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Introduction

Following M. Obata [4], we denote by M a manifold of even dimension 2#
with an almost complex structure F, and by H(x), x = M, the homogeneous
holonomy group of M with respect to a natural connection, i.e., an affine con-
nection with respect to which F' is covariant constant. A(M) denotes the
group of all affine transformations of M onto itself and A,(M) the connected
component of the identity of A(M). QL(, R) denotes the real representation
of the quaternion linear group QL(/,C). We assume that H(x) is irreducible
in R. The following theorem was proved in [4].

THEOREM A. If n is even, n=2I[, and H(x) is not a subgroup of QL{, R),
or if n is odd, then AM) preserves the almost complex structuve. If n is even,
n=2I, and H(X) is a subgroup of QLU R), then M has three independent almost
complex structurve F, G and H such that FG=—GF=H, GH=—HG=F, HF
= —FH=G and they arve all parallel. A(M) acts on the vector space spanned
by F, G and H as a group of orthogonal transformations. Furthermore these
orthogonal transformations belong to SOQ3) in the vector space.

On the other hand, the notion of I7-structure on a differentiable manifold
of any dimension m (not necessarily even) was introduced by D.C. Spencer
[6] (The name ‘II-structure’ was given by G. Legrand [1]) It is one of the
generalizations of the almost complex structure. Then the question arises if
A(M) preserves the II-structure. An answer to this question will be given
in §2.1 as [Theorem 2.

In §1 we shall summarize briefly the known results on the II-structure
and the II-connection. In §2, we shall prove the main result.

The author wishes to express his sincere thanks to Prof. S. Sasaki for his
kind assistance and encouragement and to Dr. S. Ishihara for his kindness to
read the original manuscript and to give many valuable advices.
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1. Preliminaries

Let M be a connected (rezl) m-dimensional differentiable manifold of class
C”. We denote by T, the tangent vector space of M at x < M and by T its
complexification.

A II-structurve (or complex almost-product structure in the terminology of D.C.
Spencer) is defined on M by giving two fields 7't and 72, of class C~, of com-
plementary proper subspaces of T'¢. If we set 5, =dim 7' and #,—dim 7%,
then we have n,+n,=m, n, 0, n, = 0.

Let P(resp. P,) be the projection of 7' onto Tl (resp. T2) at every point
x e M, where T} (resp. T'2) denotes the value of T (resp. 7?) at x. Let 1 be
a complex constant which is not zero. If we set

(1.1) Fo=A(P,—Py, veT9,
then we have a linear operator F on complex vector space 7'¢ such that
1.2) F2=22(ldentity).

To the operator F corresponds a complex tensor (F¥) defined by (Fv)'=Fi.
From the relation (1.2) we have

1.2y W0 = A%0%, Fi+ +20%.

Conversely we assume that a complex tensor field (F%) of class C” is given
on M and that it satisfies the relation (1.2) with 2+ 0 at every point of AL
The linear operator F on T is defined by the tensor (F%) at x = M, F has the
proper values 4 and —A. Let T (resp. T'2) be a subspace of 7¢ generated
by the proper vectors corresponding to the proper value A (resp. —2). Then
T* and 7% are obviously complementary. Thus M is given a II-structure by
the operator F.

To the operator F corresponds another complex tensor F’/=—F=(—F}),
and we have (1.2) for this tensor. Obviously F/ gives the same I/-structure
as F.

In particular, if the dimension m of M is even and if T and 7% are mutu-
ally complex conjugate, then M has an almost complex structure by setting
A=+ —1.

A base of TG is called a complex base relative to x. The set E9(M) of
complex bases relative to different points of M admits a structure of a princi-
pal fibre bundle over M with structure group GL(m,C). An (infinitesimal)
connection in E9M) is called a complex linear connection.

Let M be a differentiable manifold with a I7-structure (7%, 7%. A base
(e;)) of TG such that ex =T}, e, T2 (=1, ,n;t=mn,+1,--,m) is called a
IT-adapted base relative to x. Let (e;) be a IT-adapted base relative to x. The
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set Ep(M) of II-adapted bases relative to different points of M admits a struc-
ture of a subbundle of E°(M) whose structure group is the subgroup G(u,, #,)
of GL(m,C) consisting of matrices

X

where A= GL(n,,C) and Be GL(n,,C). G(n,,n,) is isomorphic to GL(n,, C)X
GL(n,, C). A connection in Ep(M) is called a II-connection. G. Legrand
proved the following theorem. (cf.

THEOREM 1. In order that a complex linear connection can be identified with
a II-comnmection, it is necessary and sufficient that the temsor (F}) is covariant
constant.

