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§0. Introduction.

The writer showed the existence of Kleinian groups with fundamental
domains bounded by four circles whose singular sets have positive 1-
dimensional measure ((4]). Further in former paper [5), he investigated the
properties about the computing functions on some Kleinian groups and gave
the results with respect to the local properties of the singular sets of these
groups by using the computing function. Now in the natural way the follow-
ing problem arises; to what extent does the Hausdorff dimension of the
singular sets of Kleinian groups climb up, when the number N of the bound-
ary circles increases? It is conjectured and seems still open that the 2-
dimensional measure of the singular sets of general finitely generated Kleinian
groups is always zero ([(1)).

The purpose of this paper is to show the existence of the Kleinian groups
whose singular sets have positive (3/2)-dimensional measure. We shall state
preliminaries and notations about Kleinian groups in §1. In §2 we shall
introduce the subcomputing function on some Kleinian groups which have
the analogous properties to the computing functions and investigate the re-
lations between this function and the Hausdorff dimension of the singular
set of some Kleinian group. By using this function we shall give the ex-
ample of the Kleinian group whose singular set has positive (3/2)-dimensional
measure in § 3.

§1. Preliminaries and notations.

1. Let B, be a domain bounded by N (=3) mutually disjoint circles
{H;, H}}!-, and {K;}}{, 2p+g=N). Let S; A1 =:=p) be a hyperbolic or loxo-
dromic transformation which transforms the outside of H; onto the inside of
H;. Let ST (1=<j=gq) be an elliptic transformation of period 2 which trans-
forms the outside of K, onto the inside of K;. Then {S;}}-;\V {S¥}%-. generates
a discontinuous group G with B, as a fundamental domain. We use the
notation & to denote the set of {S;}Z,;, their inverses and {S¥}J...
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Denote by ST the composed transformation obtained by S and T contained
in G, that is, ST(2) =S(T(z)). Then any element of G has the form

S: S(vk)S}kk eee S(v;)S}kl S(uo) ,

where the indices v, (i=0, ---, k) are non-negative integers and S®? denotes
the product of v; generators of {S;} or their inverses and S¥% denotes the
generator of {S¥}. We call the sum

k
m= 2 Ui+k
=0

the grade of S and for simplicity we denote by S the element of grade m
in G.

The image S™(B,) of the fundamental domain B, under S™ (€G)
with grade m (=1) is bounded by N circles S™(H,), S™(H}) and S™(K})
(i=1,--,p;j=1,--,9. For the sake of simplicity, we call the outer bound-
ary circle C™ of S“™(B,) a circle of grade m. The number of circles of
grade m is obviously equal to N(N—1)™".

Denote by D,, the N(N—1)""*-ply connected domain bounded by all the
circles of grade m. Evidently {D,,}%-; is a monotone increasing sequence of
domains. The complementary set DS of D, with respect to the extended

z-plane consists of N(N—1)""! mutually disjoint closed discs. The set E= FSID%,
is perfect and nowhere dense. We call E the singular set of G.
2. For a linear transformation of the form

T(2) = gj;ﬁg ad—bc=1, c=0,

the circle Iy: |cz+d|=1 is called the isometric circle of the transformation
(see [8)). The radius of I equals 1/|c].

Consider two arbitrary transformations 7 and S of G. We assume that
S#T"*. Denote by Ig, I, ; and Is; the isometric circles of S, T and ST,
respectively. Let gs, &7-; and gsr be their centers, and let Rs, Rr and Rgr
be radii of Is, Ir and sy, respectively. As for these values, the relation

Rs-Rp Rs-Ry
l|gp-1—8&s| | T(c0)—S7(e0) |
holds, since g,., and g5 are the poles of 77!(z) and S(2).

3. Denoting by ™ and r™* (i=1,---, N—1) the radius of the outer
boundary circle C“ and the radii of N—1 inner boundary circles C{™*®
@¢=1,---, N—1) of the image B, of the fundamental domain B, under a trans-
formation S (€ G), we have the following propositions [2J).

PROPOSITION 1. There exist positive constants K, (<1) and k, depending
only on B, such that

1.1) Rgr=
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1.2) bor™ < rmtd < Kr™  (i=1, -, N—1).

PROPOSITION 2. There exist positive constants k(G) and K(G) depending
only on G such that

(1.3) EG)(R ym)* < (r™) 5 < KGY(R gem)* »

where g is any positive number and Rymy=1/|c™| is the radius of the iso-
metric circle of S™.

