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Introduction. A tangent bundle of the differentiable manifold M endowed
with a linear connection has the almost complex structure J associated with
the linear connection which was defined and studied by T. Nagano [8], C.]J.
Hsu [3], S. Tachibana and M. Okumura and P. Dombrowski [1], etc..
It was shown that J is integrable if and only if the torsion and curvature
tensor of the connection vanish. If we take as a metric L for the tangent
bundle the one defined by S. Sasaki using a metric of the base manifold
M, then (J, L) is an almost hermitian structure, and in the case where J is
associated with the Levi-Civita connection, (/, L) is an almost Ké&hlerian struc-
ture which is not Kéhlerian unless M is locally flat (1], [17D.

However, if M itself has an almost complex structure or almost contact
structure, the tangent bundle has a naturally related almost complex structure,
associating with an arbitrary connection, whose integrability condition does
not necessarily involve the local flatness of the connection. In §2, we assume
that M has an almost contact structure and treat the almost complex struc-
ture associated with that. Its integrability conditions will be given in Pro-
position 2.1. Especially if we adopt as the connection the Levi-Civita connec-
tion for the associated metric of the almost contact structure, the integrability
conditions are the normality of the structure and a certain relation of the
curvature tensor.

On the other hand, A. Morimoto made a study of the almost complex
structure in the product space of almost contact manifolds, and Y. Ogawa
studied the almost complex structure in the principal fiber bundle whose
structural group is a l-dimensional abelian group. In §3, we consider an
almost complex structure in the principal fiber bundle with an odd dimensional
Lie group. Some of the results in will be generalized slightly. A con-
verse of his theorem is proved. In §4, we show that, if the principal fiber
bundle with a 1-dimensional Lie group G has a G-invariant almost complex
structure, then its base space has an almost contact structure.

In the last section, returning to the tangent bundle of an almost contact
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manifold, a coordinate expression of J is given. From this it is shown that
the tangent bundle of an almost contact manifold has an almost complex
structure which depends only on the almost contact structure of the base
space and its integrability condition is equivalent to the normality of the
almost contact structure.

Here 1 express my hearty thanks to Professor S. Sasaki for his kind
advices.

1. Preliminaries.

For a differentiable (C*) manifold M, FM, XM, and TM denote the ring
of all differentiable functions on M, FM-module of differentiable vector fields
on M, and the total space of the tangent bundle of M respectively. Z, for
ZeXM,pe M, is the value of Z at p. If p: M— M’ is a differentiable map,
we denote the differential of g by the same letter and its dual by g*.

1. An almost complex structure. A tensor field J: XM —XM is an almost
.complex structure if /2 X=—X for X=XM. The Nijenhuis tensor N is by
definition

NX, Y)=0[X, YI+JUJX, Y I+/[X, JY ]-[JX,JY ]

for X, Y «XM. Jis said to be integrable if N=0.
il. An almost contact structure. A (1,1)-tensor ¢, a vector field & and a

1-form 7 define an almost contact structure in M (dim M = 1) if
P*u = —u-+nwé§,
& =1,

for ue XM. Several tensors which we put below were defined and studied in
[167], € denoting the operation of Lie derivative,

Su, v) = Lu, vi+¢lou, vi+glu, pv]—Lou, pvl+{v. nW)—u - nW)}¢,

Si(u, v) =8(@Qu)n - v—L(¢v)y - u ,

S =L - u,

Ss(u) =2 - u,

for uy,ve¥M. It is known that S=0 implies S,=S,=S,=0 and such an
almost contact structure is called to be normal. An associated metric g is
one such that n(u)=g(&, u) and

g, v)=g(gu, pv)+7yw) - n(v)
for u, ve XM.
iii. The tangent bundle. For the linear connection ¥V and u, ve XM, let
V,u be the covariant derivative of u with respect to v. If we consider u as a
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map u:M— TM, we get the image u(v) of v by its differential u: TM—TTM.
And it is verified that any point of TTM is expressed in the form u(v) for
some u and v. Then the connection map K:TTM—TM is determined by

Pou=K- u).

The expression of K by local coordinates is used in §5, for the details see

and [4]. The almost complex structure J of TM defined in [1] and
is as follows

(JX)=—-K, X, K(UX)=rX
for X X¥TM, z< TM, where © is a projection TM— M. The integrability
condition of J is the local flatness of the connection. If g is a Riemannian
metric for M, the metric L defined by

LX,Y)=g@&=X, zY)+g(KX, KY)
for X, Y € XTM, together with /, defines an almost hermitian structure on TM.
And if K comes from the Levi-Civita connection for g, the pair (/, L) is
almost Kéihlerian, which is not Kéhlerian unless M is locally flat with respect

to g. On the other hand, if M has an almost complex structure h, TM has a
natural almost complex structure J’ such that

(' X)=hpr, X, K(JX)=h,KX

for X = XTM, z< TM, where K is a connection map with respect to the linear
connection F. J’ is integrable if and only if

(1.1) h: integrable,
1.2) R(u, v)—R(hu, hv)-+h - {R(u, hv)+R(hu, 1)} =0,
1.3) Prsh—h - Vh =0

for u, ve XM, R denoting the curvature tensor of J.

