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§1. Introduction.

Let M be a differentiable manifold of class C* and dimension n, and let
“T(M) be the cotangent bundle of M : that is, the bundle of covariant vectors
in M. Then ¢T(M) is also a differentiable manifold of class C=; the dimen-
sion of °T(M) is 2n.

In this paper we consider methods by which certain types of tensor fields
in M can be extended to ‘T(M) so as to give useful information about the
relationships between the structures of the two manifolds. We call extensions
of this kind lifts of the tensor fields in M and consider two main types of
lifts, which we call vertical lifts and complete lifts respectively. Our main
interest focuses on complete lifts of vector fields, tensor fields of type (1, 1)
and skew-symmetric tensor fields of type (1,2). In each of these cases we
define the complete lift to be a tensor field of the same type as the original.
In general, the vertical lift of a tensor field does not have the same type as
the original ; nevertheless the construction is a useful one.

Our methods enable us to examine the structure of ‘7(M) in relation to
that of M. In particular, we show how almost complex and similar structures
on M can be extended to °T(M). We also examine lifts of affine connections
in M, using the idea of a Riemann extension (4], [5] [6).

The methods used and the results obtained are to some extent similar to
results previously established for tensor fields in the tangent bundle of a dif-
ferentiable manifold T], [31 [7] [8] [9]) [12] [13] [14], [15). However
there are various important differences and it appears that the problem of
extending tensor fields to the cotangent bundle presents difficulties which are
not encountered in the case of the tangent bundle.

Throughout we use the following notations and conventions:

1. z:°T(M)— M is the projection of *T(M) onto M.

2. Suffixes A, B, C, D take the values 1 to 2n. Suffixes a, b, ¢, -+, h, 1,7, -
take the values 1 to n and {=i+n, etc.. The summation convention for re-
peated indices is used. Whenever notations such as (¢qp), (¢%4), (Fg') are used
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for matrices, the suffix on the left indicates the column and the suffix on
the right indicates the row.

3. g5(M) denotes the set of tensor fields of class C= and type (r,s) in
M. Similarly g7(°T(M)) denotes the corresponding set of tensor fields in *T(M).

4. Vector fields in M are denoted by X, YV, Z. The Lie product of X and
Y is denoted by [ X, Y]. The Lie derivative with respect to X is denoted by
L. Tensor fields of type (1, 1) are denoted by F, G and tensor fields of type
1,2) by S, T.

§2. The basic 1-form in °T(M).

If A is a point in M, then z~'(A) is the fibre over A. Any point Pex~'(4)
is an ordered pair (4, p,), where p is a 1-form in M and p, is its value at
A. Suppose that U is a coordinate neighbourhood in M such that A< U.
Then U induces a coordinate neighbourhood =-*(U/) in ¢T(M) and P < z~*(U).
If A has coordinates (x%, x%, ---, x™) relative to U and p, has components
(p1s Da» =+ » Do), then P has coordinates (x%, x2%, -+, x", Dy, Dy, ==+ » Dn) relative to
n~Y(U). If U* is another coordinate neighbourhood in M containing A, then
7~ (U¥) contains P and the coordinates of P relative to 7z-3(U*) are (x*!, x*?,
e, XFPpF, pE, o+, b)) where

ox’
p:k:p] ax*i ’ (2.1)
the derivatives being evaluated at A.
Let p be the 1-form in °T(M) whose components relative to =~ (U) are

(P s Puy 0, -+, 0). By [2.I), the components of p relative to z~%(U¥*) are
(p¥, -+, p¥,0,---,0). In fact we can write

p=pudx’= p¥dx*.

We call p the basic 1-form in ‘T(M).
The exterior derivative dp of p is the 2-form given by

in #=Y(U). Hence, if dp:%eCdeC/\de, (where dxi=dp,), we have

(écr) = (_? é) (2.2)

where [ is the unit n X n matrix.
Since the matrix (g,p) in is non-singular, it has an inverse. Denoting
this by (¢#4), so that

B4 - R4
gope®t =08,
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we have
(EBA):<? o) @2.3)

We shall write ¢! for the tensor field of type (2, 0) whose components in
n~}(U) are ¢P4, This tensor field is of importance in our construction of com-
plete lifts.

§3. The vertical lift of a function.

If f is a function in M, we write fV for the function in °T(M) obtained
by forming the composition of = and f, so that

fV=fom.
Thus if (4, p) € z~(U), then

TV A, py= (o)A, D=S(4). @D

Thus the value of fV is constant along each fibre, being equal to the
value of f at the point on the fibre in the base space. We call fV the vertical
lift of the function f.