Let 7 be the operation of the covariant differentiation with respect to a
complex linear connection. A transformation ¢ of M onto itself is called affine
if it satisfies the equation

a4 e(Pt) =V(et),

for any complex tensor field # on M. A(M) denotes the group of all affine
transformations of M onto itself. It isa Lie group with respect to the natural
topology. AM) denotes the connected component of the identity of A(M).

Let V be the operation of the covariant differentiation with respect to a
II-connection and F be the tensor field corresponding to the I7-structure (T, T2).
Then we have FF=0, i.e,, F' is parallel. Ifa transformation ¢ is affine, then
we have

HeF)=oe(WF)=0,

hence ¢F is also parallel.

We shall denote by P¢r, s) the set of all parallel tensor fields of type (7, s) on
M for the II-connection. P¢(r,s) is obviously a vector space over C. Since any
element of P%z,s) is uniquely determined by its value at a point x € M, P9, s)
is isomorphic with the subspace of the tensor space of type (7, s) over T'¢ con-
sisting of all tensors invariant under the holonomy group H(x) of the II-con-
nection. It is easily shown that A(M) leaves P°(r, s) invariant and acts on P°(7, s)
as a_group of automorphism. Hence we obtain a homomorphism x of A(M)
into GL(p, C) defined by u(p)t = ¢t for any ¢ < P%yr,s), where p=dim P, s).

2. Il-connection and affine transformation

2.1. We consider a connected m-dimensional differentiable manifold M with
a Il-structure (7%, 7?). Hereafter we shall assume that M satisfies the second
countability axiom, so that the principal fibre bundle over M has always a
connection.

M is called I1-irreducible if H(x) is II-irreducible in C, i.e., if H(x) leaves
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Ti (i=1,2) invariant and it is irreducible on T% (;=1,2). Otherwise, it is
called IT-reducible. This notion is independent of the choice of «x.

PROPOSITION 2.1. Let M be an m-dimensional manifold with a II-structure
(T, T?. If M is I-irreducible and if dim T =+ dim T2, then the group A(M) of
all affine transformations of M preserves the II-structure.

PROOF.*> Let ¢ be an arbitrary element of A(M). For all x= M, ¢(T%)
CT%w G=1,2). o(T%) (i=1,2) is non-trivial. We assume dim 7! >dim T2
Let P, (i=1,2) be the projection of 7¢ into 7% (=1,2). Since the vector
space P - @(T2) is H(¢(x))-invariant, P, @(T2) is either the zero space or T -
But P,o@(T2 can not be Tk, Hence ¢(T2) = T%y, i.€., the fleld T? is in-
variant by ¢.

On the other hand, since P, ¢(T}) is also H(¢(x))-invariant, it is either
the zero space or T%,,. We assume P, ¢o(TL)=T%w. Let S be the linear
subspace of ¢(TL) consisting of vectors » such that P,v=0. Hence S is an
H(g(x))-invariant subspace of T%,,. We have, however, 0 <dim S=dim 7*'—
dim 7% <dim 7. This is contrary to the assumption. Hence P,- ¢(T}) is the
zero space. Hence we have ¢(T'})=T},, i.e., the field 7 is invariant by ¢.
Therefore A(M) preserves the IT-structure (1'%, T2). qg.e.d.

Next we consider the case dim 7' =dim T?=#= and m = 2xn.

PROPOSITION 2.2. Let M be a 2n-dimensional diffeventiable manifold with a
II-structure (T, T?). Assume that M is II-irreducible and that n =dim T* =dim 7>
If there exists no isomorphism of T*' onto T* commuting with the operations of
H(x) at every point x of M, then A(M) preserves the II-structure.

PROOF. Suppose there exists an element ¢ of A(M) (¢ # identity of A(M))
which does not preserve the given II-structure (7%, T?) at x= M. Since
P,oo(TY) is H(g(x)-invariant, P, @(T.) is either the zero space or Tow-
Similarly we have P,-@(T2) is either the zero space or Th,. Since ¢ does
not preserve the II-structure at x, P, o(T'}) and P,-¢(T2) can not be the zero
spaces at the same time.

So we have either P,o @(TL) = T%w or P,o9(T2=Tbw. In both cases, we
can easily construct the isomorphism of 7'} onto 7'} commuting with the
operations of H(x), which is contrary to hypothesis. g.e.d.

From Propositions 2.1 and 2.2, follows:

THEOREM 2. Let M be an m-dimensional differentiable manifold with a 1I-
structuve (I, T?). Assume that M is Il-irreducible. If theve exists no isomor-
phism of T onto T? commuting with the operations of H(x) at every point x of
M, then A(M) preserves the II-structure.

2.2. We consider the case that there exists a differentiable field of isomor-

*) This original proof of this proposition was simplified by a remark of the re-
feree. The author wishes to express his gratitude to the referee.
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phisms Sof T onto T? commuting with the operations of the holonomy group
of a IT-connection. This means that if we define a differentiable vector field
v with o(x) in T%, §v(x) belongs to 7'¢ and the vector field Sv is also differ-
entiable.

