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§1. Introduction.

Let S be a locally compact metric space and D be an open set having
closure S and non-empty compact boundary 0D =S—D. Let B(S) [B(@0D)] be
the Borel field generated by all the closed sets in S [dD], and B(S) [B(0D)]
be the space of real-valued bounded B(S)-measurable [B(0D)-measurable]
functions on S [0D]. Suppose that we are given a Markov process X = (x(w),
W, P,: x=S) taking values in S. Here W is a space of path functions w, and
we denote the initial point by the subscript x in P,. Precise definitions will
be given in Section 2. The word ‘Markov process’ is used for time homo-
geneous Markov process in this paper. We define operators G,: B(S)— B(S)
and H,:B(0D)— B(S) by

Gaf W=E.[ [ e tfexpat]

Hof()=ELe~*f(xs)],

where ¢ ={(w) is the lifetime, 0 = o(w) is the first hitting time to 0D, and E,
is the integration by P,. We call G, the a-order Green operator of X, and
H, the a-order hitting operator to 0D of X. G, [H,] is an integral operator
by a measure G.(x, dy) [Hu(x, dv)] on S [dD], called the a-order Green measure
[a-order hitting measure to 0D]. Further, define Ggi»: B(S)— B(S) by

and

Grnre=E [ et dt].

Then, Gpir is the a-order Green operator of a Markov process, which we call
the minimal part of X. To say intuitively, we get the minimal part, killing
x, at the instant x, reaches dD. Roughly speaking, the motion of X is deter-
mined by its minimal part and its behavior on the boundary. But, how can
we characterize the behavior on the boundary? This is not simple, since the
time spent by X on the boundary may have zero Lebesgue measure. We are
concerned with this problem under some conditions.

Let m be a measure on S finite for any compact set, and let m(dD)=0.
m is fixed through this paper except in Section 6. We assume that the
Markov process X satisfies’ Condition (A) stated in Section 2. Condition (A)
requires, among others, that G.(x, dy) is expressed by g.(x, ¥)m(dy) for each x
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in S and dy in a neighborhood of the boundary, and that the function g.(x, y)
is jointly measurable and uniquely determined for x in S and y in a neigh-
borhood of dD by a certain regularity condition. The main purpose of this
paper is to prove the following theorems.

THEOREM 1. For each a>0, xS, and f < B(S), thereis one and only one
finite signed measure p.(dy, f) on 0D such that

(L1 Gaf @) =GB+ gax, Mptaldy, 1)

holds. p(dy, f) depends only on the minimal part of X. That is, if two Mar-
kov processes satisfying Condition (A) have the same G®i, then they induce the
same pdy, f).

Put p(dy)=p,(dy, 1), and let us define an operator K*: L.(0D, p)— B(0D) by

L2 Kf@)=[ g0 DfO)tdy),  x€dD.

THEOREM 2. The Green operator of X is decomposed as follows:
(1.3) Go=Gyn+H,K*H,, a>0,

where ﬁa is an operator from B(S) to L.(0D, y) depending only on the minimal
part of X. H, is also determined by the minimal part.

THEOREM 3. For each a>0, K“ is the 0-order Green operator of a Markov
process on the boundary, which is obtained from X through time change and
killing.

We call the Markov process stated in Theorem 3 Ueno’s process on the
boundary of order a (or, simply, a-order U-process) induced by X. Let o(t, w)
be the nonnegative continuous additive functional of X corresponding to the
measure y, namely, satisfying

a9 Ef [ eedpt] =] gu @ .

We call ¢(t, w) the local time on the boundary induced by X. Write =(t, w)
for the right continuous inverse of ¢(¢, w). Then, x., is a Markov process
taking values in 0D, (that is, the Markov process made from X through time
change by ¢(#). This we call the 0-order U-process induced by X. This
nomenclature will be justified in Section 5.

THEOREM 4. Any Markov process satisfying Condition (A) is determined
by its minimal part and the 0-order U-process induced by it.

In proving the above theorems we use the process obtained by a Kkilling
of X and then by reversion of the direction of time scale from the killing
time. Its properties needed are established in Section 3. Section 4 contains
the proof of Theorems 1 and 2, while Section 5 proves Theorems 3 and 4.
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In Section 6 we shall explain our motivation to the problem, make a discussion
on Condition (A) and show further properties of the time-reversed process and
the U-process.

The Markov process on the boundary was first introduced by Ueno
in the case of diffusion processes on a differentiable manifold. There he de-
rived also the decomposition of type (see [(6.2). Suppose that m is an
invariant measure for the given process X, and X has the adjoint Markov
process X. Making use of the notion of time reversion for stationary pro-
cesses, Fukushima and Ikeda (private communication) proved the formula [1.3)
in this case, under the assumption that X has continuous paths. However,
their definitions of K¢ and fla are different from ours. Their K¢ is defined
by with g replaced by some a priori given measure v on 0D, and their

ﬁa is defined by ﬁaf(y) = fﬁa(y, x)f(x)m(dx), where the a-order hitting measure

ﬁa(a'y, x) to 0D of Xis supposed to have density A.(y, x) with respect to v(dy).
In their case, is, essentially,

f H.(x, dy)ga(y, z):f 2a(x, WH (Y, 2)
oD oD

proved by Hunt [3, III, (18, 3), p. 168]. Fukushima and Ikeda proved also the
fact stated in our Theorem 3 [2, pp. 91-100]. Invariant measures, however,
depend not only on the minimal part but also on the behavior on the boundary.
The ﬁa defined by them is not determined by the minimal part, and their
results do not imply our Theorem 4.

ACKNOWLEDGEMENT. It is my pleasure to express my hearty thanks to
Minoru Motoo and Tadashi Ueno. Motoo has been attacking the same prob-
lem and gave me important remarks. Ueno read the original draft and gave
me valuable advices.

§ 2. Definitions and assumptions.

Let S* be S\U {4} where 4 is a point adjoined to S as an isolated point.
Denote by Wy the set of all paths w: [0, +00]-S* which satisfy the following
two conditions:

(wy) w(t) is right continuous and has lefthand limits as a function of # except
at = 4 oo,

(w,) There exists {(w) [0, +o0], called the lifetime of w, such that w() e S
for t < &w) and w@) =4 for t=(w).