§4. The vertical lift of a vector field.

If Xedgl(M) (so that X is a vector field in M) we write XV for the func-
tion in °T(M) defined by
XV(A, p)=p(Xo) (4.1

where X, is the vector obtained by evaluating X at A. Thus if X* are the
components of X in U at the point A4, then XV is the mapping (4, p)— p: X"
We call X7 the vertical lift of the vector field X. We have XVed{(CT(M)),
since X7 is by definition a function in ¢T(M).
We observe that if P M, then XV(P)=0.

§5. The determination of vector fields in ‘T(M).

Suppose that X e g4¢T(M)). Then X is completely determined by its ac-
tion on functions of class C= in *T(M). In §4 we introduced a special type
of function in °T(M), namely the vertical lift of a vector field in M. We
now show that any element X of IU(°T(M)) is completely determined by its
action on functions of this type.

PROPOSITION 1. Let X and Y be vector fields in T(M) such that

Xzv="Yz"
for all Ze ayM). Then X=17Y.
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PROOF. It is sufficient to show that if XZ¥=0 for all Z< g¥M), then X
is zero.
If Z is the vector field with components Z* in U, then

X27 = X0u(paZ )+ X0r(p 2",
where X4 are the components of X. Hence, if X77=0 for all Z< gYM), we
have
D X0, 2+ XZ1=0 (5.1)
for all Z.

Choose Z to be the vector field given in U by Z*=¢%. Then from (5.1)
we get

Xi=0. (5.2)
Hence (5.1) becomes
. X10,2°=0 (5.3)
for all Z.
Let 7, j be fixed integers such that 1<i<n and 1<j<n. Choose Z to
be the vector field given in U by

Zi=x' Z°=0 (a+7J).
Then from (5.3) we get
p,Xi=0.
It follows that we have
Xi=0

at all points of °T(M) except possibly those at which all the components
D, -+ s b, are zero: that is, at points of the base space. However, the com-
ponents of X are continuous (since they are of class C=) and so X' is also
zero at points of the base space.

Hence X?=0 for all points of 7~3(U). This holds for each i satisfying
1<i<n. Therefore, using (5.2), X is the zero vector in z-%(U). From this
it quickly follows that X=0 in °T(M).

§6. Vertical vectors.

Let X e I4T(M)) be such that Xf¥=0 for all f=g3M). Then we say
that X is a vertical vector field. It is easily shown that X is vertical if and
only if its components in z~}(U) satisfy

Xi=0 (@=1,2 ,n).

In §7 and §8 we introduce two types of vertical vector fields in ‘T(M),
constructed respectively from l-forms and from tensor fields of type (1,1)
in M.
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§7. The vertical lift of a 1-form.

Suppose that w € gY(M), so that w is a 1-form in M. Let A be a point
of M and let U, U* be coordinate neighbourhoods containing A. If w has
components @, and w¥ relative to U and U* respectively, then

ox?
OF = 05 » (7.1)

where the derivatives are evaluated at A.

Equations [2.1) and [7.I) show that the vector which has components
O, -+, 0, w, -+, w,) relative to #=(U) at a point (A, p) on the fibre over A has
components (0, ---, 0, w¥, -+, w¥) relative to z7(U*). We call the vector field
determined by the vectors which have these components the vertical lift wV
of w. Thus ¥ e J{TM)).

Clearly

" (f7) =0 (7.2)

s0 that o is a vertical vector.

By " is completely determined by its action on functions
in °T(M) of the form Z”. Since

“’Fa%;’ (biZ7)=w;Z7,

we have
0" (Z7)={w(Z2)}" . (7.3)
If w, 7€ 3YM) and f e IYM), it is easily proved that
(w+) =w"+77, (7.4
(fo) =fYw". 7.5

§8. The vertical lift of a tensor field of type (1, 1).

Suppose now that Fe g M). If F has components F;* and Fj* relative
to U and U¥* respectively, then

FPre=p POt @)
Hence, using and [8I), the vector which has components (0, -+, 0, poF,%
o, poF,® relative to #~*(U) has components (0, ---, 0, pXF¥*, -, p¥F**) rela-
tive to z ! (U*). We call the vector field determined by the vectors which
have these components the vertical lift FV of F.

The vector field FV is unlike the vertical lift »” of a 1-form in that the
components of FY are not the same at all points of the same fibre. In fact
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F7V is zero at points on the base space M. Clearly
Fv{(f"y=40, 8.2)

so that FV is vertical.

