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Let £ be the quaternion projective plane and let SO(x) be the rotation
group of (#—1)-sphere S™'. It is well known that the equivalence classes of
SO(n)-bundles over £ are 1-1 correspondence with the homotopy classes of
maps of £ into the classifying space B, of SO(), therefore the classification
of SO(%)-bundles over £ reduces to the computation of the homotopy classes
of maps f:82-— B, Since the cases #=1,2 are trivial we are interested in
cases #=3. We denote by £2(n) the set of the equivalence classes of SO(n)-
bundles over 2.

We shall prove

THEOREM. £(3) is in 1-1 correspondence with the pairs (m, u(m)Z,) such that

M-_—l)—zo (mod 12), where u(m)=0 if m is even, u(m)=1 if m is odd.

£(4) is in 1-1 correspondence with the triples (m, !/, #,Z,+ [i,Z,) such that

ﬁ(ﬂz——l)— =0, ~l([j2i~—23@- =0 (mod 12), where f#,, fi, are functions of m,/ such
that

fo=f, =0 if m,/ are both even,

g=1, f,=1 if m is odd, [ is even,

Zi=1, #,=0 if m is even, [ is odd,

gi=1, f,=0 if m,/ are both odd.

If n=5#n+8 2(xn) is in 1-1 correspondence with the pair (7, s) of integers.
£2(8) is in 1-1 correspondence with the triple (7, s, ) of integers.
The proof is given in the Section 1. In the Section 2 we shall consider
characteristic classes of SO(n)-bundles over £.

1. £ has the cell decomposition, S“kvjes, where v denotes the Hopf map:
S™—S% 'Thus the above computation is equivalent to the computation of the
homotopy classes of extensions of extendable maps: S*—B,, over £. As is
well-known, we have n(By,)=Z, n,(B)=Z+Z, n(B,)=Z. We denote by @,
(n=3,4), 8, (m=4) generators of n(B,). Let 4,:nyB,)— 7, (SO)) be the
boundary homomorphism of the homotopy exact sequence of the universal
bundle of SO(n). Then we can take @, and §, such that 4,(&,)= a,, 4,(8,) = B,
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da@)={p}, 4,(B.) = inx(B,), Where i, denotes the induced homomorphism by
the injection i,:S0(4)—SO(n) and a,, B, {0} have the same meanings as in
§22 of [2] The following equalities hold

(ma’k“—%‘ék) oy =(ma,) - V+(”Bk) o v-+[mdy, ”Bk] ’

(may) o v =m(@ o V)‘f‘"ln%:p* L&, ],

(nBi) o v=mn(fy V)'I'_&(n_z—;l’)‘[ﬁk: Bi1,

where [,] denotes the Whitehead product.
The following is an immediate consequence of these equalities.
LEMMA 1. (m@,+nBy) v

= (@, o ) +n(By - )+ D g, a1

+i@2:1—)[5k, Bid+mnld, B,

where m=0 if =5 and n=0 if k=3.

Now Sa—>S7i>S4 is considered as a principal bundle with the structure
group S® Let s; be the classifying space of S3, 85:s;— B, the mapping in-
duced by f,;, and ¢: S*—s; the characteristic map of the above bundle

S*—-$72. 8% Then we have Bi=Ppsepandso B,ov=Fopov. But pop=0
(cf. [Z]. So we have

LEMMA 2. B,ov=0 n=4.

Denote by P,(0O), P,(Q) the 3-dimension complex projective space and the
1-dimension quaternion projective space respectively. Define the map ¢ : Py(C)
—P@)=S, by ¢[z,, 2, 24, 2,1="[2,+2,7, 2,+2,7], where j denotes the usual
element of @, then we have an S%-bundle (P,(C), S4, ¢).

Suppose that p:S"— Py(C) be the natural map 9(z,, 2, 25, 2,) = [24, 25, 25, 24,
then we have ¢4 ({p})=v. Let 4’ be the boundary homomorphism of the
homotopy exact sequence of the bundle (P5(C), S%, ¢). Since 4’(¢,) is the at-
taching map of 4-dimensional cell ¢* to S? in the cell decomposition of P,(C).
5], we have 4(¢,)=7, where 7 denotes the Hopf map S®—S% Thus the
associated principal bundle with the bundle (Py(C), S% ¢) is the SO(3)-bundle
with the characteristic map {po}. Let P be the projection SO(3)— S? and con-
sider the following commutative diagram, where 4” denotes the boundary
homomorphism of the homotopy exact sequence of the associated principal
bundle.
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P &
— 7, (Py(C)) 7,(S*) m(S®)
i | .
—> 1 (S*) 7 m(SO3)—

Then we have Pyd”(v)= 4'(v)= 4’¢4{p} =0. Since Py is an isomorphism a nd
4"(W)= 4@, - v) we have @&, v=0, moreover @&,y =1iy(@;)°v=1ig{@;°v}= 0,
where ¢ denotes the injection SO(3)— SO(4).