In particular, lir(n)w(t) exists if J(w) < +oo. Set x, = x,(w) =w(). The shifted
t1§(w

path wf of w is defined by x,wi)=x.,w). Let W be a subset of Wy,
and suppose that W is closed under the transformations w—wi for all s> 0.
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Let us denote by B(S*) the Borel field generated by the closed sets in S*, and
by B, the Borel field of subsets of W generated by the sets {x,= A} with
s<t and A € B(S*). Denote B=B,,. Given a system of probability measures
P, on B for all xeS% we call X=&,w), W, P,:x<S*) a Markov process on
S if it satisfies:

(M,) for each fixed B in B, P,(B) is B(S*)-measurable function of x;

(M) Py x,=x or 4)=1 for each x= S*;

(M;) (Markov property) for every xS, every ¢t>0 and every bounded B-
measurable f,

E(fwHIB)=E.(f).
Often we write simply X=(W, P,:x<S). We use the notation P.(B)

= 1@0PB), Exn)=[ fw)Pidw), and Exf; By={ f@)Pidw) for finite

signed measure y on S.

A function p: W—[0, 4c0] is called Markov time, if {p <t} € B, for each
t. If p is a Markov time, the Borel field consisting of all B in B such that
BNn{p <t} B, for all t is denoted by Bf. A Markov process X is said to
have the strong Markov property if, for each xS, Markov time p, and
bounded B-measurable f we have

E(f(wi) | B¥)=E, (f).
X is said to be quasi-left continuous if whenever {p,} is a sequence of Markov
times satisfying p, 10 <{ on a set B in B, then

Px(xpn—"xpi B):Px(B): xeS.
A nonnegative B(S)-measurable function u is called a-excessive (relative to
X) if
Eyleu(x) ; t <{) = u(x)
for each ¢t >0 and x = S, and if the lefthand member increases to the righthand
as t} 0. A [0, +oo]-valued function ¢(f, w) of t=0 and we W is called a
nonnegative additive functional of X if, for each t, ¢(f) is B,-measurable and if

P (o(t+s, w) = ¢(t, w)+¢(s, wf) for all ¢, s=0)=1
and

P o) =p—0) for all t={)=1
for each x = S*.

Let F be an open or closed subset of S. The first hitting time to F is
defined by

op(w)=inf {t:t>0 and x,.,w) e F},

with the convention that the infimum of the empty set is +oo. We write ¢
for 055 If F is open, then o, is a Markov time, and it coincides with the
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infimum of ¢>0 such that x,= F. Let B(F)={B:BCF and B& B(S)}. We
use the space C(F) of real-valued bounded continuous functions on F, the space
B(F) of real-valued bounded B(F)-measurable functions on F. The norm is
N Fl= sm;p [ f(x)]. We denote fe C(F) [B(F)], if f is in C(F) [B(F)] and van-

ishes outside of a compact subset of F. In case F is open, f in Cy(F) or B,(F)
is, if needed, considered as extended to S to vanish outside of F.

Henceforth the letter W is used for the subset of Wy consisting of all w
such that
(wy) for any t>0, w() 0D implies w(t—0)= 0D, and w(t—0)=dD implies
w®) 0D\ {4}.
Then, we have

LEMMA 21. o is a Markov time.

Proor. First, note that if V is an open set and if ¢,(w) < oo, then x,,(w)
belongs to VV. Let us denote by V, the set of points x satisfying d(x, 9D)
<n?, g,(w)=o0y,(w) being monotone non-decreasing, put }zlrg o.(w) = p(w).

We define ¢’ by ¢/(w)=0(w) if x,(w) & 0D, and by ¢’/(w)=0 if x,(w)=dD. We
prove p=o¢’. First, p=<¢’ is obvious. Let p(w) < +oo. If thereisan N such
that o,(w)=oy(w) for all n= N, then we have x, (w) < dD, and so p(w)=a,(w)
=o'(w) by (w;). If there is no such W, then x, o(w) € 0D and hence, p(w) = o’(w).
Thus, ¢’/ is a Markov time, and so is t4o¢’(w;). Since t4o’(wi) | o(w) as t ] 0,
the proof is complete.
Let us define wy by
x,(w) 1<s,
x(ws) = '
t=s.
Then, w e W implies w; € W for each s, and w—w; is B-measurable trans-
formation. Given a Markov process X =(W, P,:x & S), define PPin(B)= P, (w5
€ B), Be B. Then, Xmin=(W, Prin: x = S) is again a Markov process, which
we call the minimal part of X. The Green operator of Xmin is just Gir de-
fined in Section 1.
ConDITION (A). We say that a Markov process X satisfies Condition (A4),
if the following hold :
(A) X has the strong Markov property.
(4,) X is quasi-left continuous.
(A;) (Conservativity) Py =o0)=1 for each x < S.
(A9 (Regularity of 0D relative to Xmin) Pmin(? =()=1 at every x € 0D.
(A;) For each xS, G.(x, dy) is absolutely continuous with respect to m.

1) V is the closure of V.
2) d is the metric of S.
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(As) There are an open neighborhood V, of 0D and a nonnegative (possibly
infinite) B(S)X B(V )-measurable function g.(x, ¥} for each « >0, having four
properties below :

(As,)  galx, y) is the density of G.(x, dy) in V, with respect to m(dy).

(Aq,.) For each a>0 and y eV, gulx, ) is an a-excessive function of x.
(A If B>a>0, then

2u, )= £505, D+(B—a) | Calx, d2)gs(z, 9)

= g5, N+ (B—a) [ Gylx, dD)galz, 3)
holds for each x= S and yeV,.
(As,») Put GAa,f(y):j' fom(dx)g.(x, ), if the right side is defined. Then,
S

there is an «, =0 such that for each fe C(S), a >a, and ysV,, @af(y) is
defined and G.fe C(V,). For each fe C(S), aG.f(») tends to f(¥) boundedly
on 0D as « tends to infinity. For each a > «,, there is an f& C,(S) such that
Gaf(3)=1 on aD.

(A;) For some a; >0 and some finite signed measure y, on S, define m, by

mo(F) = j Td0GEE, F), Fe B(V,).

Then, m, is nonnegative on V,, and m is absolutely continuous with respect
to m, on V,—0D with continuous density k(x)®.