By Proposition 1, F¥ is completely determined by its action on functions
in “T(M) of the form ZV. We have

FY(Z7)=FQ) . 8.3)
If F, Gegi(M), then
(F+GY =FV"4+G" 8.4)
and if f e gYM), then
(JFY=fYF7. 8.5

§9. The complete lift of a vector field.

In §7 and §8 we constructed vector fields in ¢T(M) from 1-forms and
tensors of type (1,1), in M. Constructions such as these can be carried out
for other types of tensor field in M, but they have the disadvantage of chang-
ing the type of the tensor fields under consideration in going from M to
“T(M). Thus there seems to be no obvious way in which such a construction
lifts a vector field in M to a vector field in °T(M). However, we now des-
cribe a different process by which we can lift vector fields. Subsequently
we shall apply similar methods to tensor fields of type (1, 1) and skew-sym-
metric tensor fields of type (1, 2), in each case obtaining tensor fields of the
same type. In our construction we use the tensor ¢! introduced in §2.

Suppose that X e g}(M). Let A be a point of M and let U be a coordi-
nate neighbourhood containing A. We have already defined the vertical lift
X7 of X to be a function in °T(M). The exterior derivative dX" is the 1-
form in °T(M) given in z='(U) by

dXY = po 0T da - Xodp,.

We define a vector field X¢ in ‘T(M) by X¢=([dX")e . In z~'(U), the com-
ponents of X¢ are

(Xl’ Xz, e, X", '“pa-aa%fli" cee, —P ~vaf§;a_> .

We call X¢ the complete lift of the vector field X. We have

XOfV=(Xf)" 0.1
and
XZv=[X,Z7}". 9.2)
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By [Proposition 1, X¢ is completely determined by [9.2) If X and Y e gy(M),
then
(X4Y)Y=X4YC. 9.3)

§10. Projectable vectors.

The vector field X¢ is completely determined by its first n components
and in particular X9 is zero if these components are zero. An alternative
way of expressing this is to say that X¢ is zero if it is vertical.

If XeglCcT(M)) and if there exists X € 93(M) such that X—X¢ is vertical
then we shall say that X is projectable, with projection X. A necessary and
sufficient condition for X to be projectable with projection X is that the com-
ponents X4 of X at a point (4, p) in =~ (U) are related to the components
X" of X at A by

Xr=Xx*  (h=1,--,n).

Thus the components X" are constant along any fibre.
We observe that the complete lift X¢ of any Xe Ji(M) is projectable
with projection X, for X¢— X¢ is trivially vertical.

§11. The tangent space of “T(M).

If @ denotes the algebra of functions of class C* in °T(M) and ¥ denotes
the @-module of vector fields in °T(M), then a tensor field in °T(M) of type
O, ) (respectively (1, 7)), where » is a positive integer, can be regarded as an
r-linear mapping of X7 into @ (respectively &), where ¥7 is the Cartesian
product of r copies of . (See [2], p. 26.)

The following result, which should be compared with is
used frequently in the sequel.

PROPOSITION 2. Let S, T be tensor fields in °T(M) of type (0,7) or (1, 7)
such that

§(X~<1): Tty va): T‘()?(n, t )me)

for all vector fields X (s=1, -+, 7) which are complete lifts of vector fields in
M. Then

~e A

S=T.

Proor. We shall consider the case of temsor fields of type (1,2). It is
easily seen that the argument extends without difficulty to the other cases.
Moreover (in the general case) it is sufficient to show that if

§()?<1>: Tty XN(r)): 0

for all vector fields X, (s=1, ---, r) which are complete lifts of vector fields
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in M, then §=0.
Let U be a coordinate neighbourhood in M and let z=(U) be the induced
neighbourhood in °T(M). Let Se gi(°T(M)) be such that

S(xe, voy=0

for all X, Y= gyM). Suppose that X, ¥ have components X*, Y* respectively
in . Then the components of S satisfy

S A XY " —854(h a0 XD Y "8t X (040, Y %)
+8:74(000: X (D00, Y ) =0. (11.1)

Choose X, Y to be the vector fields given in U by X*=¢, and Y"=o%.
Then from (11.1) we get
SeA=0. (11.2)

Next choose X, Y to be given by
Xt=0jx% Y"=go",
where b, k are fixed. Then, from [11.1) and [11.2) we get

S]EjApb:O.
Hence

SiA=0 11.3)
at all points of °T(M) except possibly those at which all the components
Py oo, Pp are zero: that is, at points of the base space. However the com-

ponents of S are continuous; hence we have equations at all points of
“T(M).
Similarly we can show that
Si4=0. (11.4)
Finally, by choosing X, Y to be given by
Xt=04x¥ Y"'=7otx

and using in conjunction with [(11.2), (11.3) and [11.4), we can show by

a similar argument that

St =0. (11.5)
From [11.2), [I1.3), [I1.4) and it follows that S is zero in z~%(U).

