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Hirzebruch proved that for any 2-dimensional complex space Y there
exists a 2-dimensional complex manifold X which is obtained by a proper
modification of Y in the inuniformisable points of Y. If Y is a Stein space,
then X is obviously a holomorphically convex complex manifold. In the
present paper we shall conversely consider the conditions that a holomorphi-
cally convex complex space can be obtained by a proper modification of a
Stein space. (In the present paper we mean by a complex space an « space
= B, space in Grauert-Remmert [37].)

The following lemma is a special case of the theorem of factorization of
Remmert-Stein [9].

LEMMA 1. Let { be a proper holomorphic mapping of an n-dimensional
connected complex space X onto an n-dimensional Stein space Y such that {
induces an isomorphism of the integral domain I(Y) of all holomorphic functions
in Y onto the integral domain I(X) in X. Then (X,{,Y) is a proper modi-
fication. Moreover, if each connected component of the set of degenevacy E of
¢ is compact in X, then (X, L, Y) is a proper points-modification.

Proor. If n=1, { is biholomorphic. Therefore we may assume that
n=2. Let x be any point of X. We denote by o, the connected component
of {7'¢(x) containing x. o, is a nowhere discrete connected compact analytic
set in X if xe E. We shall introduce an equivalence relation R in X as.
follows;

x and y € X are equivalent modulo R if o,=0,.
Let X*= X/R be the factor space of X by the equivalence relation R. If we

consider the canonical mappings A: X—X* and {*: X*—-Y, then the com-
mutativity holds in the following diagram;
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Since { is proper, 2 and {* are proper. We shall introduce a complex struc-
ture in the Hausdorff space X* such that 1 is holomorphic. Let ¥ be any
point of {(E). There exists a neighbourhood V of y with the following
property ;

There exists a proper holomorphic mapping @ of V onto a domain Z of
C" such that (V, @, Z) is an analytic ramified covering of Z.

Then (w,, w,, -, w,)=®-{ is a proper mapping of {~(V) onto Z with
the set of degeneracy EN{™*(V). From Grauert-Remmert [3] the set L of
all inuniformisable points of {~%(V') is an (n—2)-dimensional analytic thin
set in {"%(V). Let M be the set of all points of x of {(V)—L such that
ey, w,y, -, wy)/0(ty, by, -+, t,)=0 for some local coordinates ¢, ¢, -+, ¢, of x.
Then M is a pure (n—1)-dimensional analytic set in {~(V)—L. From Remmert-
Stein [8] the closure M of M in {~(V) is an analytic set in (V). Since
the set of branch points of an analytic ramified covering is a pure l-co-
dimensional analytic set from Grauert-Remmert [3], we have L C M. It holds
that EA (V)T MVUL=M. N=®-{(M) is an analytic set in Z from
Remmert since ®-{ is proper. We put V*=2{"%(V)). @-{ induces
naturally a nowhere degenerate proper mapping & of V* onto Z. Since ¢ is
a local homeomorphism of V*—E&-(N) onto Z—N and N is an analytic set in
Z such that £-%(N) nowhere separates Vv, (V¥ & Z) is an analytic ramified
covering of Z with the critical set N. Obviously {* is holomorphic. Let ‘@
be another proper holomorphic mapping of ¥ onto a domain ‘Z of C" such
that (V, '®,’Z) is an analytic ramified covering of ’‘Z. The corresponding
analytic sets in {"%V) and in ‘Z and the corresponding analytic ramified
covering of ’Z with the critical set /N is denoted, respectively, by ‘M, 'N and
(V* ¢ 'Z). Let v be the canonical injective mapping of V* onto 'V*.
Then the commutativity holds in the following diagram;

1) We say that a set A nowhere separates a connected set B, if B—ANDB is
connected and locally connected.
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Therefore v is a homeomorphism of V* onto 'V* and "E.yr="'0.(* is a
holomorphic mapping of V* onto ‘Z. Hence ¥ is a holomorphic mapping of
V* onto ‘V*. The complex structure in A({~%(V)) does not depend on the
special choice of @. Since £°2=@®-{ is holomorphic, 1 is a holomorphic
mapping of {~}(V) onto V*. Thus we can introduce a complex structure in
X* such that 2: X—X* and {*: X*— Y are holomorphic.

Suppose that there exists a nowhere discrete compact analytic set A in
X*. Then 17'(A) is a nowhere discrete compact analytic set in X and {(2"(A4))
is a compact analytic set in a Stein space Y. Therefore {(A~%(A)) is a finite
set in Y. Hence A itself is a finite set in X*. But this is a contradiction.
Therefore X* contains no nowhere discrete compact analytic set and X* is a
Stein space. (X, E, 4, X*, A(F)) is a proper modification of a Stein space X*
in the analytic set A(E). Since 2 induces an isomorphism of I(X*) onto I(X),
{* is a biholomorphic mapping of X* onto Y from Remmert [6] Therefore
(X, E, LY, L(E)) itself is a proper modification of a Stein space Y in the
analytic set {(£). If each connected componenent of £ is compact in X, then
C(E) is a discrete set in Y. Hence (X, E, {, Y, {(£)) is a proper points-modi-
fication of Y in the discrete set {(£). g.e. d.