We call g.(x, y) the a-order Green function of X. For yin a neighborhood
of 0D, the Green function is uniquely determined by X and m. For, we need
only verify it for sufficiently large a by (A,,,), and, if g.(x, y) and gi(x, y) are
both Green functions of X, then (A,,;) and (4,,) imply that

[ em(dnga 3= {_fGm(dngic )

for each f in Ci(S), large a, and y near dD. So we have g.(x, y)=gax, ¥),
noting (A4,) and using

@1 B Garsx, d)guz, ) 1 gl ) s poo

by (As,s)-

Condition (A) contains rather strong regularity conditions on G.. But, it
says nothing about the existence of the so-called adjoint process.

An immediate consequence of the condition (4) is that X has no sojourn

3) k(x) is necessarily nonnegative. We assume its finiteness, but do not assume
its boundedness.
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on the boundary: G.(x, 0D)=0.
In the following three sections, we assume that X =(W, P,: x € S) satisfies
Condition (A).

§3. Reversion of time.

By the so-called killing procedure we can make from X the Markov
process X' =(W, P;:x<S) whose a-order Green operator is G4 = Gu4;. The
construction is as follows. Let P be a probability measure on [0, 4-co]: P(df)
= e tdt, and put 2 =W X[0, +oo] and P2=P,xP. For w=(w, s)e 2, define
x/(w)=x(w) if t <s and x/(w)=4 if t=s. Define n: 2— W by x(r(w)) = x{(®),
and then put PYB)=P2(x~(B)) for B B.

We have Py W% =1, where W*={w: {(w) < oo}. For we W set

Tean—i~o(W) » 0=t<fw),
w) =
4, t=L(w),
performing reversion of the direction of time. Clearly £,(w) satisfies (w,)—(ws»
as a function of £. Note that

3.1) Zoo=1m xXpmgg = Xy o<zl
st
If Pix,edy)=q(, x, y)m(dy) and q(t, x, ¥) has some regularities, then it is

proved [4, Theorem 3.6] that the process (%, P;) has the time homogeneous
Markov property for an arbitrary initial measure vy of X’ and that

3.2 Pl(£sse € dx| s, 8" = ) = m(dx)n(x)q(t, x, ZIN(E) ™

where 7(y)= fsv(dx)fowq(t, x, ¥)dt. ‘Therefore, in order to use the time reversed

process in the following sections, it is important to choose v appropriately.
It is inconvenient to confine ourselves to ordinary measures, and we use a
signed measure in place of v.

LEMMA 3.1. There is a finite signed measure y on S such that

(33 J, r@nge R =1

holds for my-almost every vy in V,—adD.
PROOF. By the resolvent equation

B4 Pir—Gpin 4 (a—P)GPinGpin =0,
we can suppose a; =1 in (A,). Since the strong Markov property implies
3.5 G,=Gupin+H G,,

we have
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[ feomdn = [ r(dxGrinfy)

= [ 1/d0)G. /)~ [ r(dDH (x, d3)Gy f(3) .
Hence, we have if we set
(3:6) F(F)=7(F)—{ 1d0Hx, F),  FeBS).

Henceforth, 7 is the signed measure in the above lemma. We describe
finite dimensional distributions for the process (£, P;) by making use of the
quantities of X.

LEMMA 3.2. Foreach n=0,0=¢<t < - <t, f;€BS) ¢4=0,1,--,n-1)
and f, € B(V,), we have

(3.7) E T @)= | m@on@E] 1 iw,-0].-
In particular,
(3.8) E{Lf)1=e"{ my(dnf)

holds for each t=0 and fe By(V,).
Proor. It is sufficient to prove (3.7) for continuous f;. We have

(39 B[ 11 a0 ] = B[ e I flwininmddt]”

as is seen below :
E4[ 11 fi#) ] = Ei[ 1T fitimima) s ta < < 0]

=lim 3 EL[ 1T fiGtiurin-i); takih <= tatk G+ D]

Rio j=0

=lim f} Ex[ﬁ) il jnty) (e’tn—jh__e—tn*(jﬂ)h)]

R0 j=0
= B[ [ et T fiGudt].

and we can drop —0 in the last member, since each path has at most an
enumerable number of discontinuities. (3.7) follows from (3.9) combined with
3.3):

Bi[1L ft)] = e[ [ etat Fued B T Fitins) ]

= e[ mdn) fi) B L A

4) This is a special case of [4, Lemma 3.3].
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Define
Op(w)=1nf {¢:¢t>0 and %-,(w) e F}

for F open or closed. We have, by [3.1),
(3.10) Sp=inf{{—t:t<{ and ;€ F} ={—17p,
where 7, is the last hitting time to F:
Te(w)=sup {t:t=0 and x,(w) = F},
with the convention that the supremum of the empty set is —co. Clearly, &z

and ry are B-measurable, if F is an open set.
In the sequel, we frequently use the integral

(.11 EiLe 2% f(@)(fs,,) 5 By < 0],

where f, he B(S), a >0, and V is open. [3.11) is well defined and takes a
finite value. For, it is obvious for a =1, and, in case 0 < a <1, we need only
note

i) =Ef 7 etdtee]=

Although 7 is a signed measure, the righthand member in [3.7) is nonnegative
if f’s are nonnegative. So we have ,
COROLLARY TO LEMMA 3.2. [(B.11)is nonnegative if f and h are nonnegative
and if V is contained in V,.
In fact, we can suppose 2 = C(S), and have

GBI =lim 3 E{Le= DG h(E jper) ; fipn & VI S i <j—1), #jn €V ]

n—oo j=1
= lim 3 e | mdhOELfjr); Xmpan & VA Zi =11,
which is nonnegative.

Let {Vy: N=1,2, -} be a sequence of open neighborhoods of 0D such
that the closure of Vy is a compact subset of V., and {Vy} exhausts V,.
Let Uy be the set of points x in Vy satisfying d(x, dD)> N-' and k()< N.
Take continuous functions y¥ satisfying yyy =< x%¥=1yuy.,> and.set ky()
= k(O)yH(x).

