots(D_{m_{i-1}}H)^{A}$

$(mod 2)$ .
Here $D_{t}(H(x)^{2^{i}-1})$ denotes the coefficient of degree $t$ of the series $H(x)^{2^{i}-1}$ .

If we select for $a$ an element belonging to $T$, we have $a^{2\Delta}=a$ . So we have

(16) $\varphi(a, t)\approx\sum_{2^{i_{v=tl+m}}}\{a^{\iota}D_{m}(H(x)^{2^{i}-1})\}^{\Delta^{i}}$ ,

in which the suffix $m$ runs over all integers satisfying $2^{i}v=tl+m,$ $(l, 2)=1_{r}$

$2^{i}v-v\leqq m\leqq 2^{i}v-tl\leqq 2^{i}v-l$.
On the other hand

(17) $D_{m}(H(x)^{2^{i}-1})=D_{m}(H(x)^{2^{i}}H(x)^{-1})=\sum_{m=n_{1}+n_{*}}D_{n_{1}}H(x)^{2^{i}}\cdot D_{n_{2}}H(x)^{-1}$ .

If $2[x]$ denotes the ideal consisting of power series with the coefficients
divisible by 2 in the ring of formal power series of $x$ over $\mathfrak{O}_{k_{T}}$ , then

$H(x)^{2}t\equiv\sum_{n=v}^{\infty}(D{}_{n}H)^{2^{i}}\cdot x^{2^{i}n}$ $(mod 2[x])$ .
Therefore
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$D_{n_{1}}H(x)^{2^{i}}\equiv\{$
$(D_{\frac{n_{1}}{2^{i}}}H)^{2^{i}}0$

$(mod 2)$ if $n\equiv 0(2^{i})$ .
$(mod 2)$ if $n\not\equiv O(2^{i})$ ,

The only remaining term $mod 2$ of (17) is that of $n_{1}=2^{i}v$ , since $n_{1}\geqq 2^{i}(v+1)$

with $n_{2}\geqq-v$ yields $n_{1}+n_{2}\geqq 2^{i}(v+1)-v=2^{i}v+(2^{i}-v)>2^{i}v-t\geqq m$ .
Thus

$D_{m}(H(x)^{2^{i}-1})\equiv(D{}_{v}H)^{2^{i}}\cdot D_{m-2^{i}}{}_{v}H(x)^{-1}\equiv(D_{v}G)^{2^{i}}D_{m-2^{i}}{}_{v}H(x)^{-1}$ $(mod 2)$ .
And we obtain finally

(18) $\varphi(a, t)\approx_{2^{i}}\sum_{0=tl+m}\{a^{l}\cdot(D_{v}G)^{2^{i}}\cdot D_{m-2^{i}}{}_{v}H(x)^{-1}\}^{\Delta^{i}}$ ,

$\approx(D_{v}G)_{\wedge}\sum_{\iota+m}\{a^{\iota}\cdot D_{m-2^{i}v}H(x)^{-1}\}^{\Delta^{i}}i_{v=t}$

$\approx(D_{v}G)_{2^{i}}\sum_{v=tl+m}\{a^{\iota}\cdot D_{m-2}\iota_{v}\frac{1-\mu(x)}{\mu(x)}F(x)^{-1}\}^{\Delta^{i}}$

Now we define a polynomial $\nu_{t}(x)=1+ax^{t}$ for $1+a\gamma^{t}$ , and then for $(l, 2)=1$ ,

$a^{l}=D_{tl}\{(1-\nu_{t}(x))^{l}\}=D_{tl}\{\sum_{=(k_{\Delta})1}(1-\nu_{t}(x))^{k}\}\equiv D_{tl}(\frac{1-\nu_{t}(x)}{\nu_{t}(x)^{2}})$ $(mod 2)$ .
Thus it follows from the above formula that

(19) $\varphi(a, t)\approx(D_{v}G)\sum_{0=n_{0}+n_{1}}\{D_{n_{0}}(\frac{1-\nu_{t}(x)}{\nu_{t}(x)^{2}})D_{n_{1}}(\frac{1-\mu(x)}{\mu(x)}\frac{1}{F(x)})\}^{\Delta^{i}}$

$\approx(D_{v}G)\cdot D_{0}(\frac{1-\nu_{t}(x)}{\nu_{t}(x)^{2}}\frac{1-\mu(x)}{\mu(x)}\frac{1}{F(x)})^{\Delta^{i}}$

If $2(x)=\sum_{i=e}^{\infty}\eta_{i}x^{i}$ denotes the power series attached to the I-adic expansion

$2=\sum_{i=e}^{\infty}\eta_{i}\gamma^{i}$ of 2, then we readily see
$F(x)\equiv 2(x)^{2}$ $(mod 2[x])$ .