Denote by F,, the family of all closed discs bounded by circles of grade
n (=ny). It is easily seen that F,  is a covering of the singular set of our
Kleinian group G and by [Proposition I we see that the diameter of any disc
of F,, is less than a given 6 (> 0) for a sufficiently large n,.

For such a covering F,, we have the following important proposition D).

PROPOSITION 3. Let Fi¥ be a covering of E constructed by discs in Fy,
whose radii are not greater than 8/(Qk,) and let r; be the radius of a disc C in
Fiko where ky is a positive constant in Proposition 1. Then it holds

1.4 LAE)=1lim inf X (2rc)”§df(—’?29—)_”Mn(E)
5—0 {F"/"O} CGF%"O

where K is an absolute constant and M,(E) denotes the n-dimensional measure
of E.

4. Let T be any fixed generator or its inverse in @. Denote by Hr and
H,_, the boundary circles of B, which are equivalent, that is, H,=T(H_,)
and further by Dy the closed disc bounded by Hy. If Hy is one of K; 1 =<j=9),
then H,_,=Hr.

Let S®=T,T,_,--- T,T, (T;€@®) be any element of G with grade n and
take its inverse transformation of S™:

—daz+by
C,2—a, '

1.5) S ™(2) = a,d,—b,c,=1,

where S™ denotes the inverse (S™)'=Ty!..- T;! of S™. If we take the
derivative of S™™(z), we obtain easily

dS~™(2) |2 "
, —(Icnz a,.|> <|S‘">(<S>;>)—z| )"

dz
Forming the sum of (N—1)* terms with respect to all S®=T,T,_, - T.T,
such that T, #T! and T;+ T3}, 1 =<i<n—1), we have the following function
denoted by X#'7(2):

(1.6)

s (€]

.7 X 0(@) = 2 ,( [S™(c0)— ZI) P

The domain of definition of X%#:7(2) is Dy. Since z moves on Dy and T,#T7},

ds- cn)<z)
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the (N—1)* denominators of do not vanish, and hence X% 7(2) is uniformly
continuous in Dy. Let S™ (= G) be an element with grade m of the form
S =Sm™-bT, Noting that gym,=S"(c0) and using the relation [(L.I), we
obtain easily

' R ym> # Ramgm ys
(1.8) Xﬁ,‘“m(gs(m))—'s%)( | S™(c0)— S~ ™ (c0) | > .

_S(n) Rscm)

We call X#:7(2) the p-dimensional computing function of order n on T.
There exist N computing functions X%#'7(2) corresponding to the choice of
T from G.

By using 2%#'T(2) we have the following result.

THEOREM 1 ([5]). The following four propositions are equivalent to each

other.
(1) For any sufficiently small € there exists a positive integer n, such that

1.9 LED(2) > 14-¢, (or <1—9),

for any Te® and any z€ EN Dy.

(2) A subsequence {(X#7(2)} (1=1,2,) of {(X¢:P(@)} (n=1,2,--) on some
fixed T (@) diverges (or converges to zero) at some point z, of the singular
set contained in Dy, that is,

1.10) lim X P(z) = o0, (or 0) for some z,& ENDry.
(3) It holds
(1.11) limX# P(@)=0co, (or 0)

for any T (@) uniformly on Dr.
(4) It holds M u(E)=o0 (or 0) for the singular set E of G.
2

§2. Relation between the computing function and the Hausdorff
dimension of the singular set of the Kleinian group.

5. Let us investigate relations between the computing function and the
Hausdorff dimension of the singular set of the Kleinian group. Given a set
F in the z-plane, the Hausdorff dimension of F' is the unique non-negative
number d(F) satisfying

My(F)=0, if d>d(F)
and :
M (F)=0o0, if 0=d<dlF),
where My(F) denotes the d-dimensional Hausdorff measure of F.

We get from and the definition of the Hausdorff dimension
the following propositions [5])).
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PROPOSITION 4. Let T be any generator or its inverse of the Kleinian group
G, that is, T ®. Then the Hausdorff dimension d(E) of the singular set E of
G coincides with the following number:

sup {—2[“‘—, 1lll_n°1° AED(D) =00, Iz EmDT}

— inf {‘—‘2'- ; im X P(2)=0, *z€ ENDy}.

PROPOSITION 5. Let p, be the Hausdorff dimension of E. Then M_ﬁ;g_(E)
is positive and finite.

. In the former paper [5] the writer gave the following problem. Let
—Ez—zd(E) be the Hausdorff dimension of E. Does I%*:T(z)=Iim X¥* T(2)
equal XD (z)=1im X¥*7(2) for any T (€ ®)? If it is true, is the function
@ D(2) =1im X¥* 7(2) always a positive constant on the singular set EN Dy?
It is conjectured that this will be 1.