If (h, g) is a hermitian structure and F is the Levi-Civita connection for
g, then (1.1) and hold. Moreover if (h, g) is a Kihlerian structure, then
is automatically satisfied too. That is to say, the tangent bundle of a
Kéhlerian manifold has a complex structure as above. |

In §2, we treat the case where M has an almost contact structure, and
we utilize the followings (see P. Dombrowski [1]): By u* and v° we denote
the horizontal and wvertical lift of u# and v of XM respectively, which are
characterised by K(u*) =0, n(u*) =u, K(v°)=v and =(v°) =0. Then the relations

[u®,v°]1=0,
[u* v ]=F.0)°,
([, v¥]) = [, v,

K, ([u*, v¥]) = Ra(u, v)z,
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for z= TM, hold good, where K is a connection map with respect to the linear
connection ¥ and R is the curvature tensor of V.

2. Almost complex structures of the tangent bundle of an almost
contact manifold.

Let ¢, & and 7 be the structure tenscrs of M. The definition of an almost
complex structure J of TM is

7.(JX) = Gt . X+ Yo K, X ) rs s
Kz(]X) - ¢ﬂszX"777rz<7er)E7rz ’
for X=XTM. As for the horizontal lift u* and vertical lift v° of u and v of
XM, the operation of J is characterized by
Ju* = (pu)*—(n(wé)° ,
Jv° = (dv)°+)E)*.
A. Integrability. Now, turning to account the identities in §1, we cal-
culate the value of N,(X,Y) for X, Y €XTM. It suffices to perform in the
following cases for u,v XM such that n(u) and »(v) are constant, because

we are able to replace u by @ = 9.,(u)é—d?u for fixed mze M. Abbreviating
zz in the right hand side, we get

2.1) T, N (u*, v¥) = S(u, v)+n{R(Pu, v)z+R(u, ¢pv)z}&
+n) - pV.E)E— 1) - n(F.E)E ,
2.2) K, N,(u*, v*) = R(u, v)z—R(¢u, v)z

+@{R(pu, v)z+R(u, ¢v)z}
+S:(u, VE+PW{P - Vb —Fo.E}

— (NP - Vb —Fs.b},
where we have utilized that S;(u, v) = —»{[u, ¢v]+[ou, v]}.

2.3) m KW*, v°) = —Fp) ) - E=Fun)(PV) - &
+ WIS (W+ - R(u, £)2)§},
(24) szvz<u*’ vn) = 77(0){925 . R(u: E)z——R(gbu, S)Z}

=) - YWl +¢ - Vup - v—Vuf - v
—pW)SWE—Fup)®) - €,
2.5) T, N, v°)=p@)Fen - WE—p(wFey - WE,
(2.6) KN, v?)=n@) Ve - u—nulVep - v.
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Therefore we have
PROPOSITION 2.1. An almost complex structure of TM associated with the
almost contact structure of M and an arbitrary linear connection V is integrable

if and only if the followings are satisfied

2.7) S(u, v)+7@) - FE)s—7(W) - 7Fuf)E =0,

(2.8) S, V)+F7WNP - V& —F5,.8)—7nW)(P - Vb —Fp.E) =0,

(2.9) o)) - E+Fun)(v) - E—7n(W)S,(w) =0,

210) @ Tup - v—Tsuf - V=) - E—7(WISs(W) - E—n(w) - (WIWeE =0,
@.11) N T u—n@ v =0,

(2.12) n@) V¢ - u—n) -Vsp-v=0,

(2.13) R(u, v)—R(¢u, ¢gv)+¢ - { R(pu, v)+R(u, ¢v)} =0

for u,veXM.
PROOF. Necessity: We separate each term into two parts according as

it contains z or not, then (2.7) ~(2.13) follow.
Sufficiency: It is enough to show the next relations

2149 {R(Pu, v)+R(u, pv)} =0,
(2.15) ¢ - R(u, ©)—R(pu, £)=0.