Consequently an explicit expression of $\varphi(a, t)$ follows from the formula (19)

as follows.

(20) $\varphi(a, t)\approx(D_{v}G)\cdot\{D_{0}(\frac{1-\nu_{t}(x)}{\nu_{t}(x)^{2}}\frac{1-\mu(x)}{\mu(x)}\frac{1}{2(x)^{2}})\}^{\Delta^{i}}$

For an odd number $t$, we need only the terms of odd degree $of_{\mu(x)}^{1-\mu(x)}--\frac{1}{\prime\sim^{)}(x)^{2}}$

and then we may replace $\frac{1-\mu(x)}{\mu(x)}\frac{1}{2(x)^{2}}$ by $\frac{1-\mu(x)}{\mu(x)^{2}}\frac{1}{2(x)^{2}}$ Therefore for

$(t,2)=1$ ,

(21) $\varphi(a, t)\approx(D_{v}G)\{D_{0}(\frac{1-\nu_{t}(x)}{\nu_{t}(x)^{2}}\frac{1-\mu(x)}{\mu(x)^{2}}\frac{1}{2(x)^{2}})\}^{\Delta^{i}}$

The formulas (20) and (21) give us a complete solution for our problem.
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6. A local law of reciprocity.

We shall select a system of generators of principal unit group in $k$ such
as $1-a_{t}\gamma^{t},$ $a_{t}\in T,$ $t=1,2$ , $\cdot$ .. . Then we have to modify slightly the formulas
(20), (21) as follows.

By making use of $ord_{I}(2\gamma^{t})=e+t\geqq\frac{v+s}{2}+t\geqq v^{*}$ , a short calculation shows

(22) $1-a\gamma^{t}\equiv(1+a\gamma^{t})(1+\frac{2a\gamma^{t}}{1+a\gamma^{t}})$ $(I^{v+1})$

$\equiv(1+a\gamma^{t})\prod_{k=e+t}^{v}(1+\sum_{m+(1+j)t=k}a^{1+j}\eta_{m})\gamma^{k})$ $(1^{v+1})$

where in the case of $t\geqq v^{*}$ , the second products of the number of the $rlgh\mathfrak{c}$

hand side become the unity.
Therefore

$1-a\gamma^{t}\sim 1+\{\varphi(a. t)+\sum_{k=e+t}^{v}\varphi(\sum_{m+(1_{T}j)t=k}a^{1+j}\eta_{m}, k)\}\gamma^{v}$

In this equivalence we see by (20), (21), for some large number $i$,

(23) $\sum_{k=e+t}^{v}\varphi(\sum_{m+(1+j)\iota=k}a^{1+j}\eta_{m}, k)\approx(D_{v}G)\{D_{0}(\frac{2(x)ax^{t}}{1+ax^{t}}\frac{1-\mu(x)1}{\mu(x)2(x)^{2}})\}^{\Delta^{t}}$

Put $\nu(x)=1-ax^{t}$ for the principal unit $\nu=1-a\gamma^{t}$ , then

(24) $1-a\gamma^{t}\sim 1+[(D_{v}G)\{D_{0}(\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1-\mu(x)}{\mu(x)}+\frac{1}{2(x)}\frac{1-\nu(x)}{\nu(x)}\frac{1-\mu(x)}{\mu(x)})\}_{-}^{\Delta^{i}}]\gamma^{v}$ .
From Theorem 1 we obtain the following fundamental formula.