Since three cases that M »(E) is zero, finite and infinite, can occur at
2

any g and they are mutually exclusive, we have from and
[Proposition 5| the following theorem.

THEOREM 2. Let % be the Hausdorff dimension of E. Then there exists

some positive small ¢ such that
@.1 [X@D()—1| < e

for any n, any T (@) and any z= EN Dy. Therefore it holds
2.2) 0<1—e< Y@ D(2) < I¥D(2) < 1+e

Sor any T (@) and any z€ EN Dr.

6. Let us introduce the subcomputing function closely related to the
computing function.

Let T, be any fixed generator of G or its inverse and S =T,T,_, - T,T,
(T; =®) be any element of G with grade n (> 1) for fixed T, defined in
of No. 4. Taking the derivative of S"®(2) and forming the sum of (N—1)*-!
terms with respect to all S™ for fixed T, such that T,# T and T, + T;},
(1=<=i<n-1), we have the following function

Rs(n— I)Tl ),u

23 dT1S-=1(z) %
@ ) S(nz—:l)( | S®=DT (c0)—2] )

dz

>

S(n—1)

The domain of definition of this function is Dy. We denote it by X¥:T-Tv(z),
Then X%:TTY(z) is uniformly continuous in Dy from the same reason as in
No. 5. Further we obtain easily
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RS(TL—I)TI

u
2.4 X TP g gemy) = s —1( | S®=DT(c0)—S™™(c0) | >

Rs<m33<n-1>r1 #
:s(n2—1)< Rs(m) ) )
We call 2#779(z) the pu-dimensional subcomputing 7T,-function of order
n on T. There exist N? subcomputing functions X% 7°7?(2) in all, since n>1
and the first element T, of S™ and T (+7T,) are any generators or their
inverses (€ ®) of G, respectively.
7. Now let us present some properties of subcomputing function.
(i) At first we have from the definition

(2.5) éxé‘“r’”’(z) =X#7D(2), for any ze< Dr.

@6 RGI P(2) S 1 77T D() + AT TO(2) < KGO ().

PROOF. Since (2.5) is obvious, we shall prove (2.6) only. From the defi-
nition, we have
Rs(n~1)1.

. —1 L1y (‘n) 1%
x;’#.T Ty )(Z)—l-X;HHT T )(Z) s n—-l) lS(n—l)T (00)—2" ) +S(")( IS(n)T (OO)—Zl )

for fixed T; (€ @). Since it holds
Rsén)“ S(n . »
S@( [SPTyey=aT) =@ Z ,,_1)( SEhe =) 0 TrETo,
we obtain from (2.5)
Xﬁf”T'T;"(z)—l—X%f,_,T‘T‘)(z) < K()# P(2),

where K(G)=max (1, k,(G)).
Next we shall prove the left inequality. We obtain easily

1m0~ 3 (sosar)

S(n-—l)T—J

m
(n_1)< | S®=DT(c0)—2z| ) s("‘)( IS‘"’(:o) —z| )

where S{¥ =S§{ T, (Ty+# TiY). Since it holds

RS5 Rsén)ri n
sw( TSPey=aT) —k2<G’s§>( SPTe==T) *

we have
EG)XE D(2) < X T.T;‘)(Z)__]_x;l/i:lT.Ti)(z) ,

where k(G) =1/max (1, k,(G)).
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(ii) Fix the generators T and T, and take a transformation S¢+® = S®S™
=T14nTisn-1 " TpsTn - T,T, with grade [+n such that T,.,# T !, where T
and 7,€® (1=<j=<I[+n). If we differentiate the inverse transformation
S-m(z) = §-™S-D(2) (z € Dy) with respect to z, we have

ds- ? dS-™(z’) | | dS-(2)
o =( I

o Yo, w=sog.

Hence we get from

R
R gan sm Rsw
2.7 ( | ST (o) 7] ) ( | S™(c0)— S-D(Z) | |S<t>(oo) z| )

Forming the sum of (N—1)"*"-! terms with respect to all S“™ of grade [+n
in G for fixed T, such that T,,,+# T"!, we obtain from the definition of the
subcomputing function the following relation

0)—z|

(2.8) Xi T () ___SZ {X“‘ Tr4nTD(S- “’(z))( ‘Scu(sm ) }

where the domain of definition of X#;770(z) and X’ T»+1T0(z) are the “closed
discs Dy and Dy,,, bounded by H; and Hy,,, respectively and S ®=
(Thsr = Tra) ' =Tk o Tods

Since S®(c0) and z are contained in Dy;1 and Dr, respectively and
T +# Ty, each denominator of the right hand side in does not vanish
and is greater than some positive constant from the assumption about B,.
Noting that R, tends to zero as [—oo, we have the following inequality :

29) XELTTO(E) > hlD) S TR TS O
) _

where k,(/) is a constant depending only on / and tends to zero for [—oco.