Replace » by & in (2.13) and operate 5, then we have 7 - R(u, §)=0. Similarly
replace u in (2.13) by ¢u and operate 7, then n{R(¢u, v)—R(P?u, pv)} =0 fol-
lows and we have (2.14). Next we put v=2¢& in (2.13), getting

If we operate ¢ to the last equation, it turns to (2.15). Q.E.D.
The conditions in Proposition 2.1 are too much complicated, and so let g
be an associated Riemannian metric to the almost contact structure and con-
sider the Levi-Civita connection D for g. Here we prepare lemmas.
LEMMA. The neccessary and sufficient condition that an almost contact

metric structure is normal is that
(2.16) ¢ Dyp-v—Dspy@ - v—(D)@) - £ =0

i1s valid for any u and v of XM.
This is stated in [9] in somewhat different form. In order to see the

necessity (only which we need later), it is enough to verify
g(S, v), 1) —g S, ), W+g(S{r, w), v)
=280, ¢ Dyp-v—Dg,p - v—(D)v - §)
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for u, v, r € XM.

Now, by this lemma if S=0, the relation replaced u by & implies
¢-D:p=0 and, as - Dep=—Dzn-¢=0, we have D:¢ =0.

LEMMA. For the Levi-Civita connection D, the normality of the struclure

yields and [2.9).
Proor. The relation S,(u)=0 is written in the following from
(2.17) D:p-u—Dg,+¢-D,E=0.

Using D:¢ =0 we obtain [2.8). To verify [29), we consider inner product of
D¢, E—¢-D,E (=0) and v of XM

g(DQMSr U)‘*“g(Dug! ¢U) =0 s

where we have utilized g(u, ¢v) = —g(du, v). If we notice g(&, v)=73(), we
see that (Dg,n)v-+(D,7) - pv=0.

PROPOSITION 2.2. An almost complex structure of TM associated with the
almost contact metric structure and the Levi-Civita connection D is integrable
if and only if the structure is normal and the curvalure tensor satisfies the
following

(218 R(u, v)—R(pu, pv)+¢ - {R(u, pv)+R(pu, v)} =0

for any u, ve XM.

Proor. Necessity: TFor the Levi-Civita connection %(D.§)=0 for any v
of XM is valid and so S=0 follows from (2.7). (2.18) is the same as (2.13).

Sufficiency: By virtue of the preceding lemmas, all (2.7) ~ (2.12)
follow from S=0.

COROLLARY. [f the almost contact metric structure of M 1is derived from
a contact structure, then the almost complex structure J defined as above is not
integrable.

PROOF. Suppose that / is integrable, by Proposition 2.2 this contact metric
structure is normal and we have ([127)

(2.19) 4y - Ru, )r=n)g(u, r)—yu)gw, r) .

However, (2.18) implies »-R(§, v)=0. And (2.19) leads the relation g(v, »)
=) - n(r) which is impossible in the case of dim M =3.

B. Almost hermitian metrics. As a metric L in TM, following [13] we
define

(2.20) L(X,Y)=gn(m. X, .V )+ gz K. X, K,Y)

for X, Y €XTM, z= TM, where g is the associated metric. The pair (J, L)
defines the almost hermitian structure of 7'M and the fundamental 2-form £ is

EX,Y)=gxX, oY +9(KY)&)+g(KX, pKY —p(xY)E) .
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PROPOSITION 2.3. This almost hermitian structure is an almost Kdhlerian
structure if and only if the almost contact metric structure and the linear con-
nection V satisfy the followings,

(2.21) ¢ -Ru,v=0,

(2.22) (") - R(u, v)z+nw - R, Nz+7@)y - R, wz=0,
2.23) n(dy(u, V)—p@l,y - r+7@W7, -r=0,

(2.24) dl =0, V=0,

for any u,v,r, z€ XM, where {(u, v)=g(u, ¢v).
For the proof, the standard formula is

W@EYX,Y,Z)=X B, Z2)+Y -B(Z X)+Z-5(X,Y)
—E([X, Y], 2)-E(LY,Z], X\)-E(Z, X1, Y),

for X,Y,Z<XTM. We carry out the following computation assuming that
n(u), n(v) and n(r) are constant and abbreviating mz in the right hand side of
the equations

(2.25) (dE),(u*, v*, 1) = (dO)(u, v, D+ 7P)y - R(u, v)z
+n@n - R, Nz+n@)y - R(r, wz,

where we have used the lemma below.

(2.26) (dE).(u*, v*, r°) = p(r)(dn)(u, v)—g(R(u, v)z, 1)
— Vg - v+ -7,

(2.27) dE).w* v, r) =g, Vup - N+Tu ), $1),

(2.28) (dEN(u®, v°, 7°)=0.

Necessity: As the right hand side of is equal to (7,0)(v, r), we
have (2.21)~(2.24). The converse is clear.
LEMMA. In the notations above

(2.29) ur - B, r) =y, - g0, 1),

(2.30) uf - E(@w*, r°)=0,

(2.31) uf - EQ°,r°)=un, - g(v, ¢7),

(2.32) u; - @, rH)=u; E@* r)=u; - @, r°)=0

hold for any u,v,rv & XM such that n(v) and n(r) are constant.