LEMMA 33. Let V be an open neighborhood of 0D with closure contained
in V. Then we have

(3.12) lim E{Le= 0% f(2,)(kn G5 (42,

= [ gGm@n | 6, d+@—HGser, dNE[ | °: oyt ]

5) 3y is the indicator function of a set U.
6) o(x,dy) is the unit mass at a point x.
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for each a >0, B> «,, f€ B(S) and g= C,(S). In particular,
(3.13) Him EiLe= v f(4,)(bw Go g)(Ei)]

= ) gm@dnE,[ | :’e“"‘f(xt)dt] :

Proor. Denote by Iy the lefthand member in (3.12) before letting N— co.
Similarly to the proof of the preceding corollary, we express Iy using the
finite dimensional distribution of (£, P}), and use Lemma 3.2. Thus we have

Iy=lim 3 e[ mi(d)kx(0Gs OB fxsan) ; x-pnn & VA 1 Zj— 1],

n—oo j=1

and hence,

Iy=lim i e"“jz“"j m(dx)g(x)jwe“ﬁtdt
S 0

N> j=1

EL(i )X Ee(f(Xjo=n) ; Xijmppn €V A =1 =j—1)],

which we denote by lim Iy(n, «, B). We have
(314) IN(n: a, ﬁ)“[]v(n, «, a)
—(— ) > g0z T (i N
(a=p) 3 js m(dx)g(x)jo e dtjo e=Bsds

Ex[(%f\erV)(xs+z)Exs+c(f(sz—~n) [ XGee-n €V 1=21=57-1))].
Let z{(w) be the last hitting time to V before f, that is,
thw)=sup{s: 0=s<t and x,(w)es V},

and let 74(n, w) be defined by zi(n, w)=1t—j27" if xppnEV (1=1=75—1) and
Xjp-n €V, and z4(n, w)= —co if xpp-ne&V for all i=1, 2, .--. Then,

Iy(n, a, o)
= 3 [m@ngC)f e dt ELLAR)O8 1 Erm) s T €V (L Z125 1]

= [m@ng@E] [ e fedraCramt (hmz@uddt ]

Since, by the right continuity of paths, z4(n) is smaller than and increases to
74, as n— oo, we have

In(n, &, @)— [ m(d0 g DE.[ { e ftiteg D (e gt |

’Z\:jfm(dx)g(")Ex[f:oe‘“tf(xc))(v(xrffo)x {T%>O}dt] .

Here we can omit yp(x< o) since xrt-o € 0D implies et & 0D and 7§ =1t and

since
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B[ f e feantedt ] = 0.

Hence, we have
lim lim y(n, &, @)= [m(@0g OB [ e=fxpat],
oy

N-rco 20

noting that 7% >0 is equivalent to o, <1
Similarly the righthand member in (3.14) tends to

(a—B)[mdDg@| “ePds B Ea( e frnttee, dr) |

as n—oo, and this has the limit

(@=pfmng@f, eras ELEa({ eswdr)]

as N—oco. Thus the limit of /y as N—co is just the righthand side of
and the proof of the lemma is complete.

Note that, we used in the above proof the property (w,) of paths and the
fact that X has no sojourn on the boundary.

We write ¢ for 63p. ¢ is B-measurable, as is proved similarly to Lemma

2.1.
LEMMA 3.4. For each n=1, 0=t<t,< - <ty ;£ BS) 0=2i1=n—-1)
and f, < B(V,), the following formula holds:

@15 B[ 11 A tn<a]=ef md0fiE] I fm)s ta<o].

PrOOF. Let V, be the open set consisting of all x such that d(x, 8D) <j=.
By virtue of Lemma 3.2 we have

Ef[ 11 fih); ta =3, |
= tim E{[ I fi(&); du-n & V, (1 SI=2V-D)]
A . n~1
:}]1_{?0 e” nj mo(dx)f ) Ex[zlz](:) fi(xtn—-ti) 3 Xa-ia— Ny, E VJ(]- sl 2N—1):|

= o0 [ m(@d0fu) B[ T £l s tn v, ]
By the same sort of argument as in the proof of Lemma 2.1, we can prove
(ta <8, %y < D)= Q (t =3y, %< D), and similarly for (t, <o, x,& D). On the
other hand, mo(ajb):o and
(3.16) Pl(x,=0D)=0, xeS
by (3.9). Hence we have (3.15), by letting j— co.
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§4. Proof of Theorems 1 and 2.

LEMMA 41. Let p; =1, 2) be finite signed measures on 0D, and « be a

positive number. Suppose that, for m-almost every x, fa 806 Mpa(dy) =1, 2)
D
are defined and coincide. Then, p, = p,.
PrROOF. By virtue of (A,3) and (4s,,)

[fremdngste, pdyy =12

coincide for each fe Cy(S) and 8> a,. Multiply 8 and let 8—co. Then we
have g, =y, since, by the assumption (4,,,), ,8@,9 f—f boundedly on aD.

PROOF OF THEOREM 1. For every a >0, every fe< B(S), and every open
neighborhood V of 0D with closure contained in V, put

“n pidx, )= k(xi(dx, f),
where v%(-, f) is a finite signed measure defined by
VU(F, )= EfLe“"Pf(#); %, € FND].
For a while, suppose that f=0. Then gf(-,f) is nonnegative by Corollary
to Lemma 3.2. For each 8> a, and g C(S) we have, by Lemma 3.3,

42 [ GGk, f)

= J gm0 [ 00, d+@—)Gstx, dIE, [ § " e=sixat]

Since, by (4,4, there is a nonnegative g Cy(S) such that 'G};g(;v)_?:Z‘1 in a
neighborhood V} of 0D, we have

UGS, Ns 2 Cogpkidz, £) =2 gymdn)(I+|a—B| G)Gaf®)?,

if Vc V4. Therefore, {¢¥(, f); Vc V}§} is uniformly bounded. We can prove
that pk(-, f) is convergent to a finite measure on 0D in the weak star topology
as V shrinks to 0D, that is, as d(@D, S—V)—0. In fact, let {V¥} (1=1,2) be

(%)
two sequences of neighborhoods decreasing to dD such that ﬂZ" (-, f) tends
to some y; as n—oo. Then g, are finite measures on dD and (4.2) implies
that, for each g < Cy(S),

43) [ Gogptdn = g@mdx)| @, dy)+(@—PGa, dyu(s)

where u(x):Ex[fme‘“”f(xt)dt]. Hence, y, =y, by Lemma 4.1. Note that V is
[

7) I is the identity operator.
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compact, if V is a sufficiently small neighborhood of D. Let us denote the
limit by p.(-, 7). In order to prove that p,(-, f) satisfies it is sufficient
to verify

(44) u@) = gale, paldy, 1.