Hence S is the zero tensor field.

§12. The vertical lift of a tensor field of type (1, 2).

Suppose that Se g4(M) and that S has components S;"* at a point A in
a coordinate neighourhood U. At the point (4, p) in #~Y(U), we can define a
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tensor P of type (0, 2) with components given by
By=1.54 Py=0,

~

P:;=0, P;=0.

The tensor ¢! introduced in § 2 is of type (2, 0); hence we can define a tensor
of type (1,1) by transvecting with ¢1. We write S” for the tensor field
whose components Sy in 7=1(U) are given by

§BA = ﬁBCSCA .

Thus
S = (2) 8) : 12.1)

where @Q is the matrix (p,S;%).
We call S7 the vertical lift of the tensor field S. If e TYM), then

S7(@") =0 (12.2)
and if Ze g(M), then
SVZC)=(S2)", (12.3)
where S, is the tensor field of type (1, 1) in M defined by
S X)=S(Z, X).
By S7 is completely determined by [12.3). Since any vertical
vector at any point is linearly dependent on vectors of the form «V, it fol-
lows from (12.2) that
SY(¥)=0 (12.4)

for all vertical vector fields V.

§13. Identities involving vertical and complete lifts.

In this section we establish various identities concerning vertical and
complete lifts, particularly involving Lie products. These are required for
subsequent calculations.

PropPOSITION 3. If X, ¥ are vertical vectors in *T(M), then their Lie pro-
duct [X, ¥ is also vertical.

Proor. If fe g3(M), then

Xfr=0="7r".
Hence [X, V177 = XP()— YV EX)=0.
PROPOSITION 4. If ¢, w e IYM), then
[¢%, 0"]1=0.

Proor. If Ze gi(M), then
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[¢7, @"1ZY = Q¥ (0¥ (L7 ) — ¥ (7 (Z7))
= ¢V (2N — " (P2
by [(7.3). Since w(Z), ¢(Z) e TYM) and ¢7, o’ are vertical, we get
[¢7, w"]Z27=0.

Hence, by [Proposition 1, [¢7, ©"]1=0.
PROPOSINION 5. If w e IYM) and F e I{(M), then

[o”, FV]={0F}"

where wF is the 1-form defined by (wF)(X)=w(FX).
PrROOF. If Ze gY(M), then

(0", FV1Z7 = o"(FY(Z")—F"(0"(Z7))
=o"(F )" ={oF@)}
by (8.3), (7.3) and (8.2). But also
{0F}7Z7 = {(0F)Z} = {o(F@N}

so that the actions of [w”, FV] and {wF}" on ZV coincide. Thus, from Pro-
position 1, we have
[w¥, FV]1={oF}".

PropPOSITION 6. If F, G 9 M), then
LFY, G"]=FG—GF)".
Proor. If Ze gYM), then, by (8.3) and (8.4),

LFY, GV1ZV =FY(GY(ZV)—GY(FY(Z7))
=F"(GZ)"—G"(F ()
={F(GZ)-GF©ZN}
={FG—GF)YZ".

The required result now follows from Proposition 1.
PROPOSITION 7. If w=9YM) and X < T{M), then

[X9, 07 ]=(L0) .
Proor. If Ze gy(M), then, by (7.3), (9.2), (7.2) and (9.1)
[X% 0"]ZV = XUV (Z7))—o"(X(ZT))
= X2 —o"[X, Z]"
= (X(@))"— (X, ZD)¥
= {(Lzw)(D)}7
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(see [2], p. 32). Hence
[XC @VIZV =(Lxw)VZ7

so that, by Proposition 1,  [XY, &']=(L0).
PROPOSITION 8. If X IYM) and F e I M), then

[X®, FV]=(LxF)" .
Proor. If Ze gy(M), then
[XC FV1ZV=XYF L) —F"[X, Z]
=[X, FZ)Y—{FLX, Z]}¥
= (L2
=(LxF)YZ"

(see [2], p. 32).
PropPOSITION 9. If X, Y € gM), then

[Xe, Yol=[X, Y°.
Proor. If Ze gy(M), then, by (9.2),
[XC, YOZV= XY, ZT—-Y[X, ZF
=[X [V, Z]]"-[Y,[X, 2]
=[X Y1 Z7]
by the Jacobi identity. Hence
[XC YOIZV=[X, YI°ZV.
PropPOSITION 10. If S, Te 9{M) and F € (M), then
SYTv=0
SYFV=0.