Proor. Denote by @, and ¢, the local 1l-parameter groups generated by
u* and u about z € TM and =z € M respectively, then ¢,rz=1r@,z. As 5, (v*, r*)
=gn.(v, ¢7), we obtain (2.29). Demonstrations for others shall be omited.
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From [Proposition 2.3 we get

PROPOSITION 24. If K is defined by the Levi-Civita connection for g, then
the almost hermitian structure is almost kdhlerian if and only if the almost
contact metric structure satisfies D¢ =0 and has zero curvature tensor.

In fact, from D¢ =0 follows. And so D&=0 and Dyp=0. By Ricci
identity for % we have %.R(u,v)z=0. Combining this with we get
R=0.

COROLLARY. If the almost hermitian structure (in Proposition 2.4) is almost
kdhlerian, then it is necessarily kdhlerian.

C. Transformations. We shall show first the following

PROPOSITION 2.5. Let a diffeomorphism p of M be an automorphism of
the almost contact metric structure and assume that the connection map is of
the Levi-Civita connection for g. Then the extended diffeomorphism fi of p to
TM is an automorphism of the almost hermitian structure (J, L).

Proor. First we know that, if p is an isometry, pK= Kj ([4]). Then
by definition (2.20) # is an isometry for L ([13]). And by pd=aoy, p*u=7y
and pé=¢& we have

Tl X = pphpTt, X +1(K X ) - 1€
= PupttpTo X+ (Ko X )€
= P upTafte X 41 (K2 X )€ up
= Tl el X
for Xe€ XTM, ze TM, p==mz. Similar calculation yeilds

Kﬁzﬂz]zX = Kﬁz]/_izﬁzX .

Therefore ff =]g.

REMARK: The same thing holds for an isomorphism g:M— N of two
almost contact Riemannian manifolds.

Next, about the action of w* or v° to J or L as an infinitesimal transfor-
mation, we have

PROPOSITION 2.6. Let J be associated with an almost contact structure and
a linear connection V. Then u* is almost analytic if and only if

(2.33) rup=0, Swe=0,
(2.34) nLu, E1+F)(r) - =0,
(2.35) Ry - Né+n(r) - 7,6 =0,
(2.36) R, ¥)+¢ - R(u, 1) =0,

for any re XM. v° is almost analytic if and only if
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(2.37) P4 - Vav=0

for any r € XM.
Proor. Assuming that »(r) is constant, one computes straightforwardly,
getting
(&, - r*) =M, E1+T.@ - &,

K&W*) ], -r°)=V,¢ - r+n{) - R(u, £z,
TR, - r*) = )¢ - r—(R(u, 2)§,
KRW*J, - r*)= R, ¢nz—nr) - V.&

—¢ - R(u, r)z—&un - nE.
Likewise one has
L), -r°=—nNF:)°,

L ). r*=(¢ -V, 0)°—Fs,0)° +(F,0) - £)*.

COROLLARY. If J is associated with an almost contact metric structure
satisfying D:¢=0 with respect to the Levi-Civita connection D, then &° is
almost analytic if and only if S,=0.

In fact, suppose that S,=0, or (2.17) holds. Then by D:$ =0, we have
¢ - D,E—Dy,£=0 and therefore

D,.&—n(D,)é+¢ - Dy, § =0.

As n(D,£)=0, (2.37) follows. The converse is similar.

REMARK 1. If the almost contact metric structure is normal, we have
D:$=0, and S,=0.

REMARK 2. If the almost contact metric structure is a contact metric
structure such that ¢ is a Killing vector field, we have also D;¢ =0 and S,=0.

COROLLARY. If an almost complex structure J associated with an almost
contact metric structure and the Levi-Civita connection D is integrable, then &*
1s analytic.

Because, from Proposition 2.2, we see that the almost contact metric struc-
ture is normal, then by the preceding Corollary, &° is (almost) analytic. As
J is integrable, J&€° = &* is analytic too.

PROPOSITION 2.7. With respect to the metric L (2.20), u* is a Killing vector
field if and only if u is a Killing vector field with respect to the metric g and
satisfies V,g=0 and Ru,r)=0 (Risof V) for any r € XM. The necessary and
sufficient condition that v° is a Killing vector field for L tis that v is a parallel
Jfield with respect to V.

Proor. For r,s= XM, z= TM, we have

L)L (r*, s*) = Lu)gn(, ),
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LWL (r*, s°) = —gn(R(u, 1)z, 5),
LQUUFYL(r°, s°) =F.g)x7, S) .
And similarly
L)L, (r¥, s¥) =)L (r°, s°)=0,
L)L (r*, s°) = gr, Vv, S) . Q.E.D.

From this, we know that the horizontal lift u* or vertical lift »° of u,v
& XM, or their linear combination with real coefficients, cannot be an infin-
itesimal (non-isometric) conformal transformation.