(25) $(\nu, \mu)=(-1)^{S_{k_{T}}(C)}$ , $C=D_{0}\{\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1-\mu(x)}{\mu(x)}+\frac{1}{2(x)}\frac{1-\nu(x)}{\nu(x)}\frac{1-\mu(x)}{\mu(x)}\}$ .
Here $\nu=1-a\gamma^{t},$ $\mu=1-b\gamma^{s},$ $a,$ $b\in T$ and $\nu(x)=1-ax^{t},$ $\mu(x)=1-bx^{s}$ .
Particularly under the condition $(t, 2)=1$ we have

(26) $C=D_{0}\{\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1-\mu(x)}{\mu(x)^{2}}+\frac{1}{2(x)}\frac{1-\nu(x)}{\nu(x)}\frac{1-\mu(x)}{\mu(x)}\}$

$=D_{0}\{\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)}\frac{1-\mu(x)}{\mu(x)}\}$ .

In this case our formula shows that the norm symbol is symmetric with-
respect to $\nu$ and $\mu$ .

Now we shall take as a system of generators of the principal unit group
in $k$ the principal units expressed by means of the Artin-Hasse-\v{S}afarevi\v{c}
functions. By this system we can more simply express our local reciprocity
law.

We shall here recall the Artin-Hasse function $E(a, \gamma^{t})$ for $a\in T$. If $\mu(m\rangle$
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denotes the M\"obius’ function, then

(27) $E(a, \gamma^{t})=\prod_{(m.2)=1}(1-a^{m}\gamma^{mt})^{m}=e^{-L(a,\gamma^{t})}\underline{\mu}(m\underline{)}$

(28) $L(a, \gamma^{t})=\sum_{j=0}^{\infty}\frac{1}{2^{j}}a^{2^{j}}\gamma^{2^{j}t}$ .

Since our norm symbol has evidently the property $(\nu_{1}\nu_{2}, \mu)=(\nu_{1}, \mu)(\nu_{2}, \mu)$

from the definition, an explicit expression of $(E(a, \gamma^{t}),$ $\mu$) can be obtained as
follows.

(29) $\frac{a^{m}x^{mt}}{(1-a^{m}x^{mt})^{2}}\equiv\sum_{(n.2)=1}a^{mn}x^{mnt}$ $(mod 2[x])$ ,

(30) $\frac{a^{m}x^{mt}}{1-a^{m}x^{mt}}\equiv\sum_{k=1}^{\infty}a^{mk}x^{mkt}$ $(mod 2[x])$ ,

(31) $((1-a^{m}\gamma^{mt})^{m}, \mu)\underline{\mu(}\underline{m)}=((1-a^{m}\gamma^{mt}), \mu)$ for $\frac{\mu(m)}{m}\equiv 1(2)$ .

Our fundamental formula (25) with (29), (30), (31) yields

$(E(a, \gamma^{t}),$ $\mu$) $=(-1)^{S_{kp}(C)}$ ,

$C=D_{0}\{\sum_{(m,2)=1}\frac{\mu(m)}{m}\sum_{(n,2)=1}a^{mn}x^{mnt}\frac{1-\mu(x)}{\mu(x)^{2}}\frac{1}{2(x)^{2}}$

$+\sum_{(m.2)=1}\frac{\mu(m)}{m}\sum_{k=1}^{\infty}a^{mk}x^{mkt}\frac{1-\mu(x)1}{\mu(x)2(x)}\}$ .

On the other hand, if $\varphi(l)$ means Euler’s function, then

$\sum_{(m,2)=1}\frac{l^{l}(m)}{m}\sum_{(n,2)=1}a^{mn_{X}mnt}=\sum_{(l.2)=1}\frac{1}{l}\varphi(l)a^{l}x^{lt}\equiv ax^{t}$ $(mod 2[x])$ ,

and similarly

$\sum_{(m.2)=1}\frac{\mu(m)}{m}\sum_{k=1}^{\infty}a^{mk}x^{mkt}\equiv\sum_{j=0}^{\infty}a^{2_{X^{2t}}^{jj}}$ $(mod 2[x])$ .

Here we define $\tilde{L}(a, x^{t})=\sum_{j=0}^{\infty}a^{2^{j_{X^{2}}j_{t}}}$ . Then

$(E(a, \gamma^{t}),$ $\mu$) $=(-1)^{S_{k_{T}}(C)}$ ,

$C=D_{0}\{ax^{t}\frac{1-\mu(x)1}{\mu(x)2(x)^{2}}+\tilde{L}(a, x^{t})\frac{1-\mu(x)1}{\mu(x)2(x)}\}$ .
Our symbol has the property of symmetry which is easily verified, so that

$\zeta\nu,$
$\mu_{1}\mu_{2}$) $=(\nu, \mu_{1})(\nu, \mu_{2})$ holds. Therefore the similar discussion as above shows

for $(s, 2)=1$ ,
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(32) $(E(a, \gamma^{t}),$ $E(b, \gamma^{s}))=(-1)^{S_{k_{T}}(C)}$ ,

$C=D_{0}\{ax^{t}\tilde{L}(b, x^{s})\frac{1}{2(x)^{2}}+\tilde{L}(a, x^{t})\tilde{L}(b, x^{s})\frac{1}{2(x)}\}$ .