Proor. By definition, S¥, TV € Ji(°T(M)). Hence SVTV is also a tensor
of type (1,1). If Ze gy(M), then, by (12.3) and (12.4),

SYVTV(ZOYy=SY(T"(Z)=S"(T)"=0.

Hence, by Proposition 2, SYTV=0.
Also FV is a vertical vector field in °T(M) and so, by (12.4), SVF7 =0.

§14. The complete lift of a tensor field of type (1, 1).

Suppose now that F = J4(M) and that F has components F;* at a point A
in a coordinate neighbourhood U. At the point (4, p) in =~(U), we can de-
fine a 1-form o by
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ai:paFia: O-Z:O‘
Thus
g = pana'dxb .
The exterior derivative of ¢ is given by

do= pa—i%z—dxc AAX+Fdp, N dx®

so that if we write

do = %»z'cydxo AdxE,

where 7 is skew-symmetric, (as before x* means p,) we have

Tﬁ:sz,
TJL“‘ sz:
7577=0

We write F¢ for the tensor field of type (1, 1) in ¢T(M) whose components
fis* in z~'(U) are given by

Fel= 730504 .

Thus
FNih =F.>, éh —0
~ P aF @ ana ~ 7 i
Fi=po(-Gh— ) FP=F. (14.1)
We call F¢ the complete lift of the tensor field F. 1f w < JYM), we have
Foo")=(wF)". 14.2)
If Z< gy(M), we have
FUZO)=FZ)Y+(LF). (14.3)

By F¢ is completely determined by [T4.3).
The action of F¢ on vertical vectors is completely determined by [14.2).

If Gegi(M), then G” is a vertical vector in ¢T(M) and
Fe(G")y=(GF)". 14.4)
If e gi(T(M)) and
Hw")=(wF)”
for all w € TY(M) and some F < JI(M), we shall say that Z is projectable with

projection F. In particular, F¢ is projectable with projection F.
PROPOSITION 11. [If FeJi(M) and S I¥M), then
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FCeSV=(SF)",
where SF = I M) 1s defined by
SF)X, Y)=S(X,FY).
Proor. If Ze gy(M), then, by (12.3) and (14.4),
(FCS7)Z0 = Fo(SVZC)

=F%Sz)”
= (SzF)V.
But
(SF)YZ¢={(SF)z}¥
and, since

{(SF)3(Y)=(SF)(Z, Y)=S(Z, FY) = (SzF)(Y)
for all Y e gl{(M), it follows that

{(SF)z}7 = (SzF)7 .
The required result now follows from Proposition 2.
ProrosITION 12. If Fe g{(M) and S e 9¥M), then
SYFe=(SF)”

if and only if
S(Z,FY)=S(FZ,Y)

for all Z, Y  Ty(M).
PrOOF. Suppose that Ze I§(M). Then, by (14.3), Proposition 10 and

2.3),
(STFNZC = SY{(FZ)Y+(LF)"}

= SV(FZ)°

= (Sr2)" -
But, by (12-3)’
(SF)YZ°={(SF)z}" -

Now Spz=(SF), if and only if for all Y € (M) we have
SpzY =(SF),Y:
that is, if and only if
SWFZ,Y)=S(Z,FY).

Since (Spz)? =(SF)% if and only if Sp,=(SF), the required result follows at
once.
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§15. The complete lift of a skew-symmetric tensor field of type (1, 2).

Suppose now that S is a skew-symmetric tensor of type (1, 2) in M and
that S has components S;,* at a point A in a coordinate neighbourhood U.
At the point (A4, p) in z~*(U), we can define a 2-form ¢ by

— a - —
0= PaSi" 07;=0,

0'.“—:0, a'j'{:().
Thus

g= —%pasﬂ“dxf Adxt.
The exterior derivative do of ¢ is a 3-form given by

do = %«pa aéS’La’x’“ Adxi A dxz—i—%sji“dpa Adxl Adxt

Hence, if we write

da = %"TDCBCZXD /\ dxc VAN de

where 7 is skew-symmetric in all pairs of suffixes and x' means p, we have
y i

950t | 35, 35,
win=Do( gt gt )

S j R ; __Q.h
Tjih*“sihjx Tjih'“shjzi Tjin"‘SJ'i ’

T8 = 0= T = Tps -
We write S¢ for the tensor field of type (1, 2) in °T(M) whose components
Sest in n~}(U) are given by

~
A4 __ EA
Sep* = —Toppe™ .

Thus

Sjih:Sjih, SJL"' S}bh—S],,h 0,

9Sut | 35" 05,
=—pa(gp ot )

S.h_ : & h— -
Sj.‘, "‘thzx jih"‘ hij: Sjih—o .