REMARK 3. Let K and K be two connection maps, then there exists a
(1,2) tensor U on M such that

KX=KX+Un(zX, 2)
for X XTM, z< TM. Hence if we fix one connection map K and correspond-
ing almost complex structure J, then J is related as follows
7T7<7X) = ”z(]X)’%ﬁﬂz(U(ﬂX: 2)éxz
K(JX)=K(JX)+¢z - UxX, 2).
REMARK 4. Though we have handled / in the most simplified form, one
may deal with the following somewhat intricated J’s
/X = e pr X+ {anKX+byr X}§&,

©
KIX = e, KX —{bpKX+a- (1 +b)naX}E,

€y, & being 1 or —1, a non-vanishing scalar and ) arbitary scalar. Or
] X =, ¢ KX+ {anKX+bpr X}£,
KX =¢,pn X—{bnKX+a Q4D ye X}E,

where ¢,-¢,=1, and a =0 everywhere on TM.
In the next section on principal fiber bundle, we shall adopt the style (¥).
(Cf. Proposition 4.2.)

3. Almost complex structures in principal fiber bundles over an
almost contact manifold.

We consider an arbitrary connection w in P, P=P(M, G, =) denoting the
principal fiber bundle with group G and projection . Analogously we use
the notation u*, A° for the horizontal lift of u € XM and fundamental vector
field with respect to A €@, & being the Lie algebra of G. Then we have
(see K. Nomizu [10]
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[A°, u¥1=0,
[A°, B]=([A, B)",
w(u*, v¥]) = —Q2u*, v*)
for A, B ® and u, v € XM, where £ stands for the curvature form of the
connection. An odd dimensional (connected) Lie group G has many left in-
variant almost contact structures, from which we choose one (¢, &, 7). If
dim G =1, we understand that ¢ is a trivial operator. By making use of a
connection form w on P and the structure tensors (¢, &, ») of M, one may see

intuitively that P has a number of almost complex structures. Namely
J(w, a, b) is defined as follows

@.D T p(JX) = Gy X+-{a(P) - 5e(wp X)F-0(D) - 9rp(7p X )} bmy
(3.2) wy(JX) = Gw, X)—{b(D) - 1w, X)+a  (PYA+D*(PN7ry(m, X)) E,

for any X< XP and p e P, where a and b are arbitrary scalar fields such that
a does not vanish on whole P. The most standard is, of course, J(w, 1, 0).
We investigate the integrability conditions of /(w, @, b) for constant a, b. For
a fundamental vector field A° and a horizontal lift u* we have by definition

(3.3) JA® =(¢A)° +aaf*—bak",
3.4 Ju* = (pu)¥+bA&* —a~'(L+b%)AE°,

where we have put 7(A) = a, pr,(u) = 4,.

A. Integrabilily. Similarly we put 7(B)=J and 7.,v)=p, and we can
assume that A, ¢ are constant so far as the computations below are concerned.
(3.5 TN(A®, B*)=aij([$A, B)+[A, ¢BDE

—aby(al&, B1+BLA, £])E
=aS\(4, B)&-+ab{aS(B)—BS(A)}&,

(3.6) wN(A®, B°)=5(A, B)+bS.(4, BYE+b{aS,(B)—BS,(A)}
—b*{aSy(B)—BS(M}E,

(3.7) TN(A®, u®) = —aaS,(u) —(1+bDAS(A)e —abaS,(u)é
—ataG(E*, u) - &,

(3.8) WN(A®, w¥) = —a='(1+b2)AS,(A) +a~(14-b2)bAS,(A)E

+a(+0)S,wE +aal(E, (pu)*)
—aagsN&*, u*)+abag (&, u*) - &,
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3.9 rN(u*, v¥) = S(u, v)—bS,(u, V)§+b{pS,(W)—1S,(v)}
—b*H{AS;(0)—pS,(W)}é
—ai{QU($w*, v¥)+2(u*, (Pv)*)}&
—ab7{QQ&*, v+ 2u*, p&N)E,

(3.10) wN@*, v¥) = —QW*, v*)+2(pu)*, (gv)*)
+b{R(AE*, (v))+L(gu)*, p&*)}
—{L2Pw*, v¥)+2u*, (gv)*)}
—b{R(A*, v¥)+2(u*, ps*)}
+o7{Q2UPw*, v+ L2@*, (gv))+b2AEF, v*)
+0Q2(u*, p&*)}E+a1A+09S,(u, v)&
+a~ (1 +-52)b{AS,(0) — S, (W)} € .

We suppose that S and S vanish, and J is integrable, then we have from

3.7 7O(E*, v =0.

From [3.8), [(3.9) and [3.7), we get

3.8y L2(&*, (Pv))—p2(E*¥, v$) =0,
B39y TLUPw*, v¥)+L2u*, (v} =0.