As (4.3) is true with (-, /) in place of y; we have

(25, paldy, )= T+(@—PGpux)

for m-almost every x. Hence, (4,,,) implies that
[ 2ux, paldy, = T+(@—BCHU+B—Cull+(a—HGpu

m-almost everywhere, and we have for m-almost every x by the resolvent
equation

4.5) Go—Gpt+(a—P)G,Gs=0.

The both sides of being a-excessive, holds without any exceptional
point, and we have proved for nonnegative f.

For general (not necessarily nonnegative) fe< B(S), pk(-, f) is finite and
tends to a finite signed measure on 0D as well. Denoting the limit by g.(:, /),
we have [1.I). Note that

4.6 ﬂw(': i fitef)= 61#00(" f1)+czﬂw(': fz)

for every constant ¢; and every f;< B(S), i=1,2. The uniqueness of the
signed measure p,(-, f) satisfying is an immediate consequence of
Lemma 41.

Finally, let us prove that p,(-, f) depends only on the minimal part of X.
Let g be in Cy(D) and V be an open neighborhood of dD such that Vv,
Since the sequence {Uy} introduced before Lemma 3.3 exhausts V,—0D, we
have

[ g@pktdx, )= EiLe= =0 f(3) ghn)(fs,)]

if N is large enough. By [3.16) we can add the restriction &, <& in the ex-
pectation on the right side, and this in turn equals

lm 3 EfLe 12 f(30)( gly)(Rjpr) ;

n—0 j=1

ZpnE VA 1271, 8-V, j27" < 5],
Therefore

jg(x)ﬂZ(dx, f) =lim ﬁ g—aiz=n
N f=1

[ gGIMEDEL ftjpmn); xgn & V A SiZj—1), j2 < 0]
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by Lemma 34. Hence, pi(-, /) is determined by the minimal part of X and
s0 is pe(+, f). The proof of Theorem 1 is complete.

REMARK. The Markov process X® =(W, P® : x € S) whose a-order Green
operator is Gu.p is made from X in a similar way as X’. We can use X®
in constructing p(-, f). In fact, there is a finite signed measure yg on S
satisfying

ﬁf 18(d0)ge(x, Mk(y) =1
mq-almost everywhere in V,—0D, and we have, using this 7,

taldx, )= 11%1 k()EH e P f(%) ; %o, € dx N\ D]
VioD

where limit is in the weak star sense; in particular,
pa(d, )= im RGOERLf(E); o, < dx D]

We list some properties of p,(-, f).

PROPOSITION 4.1. (1) pa(-, f) is the weak star limit of ph(-, f) defined by
4.1) as V shrinks to 0D.

(1) pa(:, f) is linear with respect to f.

(i) pa(+, f) s nonnegative if f=0.

(iv) For each a, B> 0 and f< B(S).

“.7 a5 F)—p(-5 F)+H(a—Bpa(-, Gf)=0.

(v) For every choice of a, B>0 and f< B(S), (-, f) is absolutely contin-
uous with respect to pg(-, 1).

PrOOF. (i), (ii) and (iii) are proved already in the proof of Theorem 1.
Using (4,5, (1.1), (34) and (4.5), we have

Gof = Gf+{ g, pee(dy, N+HE—a) [ Galr, dGCFA()
+ [ g6y, Dpaldz, 1)
= GEinf-+(a—HGEnGE -+ [ gl pts(dy, )+ (B~ )G GRS
= G/ gulx, pta(dy, N +(B—a) [ gulx, praldz, GEInF).

Thus (4.7) holds. Applying (iii) to || f||+f and | f||—f, we obtain
“4.8) Ll DI pa(F 1), Fe B@D).

This combined with (4.7) will imply (v), and the proof is complete.
PrOOF OF THEOREM 2. Recalling (v) of the above proposition, denote by
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ﬁwf the Radon-Nikodym derivative of p.(-, f) with respect to pg=g(:, D). It
follows from (4.7) and (4.8) that H,f is a p-essentially bounded function. Since

Guf() = [ gult, )ptaldy, H=KH, (),  x£9D,

by [(1.1), and (4,), we have by [(3.5). H, is determined by the minimal
part of X, as p,(-, f) is.

H, is also determined by the minimal part. For, H,(x, dy)=0d(x, dy) if
xe 0D, and, if xe D, then P, (s, <o and o, ] ¢)=1 where ¢,’s are the Markov
times in the proof of Lemma 2.1, and we have P,(xsm=1%, 0<0o < o0)
= P (0 < o) by the quasi-left continuity. Note that o(w) = o(Wswy) if x(w) € D.
Thus the proof of Theorem 2 is complete.

PropOSITION 4.2. (i) F[a and K% are nonnegative bounded linear operators
from B(S) to Le(0D, p) and from L. (0D, p) to B(0OD), respectively.

(i) Hy—Hpt+(a—BHCpin=0.

(iii) H,Hp= HyH,

@(iv) If f=f" m-almost everywhere, then ﬁaf:ﬁ(,f’.

PROOF. (i) and (ii) are obvious consequences of the definition and Propo-
sition 4.1. To prove (iii), we note first

4.9 H,—Hg+(a—B)GRirH; =0,
which is easily seen. Using (ii) and (4.9) we have
A.Hs = H(HA-(a—B)GypinH,) = H;H, .

If f=f" m-almost everywhere, then G,f=G,f’ and Gpirf=_Gpirf by (Ay),
and hence, pa(-, f)=pa(-, f) by Theorem 1, and H,f=H,f’, completing the
proof.

§5. Proof of Theorems 3 and 4.