The IT-adapted base (e;) of T¢ is called a §-adapted base if we have epn= Sea
for a=1,-,n; a*=a+n. The set E5(M) of S‘-adapted bases relative to
different points of M admits a structure of a subbundle of E°(M) whose struc-
ture group is subgroup I'(x) of GL(2xn,C) consisting of matrices

2.0 ( 64 X ’ AeGLn,C)

I'(n) is isomorphic with GL(#, C).

PROPOSITION 2.3. Let M be a 2n-dimensional differentiable manifold with a
II-structure (T, T'?). Assume that M is II-irveducible and that n=dim T'=dim T2,
If there exists a differventiable field of isomorphisms S of T* onto T? commuting
with the operations of the holonomy group of a II-connection, them M has
three independent II-structurves F, G and H such that FG=—GF= —~—1 1H,
GH= —HG=—~/—1 AF, HF = —FH=—~'—1 AG and they are all invariant
under H(x) for every x = M.

PROOF. We take an S-adapted base as a IT-adapted one. Since M has a
II-structure (T, T?), there exists a linear operator F satisfying (1.2). Further
there exists a tensor field F satisfying (1.2). The value F, of F at x& M,
which is a tensor of type (1,1), is invariant under H(x) for every x= M. Hence
matrix F, commutes with the operations of H(x). Therefore F, is a com-
mutator of the representation of H(x).

In general, let & be a commutator algebra of the representation of H(x).
If K&, then K has the form

2.2 K=

(2.2) (& K K4)

Since this is a commutator, we can get by Schur’s lemma
Kj:ajln, a',JEC; j:1,2,3,4,

where [, is the unit (#X#) matrix. Hence

i V=1,
5 o) C0 o) G 0)r (Cvfran ¥ 0 ™)

forms a base of R relative to the S-adapted base, where 4 is a non-zero com-
plex number.

Let P¢(1,1) be the vector space spanned by all parallel tensor fields of
type (1,1) on M and P°(1,1) the subset of all the elements K’ of P°(1,1) such
that K'2=2%1,,, K’ + +2I,,. We assign K’ eﬁ"(l,l) to the value K, of K’
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at x. P°1,1) is isomorphic with the subspace of the tensor space of type
(1,1) over T¢ consisting of all tensors invariant under the operations of H(x),
i.e., P¢(1,1) is isomorphic with the commutator algebra & It is obvious that
ﬁ"‘(l,l) is isomorphic with the subset & of 8 consisting of the commutators
K such that K®=2%1,, (K#+ *+1l,,). We denote by F, G and H the parallel
tensor fields deduced from

(5 ) G ) (ot Y0 ™)
respectively. Then we have F?=G?= H?*=2%],,. Furthermore FG—=—-GH
=—+/=1 AH, GH= —HG = —~/—1 AF, HF = —FH= —+/=1 2G. Thus P°(1,1)
consists of the tensor field K= aF+/G+7yHsuch that a?+p2+r2=1(a, B, r =O).

A tensor field F generates the two fields of spaces of proper vectors which
are identified with the given II-structure (7%, T?). G and H generate the fields
of spaces of proper vectors which define other II-structures respectively.
These three II-structures are all invariant under the operations of H(x) for
every x = M and independent from each other. q.e.d.

2.3. Let M be a 2un-dimensional differentiable manifold with a II-structure
(T%, T? with dim T''=dim T%?=#xn. We assume that there exists a differenti-
able field of isomorphisms S of 7! onto T* commuting with the operations of
the holonomy group of a IT-connection, where T'? is the complex conjugate of
T? According to G. Legrand [2Z], the IT-adapted base (e;) of T¢ is called an
S-adapted base if we have v = Se, for a=1,---,n; a*=a+n. The set E M)
of S-adapted bases relative to different points of M admits a structure of the
subbundle of Ep(M) whose structure group is the subgroup I'(n) of GL(2%n,C)
consisting of matrices

2.3) 0N AcGLmoO).

0 A
f"(n) is isomorphic with GL(%n, C).

Let QL({,C) be a quaternion linear group, i.e.,, a subgroup of GL(2/,0C)
composed of all the matrices A’ satisfying A’J,=/,A’, where J,= (% _OIL>.
M. Obata proved the following [Lemmal

LEMMA. Let G be a subgroup of GL(m,C) and G its complex conjugate.
Assume that G is irveducible and.is conjugate to G but is not conjugate to a sub-
group of GL(m,R). Then we have:

1) There exists a matrix S, GL(m, C) such that

2.4 Li*AL,=A  for all A in G,

and LyLy=L,L,=—1I, A matrix L < GL(m,C) satisfies 2.4)if and only if L is
written in the form L=aL, o being a non-zero complex number.
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2) m is even, m=2[, and there exists a matvix K< GL(m,C) such that
K LK=].