By [B.7), [B8Y, (3.9) and we obtain
(31D L, v)—L2(guwr*, (po))+5{2(Pw*, v¥)+2u*, ($v)*)} =0.

Conversely if S=S5=0 and hold, then J is integrable.

PROPOSITION 3.1. The principal fiber bundle P(M, G, ) over an almost
contact manifold M, on whose structure group G of odd dimension we fix a
left invariant almost contact structure, admits an almost complex structure
J(w, a, b) depending upon a connection form w and scalar fields a (#+0) and b
on P. When a and b are constant and both almost contact structures are nor-
mal, J(w, a, b) is integrable if and only if 2 satisfies [(31L). In particular, if
2 is of type (1,1), then J is integrable.

To prove the last statement, we note that the condition

(3.12) QUX,Y)+2(X,JY)=0
for X, Y XP is equivalent to
(313 QUPwr*, v)+L2w*, (gv)*)=0.

Because, if we set X=u*, Y=A° in we have Q(u*, £¥)=0. Next we
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put X =u*, Y =0% then follows. Converse may be verified also.

REMARK 1. If dim G=1 and the almost contact structure of M is normal,
then J for constant a %0, b is integrable if and only if £ is of type (1,1)
(11D.

REMARK 2. Any reductive, for example compact, odd dimensional Lie
group has a left invariant normal almost contact structure ([6]).

PROPOSITION 3.2. Suppose that the almost contact structure of M satisfies
S,=0. Then J(w, a,0), a being non-zero constant, is integrable if and only if
S=8=0 and (3.11) are satisfied.

PROOF. Sufficiency is contained in Proposition 3.1. Necessity: As b=0,
S=0 follows from (3.6). Hence by (3.7) and 7.S,(w)=S, (u, £)=0 we get
782(&, u*)=0. Furthermore from (3.10) we get (3.11). If we replace u of (3.11)
by ¢u and operate 7, we have (3.9)’. Finally from (3.9) we have S=0.

REMARK 3. If the almost contact structure is derived from a contact
structure, S; =0 holds always ([16]).

B. The actions of A° and u* to J.

PROPOSITION 3.3. Let A°, A€ @, be a fundamental vector field and con-
sider J(w, a, b) for constanis a0 and b. A° is almost analytic with respect to
J if and only if A leaves & and & invariant.

PrROOF. All we have to check is the value of Q(A°)/-B° and Z(A°)]-u*
at a point p P,

(3.14) mp(8(A°)] - B°) = a{&(A)7 - B}&ny,

(3.15) wQ(A*)T - B° =L(A)¢ - B—b{¥(A)7 - B}é—b7(B) - A€,
(3.16) TQ(A - u* =0,

(3.17) W QAT - %) = — a1 (1402, (u) - RIAE .

REMARK 4. If dim G=1, any fundamental vector field is of the form a®
for constant « and is almost analytic with respect to J in Proposition 3.3.
ProPOSITION 34. In P we suppose that the curvature form satisfies

(3.18) Qu*, v¥) 2™, (v)*)=0

for u,v e XM. Then the necessary and sufficient condition that the [ift x*, x
e XM, is almost analytic with respect to J(w, a, b) for constants a=0 and b, is
that x leaves & and ¢ invariant.

Proor. This is a consequence of the following computations

(3.19) mR(x] - A° = an(Alx, £7,
(3.20) w8 - A° = —af(ARAx*, £%),
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(3.21) 7Q(x®)J - u* =Lx)P -u +bp(wx, E]+anQ(x*, u*) . &
+oR()n - wE,
(3.22) W Q)T - u*) = a~ (1 +b2)( Q) Dy - WE—L(x¥, (pu)*)

+PR(x*, uF)—bng,(W)2(x*, %)
—bQ(x*, u¥) . £.

REMARK 5. The condition (3.11) is weaker than (3.18). Hence, if the
almost contact structures of M and G are normal and the curvature form of:
the connection satisfies (3.18), then the lift x* of a vector field x on M which
leaves & and ¢ invariant, is an analytic vector field. Consequently Jx* = (¢x)*
Fbyp(x)E*—a~1(1+bH)p(x)€° is also analytic. As for the analytic fundamental
vector field A°, similarly (6A)°+a7(A)E*¥—b7(A)E° is analytic, but in this case
each component is itself analytic.

REMARK 6. If the holonomy algebra is odd dimensional, then (3.18) means
that the curvature form £ vanishes.

C. Almost hermitian metrics. These almost complex structures have
almost hermitian metrics, however, for brevity we restrict ourselves to
J(w, a, 0) for non-zero scalar ¢. Then natural metric L = L(w, q, g, §, k) may be

Ly(X, Y)=k(P)gn (7, X, 7, Y)+a*(Pk(PZ(w,X, w,Y),

g and g denoting the associated metrics of (¢, &, 7) and (g, &, 7) respectively
and % a positive scalar on P. Now we have the fundamental 2-form

EX,Y)=LX,JY)=—-LUX, Y).