In the same manner S™(c0) and S™”(z) are contained in D;-1 and Dr,,,,
respectively and hence the factor |S™(c0)—S ®(z)| of the denominator of
the right hand side in does not vanish from T;'# T,., and then it is
greater than some positive constant from the assumption about B,. Noting
the above consideration, we can easily find from that there is the follow-
ing relation between two computing functions on the same 7 with different
orders:

(2.10) K (m)X T Tned(z) > X@iTT0(2) > K(n)x TTneo(z)

where K;(n) (i=0, 1) denote the constants depending only on n.

(iii) In [5], we got the equi-continuity of the sequence of computing
functions. We have also the same property with respect to the sequence of
subcomputing functions. The proof is analogous to that of computing function.

PROPOSITION 6. (1) Suppose that the sequence of subcomputing functions
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XTI} (n=1,2,---) on some T and T, ® converges to a finite number or
0 as n—oo at some point z’' of the singular set contained in Dyp. Then the
sequence {X¢'TT0(2)} (n=1, 2, ---) is equi-continuous on Dy, that is, there exists
some positive number 0 depending only on e such that

(211) lx;{z;T.T1)(z)__X§Lu:T.T1)(Zo)| <e

for any point z contained in Ds(z,) satisfying |z—=z,| <0, where Ds(z,) denotes
an open disc of radius 6 with center z,< Dy.

(2) Suppose that the sequence of subcomputing functions {XTT(2)}
(n=1,2,-) on some T and T, diverges for n—oco at some point z’ of the
singular set contained in Dy. Put p$TT0(2) =1/X#T'TP(2). Then the sequence
P TTY(2)} (n=1,2,---) is equi-continuous on Dy, that is, there exists some
positive number 6 depending only on ¢ such that

(2.12) | TP (2)— it TP (20) | <€

for any point z contained in D;(z,) defined in (1) satisfying [z—z,] <0.
8. Suppose that there exists a positive integer n, for any sufficiently

small ¢ such that

213) xgrro > L (or <55,

for any T and T;=® and any z<€ EN\Dy;. Then it holds from (2.5)
X&D(2) > 1+¢, (or <1—¢)

for any 7@ and any z€ ENDy. Therefore we find that [(2.13) is the
sufficient condition for [Theorem 1.
We shall prove that the converse of the above is also true.

Let us suppose that the third proposition in establishes, that
is, it holds
lim X# P(2) = o, (or 0)
n—00

for any T (@) uniformly on Dy.
At first we consider the case where the limit is 0. From (2.5) there exists
a certain positive integer 7, such that for any sufficiently small ¢ such that
it holds
:E

(2.14) AL TTD(2) < "WIAN% ,

for any 7 and T; =@ on ENn Dry.
Next we treat the case where the limit is co. From (2.6) there exists a
sequence of subcomputing functions {X#:779(2)} (n=1,2, ---) such that it holds

(2.15) lim X@ TT9(2) = oo
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for any T and T; (€®) uniformly on ENDy. Hence there exists a certain
positive integer n, for sufficiently small ¢ such that it holds

1—s
N ?

(2.16) XL TTO(2) >

for any T and T, €@® on En Dr.

Thus we have the following theorem.

THEOREM 3. The four propositions in Theorem 1 are equivalent to the follow-
ing proposition: there exists a positive integer n, for any sufficiently small e
such that

(2.17) x;l;g:T.Ti)(z)> 11'*\}5 , (01’ %i) ,

for any T and T; €® on EN Dr.

9. REMARK. Using the properties (i), (ii) and (iii), we can easily find
that the propositions in Theorem 3 are also equivalent to the following two
propositions (A) and (B). The proof is also analogous to that of the computing
function in [5].

(A) The subsequence {Xﬁ{;‘T'T@"(z)} (7=12,:) of {X¥:TT¥(2)} (n=1,2,-)
on some T and T, (€ @®) diverges to co (or converges to zero) at some point
z, of the singular set contained in Dy, that is,

lim ¢ ™77z =c0,  (or 0)
for some z,€ EN Dr.