We call S¢ the complete lift of the tensor field S. 1f ¢, w = IYM) and
Y, Ze gi{M), we have

S, @) =0, (15.1)
S%w", Z¢ = —(wS,)", (15.2)
SY, Z9=(S(Y, 2)°+{(L2S)y—(LyS)z—Sty. 1} 15.3)

where (£,S)y € 9¥(M) is given by
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(L2S)(X) = (LS)Y, X)
and Spy,z; € M) is given by

Sr.z2(X)=S[LY, 2], X).
From it follows that S¢ is completely determined by [(15.3).

§16. Theorems on structures in the cotangent bundle.

We now apply our constructions of lifts of tensor fields to obtain theo-
rems concerning the existence of certain types of structure in °7(M). In our
arguments, the torsion of two tensors of type (1,1) plays an important part.

If F,Ge< gi(M), the torsion Nyg of F, G is the tensor field of type (1,2) de-
fined by

2Npo(X, Y)=[FX, GYJ+[GX, FY]+FG[X, Y]+GF[X, Y]
—F[X,GY]—F[GX, YI—-GLX, FY1—-G[FX, Y] (161

where X, Y e gy(M). (See [2], p. 37; we have introduced a factor —%— for
convenience.) It is easily seen that

Np,e= Ng,r

and that N, q is skew-symmetric. If we put F=G, we obtain the Nijenhuis
tensor of F, given by

NepolX, V)=[FX,FY]+F[X, Y]-F[X,FY]-F[FX, Y]. (16.2)

We shall abbreviate Ny, to N whenever it is clear which tensor fields
F, G are involved.

If Fe gi(M) and F®= —]I, where I is the Kronecker tensor field (that is,
the tensor field with components 67), then F is an almost complex structure
on M. It is well-known that F is integrable (that is, F is obtainable from a
complex structure on M) if and only if Ngr=0.

If Fe gi(M) and F*4+F =0, then F is called an f-structure on M. (See[10],
[11])

ProposITION 13. If F is an almost complex structure on M and N = Npg,p,
then

NYFC¢=(NF),
(NFY'F¢=—NV.
Proor. By Proposition 12, it is sufficient to show that

NZ, FY)=NFZ,Y)
and
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—N(Z, Y)=NFZ, FY)

for all Z, Y e g§(M). This is a matter of direct verification, using F?= —1I.
Our next result establishes a connection between the complete lifts of two
tensor fields F, G € 9{(M) and the torsion of F and G.
PROPOSITION 14. If F, G € M), then

FCG°+GFC¢=FGH+GF)Y+@2N)
where N = Np,g.
PRrOOF. Suppose that X< g(M). By (14.3) and (14.4)

FOGOXC=F(GX)+(LxG))
=FGCX) +(LoxF )V +H{(LXG)F ¥

=FEGCXC—{LyFOY +(LaxF ) +{(LxGF }7V. (16.3)
Hence
(FOGC+GFOYXC =(FG+GFYXe++QV (16.4)

where Q € g{(M) is given by
Q = LaxF+(LxGF —LxFG)+LpxG+(LF)G—Lx(GF).
By a well-known formula for Lie derivatives ([27, p. 32) we have
QY =[GX,FY]-F[GX, Y]+[X, GFY]—G[ X, FY]
—[X, FGY]+FG[X, YI+[FX, GY]—G[FX, Y]
+LX, FGY]—F[X,GY]—[X,GFY]+GF[X, Y]
for any Y e gy(M), from which it follows that

QY =2N(X,Y).
By (12.3),

NYXC=(Nyp".
But

2Nx(Y)=2N(X, Y)=QY
'so that
2Nx=Q.
Hence
Qv =2NVX°

so that, by (16.4), the actions of FCG+GOF¢ and (FG+GF)°+2NV on X are
the same.

The required result now follows from Proposition 2.

PROPOSITION 15. If F e Ji(M), then

(FO)2=E*)+Np,p)" . (16.5)
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This is an immediate corollary of [Proposition 14|
ProposITION 16. If F e 9 M), then

(FO) = (F 04+ Q2T—FN)Y (16.6)

where T is the torsion of F and F? and N is the Nijenhuis tensor of F.
Proor. By Propositions 15 and 11,

(FC)S — FC‘(F 2>C+FC'NV

= FO(F 2+ (NF)" . 16.7)
By (16.3),

FOEF 27X = (F Y X4 {(L1F P +(LpaxF) = LxF )
so that, using (16.7) and (12.3)