In the case of dimG =1, Y. Ogawa proved in [117] that, the almost her-
mitian structure {J(w, 1, 0), L(w, 1, g, 1, k)} of P defined by an integrable con-
nection w and an almost contact structure associated with a contact structure
7y, is almost kéhlerian if and only if dlogk=—w i.e. dk=—kw. From the
last condition one sees that, if P is almost k&hlerian, 1-dimensional Lie group
G is not a toroidal group but a group of real numbers, since Q(&°)log k= —1.
Further, each fiber over x € M has a unique point % satisfying k(¥)=1. Then
6 :x— % is a horizontal cross section and (M) can be considered as a contact
Riemannian manifold by 6~y and 6-*g. Thus, P= MXR and (M) = (M, 0),
k(x,t)=e*. Consequently, we have dt=w and by Y. Tashiro’s result [18]
6(M) is a totally umbilical hypersurface of P.

Now, we clarify the Y. Ogawa’s result.

PrROPOSITION 3.5. If the almost hermitian structure (J(w, 1,0), L(w, 1, g, 1, k))
of P(dim G =1) is defined by the integrable connection w. Then from the two
of the next conditions, the remaining one follows
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@ y: contact form,
(i1) (J, L): almost kihlerian,
(iii) dk = —hkw.

We have only to prove (ii), (iii)—(i). For u, v such that »(u) and 5(v)
are constant, we have
(@E)w*, v¥, £7) = w¥k - n(v)—v*k - n(w)
+&k - gu, po)—kg([u, v, &).
By ¥k =1i(u¥)dk=0, £°k=—Fk and p(u, v])= —dn(u, v), we get
g(u, ¢v) =dn(u, v) .

This means that » is a contact form on M.

4. Almost contact structures of M induced from an almost complex
structure of P(M, ), (dim G = 1).

In the principal fiber bundle P with a 1-dimensional Lie group G, let A°
and w stand for the fundamental vector field and connection form such that
w(A°)=1, considering w as scalar valued. We assume that P has an almost
complex structure J which is invariant under the operation of G. Define
E=mnJA"°, then & is a vector field on M which does not vanish everywhere on
M. Therefore it is possible to find a 1-form 7 such that »(§)=1. Finally
we define ¢ as follows

4.1 Pu = nJ(u*—nW)&*) —nr/(w*—nw)&*) - &
for u e XM, where u* and &* are the lifts with respect to w and &¥=JA°
—w(JA°)A°. Then ¢ satisfies ¢& =0, n¢p =0 and
(4.2) (Pu)* =J(Ww*—nW&*) —w/w* —n)§*)A°
—naJWr—n)é*) - &*.
Replacing u of by ¢u and using we have

Pu= —u+nw)§.
This proves

PROPOSITION 4.1, Let G bea 1-dimensi0nql Lie group. Ifjis a G-invariant
almost complex structure in P, then M has an almost contact structure ¢, &, 5
defined above.

From (4.2) it follows that

4.3) Ju* = (puy*+naju . &F+wju* . A° .
And as JA® =&*4+w(JA®) - A°, if pnJu* and wju* are proportional to 7(u), we
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have
naju* = —w(JAIn(u),

wiu* = —(14+w*(JA* () .
Therefore
PROPOSITION 4.2. Notations being as above, if prju* and wju* are propor-
tional to m(u). The relation between J and ¢, &, 7 is J(w, 1, —w(JA®)). More-
over if wJA° is constant, then we can rvefer the integrability condition to Pro-
position 3.1, 3.2.

5. An almost complex structure of 7’M depending only on an almost
contact structure of M.

For a coordinate neighborhood U of M with coordinates (s*:1=1,2, -,
2n+1), we may take n~(U)~ UXE as a coordinate neighborhood of TM, E
denoting (2n-+1)-dimensional Euclidean space, with coordinates (s%, z/), where
z/ are components of a tangent vector with respect to the natural frame. If
U(s) N U’(s’") is non-empty, the coordinate transformation of (z=U)z~Y(U")
is

S/i — s/i(sl, 32’ e, Szn+1) ,
. 0s
"= ost <
And we have the matrix
as/i
0s’ 0
G.1) Ty = , .
v azs/z i asm
dsiosk © s’
Let X =(X? X™"), m=2n-+1, be a vector field on TM, then we have
(WZXY =X ’

XY = X" 4271, X",

where 4, is the connection coefficients. By the definition of J in §2

[ (JX)Y = ¢§ X (X ™+ +27 T XOE"

[K.(JX)) = ¢4 (X ™I +2" T}, X)—n, X8,
From this we have the local expression of J