(B) It holds

lim X ' T(2) = oo, (or 0)

for any T and T; (€ @®) uniformly on Dry.
10. We have the following theorem analogous to Theorem 2 with respect
to the subcomputing function from Theorem 3.

THEOREM 4. Let p*/2 be the Hausdorff dimension of E. Then there exists
some positive small ¢ such that

winrory L | o &
(2.18) Lt TT(2Z) N < N
for any n, any T and T; (€®) and any z€ ENDy. Therefore it holds
(2.19 J-_E§_ S X@TTO(2) < W T T (2) < iEE— , (e<l),

for any T and T; (€ ®) and any z<€ EN Dy, where X“" T"T9(2) =lim X#* T'T9(2)
and T TTO(2) =lim X P70 (2).

COROLLARY. Let p*/2 be the Hausdorff dimension of E. Then it holds
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1 x;,a*: T1,T2)
220 | xSy <K

forany T; (i1=1,2,3,4) (@) and any z, 2’ ENDy, where K=14-¢)/(1—e) (>1)
is a constant independent of n, z,2' and T; (i=1,2,3,4) ().

§3. Example of the Kleinian groups whose singular sets have positive
(3/2)-dimensional measure.

11. We shall give some theorems which show not only the existence of
the Kleinian groups with title stated in the above, but also interest in them-
selves. '

At first we shall give the following

THEOREM 5. Let P,= P(R,0) and P,= P(R, ©) be fixed points on the real
axis in the complex z-plane and P= P(r, 6) move on the fixed circle C,: |z|=7r

(r # R). Then the function f(P)__ 1
=1 P.Pi

points on the real axis, where PP, denotes the distance between P and P,.
PROOF. By using the polar coordinates, we obtain

- of P attains its minimum at the

f(r, &) =(R*+r2—2Rr cos 0)"%+(R2+ r2+2Rr cos 0)—% , (r; fixed) .

If we differentiate f(r, ) with respect to 8 for fixed , we have

0f _ —3Rrsin 6{(R*+r*+2Rr cos &) 3 —(R*+r*—2Rr 08 0) }
a (R*+7°+2Rr cos 0) T (R*+r°—2Rr cos )T

Hence the values which satisfy the equation g{’; =0 in 0=<60 < 27 are the ones
which satisfy the following equations

(i sind=0 and (i) (1+acos@®=(1—acosf)°’ where a=2Rr/(R*+r?)
(=1). From (i) we obtain the solutions 0 and #. From (ii) we obtain

3.1) cos 8 (a* cos* 8+10a* cos® +5) =

Hence the values which satisfy the equation are those satisfying cos =0
(hence 8 ==/2 and 37/2) or
3.2) a* cos* 0+10a® cos? §+5=0.

If we put x=a%cos’d (0 <x=1), we obtain, as the values which satisfy
(B.2), x= —5+2x/§ and these contradict 0 <x<1. Observing the variation of

% at =0, 2 , = and ——g—n, we can show the fact that f(P) attains its

minimum 0=~—2~ and %—n: and its maximum at § =0 and =. g.e.d.
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Next we shall give the following
THEOREM 6 ([6]). Let P,=P(, 7), P,=P(2, ) and P,= P(2, __75_) be
fixed in the complex z-plane, and P= P(r, 8) move in the fixed closed unit disc

3
U:|z|<1. Then the function f(P) :Z‘—I;IP s attains its minimum at the origin.
i=1 P

The proof of this theorem is given in and [7]

12. The Example. Now let us give the example of Kleinian groups whose
singular sets have positive (3/2)-dimensional measure.

At first we consider the unit circle and denote it by C,, Next we
describe the six circles C,,;, (j,=1,--,6) with equal radii 1 so that C,
(j,=1,--,6) are tangent externally with each other around C,;, and hence
the segments, which join the centers of C,,;, successively, constitute a regular
hexagon R,, where the center of C,,, has a real coordinate (2, 0). Further we
describe the twelve circles C,,;, (j;=1,2,+--,12) with equal radii 1 so that
C,,j, (jz=1,2,---,12) are tangent externally with each other around C,,;, and
hence the segments, which join the centers of C, ;, successively, constitute a
regular hexagon R, where the center of C,, has a real coordinate (4, 0).
We continue such procedure by turns. Generally, we describe the C,,;,
(Ur.=1,2,---,6n) with equal radii 1 so that C,;, (j.=1,2,---,6n) are tangent
externally with each other around C,_,,,_., and hence the segments, which
join the centers of C,,;, successively, constitute a regular hexagon R,, where
the center of C,,, has a real coordinate (2n, 0). We call the first index ¢ and
the second j; of C,,;, i-th rank and j;-th emission, respectively. It is obvious
that the total number of circles C,,, and C;,;, (i=1,2,---,n; j;=1,2,---,61) is
equal to 3n(n+1)+1.