FoOpXC=(F5HNXC+R" (16.8)
where

R=(LxFOF+ LpoxF— L3F3+(NF)y.
We have

RY=[X, F3Y]—-F X, FYJ+[F*X, FY1-F[F*X, Y]
—[X, F3Y)+F3 X, YI+H[FX, F2Y J+F X, FY]
—F[X,F*Y]—F[FX, FY]
=[FX, F*Y1+[F*X, FY]+2F* X, Y]
—F[X,F*Y]—F[F*X, Y]-F X, FY]-F*FX, Y]
—F[FX, FY]—-FX, YI+F X, FYJ+F}FX, Y]
=2TX, Y)-FN(X, Y)
=2Tx(Y)—(FN)x(Y)  for any Y e IyM).
Hence, by (16.8) and (12.3)
FOPXC=EFNX+@Tx—FN)D"Y
=(FX+@2T—-FN)'X°.
This proves Proposition 16. .
ProrosITION 17. If F, G 9iM) and N 1is the torsion of F° and G°, then

N=N¢
where N is the torsion of F and G.

This result can be proved (using [Proposition 2) by means of a straight-
forward but somewhat lengthy computation.

We come now to our main theorems.
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THEOREM 1. Let F be an almost complex structure on M. Then the com-
plete lift FC is an almost complex structure on °T(M) if and only if F is inte-
grable.

PRrROOF. Since F is an almost complex structure, we have F2= —]. Hence,
by Proposition 15,

(F 0= (=D +N"
where N is the Nijenhuis tensor of F. Since the complete lift of I in M is
the Kronecker tensor field T in °T(M), we have (F¢:=—T if and only if
NV=0. Since NV=0 is equivalent to N=0 it follows that F¢ is an almost
complex structure in °T(M) if and only if N=0.

THEOREM 2. If F is an integrable almost complex structure on M, then
the complete lift FC is an integrable almost complex structure on “T(M).

PROOF. By Theorem 1, F¢ is an almost complex structure. Since F is
integrable, the Nijenhuis tensor of F is zero. Hence, by Proposition 17, the
Nijenhuis tensor of F¢ is also zero.

THEOREM 3. Let F be an almost complex structure on M, with N the
Nijenhuis tensor of F. Then

Fot 5 (NFY

is an almost complex structure on °“T(M).
This theorem is due to Saté [87.
Proor. Using [Proposition 10, we have

(Fo-+—5-(NFY}2 = (F Oy F NP+ - (NF )P

e (FO)Z_’__%_(NF Z)V__!__%_{NF Z)V

by Propositions [1 and 13. Since F2z= —1I, we get, using [Proposition 15}

{FC+-%—(NF)V}2: (FO?—NV = (F?)° = —T.

THEOREM 4. The almost complex structure F"—l——%—(NF)V on °T(M) (see

is integrable if and only if F is integrable.

Proor. If F is integrable, then N=0 and so FO-—5(NF)=F; by
Theorem 2, F¢ is also integrable.

Suppose conversely that FC—I—%(NF)" is integrable. Then the Nijenhuis

tensor of FC—{—%(NF)V in °T(M) is zero. By a direct if somewhat lengthy

computation (which makes use of the propositions proved in §13) we can
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show that the Nijenhuis tensor N of FC+~%~(NF )V satisfies

N(xe, Y9 ={N(X, Y)}°+P"
where P is the tensor field of type (1, 1) in M given by
2P(Z)=N(Y,[X, Z])—NX,[Y, ZD+NX,F[FY,Z7))
—~N(Y,F[FX, ZD+N(FY, X1, FZ)—-N(FX, Y1, FZ)
+LY, N(X, Z)]-[X, N(Y, Z)J+F[FY, NX, Z)]

—F[FX, N(Y, Z)]—l—%N(Y, N(X, Z))-——%—N(X, N(Y, Z2)).

Since N is zero, we get

{NX, D}I°+P"=0.
But this shows that the vector {N(X, Y)}¢ is vertical; since the complete lift
of a non-zero vector cannot be vertical, it follows that N(X, Y)=0. This
holds for all X, Ye gi(M) and so N=0. Hence F is integrable.

It is of some interest to note that the expression for 2P(Z) is not linear
in X and Y. If we write Q(X, Y, Z2) for P(Z), we find that

QUX, gY, 2)=fgQX, Y, 2)+(f(Z+g(ZfHNX, Y).

THEOREM 5. Let F be an f-structure on M. Let N be the Nijenhuis tensor
of F and let T be the torsion of F and F?. Then F® is an f-structure on M
if and only if

2T=FN,
or, equivalently,
NX, FY)+-NFX, Y)+FNX, Y)=0 (16.9)

for all X, Y e Ty(M).