LEMMA 3. &,v=0 n=3.

Let «, be the inner automorphism SO(4) — SO(4) defined by a matrix who se
determinant is —1 and &, be the induced homeomorphism, B,— B, by «,.
Since @p(@s) = s, @px(B) =az—f; (see §22 of [2]). We have apu(@,)=a,,
&0*(34) = &4_54-

Thus yields

(C_V4’—B4) oY= {&0*(54)} oY= do*(ﬁ4 oY) =ay((0)=0.
On the other hand, Lemma 1, Lemma 2, Lemma 3 imply

(074—“54) oY= [54’ 54]“[674, Bd ,

Therefore we have
LemMMmA 4. [a, B, ]=[B8. 8.
Let @ denote the generator of 7(S®) = Z,, and <, > denote the Samelson @
product. Since {0}y, B ix{0}sx are all isomorphisms we have by [4]:
1.1 4L a,, a;1=—<{p}, {o}> = {p}s® is an element of order 12,
(1.2) 4[a, &, ] =i{o}s@ is an element of order 12,
(1.3)  A[B, BJ=—<PBs B> = Bsxw is an element of order 12,
1.4) 4B Bl =0 if £=5.
LEMMA 5. mda&,, ma,+I8, are extendable over 2 if and only zfﬂ(ﬂz:l)— =0

fgil—;zﬂz 0 (mod 12) respectively.

3

For (may) o » = m(@, » )+ "5~ [, &] by

= 2=V g, a,) by Lemma 3.
Since [@,, d,] has the order 12 by (1.1) we have the first case.

(Md4+l‘§4) oy = “m‘(ﬁzll')—[dp al+ l(l—z_l) [54: 54]—}-11%[0_(4, a,]

by Lemmas 1, 2, 3

=MD ra, a1+ L1215, 5

by Lemma 4
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— (20D g}, (1L )

by (1.2), (1.3).

Since 7 (B)~ &, o Ex(S®)+j5, - Exy(S®) and Fw has the order 12 we obtain the
second case.

By the Theorem 4 in the paper of Barcus and Barratt [1], the homotopy
classes of extension over £ of an extendable map f:S*— B, are in 1-1 cor-
respondence with 7«(B,)/A, where A, is a subgroup {&c° Ev+[f(t),£];

& eny(B,)}. Since 7y(B,) is a torsion group and #yB,) (# =5) has no torsion we
obtain

LEMMA 6. If n=5 we have A,=0.
In the case =23 we have 7y(B,) = Z,[a,° E*) - Ev] and ny(B,) = Z,[ &, E*p].
Suppose that f=ma,, then we have (cf.

As;= {0y o« (E*) - Ev)+m[&,, a; - E*p]}
={a; o %y o Ev+m[d;, a,] » Eoy}
={d; o (E%) o Ev)+mad, o Ew - £} = {(m+1)a&, o E*; o Ev} .
Thus we have

LEMMA 7. If m is even, A,=n(B,) and
if mis odd, A,=0.

In the case =4 we have n(B,) =~ Z,[a, - E*p]+Z,[8, > E*p]. Suppose that
S=ma,+I8,. Then we have

Ay=ad, o (B « EV)+bB(E% o EV)+[md,+1B,, ad, - E*p+-bB, - E*p],
where «, b are both 0 or 1.
On the other hand,

(ma,+I18,, a@, - E*n+bB, - E*p]=am[&,, @, - E*p]
+bm[ Ay, By o E*n]+-allB,, @, ° E*n]+1b[B,, B, » E*y]
=am[&,, @] Esp-+bm[&,, B,] o Esn-+al[ B,, &, ° E*y
+Ib[B,, Bl o En=amd s (Ew o E*p)+(bm+al-+Ib)5 s(Ew o E*p)

therefore A, = a(m-+1Da(E* o Ev)+(b+bm-+al-+1b)B s(E* o Ev), where @, b are
both 0 or 1. Since ny(B,) = @ (Er(S®)+B(Ex(S?)), we obtain

LEMMA 8.
If m is even and [ is even, A,=ny(B,)
if m is even and I is odd, A, = (@, +B)EmS?)
if m is odd and | is even, A,=0
if m is odd and I is odd, A, = Bs(Er(S?).