Ji=¢5+zmd L8,
(5.2) bes =5,
Jpri= @il 2 — 2220, I — g5 iz — &'y,
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wh= g —2 Tk,

We want to get an almost complex structure which is independent of the
linear connection. For this purpose, suppose tentatively that the linear con-
nection I' is symmetric (@, &, n)-connection (such a connection does not always
exist, cf. [16]), then turns

¢J +ZT§1 asr ’

ﬁw:Sim,
s = 5 +zr‘%§;‘7]j ,
because, for example, &7;, =1}, = gf; These suggest us the possibility
of definition of @, in =~(U) by
P} +2"E" %Zi &,
(5.3) Q)U= ¢] 25t oy, . ‘ st

+22 “ost s —&'n; Pf+2" os” i
And as the following relation is demonstrated directly
(5.4) Tgl¢uTg/ = ¢U’

in (z'U)YN(="U’), we see that @ is a tensor field on TM. Further, @OX
=—X for any X € XTM is also verified. Thus we obtain

ProprosITION 5.1. The tangent bundle of an almost contact manifold M
has an almost complex structure @ depending on the almost contact structure
of M. The necessary and sufficient condition that @ is integrable is normality
of the almost contact structure.

Proof of the last statement follows from the next lemma. Namely if
S=0, we see that @ is integrable. Conversely if @ is integrable, by and
we get S=0.

LEMMA. Let ¥ be the Nijenhuis tensor for @, and N%, Ny, N% and N;
be the components of S, S;, S, and S, respectively (see [16]). Then the follow-
ings are valid.

(5.5 Ui = N+ 28 Nig+ 2420, e N 53— 870, N 3 +22°E* N1 ;0 5 9x1)
(5.6) w§ m+k — 77ka;+SiNkj’f“ztEi(ath’?k'_Nkamj) ,



184 S. TanNO
(5.7) }";{7’ - ’EiNjk‘I_Zy][ij% +Z‘(atN§'k_2NEj77k]atEi

+2£%0"n: ;N —Zpap‘siat ik
+227290,'071x0 1o N jy— 22700 1 N,

(5.8 Uhrjmen= 280Ny,

(5.9) Umit = Ni+E7;Ne 210N i—1,0,Ni—0,6N
—2P0,£',;0,N;+270,60,m:N;) ,

(5.10) Unth mew= 2N +22°0,6"00e Ny

where 29 ;Nyy = n;Ny—niN;, etc., and 0,=0/0s".
PrRoor. Because of complexity and lengthiness of the calculations, we
give here only for (5.5). We use the notations 0,.,=0/0z". Then

8[7@3‘] = a[1¢§'3 ‘{_Ztaz"][]‘arjsi_’—Eiztaﬁ(a[TUf]) .
And so
(5.11) 2070, 9 = A%+ Bl

where
Alp= 2070 wPht QSiztaﬁjar‘fi

—$%2'0,9,0,6' 20762001, 1 1)
Bl = 2£70;,441270 71, +£70,£0,2'017 ;270 s,
—2'2PE70,7,0 30,61+ 2272"€70 1, £70,(0:,9 1) -
On the other hand,

Za[m-f-r@}] - Zgia[ﬁ?]’] —‘ajfi% s
and hence

(5.12) 205" 0m+ Py = Cly+Dip+Ely
where
Cly=28'2'0,9701,1 1 —0,69,2'0.9%,
Dy = 262'270,670 000,01 —2' 270,710 60,67,
e =—28"E 0, 1i0,E°
As ¥, is given by
Wty = 2A 00+ 2B+ 2C +2D g+ 2E s

we simplify the right hand side. Writing, for example, the first term of Aj,
by Ai(1), we have

(5.13) 2Ac5n (D) +2E54(2) = N .
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Following relations may be verified also.

(5.14) Bin(2)=0,

(5.15) (D Di(2) =0,

(5.16) An(3)+Cin(2) =0,

(617 Eda(D) = &Ny

(6.18) A2+ Blin) = 209uN},
(5.19) B+ D) = E'2°250,9140 1y Nz

(5-20) 2A [%k](‘l)‘f'zctf;k](l) = 2§i2tat[¢[£(a 7743 —aﬂ?r)] = —Eiztachk .

Summing up (5.13)~ (5.20), we have proved [5.5).

It has shown that an almost contact manifold has a symmetric (g, &, 7)-
connection 7 if and only if 5 is closed and the structure is normal ([16]).
Therefore if we notice that, when J is defined by this connection F, J coincides
with @, we get from [Proposition 2.1 and 5.1 the following

COROLLARY. Let M be a normal almost contact manifold such that 5 is
closed, then any symmetic (@, &, n)-connection satisfies the following

R(u, v)—R(pu, pv)+¢ - [R(pu, v)+R(u, ¢v)]=0
for any u,v < XM.

Tohoku University
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