If we make all radii of circles C;,;, of all ranks short by ¢ we get a
connected domain D, bounded by 3n(n+1)+1 circles whose radii are all 1—e.
Now we shall form a Kleinian group G with fundamental domain D, in the
following ; we let these 3n(n+1)+1 circles Cy,o, C,,;, (J:=1,2,-:-,6),---,Cy,5,
(G.=1,2,:--,6n) correspond to elliptic transformations S, S;,;, (j:=1,---,6),
-+, Sp,ja (Un=1,--+,6n) with period 2. But we require some remarks: (i) two
fixed points of S,,;, (ju=1,---,6n) are the endpoints of diameters of circles
C,,j, (Jn=1,+,6n) orthogonal to the sides of R, exXcept six transformations
Sparin (1=0,--,5) and (ii) two fixed points of each of S;,+in (1=0,---,5) are
intersecting points of the half straight line emanating from the origin and
going through each of the centers of circles C,, 4in (:=0,---,5) with these

six circles.
Then the singular set E of such Kleinian group G generated by S, S,,j,

(j1=1,-,6), -+, Ss,5, Jun=1, -+, 6n) is contained in R,,m[{Ln} Cj Di,ji}UDo,a].
i=1 §;=1
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where D, ;, denotes the closed disc bounded by C;,;..
13. Let ~~§— (x> 3) be the Hausdorff dimension of the singular set of the
Kleinian group defined in No. 12. Then it holds from

3.3) [Xpi5u0(z)—1] <e

for some ¢ and any v, where ¢ (<1) is a positive number independent of
v, S0 and z (€ END,,). Hence if we can determine the number n of the
rank of outermost circles C,;, (jo,=1,---,6n) from the origin so that the
computing functions of C,,,, X{#590(2), are bounded for any v and any singular
point z (€ EN D,,,), we can show from the existence of Kleinian
group G with fundamental domain B, whose singular set E has positive
(3/2)-dimensional measure.

Take any point z€ ENnD,, and some neighborhood U(2) of z which will
be determined later. Then there eXists a center of isometric circle gy, which
is contained in U(z) for sufficiently large m (=m,), where S™ =SS, .

Consider the g-dimensional computing function of order v on S,,o, X{#* 590(2),
at ze END,, for £ >3. From the definition of the computing function it
holds that

s‘(vd) (R Simd s(u))'u
(3 80,0 — v
G T semo) = S5
We modify the right hand side of (3.4) in the following
R m) gy # R m N
(3.5) S(ZW( s(m) g )) _ ﬂ[__vs‘?i)i 8¢ )s(}))
(R,s(m))'u j=1 S“E_U(RS(‘MJSU—D)'“

Since X#i%00(z) (v=1,2, ) is equi-continuous in D,, (No. 8), there exists a
number J depending only on any sufficiently small ¢/ such that it holds

3.6) lxff‘;so’o)(z)'“xfﬂ;SO’O)(gscm)l <e, for |z—gym| <.

Then we have from [(3.3) and [3.6)

3.7 1+ (e+e") > X 500( g ny) > 1—(e+e) > 0.

We take a closed disc Ds(z) with center z and radius J defined in the above
as a neighborhood U(z) of z and we can determine £y, such that it is con-
tained in D;(z).

Now we know that each term of the product in tends to 1 from the
well-known theorem about the infinite product. Hence there exists an integer
Jo depending only on any given sufficiently small ¢* such that it holds
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% (R gemy i) _
(3.8) _§—?7?_—___)T >1—e*, (>Jjo)
sy sim)gCf-1)
for all terms of the product except finite j, terms from the first term.

This inequality is equivalent to

= (Rs<m>s<j—1>s

)."
S
(3.9) & R { g

k

A—e9}>0,  (G>j).

S(m)s(j—l))‘u

By the definition of the computing function we see easily that
E (Rs(m)s(j-l)s‘)# E(RS(M-FJ—I)S )F

(3.10) Sk =S :

(R gemygcj-1)"
(1201 JLZ:O) or (1’:1! e, Ny jizl, o0 ’Gi)!

where S™+/-D = Gm+i-ng, i

14. In this section we shall estimate the values of X{#'543?(g (ms;-1) from

Romrgye = 509G mas-)
sim=j -

below for all S;;, =0, j;=0 or i=1,--,n; j;=1,---,6i). For convenience
of calculation we suppose that the all radii of the boundary circles C;;,
(i=0, ;=0 or i=1,---,n; j;=1,---,61) are equal to 1. Moreover, if we

suppose that g is very close to 3, we may calculate the values of 3-di-
mensional computing functions of order 1 on S;,;, X{*5939(gy(m+;-1,) instead of
Xi# S80I g maz-1y), @S X{#iS63d( g mes-1y) is continuous.