The following lemma is a slight extension of a result by Nagasawa [9].
LEMMA 5.1. Let U be an open set. Then

GRY) 8a(x, ) = E(e70g (x5, ¥))

for each xS, ye UnoD, and a> 0.
Proor. (56.1)is obvious for m-almost every y in U "\ V,, since, if g vanishes
outside of U, then

Gag(x) = E(e7*VGag(Xsy))
By the a-excessivity of g.(x,y) we have
8o, 1) = E(e7" U ga(Xoy, 3)) -
Let us prove the reverse inequality for y & U ~NdD. Denote the right side of
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by gi(x,¥). Fixa point y in U 0D and choose fe C(U N V,) satisfying
0=f=1 and f(»)=1. Then, we have, for each nonnegative h & C,(S),

[ Heom(@ngae, ) =1im B [ homdngule, 2 @m(d2) gz, 3

< 1im sup B [ HOm@DE.[ e [ ol d2Ies(e )]
replacing g.(x, z2) by gi(x, z) and deleting f(2). Since (A,,s) implies

85, NHB—E] e [ Goalitay, a2z, )

= gi(x, M+ (B—E] e [ Golxsy, dD)galz, 3) ]
and 85+, y) is finite m-almost everywhere, we obtain

| reym(dngax, » = lim sup § [ rYm@DOE] %0 [ Goltay, d2)ga(z, 1] -

The right side is equal to fh(x)m(dx)g[,(x, y) by and hence g.(-,)

< gi(-, ) m-almost everywhere. The both sides being «-excessive, this holds
everywhere, and the proof is complete.

LEMMA 5.2. (i) There is a unique (up to P,-probability O for all x) non-
negative continuous additive functional ¢(t) of X such that

G2) Ef [ ede] = gale,yutdy), a>0, xS,

(ii) It holds with probability 1 for each x that ¢(t) is flat on every time
interval I such that x,« 0D, te 1.

(iii) Pule(t) >0 for each t>0)=1 if and only if x = dD.
(V) HK)= [ gale, 0Oy = B[ [ e tfaddp(t) ]

for each f< B(aD).
Proor. Fix a for a while and denote the righthand side of (5.2) by u(x).
Then, u is a-excessive and we have

u@x)=E|[ | " e+ (a—1)Gpinl(x)dt |

by (1.1) and (4.7). Here we can replace o by the ¢/ defined in the proof of
Lemma 2.1. Let p, be a sequence of Markov times increasing to p. Then we
have p,+o’(w},)— p+o’(w}), and hence E (e~***u(x,,)) tends to E (e~**u(xp)).
Hence, it follows from the result of Meyer [7, 2° partie, Théoréme 34] and
Sur [14, Theorem 17 that there exists a unique nonnegative continuous additive
functional satisfying (5.2) for this fixed a. Note that, by the B(S)-measur-
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ability of u, we can say that ¢(f) is not only N (B,),-measurable®, but B;-

measurable (cf. footnote in [8, §2]). For the ¢(#) thus obtained, the validity
of for all «>0 has been proved in [10, Lemma 6.3] and (i) holds. g
being a measure on 0D, we have (ii), since Lemma 5.1 suffices to prove [10,.

Lemma 41]. Write u,(x)=E,[ f:"e—tdgo(t)]. Put p=inf {t: @) >0}, then o

is a Markov time and we have

0=E[ "edp(t)] =)~ Ef e us(x) ]

= G AW —E, [ Gl | = Ed | 0" edt |

for x= 0D, since u; <G,1 on S and u,=G,1 on dD. Hence P, (o=0)=1 for
x€ 0D, and we have ‘if’ part of (iii), while ‘only if’ part is a consequence
of (ii). The second equality in (iv) is proved in [10, Theorem 4.17. The
meaning of the last member in (iv) is

E[ [ e tridde],

where f* is an extension of f to S. But (ii) implies that this is independent
of the choice of extensions. The first equality in (iv) is seen from

HKf)=[  Hix, dE[ [~ eftdde(®)]

=E[ [ erede] = B [ e fade®],

completing the proof.

The above proof of the ‘if’ part of (iii) is due to Motoo, a special case
of [8, Lemma 55)]. We call ¢(t) the local time on the boundary induced by X.

ProOF OF THEOREM 3. Let a >0. Let z(¢) be the right continuous inverse
of ¢(t), that is, z(t, w)=sup{s: o(s)<t}. Put Wi={w: x.,=0D for all
t <@(o0)}. Then we have P, (W) =1 by Lemma 5.2 (ii). Let £ and P2 be as
defined at the beginning of Section 3. For w=(w, s) € WX [0, +oco] we define
HO@) = Xear,pW) 1f az(t, w) <s and < (oo, w), and define ¥*(w)=4 if other-
wise. Let Wsp be the set of all w: [0, +o0]—(@D)*=0D\J {4} satisfying
(w,)) and (w,) with S replaced by dD. Define n®: Wix[0, +c0]— Wsp by
x(T(w)) = ¥ (w), and put PL(B) = P2(z)~(B)) for x € (0D)* and Be B(Wsp),
where B(Wjp) is the smallest Borel field that makes all x(w) (w e Wsp)
measurable. Then, (Wi, P& : x =8D) is a Markov process on 6D. It satisfies
ﬁ;“)(xozx):l for each x= 0D by Lemma 5.2 (iii), and its transition proba-

8) v is a finite measure on S and (B;), is the completion of B, with respect to P,.
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bility is

PE® € F)=E (e, xew < F).
We denote this process by X and call it the a-order U-process induced by X.
In short, X is the Markov process obtained from X through time change by
() and killing by e~*. Its 2-order Green operator is

(53) Kif@=E[ [ e ofyde)] -

As a consequence of [(5.3) and Lemma 5.2 (iv), we have K%= K¢, and the proof
of Theorem 3 is complete.

Put XOW) = xrqmw) if t <e@(oo, w) and xPw)=4 if otherwise. Define
7@ Wi W by x(r@w))=x"w) and P by PO(B)= P ((x®)~Y(B)) for
xe@D)* and B B(Wsp). Then X(O):(WBD, P®: xedD) is the Markov
process obtained through time change by ¢(¢), and we call X© the 0-order
U-process induced by X. The A-order Green operator of X© ig

G4 K3/ =E.[ | e 0 x)dg(®) ] .

PROOF OF THEOREM 4. Define G4 (a > 0) by
(5.5) @ =E [ eiofcrdr].
Let «, 8, 4 and g be nonnegative numbers. Then we have
(5.6) H K§—HpKf+QA— ) H KK +-(a— B)GIHKE =0,
if a4+4>0 and B+p¢>0; and
G Gi—G4+(a—P)GIGE+A—mH.K5G4=0,

if @ and 8> 0 [10, Theorems 2.1 and 2.2]. As a special case we have G4 =G,
—AH,K$G, and

G.8) Kf—K2+QA—pmKiK2 =0,
and hence,
G.9) Gi=Gpiny H K¢H,

by (1.3). It follows from (5.6) and (5.9) that
K§—K8+(a— KA, H KA =0.