3) G is conjugate to a subgroup of QL C).

The representation of H(x) is a subgroup of I'() and is identified with a
subgroup of GL(n,C). That H(x) is a subgroup of QL(/,C) means that the re-
presentation of H(x) is a subgroup of QL({/,C) under this identification.

PROPOSITION 24. Let M be a 2n-dimensional differentiable manifold with «
II-structure (T, T?). Assume that M is II-irreducible and that n=dim T =dim T'*
and that theve exists a differentiable field of isomorphisms S of T onto T2 commut-
ing with the operations of the holonomy group H(x) of a II-connection, where T*
is the complex conjugate of T2 If nis even, n=2I, and H(x) is not a subgroup
of QLU, C), or if n is odd, then A(M) preserves the II-structure. If n is even,
n=21, and H(x) is a subgroup of QL(,C), then M has three independent II-struc-
tures F, J, and ], such that FJ,=—J,F=—~—12J,, J.Jo=—1J,=—~ —12F
and [,F = —FJ, = —~/ —1 2], and they are all invariant under H(x) for every x < M.

PrROOF. We take an S-adapted base. Since an element K of a commutator
algebra & of the representation of H(x) has the form (2.2), we have, by a
method similar as in the proof of Proposition 2.3,

KA=AK,, K,A=AK,, K,A=A4K,, KA=AK,.
Since M is IMI-irreducible, we have
K=o, (;=C;i=14),
Kj:O or det KJW&O (]:2,3).
If det K;+#0 (j=2,3) we have K;'AK,=A (j=2,3). By Lemma, # is even,
n=2[, and there exists a regular matrix L such that L;'K;,[;=a;/; (=2,3),
where «; (j=2,3) is a complex number. It should be noted that such L; can

shosen independently of the special choice of K in 8.
Therefore, in case K;=0 (7 =2,3), we have

(2.5) K:(“‘éﬂ CZI ), a,a,C.

In case det K, =0 and det K, #0, if we put ep= Lyeg, epe=Loeps (B=1,--,70;
B*=n+1,-,2n), where {eg ep} (B=1, -, n; f*=n+1,-,2n) is the S-adapted
base, {ep, ep:} is another S-adapted base. Relative to this base K has the form
_ (Al @)y . - 3 4).
(2.6) K_(%]l aJn), a,eC (i=1,2,3,4)

This implies that H(x) is a subgroup of QL(/,C) (w=2[). Similarly, in case
K,=0 and det K, =+ 0, K has the form

(o, O
@7 K_( oy aJ,,)’ a, ay a,<C,
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and in case det K, 0 and K,=0

(28) K: ( alén 342£ ) ’ &y, Oy, Ay S C .

Conversely if H(x) is a subgroup of QL{/,C), then matrices of the form (2.6),
(2.7) and (2.8) are commutators of H(x).

Assume that » is even, » =2/, and H(x) is not a subgroup of QL({,C), or
n is odd. The matrices of the form (2.5) are commutators of the representa-
tion of H(x). Hence & is generated by

Al, O A, 0
( 0 Hn) ’ (\ 0 —Hn)
where 1 is a non-zero complex number.

_&1 ) Pe(1,1) consists

of the tensor fields +-F. Hence we have u(¢)F= £ F for ¢ € A(M). F and
—F correspond to the given Il-structure (7%, T%).

Assume that #z is even, » =2/, and H(x) is a subgroup of QL(/, C). ﬁo(l,l)
consists of the tensor fields K=aF+8/,+7/, with a?+82+r2=1 (a, B, 7 = 0),
where /; and J, correspond to

0 —+/ =1 2], 0 2]
(—v=t2s o ) and (g %)
respectively. And we have J3=Ji=2%1,, Fl.=—\F=—~ =1, I,.=—//
=—+/—1 AF and J,F=—FJ,=—~/—1 2J,.. F corresponds to the given II-
structure (7%, T%). J, and J, correspond to other II-structures. These three

II-structures are all invariant under the operations of H(x) for every x = M and

Let F be the tensor field corresponding to (xé”

independent from each other. g.e.d.
In particular, in a 2z-dimensional differentiable manifold with the I7-struc-
ture, if 7! and 7% are mutually complex conjugate and if A?= —1, the II-

structure (T, T?) determines an almost complex structure. In this case, the
matrices F, J, and J, take the forms

(V=11 0 /0 - 0 v =17
P=(MT0 " _viin) h=(5 %) =(Cuzn Yo )
respectively. These matrices are nothing but the matrices which define the
three independent almost complex structure in [Theorem Al We can easily see
that these three almost complex structures form the quaternion structure.

Hence, in this case, [Proposition 2.4 reduces partially to Theorem A described
in Introduction.

Iwate University, Morioka
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