PrROOF. Since F3+F =0, it follows from Proposition 16 that

FOR+FC=FN+F°+QT—FN)Y =Q@2T—FN)".

Hence F¢ is an f-structure if and only if 2T—FN)"=0, which is equivalent
to 2T =FN.
To prove the last part, we simply verify that

NX,FY)+NFX, Y)+FNX, Y)=CT—FN)X, Y)

for all X and Y.
THEOREM 6. Let F be an f-structure on M, let N be the Nijenhuis tensor
of F and let T be the torsion of F and F* Then

Fot {(FN—2T)(I+%F N
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s an f-structure on °T(M).
Proor. Write

P=(FN—-2TI+5F%. (16.10)

If XegiM), then
FOHPNXC=FXF+(LFIV+Pr)”
by (12.3) and (14.3). Hence, by Proposition 10
(FCH+PVRXC=(FO2XC+FCPy"+PV(FX)°

= (FOPXO+(PxF )V +(Prx)¥
and similarly

FO+PVYXC=FPXO+(PxF?)"+PpxF )" +Ppex)” .
Hence, by Proposition 16,
(FO+PYPX 0= (F X+ QT—FN)x +PaF 9 +PexF ) +(Prax)”
Since F?*= —F, it follows that
(FC+PV3XC=—(F¢4+P"XC
for all X if and only if
Py+PxF 2+ PpyF+Ppoy=(EFN—2T)yx
for all X. This condition is equivalent to
PX, Y)+P(X,F*Y)+PFX, FY)+PF2X, Y)
=FNX, Y)-2T(X, Y) (16.11)

for all X, Y gi(M). With P defined by (16.10), a straightforward verification
can be used to prove that (16.11) is satisfied. Hence (F¢4{PVEXC4(FCH+PVXC
=0, so that (using Proposition 2 once more) we have

(FC4PVy4(Fo+PV)=0.

§17. The Riemann extension and the complete lift of a symmetric affine
connection in M.

Let p be a symmetric affine connection in M. Let A be a point of M and
let U, U* be coordinate neighbourhoods containing A. We write I'%; and I
for the components of | relative to U/ and U* respectively. Then the tensor
field of type (0, 2) in “T(M) whose components g,z in 7~}(U) are given by
8n=—2p 0%,
G =0l=8;, (17.1)
8 =0
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has components g¥z in z~(U*) given by

gh=—2p3 I3,

¥ — §5f = 5%
G =0i=g%,
o¥ —
g;{——

We call this tensor field the Riemann extension of the connection y and

denote it by pZ* (see [4], [5] [6). We have
FEQY, o) =0
FEXC, ") = (@(X))”
FHXC, YO =—WxY+py X)7.

By the tensor field pZ is completely determined by the last
of these three conditions.

Let p¢ be the Levi-Civita connection determined by pZ We call p¢ the
complete lift of p. The components 4, of ¢ in 7= (U) are given by

ry=r%, =0=rt=r"

gi?
Phy= po@ul =0, 50l 5t 2 50l ar9
fjb;:— :77“ fjﬁl:—F;Lu ﬁ?[.:o

PROPOSITION 18. Covariant differentiation with respect to the connection
pC in °T(M) satisfies the following properties:

pive’ =0, pfew” =),

PIvFY =(QF),  p%FY=WxF—FX)F)",

oY °e=—@wY)’,

Pic Yo=Y )+H{TX)TY)+WY)FX)—KxY —Ky X}V

where ¢, w = TYM), X, Y e gi(M), F € II(M), K is the curvature tensor of [
and Ky 9YM) is given by

K YZ)=K(X, 2)Y .

Proor. These formulae can be obtained directly from formulae (17.3).
An alternative expression for p$cY? is

WYY+ {rWxY-+ryX)—Wxp Y +pep X} .
This can be proved from Proposition 18 by using the identity

PrxY—pxfY=FY)rX)—KsY.

PROPOSITION 19. Let K be the curvature tensor of p° Then if ¢, ¢, w
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e YM) and X, Y, Z<= M), we have

K(g¥, ¢Na” =0,  K(¢7, ¢")2°=0,
KX ¢Me” =0, KX ¢")Z°=+(PKX)"
K(X°, Yo" = — (oKX, Y)Y
KX, Y9Z°=(K(X, Y)Z)°
+H{rE X, Z) =K an Y + T K@ X+W KX, Y)Y

where

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]

TEK)oa(U)=FK)U, X, Z).

These formulae follow from the formulae for ¢ given in [Proposition 18

Tokyo Institute of Technology
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