Using Proposition 4.2 (iii) and letting « |0, we have

(5.10) K)—K&—BK{HHK§=0.

Therefore, for each 3> 0 we have

G11) K= 3 (—BKPHH Y KY
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if 2 is sufficiently large, because Flﬁ and H, are bounded and || K| < A%
Suppose that X; and X, are both Markov processes satisfying Condition (A4)
and that Xpin = Xp# gnd X<°)— X“” Then, by virtue of Theorem 2, Hy(a =0)
and H,(a > 0) are common to X,and X,. Let 8>0. By (5.11), K4 is common
to X, and X, as well as K}, if 2 is sufficiently large. Therefore K¢ is common
to X; and X, for all 2>0 by [5.8), and so is K#=Kf=I1im Kf. Hence, the

-0
Green operator G, is common to X; and X, by Theorem 2, which implies

X=X, [5, p. 35]. This completes the proof.

REMARK. G/ is the a-order Green operator of the Markov process on S
obtained from X through killing by e %®. The decomposition (5.9) is the
analogue to (1.3) for this process.

PROPOSITION 5.1. For each o and B>0 we have

(512 K*— KP4 (a—B)K*H, HgKP =0.
This is a consequence of (1.3) and (5.6).

§6. Some comments.

A. Motivation to the problem.

Ueno [15,167] proved the following results. Let D be a bounded domain
with compact closure in an N-dimensional C~-manifold, and let its boundary
0D be an (N—1)-dimensional hypersurface. Given a second order elliptic
differential operator A on D\JU0D with nonpositive coefficient in the zero order
term, we assume that 0D and the coefficients in A are sufficiently smooth.
Let Lu=0 be a boundary condition of Vencel’ type. That is, for fixed x € 9D,

(6.1) Lu(x)= = ;Jlau(x) 3 Eza&.] 0+ 23 ﬁ (x) 2z,

+5<x>Au<x>+y<x>§%<x>+ [ [o—uw

% 0+r@u@

a He, DED =) v,

where &, (1<i< N-1) are extensions to D\UdD of a system of coordinate

functions on 0D around x, and 9 is the inward-directed normal derivative

on
associated with the coefficients in the second order terms in A. Now, suppose
that we can find, for sufficiently many functions f on 9D, a solution of
(a—A)u =0 with the boundary condition (8—L)u=f. Then, under some reg-
ularity conditions on L, there exists a Markov process X whose infinitesimal
generator is A with the boundary condition Lu=0. Furthermore, there exists

a Markov process on the boundary with infinitesimal generator LH,, and the
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Green operator of X is expressed as follows:

(6.2) Gy = Goin - H(LH,)'LGCy= .

Here, LH, and LG®» are certain extensions of LH, and LG®in, respectively.
Let =0, v,(D)=0, and g=1 in [6.I) Then, whatever a;;, f; y and v,
on 0D are, LG®n is reduced to ainGg‘in, and [(6.2) implies that X is determined
by two components—the minimal part and the Markov process on the boundary
with infinitesimal generator LH,. It was our aim to generalize this fact.

B. Remarks to Condition (A4); Motoo’s example.

We fixed a measure m in stating Condition (4). To emphasize its depend-
ence on m, let us call it Condition (4,). Suppose that we are given two
Markov processes X, and X,, which satisfy Conditions (A4,,) and (4,,), respec-
tively, and that they have the same minimal parts, and further suppose
(¥) m, is absolutely continuous with respect to m, with positive continuous

density b(x) in a neighborhood of oD.

Let us denote the quantities of X; by the subscript . Then, we have the
following :

@) fraa(dx, )= b(pta(dx, £);

(11) Ha’,1: a2y

(i) If X, and X, induce the same 0-order U-processes, then X,=X,.

PrROOF. (ii) is an obvious consequence of (i), and (iii) is proved from (ii)
similarly to Section 5. To verify (i), take g and V as in the last paragraph
of the proof of Theorem 1. Then,

(Gt dn, N =1lim 5 e | gGop@m (oL fegn;

X @ VA Si=j-1),727" <o | = [g@b(pL (dx, 1),

from which (i) follows.

Motoo remarked me that (iii) is not necessarily valid unless we assume
(*). The following example is due to him. Let S be the real line R! and
D=R'—{0}, dD={0}. Let X, be a diffusion with infinitesimal generator
D,,D,, of Feller [1] such that u;,(—co)= —oo and u,(4-00)= +o0, and let X,
be the diffusion with infinitesimal generator D,,D,, where

ul(x)r X § 0 R
Uy(x) =
1y (0)+ c(u, (1) —u,(0)), x>0,
and
vl(x) ’ X é O y
v =|

V(0 + ¢~ (v, (x)—v,(0)), x>0,
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¢ being a positive constant. Denote by m, [m,] the measure induced by v, [v,].
Then, X, and X, satisfy Conditions (A,,) and (4,,), respectively, and it is
obvious that Xpin = Xpia, Moreover, we can prove P, ,(¢,(00) = 00) = P ,(¢,(0)
=o0)=1, x = R!, for their local times on the boundary®. Hence, their 0-order
U-processes are both at a standstill at 0. X, and X, are, however, different
from each other if ¢=1. In this example, X, and X, induce also the same
l-order U-processes by virtue of since I:AIMHO f(O)_—.I-AII,ZH0 7(0) = f(0).
Though m, and m, are mutually absolutely continuous, the density is discon-
tinuous at 0, and hence, (*) does not hold.

C. Remarks to the time-reversed process in Section 3.

If 0=t,<t;< -+ <ty, ;£BS) 0=i1<n—1) and f,, g= By(V,), then we
have

63 Ef (11 7)[ e erg@ar] = tim B een(T fik) ot ]

N-ooo

where hN(y):‘fV gm(dx)gx, k(y) if ye Vy—0oD and if this integral is
0

smaller than N, and h,(y)=0 if otherwise. In fact, (6.3) is a consequence of
Lemma 3.2, the both sides being equal to

[, somdn) E [ e 1 fienidt].