We divide these calculations into the various cases according as the
various ranks of S;,;..

(@) With respect to the generators S;,;, (i=0, j;=0 or i=1,---,n—4,
Ji=1,+-,6i) from 0-th rank to (n—4)-th rank, we use the estimate of X{*59(2)

in Dy, We obtain from [I.I) and [Theorem @ the following inequality
o= 5 -@fﬂf; A0 = B —@:jv
3.11) >—;—+(g—+—@-;/%)3 )+ (gt (zﬁf)s )
+(_§’a_+_‘g—+ 33‘:/5’-) >1.15862, ("z€ EN Doy,

where the above first, second and third parentheses denote the sum with
respect to circles of second, third and fourth rank, respectively.

(b) Next we shall estimate the values of the computing functions cor-
responding to the circles C,_g,j,_3 (Jn-s=1, -+ ,6n—18) of (n—3)-th rank. For
this purpose we take the computing function X{¥S»-%(z) of the circle C,_s,
of (n—3)-th rank and the first emission as the representative. From Theorems



Singular sets of some Kleinian groups 461

5 and 6 we have the following inequality:

Ré,

(338n-31(2) — _ e
X @) s,c¢sz,l),s,1 |gsk—2l3
: 6 6 6 1 12
©12) >3+ (gt avey) (e tavry)
1, 2v67 , 2V6L |, 27 | 2V73 VI3, 2
+(g+ o e ok T s )

>1.12978, (Yze ENDyy,),

where is used in the value 6/2% the first and second parentheses
and Theorem 5 is used in the last parentheses.

(c) With respect to the computing functions corresponding to the circles
Ch-s,in-2 Un-2=1,:-,6n—12) of (n—2)-th rank, we shall estimate the value
of X S2-2(2) as the representative. We obtain from Theorems 5 and 6

x;s:Sn-zu)(z) — 2 R‘gk

Sp#FSn 2,1 ;Egsk—-zr K

> St (ot o)

(2v/3)?
HChr g BT

267

1 2 6T 2VT3 , 25T, 2461
+(g + T et )

63 e T e e
> 1.06909 , (Vz S5 E(\ Dn—z,l) ’

where Theorem 6 is used in the value 6/2° and the first parentheses and
Theorem 5 is used in the second and the third parentheses.

(d) With respect to the computing functions corresponding to the circles
Co-1,jn-1 Un-1=1,++,6n—6) of (n—1)-th rank, we shall estimate the value of
A Sn-11(2) as the representative. We obtain from Theorems 5 and 6

3
X3 Sn-1,1(z) = o Sk
! (Z) s,,#:g_l,l lg,gk—ZIS
6 2413 | 2421 | 24/19 | 1
>+ (T T T )

1 3T 39
(3.19) (b B 2AS | 2VST | 2980 )
1, 2v57 |, 2v/73 | 2V/7 2461 | 2467
g+ 55+ ot e e )
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491 | 24/111 | 24/97 | 2+/93 | 24/103

1
(e + o+ e T e et 0w
> 0.91867, ("ze ENDy-y,9),
where is used in the value 6/2° and Theorem 5 is used in the
values from the first to the fourth parentheses.
(e) With respect to the computing functions corresponding to the circles

Cn,j, m=1,---,6n) of n-th rank, we shall estimate the values of X{#S»(z) as
the representative. We use only Theorem 5 and then we have the following

3
X3S0 (g) = ‘ Sk
! Sk:gslnyl lgSk_zls

3 3 , V3 3, V7 3 V3 | V13
> 5+ (55 )T (o + 68 )+ (e 285+ S3s7)
3 V21 | V19 3 V3 | V3L | VT
+( 100+ sg2 722 )ity ot Ter
>055744, ("ze END,,).