The exponent $S_{k_{T}}(C)$ can be slightly simplified as follows.

(33) $S_{k_{T}}(C)\equiv S_{k_{T}}(D_{0}\{ax^{t}\tilde{L}(b, x^{s})\frac{1}{2(x)^{2}}+\tilde{L}(a^{2}, x^{2t})\tilde{L}(b^{2}, x^{2S})\frac{1}{2(x)^{2}}\})$ $(mod 2)$ ,

$\equiv S_{k_{T}}(D_{0}\{\frac{1}{2(x)^{2}}L\sim(a, x^{t})L\sim(b, x^{s})\})$ $(mod 2)$ .

Thus we have obtained our main theorem.
THEOREM 2. Under the assumption $(s, 2)=1,$ $a,$ $b\in T$, we have

$(E(a, \gamma^{t}),$ $E(b, \gamma^{s}))=(-1)^{R}$ , $R\equiv S_{k_{T}}(D_{0}\{\underline{\tilde{L}}(2\frac{a,x^{t})}{(x)}\underline{\tilde{L}}(2\frac{b,x^{s})}{(x)}\})$

where $2(x)$ means, as before, the formal power series defined by replacement of $\gamma$

by $x$ in the I-adic expansion of 2 by $\gamma$ , whose coefficients belong to the Teichmiiller
$q$ epresentative system $T$.

Note that we can regard $\gamma$ as an arbitrary prime element in $k$ in this
theorem.

7. The case of ramification constant $2e$ .
In this section we consider an extension field $K=k(\sqrt{\pi})$ over $k$ , and an

explicit formula of the symbol $(E(a, \pi^{t}),$ $\pi$) can be derived by the same method
as before.

LEMMA 6. Put $\Pi=\sqrt{\pi}$

$N_{K/k}(1-a\Pi^{\iota})=1+a^{2}\pi^{t}-2a^{-}\pi^{2^{-}}t$ if $t\equiv 0(2)$ ,

$N_{K/k}(1-a\Pi^{t})=1+a^{2}\pi^{t}$ if $t\equiv 1(2)$ .
The proof is trivial. Moreover it is evident that the ramification constant

of $K/k$ is $v=2e$ . From Lemma 6 an analogous calculation to (8) gives us for
a natural number $t$,

(34) $1a^{2\Delta}\pi^{2t}\sim 1\sum_{e}^{e}\sum_{\iota\iota+j=2t_{1}}(a^{l}\eta_{j^{2}})^{\Delta}\pi^{2t_{1}}$ ,

$i$ . $e.$ ,
(35)

$1+a^{2\Delta}\pi^{2t}\sim 1+\sum_{2}^{e}t_{1}=\{-e+\underline{t}\}^{\delta_{t_{1}}^{t}a\pi^{2t_{1}}}$

Here of course our equivalence relation $\sim$ means that with respect to the
multiplicative norm group $N_{K/k}K^{*}$ , and we put

$\delta_{t_{1}}^{t}a\equiv\sum_{J(l,2)=^{2_{1}t_{1}}.\geqq e}(a^{t}\eta_{j^{2}})^{\Delta}\iota\iota+J=(mod 2)$

,

as before.
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Thus we have the following known theorem.
THEOREM 3. If a principal unit $\nu$ has the order $Ord_{(}(1-\nu)=2e$ , we have

$(\nu, \pi)=(-1)^{s_{k_{T}}()}\underline{\nu}_{2}-\llcorner 2$

PROOF. By making use of above notations,

$N_{K/k}(1-a\Pi^{2e})\equiv 1+(a^{2}-\eta_{e}a)\pi^{2e}$ $(I^{2e+1})$ .
Therefore it is necessary and sufficient for $\nu=1+b\pi^{2e},$ $b\in \mathfrak{O}_{kp}$ , to be the norm
of an element from $K$ that there exists an element $a\in \mathfrak{O}_{k_{T}}$ satisfying $b\equiv a^{2}-\eta_{e}a$

.