Suppose V,=S in this paragraph. Then (6.3) suggests that the process
(£, Py) has the time homogeneous Markov property, whose (a«—1)-order Green
measure is my(dy)g(y, X)k(x). Its transition probability is m(dy)q(t, v, x)k(x),
that is, m(dy)k(¥)~1q(t, y, x)k(x), if we can write q(¢, x, y)m(dy) for the transition
probability of X’. This is in accordance with combined with [3.3). By
the technique in the proof of Lemma 3.3, one can prove that

64 lim B[ e (gen@ydt] = [ geom@o L [ efimat]

for each f and ge= B(S). Combining and (6.4), we see that a kind of
strong Markov property holds for the process (£, P;). One can also see that

©5)  lim B /&) | :Ve—w—ln(gkzv)(@dt] = [ gom@oE[ [ et ftar].

(6.5) suggests that the minimal part of the process (£,, Py) is determined only
by the minimal part of X, which is proved in in a different
manner.

Further, it is to be remarked that[3.13) is an analogue to Hunt’s formula

9) Motoo proved that if X satisfies Condition (A) and if P,(e¢<oco0)=1 for each
xS, then P,(¢p(c0)=00)=1, xS [8, Theorem 5.27.
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(3, I (18.3)].

D. Further properties of U-processes.

Suggested by Neveu [11], Fukushima and Ikeda observed the following
facts [2, pp. 93-99]. Though their definitions of ﬁa and K¢ differ from ours,
their results remain valid in our case. Define Za:aﬁaHO, for ¢ >0. Then
Z, is a bounded nonnegative operator B(0D)— Lo(0D, 1) and satisfies Z,—Z,
=(a— ‘B)ﬁaHB. Therefore, we have

Ki—Kf+Q—mEKF K+ Ki(Za—Zp K =0

by and [(5.9). The range R and the null space %t of K{ are both inde-
pendent of « and 2. We define an operator Q from R to B(@D)/NR by Q@
=A—(K$)™!, which is independent of 2. Q™ is the generator in the sense of
of the a-order U-process, and we have

QW=Qw~-Z7,.
The strong Markov property of U-processes is verified similarly to
Volkonskii [17, pp. 154-157]. They are quasi-left continuous, as is proved by

Motoo [8, Theorem 6.127].
Choosing arbitrary >0 and fe B(S) satisfying inf f(x) >0, put p*(-)
xES

=pp(-, /). p* can be used instead of p. ¢#(f) thus obtained is connected with
¢o(t) as follows: there is a function a in B(0D) such that inaf a(x)>0 and
x&oD

(6:6) o* ()= [ alx)dg(s).

For, there is a constant ¢ such that g < cp* and p* <cp, and we can choose a
p*(dx)
p(dx)

E. The case that Emin(g) is bounded.

Put h(x) = Epin(g) = Gpinrl(x), and assume that 4 is bounded. Then, the defi-
nition of p.(-, f) is naturally extended to the case a¢=0. Namely, we can
prove

LEMMA 6E.1. For each fin B(S), pa(:, f) converges in weak star to a
Jinite signed measure on 0D as al0. The statements (ii))—@{v) in Proposition
4.1 remain valid even if a or B is zero.

Proor. It follows from the boundedness of 2 and (4.7) that {u.(-,f):
a >0} is uniformly bounded. If =0, then p.(-,f) increases as a decreases.
Hence, the first half of the lemma is true. (4.7) with @ =0 is obvious. Since
ﬁa can be considered as an integral operator, p.(dx, Ggli“f):ﬁﬂcﬁ“iﬂf(x)y(dx)
-»ﬁaGani“f(x)y(dx) in weak star as 8]0, Therefore we have (4.7) with g=0.
(ii), (iii) and (iv) are easily proved.

Put p(-, )=p#(). Then p and p* are mutually absolutely continuous.

version a of satisfying ¢c-'<a <c.
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Define

) —_ #a(dxy f)
IO ="eta
for «a =0 and f<= B(S), and

Ko/ = gule, D))

for « >0 and fe B(@D). Then we have ﬁgl(x)Tﬁlgfl(x):l p#-almost every-
where as « 0. And further, there is a positive constant ¢, such that H#1(x)
= ¢, p¥-almost everywhere, since

| tto(F, DI =N fIA+a | hiDpa(F, 1), Fe B@D),

by (4.7) with 8=0. Let us call the process obtained through time change by
¢*() in the following lemma the 0-order U#-process induced by X. Then,
Theorems 2, 3, 4, Propositions 4.2 and 5.1 remain true if we replace A, by A,
K* by K** and O-order U-process by 0-order U#*-process. The formulas in
Propositions 4.2 and 5.1 hold for a and B including zero.

LEMMA 6E.2. Lemma 5.2 (i) is valid if p is replaced by p* in [5.2) The
additive functional ¢*(t) thus found is connected with ¢(f) in such a way that

t
o(t)= [ HILG)dpH(s).
Proor. Using (1.1) and (4.7) with B=0, we have

Jgats, Y@ =Ef [ e +-ancd].

Thus the existence and the uniqueness of ¢*(f) is proved similarly to Lemma
5.2 (1). Further we have

J 8atx, yu(ay) = [ 2ulx, ) AFI)e* ()

=E | :e‘“‘ﬁfl(xt)dso*(f)] ,

completing the proof.

F. Example of process with Condition (A).

Let a domain D and an elliptic differential operator A be as at the
beginning of this section, and suppose that the zero order term of A vanishes
identically. Let m be the Riemannian volume measure connected with the
coefficients of the second order terms of A. Consider the reflecting boundary
condition agz =0. Then, the Markov process X associated satisfies Condition
(A). The Green function is constructed by S. Ito [6]. In the condition (4,)

A

we can take V,=D\UadD and a,=Max (Mags: é(x), 0), where ¢ is the coefficient
T
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in the zero order term of the formal adjoint of A. In (A4;) we can take y,=m.
Then k(x) tends to infinity as x approaches aD.
In this example, the author stated that X is transformed to the

Markov process X on the boundary with infinitesimal generator _aa -H, through
n

time change by a certain additive functional i(¢, w) defined in [13]. The
connection between i(f, w) and the local time on the boundary ¢(t, w) in this
paper is that there is a positive continuous function a on 9D satisfying
with ¢#(?) replaced by 1(¢). Hence, X and the 0-order U-process X© are trans-
formed to each other by time change.
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