A nowhere discrete compact analytic set A in a complex space X is
called an exceptional analytic set if there exists a proper points-modification
(X, A, ¢, Y, D) of a complex space Y in a discrete subset D of Y. Grauert
proved that A is an exceptional analytic set, if and only if there exists a
strongly pseudoconvex neighbourhood U of A such that A is a maximal
compact analytic subset of U&X. Similarly to Grauert [2] we shall prove
the following theorem.

THEOREM 1. A 2-dimensional connected holomorphically convex complex
space X is obtained by a proper points-modification of a Stein space Y if and
only if there exist two holomorphic functions in X which arve analytically in-
dependent at each point of X.

ProOF. The necessity of Theorem 1 follows immediately. Therefore it
suffices to prove the sufficiency of Theorem 1 in case that X is not K-complete.
From Remmert [6] there exists a Stein space Y and a proper holomorphic
mapping { of X onto ¥ such that { induces naturally an isomorphism of (Y)
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onto I(X). We shall prove that (X, {, Y) is the desired proper points-modi-
fication of Y.

Since there exist two holomorphic functions in X which are analytically
independent at each point of X, Y is a 2-dimensional Stein space. From
Remmert the set of degeneracy £ of { is a nowhere discrete analytic set
in X and {(£) is also an analytic set in Y. Let x, be any point of E such
that x, is a uniformisable point of X and that £ is irreducible and regular in
x,. Then there exists a neighbourhood U of x, such that any point of U is
uniformisable and that E is irreducible and regular in each point of U\ E.
Since %, € E, {7'{(%,) is 1-dimensional in x,. Therefore for a sufficiently small
neighbourhood U, U {7'{(x,) is a pure l-dimensional analytic set in U. We
have UN{"*(x,)C U E. Since FE is irreducible at each point of U E, we
have U (x)=Un E.

This means (U E)={(x,). We denote the connected components of F
by E; (i=1, 2, ---). Then each {(F;) consists of only a single point ¥, (=1, 2, ---)
and {y;;:=1,2,---} is an analytic set in Y, that is, a discrete set in Y.
Therefore each F; is a pure 1l-dimensional compact analytic set in X. From
(X, ¢, Y) is the desired proper points-modification of a Stein space
Y. q.e.d.

We shall prove that is a special case of a result in Grauert [2].
A complex space X is called to be exizausted by stvongly pseudoconvex domains
if there exists a sequence of strongly pseudoconvex domains X, as follows;

1 XEXpy (n=1,2, ),

2 X=UX,
n=1

THEOREM 2. A connected holomorphically convex complex space X can be
exhausted by strongly pseudoconvex domains if and only if X can be obtained
by a proper points-modification of a Stein space Y.

Proor. If there exists a proper modification (X, E, {, Y, D) of a Stein
space Y in a discrete set D={y;;i=1, 2, ---}, then from Narasimhan [5] there
exists a strongly plurisubharmonic function p >0 in Y such that {y; p(») <c}
is relatively compact in Y for any ¢>0. po{ is plurisubharmonic in X.
There exists a sequence of positive numbers ¢, as follows;

(1) ¢, <cpiy and ¢c,— 0 as n—oo,

2 {y;p(=citnD=¢ for n=1,2, .. |
Since ¢ is a biholomorphic mapping of X—F onto Y—D, p-{ is strongly
plurisubharmonic in X—FE. Therefore B,={x;p-{(x)<c,} is a relatively
compact strongly pseudoconvex open set of X. If we take a suitable connected
component X, of B, for any n, then X, is a relatively compact strongly

pseudoconvex domain of X such that X,&EX,,, and X:GXn. Hence X can
n=1



Holomorphically convex complex spaces 441

be exhausted by strongly pseudoconvex domains.

Conversely, we shall suppose that X can be exhausted by strongly pseudo-
convex domain X, (n=1,2,---). From Remmert @ there exists a proper
holomorphic mapping { of X onto a Stein space Y such that ¢ induces
naturally an isomorphism of [(Y) onto I(X). From Grauert there eXxists
a compact set K, X, such that any nowhere discrete compact analyic set
AC X, is contained in K, for any n as X, is strongly pseudoconvex. There-
fore the dimension of Y coincides with that of X. If we denote the set of
degeneracy of { by £, then we have £ X, C K,. Each connected component
E; of E is a nowhere discrete compact analytic set in X. ((E;) consists of a
single point y;. From (X, E, ¢, Y, D)is a proper modification of Y
in the discrete set D. q.e. d.

We can summerize the above results in the following theorem:

THEOREM 3. If X is a 2-dimensional holomorphically convex complex space,
the following three conditons are equivalent ;

(1) X can be obtained by a proper points-modification of a Stein space.

(2) There exist two holomorphic functions in X which arve analytically in-

dependent at each point of X.

(3) X can be exhausted by strongly pseudoconvex domains.

We remark that in a similar way can be generalized in the
case of an n-dimensional complex space as follows;

THEOREM 4. An n-dimensional connected holomorphically convex complex
space X is obtained by a proper modification of a Stein space if and only if
theve exist n holomorphic functions in X which are analytically independent at
each point of X.
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