(2), that is, equivalent to $S_{k_{T\backslash }}^{(}b\eta_{e^{-2}}$) $\equiv 0(2)$ , in other word, $S_{k_{T}}(\frac{\nu-1}{2^{2}})\equiv 0(2)$ .
We define $\varphi(a^{2\Delta}, 2t)$ the same as before and then (35) becomes

$\varphi(a^{2\Delta}, 2t)\approx$
$\Sigma^{e}$

$\varphi(\delta_{t_{1}}^{t}a, 2t_{1})$ .
$t_{J}=\{\underline{e}2+\underline{t}\}$

In general, we also have

$\varphi(a^{2\Delta}, 2t)\approx\sum_{c_{i}=u_{i}}^{e}\cdots\sum_{c_{1}=u_{1}}^{2t_{*}-e}\varphi(\delta_{\iota_{i}}^{\iota\iota-1} \delta_{c_{1}}^{t}a, 2t_{i})$ ,

where $u_{j}=\{\frac{(2^{j}-1)e+t}{2^{j}}\}$ and $m_{j}\geqq e$ . For a sufficiently large number $i$,

$\varphi(a^{2\Delta}, 2t)\approx\sum_{t_{i-1}=ui-17}^{e}\cdots\sum_{t=u_{1}}^{2t,-e}\delta_{e^{x-1}}^{t}$ $\delta_{t_{1}}^{t}a$

$\approx\sum_{e2^{i}=\iota\iota+m}a^{l\Delta^{i}}\sum_{m=m_{0}+2m_{1}+\cdots+2^{i-1}m_{i-1}}\eta_{m^{i_{0}-1}}^{\Delta}\eta_{m^{i_{1}-2}}^{\Delta}\cdots\eta_{m_{i-1}}$ .

A quite similar discussion as in previous sections yields for $a\in T$,

$\varphi(a, 2t)\approx_{2^{i}}\sum_{e=tl+m}(a^{t\Delta}\cdot D_{m}(2(x)^{2^{i}-1}))^{\Delta^{i-1}}$

$\approx\eta_{e_{2^{i}}^{2}}\sum_{e=tl+m}(a^{t}\cdot D_{m-2^{i}e}(2(x)^{-1})^{2})^{\Delta^{i}}$

$\approx\eta_{e^{2}}\cdot\{D_{0}(\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1}{2(x)^{2}})\}^{\Delta^{i}}$

Here $\nu(x)$ denotes the polynomial $\nu(x)=1+ax^{2t}$ for $\nu=1+a\pi^{2t}$ , and $2(x)$ has the $\cdot$

same meaning as before, but of course we must use $\pi$ instead of $\gamma$ .
Thus for an element $a\in T$,

$(1+a\pi^{2t}, \pi)=(-1)^{s_{\lambda_{T}}(D_{0}\{\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)^{2}}\})}$ .
Now we easily see

$1-a\pi^{2t}\equiv(1+a\pi^{2t})\prod_{\kappa=e_{T}t}^{2e}(1+(\sum_{2t(1+i)+j=k}a^{1+i}\eta_{j})\gamma^{k})$ $(I^{2e+1})$ ,
$j\geqq e$ . $i\geqq 0$

that is,



Quadratic norm symbol in local number fields 429

$1-a\pi^{2t}\sim(1+a\pi^{2t})$ II $(1+(\sum_{2t(1\perp i)+j=2k}.a^{1+t}\eta_{j})\gamma^{2k})$ .
$k=\{\frac{e+t}{2}\}$

$j\geqq e,$ $i\geqq 0$

Therefore for an element $a\in T$,

$(1-a\pi^{2t}, \pi)=(-1)^{S_{k_{T}}(C)}$ ,

$C\equiv D_{0}(\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1}{2(x)^{2}}+\frac{ax^{2t}}{1+ax^{2t}}\frac{2(x)}{2(x)^{2}})$ $(mod 2)$ ,

$\equiv D_{0}(\frac{1-\nu(x)}{\nu(x)^{2}}\frac{1}{2(x)^{2}}+\frac{1-\nu(x)}{\nu(x)}\frac{1}{2(x)})$ $(mod 2)$ ,

$\equiv D_{0}(\frac{1}{2(x)^{2}}\frac{1-\nu(x)}{\nu(x)})$ $(mod 2)$ .