From all maps: S*— B, are extendable over £ if #=5,%+8. Since
By = Z+Z,n{B)=Z (n=5,n+8), we obtain by the proof of
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in the case #=5. From mQ, is extendable over 2 if and
m(m—1)

only if — =0 (mod 12). Since n(B;)= Z, we obtain the case »=3 of
the [Theorem| by Lemma 71 From ma, 118, is extendable over 2 if
and only if ﬁz—%ﬁ =0, ﬂ_—lzﬂ—m)zo (mod 12). Then from we

have the case =4 of the

2. Let &(k) (B=5k+8), £3%8), £n(3), &Exh(4) be SO(k), SO®), SO3), SO4)-
bundles, corresponding to the pair (7,s), (7,s, ), (m, %), (m, ], **) in
respectively. Let p(é(k)) denote -the i-th Pontrjagin classes of the bundle
E(k). Then we have

@D P& (k) =2re', k=5.  p(EpY(8)) = 2re!
PAER ) =4me*, PAERR () = 2@2m—+De
(2.2) PAE (R} —p{E2R)} =48se®  if k=5
=24 s¢® if =6
=12 se® if k=7
= 6se® if =9
2.3) PAE BN —pLENN8)) = 6(2s—1)e’

(2.4) pL&X%4)) is independent on **, that is, p,(Ex%(4)) is determined only
by the first Pontrjagin class and Euler class, where ¢% ¢® denote generators
of HY(R2,7), H{R, Z) respectively. For (2.1) follows from Theorem 4.1 of [3]
Let 2,V 2, be the space obtained by identifying S* of £, with S* of 2,,
where £; is a copy of £. Define a map F:S8— 2,U 2, as follows

F'| E% =the characteristic map of the cell ¢® of 2,

F| E® =the characteristic map of the cell ¢® of 2,
where E%, E® are the upper, and the lower-hemisphere of S® respectively.
Let f, g be two extensions of an extendable map: S*— B, over £. We define
a map fUg:2,VR,— B, such that fUg| 2,=f and fUg|L,=g. Then we
can identify {f\Ygl«({F}) e ny(B;) with the integer s if £=5,%k+ 8 and the
pair of integers (s,7) if #=8. Let &\ Yg) be the bundle over S® whose
characteristic map is {f\Ug}s({F}) and we put ae® =p,(E.(k))=p,(£>%8)) and
be® = p(E0(k)) = p(E3(8)), (k =5, k # 8).

Then p,{E(f\Yg)} = F¥*(ae®)— F*(be®) = a(s®)—0b(s®), where s® is the generator
of H3S® Z). On the other hand we can compute p,(&(f\Vg)) from Theorem
4.4 of [3] Thus we obtain (2.2), (2.3), (24) from p,(6(f\J ).

By the above result we have
(2.5) If k=5,k=+8, two SO(k)-bundles over £ are equivalent if and only if
their first and second Pontrjagin classes coincide with each other.

If £=8, two SO(k)-bundles over £ are equivalent if and only if their first



74 S. Sasao and I. TaAMURA

and second Pontrjagin classes and Euler class coincide with each other.
In the case of SO(3), SO(4)-bundles, a bundle over £ is trivial if and only
if the first and second Pontrjagin classes, and Euler class are all trivial.
Next we consider realizable cohomology classes of £ as Pontrjagin classes.
Let B be the S® bundle, S''— & as usual. We may take B as B{¥4). Since

p(B)=2(e"), p(B)=1(e®), we have p(BiE(A) =1, and p(Bi(k)) = 1(e®), p(BY*8)),

(k=5k+8). If piné;l) =0 (mod 12), there exists a map 4: 82— £ such that

A]S* is of degree m. Hence we have
DABERAN =m?, pBuk)=m* (R=5,k+38), p(BR@)=m".

Combining these results with (2.2), (2.3), (24) we can know in some case
which cohomology classes of £ are realizable as second Pontrjagin classes.

Musashi Institute of Technology
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