15. Now let us return to the inequality Since the first term
I (R gamyses-vg, )/ R(gamygcs-p)* in the parentheses of [3.9) is approximately equal
Sk

to X543 (ggmas-1y) from and we found estimates of these values from
below in all cases (a)—(e) in No. 14, if we substitute these values into the
inequality [(3.9), we obtain the following inequality:

(3.15)

0.15863S(§(1;)(Rs<m+j_ ,))“+0.129798(§§;)(Rs(m+j_1))”
3.16) +0.06910 (R (s j-1)*—0.08132 (R msj-1)*
sy 8 sG-S
—0.44255 SO(R mas-1)*> 0,
s(i—1)

where 3, (i=1, 2, 3,4,5) denotes the sum of radii of the isometric circles
of transformations whose last element S;,;, of SY™?=SY"?S, ; corresponds
to the cases of (a)—(e) in No. 14, respectively and further we take e&* suf-
ficiently small, for example, 107°.
If the left hand side of (3.16) is divided by (R m»*, and the definition of
the subcomputing function is recalled, the following inequality is given:
0.158633;”‘1"1‘,&‘{S°'°'Si'fi’(gs<m,)+O.12979S§Z2’X§/iiS°’°’S"'ft’(gs<m>)

B17)  +0.06910 SUX %0002 g () —0.08132 TOAf; S05130(g i)

Siyj, S5,

—0.442558§<é>xﬂ§ 50,0843 ( g omy) > 0,
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where SE(;) denotes the sum of the subcomputing function with respect to
the right element S;,;, of S™+/-» from 0 to (n—4)-th rank, S:Z’j‘:’ the sum with
respect to the element of (n—3)-th rank, s?,-(:) the sum with respect to the
element of (n—2)-th rank, Siz,:) the sum with respect to the element of (n—1)-th
rank, and %‘j“” the sum with respect to the element of n-th rank, respectively.

Since ;z/21 is the Hausdorff dimension, we can easily prove from Corollary

of Theorem 4 in No. 10 that it holds

1 _ XTI (g g em)
K = x;;_z_iso,o,skyjk>(gs(m))

(3.18) <K
for any two subcomputing functions X{{S00:56id(z) and XEiS00Skir(z).

Now we divide the inequality (3.17) by any term X#j»0SkiK(g .,,) among
the summations 3%, ({=1,---,5). Then we obtain from [(3.18) the following

Si,
inequality : it

—11{:[0.15863{3(71—4)(71——3)—1—1} +0.12979 X 6(n—3)4-0.06910 X 6(n—2)]
(3.19 —KT[0.08132x6(n—1)+40.44255 < 6]
>0.

If we take a sufficiently large number 7, the above inequality is satisfied
and thus the existence of Kleinian groups, whose singular sets have positive
(3/2)-dimensional measure, is proved.

16. Completing the above results, we obtain the following results.

THEOREM 7. Among Kleinian groups whose fundamental domains are
bounded by mutually disjoint N circles, if N is sufficiently large, there exist
ones whose singular sets have positive (3/2)-dimensional measure.

Recalling our results about Poincaré theta-series [2], we have the follow-
ing theorem.

THEOREM 8. Among Kleinian groups whose jfundamental domains are
bounded by wmutually disjoint N circles, if N is sufficiently large, there exist
ones, with respect to which the (—3)-dimensional Poincaré theta-series @,(2) do
not converge in D*, where D* denotes the compact subdomain of E° given by
deleting the suitable neighborhoods of poles of O,(z) and their transforms on G
from any compact subdomain DC E°. ' '

Considering the Schottky subgroup G* of G given by inversion method
(see [4]), we have the following

THEOREM 9. Among Kleinian groups whose jfundamental domains are
bounded by mutually disjoint N circles, if N is sufficiently large, there exist
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Schottky groups whose singular sets have positive (3/2)-dimensional measure. The
(—3)-dimensional Poincaré theta-series ©4(2) with respect to such Schottky group
does not converge in D*.

REMARK. 1. The above example shows that there exist Kleinian groups
whose singular sets have the Hausdorff dimension greater than 3/2.

2. It is not necessary to estimate the values of X{**$479(g m+j-1)) from
below in the five cases (a)—(e) in No. 14 in order to show only the existence
of Kleinian groups whose singular sets have positive (3/2)-dimensional measure.
For this purpose it is enough to use the estimates of the values in the cases
(c) and (e). It is conjectured that in the Corollary of Theorem 4

x&/ﬂ: TpTz)(z)

n—-oo

that is, the value of K is equal to 1, but we can not prove it yet. If it is
true, and K is replaced by 1 in (3.19), we get the solution n > 10.4--- and
hence that the least total number N of the boundary circles of B, satisfying
is 3x11x12+1=2397. If we can estimate the values of computing func-
tions more exactly in No. 14, we may obtain the solution n>9--.. Then the
total number N will become 3x10x 1141 =2331.
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