Here the same approach as (33) from (26) gives us the following theorem.
THEOREM 4.

$(E(a, \pi^{o_{t}}\cdot),$ $\pi$) $=(-1)^{R}$ , $R\equiv S_{k_{T}}(D_{0}\{-2\frac{1}{(x)^{2}}\tilde{L}(a, x^{2t})\})$ $(mod 2)$ .

8. The \v{S}afarevi\v{c}-Hasse-Kneser formula.

We shall show in this section that the $\check{S}afarevi\grave{\acute{c}}$-Hasse-Kneser formula
[5], [7] in the quadratic case can be derived from our Theorem 2, Theorem 4.

The \v{S}afarevic-Hasse-Kneser formula reads:

$(E(a, \pi^{r}),$ $E(b, \pi^{s}))=(\pi, E(sab, \pi^{t+s})\prod_{i,j=1}^{\infty}E((2^{i-1}t+2^{j-1}s)a^{2}ib^{2}, \pi^{2}))$ ,

in which $a,$ $b$ need not belong to the Teichm\"uller representative system $T$,
but in the quadratic case we may assume that they belong to $T$, and further-
more $(t, 2)=(s, 2)=1$ .

From Theorem 4 follows

$(\pi, E(sab, \pi^{r+s})\prod_{i,j=1}^{\infty}E((2^{i-1}t+2^{j-1}s)a^{2^{i}}b^{2^{f}}, \pi^{2^{i}t+2Js}))=(-1)^{s_{k_{T}}(C)}$ ,

$C=D_{0}\{\frac{1}{2(x))}\tilde{L}(ab, x^{t+s})+\frac{1}{2(x)^{2}}\sum_{j=1}^{\infty}\tilde{L}(a^{2}b^{2}, x^{2t+2})+\frac{1}{2(x)^{2}}\sum_{i=1}^{\infty}\tilde{L}(a^{2^{i}}b^{2}, x^{2^{i}t+2s})\}$ .

$=D_{0}\frac{1}{2(x)^{2}}\{L(a, x^{t})\tilde{L}(b, x^{s})-ax^{t}\tilde{L}(b, x^{s})-bx^{s}\tilde{L}(a, x^{t})\}\sim$ ,

$=D_{0}\{\frac{\tilde{L}(a,x^{t})}{2(x)}\frac{\tilde{L}(b,x^{s})}{2(x)}\}$ .

Thus by Theorem 2, the $\check{S}afarevi\check{c}$-Hasse-Kneser formula has been verified.
Now by the canonical decomposition theorem of \v{S}afarevi\v{c} [8], [5], [7],

we can decompose two principal units $\nu,$ $\mu$ in $k$ :
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$\nu\equiv\prod_{1\leqq i_{=}\leq 2e}E(a_{i}, \pi^{i})$
$(I^{2C})$ , $\mu\equiv$

$\prod_{1\leqq i\rightarrow\backslash 2e}E(b_{i}, \pi^{i})$
$(1^{2e})$ .

$(i,2)=1$ $(i,2)=1$

The elements $a_{i},$ $b_{i}$ in this form belong to $O_{k},$ , but in the quadratic case
we can assume that they belong to the Teichm\"uller representative system $T$.
For the square $E(2a, \pi^{i})=E(a, \pi^{i})^{2}$ is a trivial factor in our case.

Let $L(\nu,x),$ $L(\mu,x)$ denote the power series defined by $L(\nu,x)=\frac{1}{2(x)}\sum_{1\leqq i2e}\tilde{L}(a_{i},x^{i})$,

$L(\mu, x)=\frac{1}{2(x)}\sum_{1\leqq i2e}\tilde{L}(b_{i}, x^{i})$, then our main theorem shows

$(\nu, \mu)=(-1)^{S_{k_{T}}(D_{0}\{L(\nu,x)\cdot L(\mu.x)\})}$ ,

which gives us a slightly more explicit formula of the norm symbol than
$\check{S}afarevi\check{c}$-Hasse-Kneser symbol.

General Education Department,
Kyushu University
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