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Non-normal functions f(z2) with SS | f' (2)|dxdy<oco
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1. Let f(2) be a function holomorphic in the open unit disk D. Tht
spherical derivative of f(2) is given by

(z
pUf@) =10

The function f(z) is said to be normal in D (see [5)) if there exists a con-
stant K >0 such that

K

P(f(z)) = _'1“_"_’"|}|72’

for each z€ D; and f(2) is said to be uniformly normal in D (see [2] if
there exists a constant K >0 such that

@IS =

for each z < D.
Using the notations

o(f)=[[17(22dxdy
and ’

sH=f[1r@dxdy,
D

we state the following questions:

(1) Does D(f)< oo imply f(2) is uniformly normal ?

(2) Does f(2) uniformly normal imply D(f)< oo ?

(3) Does S(f) < oo imply f(2) is uniformly normal ?

(49) Does f(2) uniformly normal imply S(f) < oo ?

Mathews [6] has answered question (1) in the affirmative; and questions
(2) and (4) have been answered in the negative by Mergeljan who has
proved the existence of a bounded holomorphic function g(z) for which

[f1g@ldxdy=oo.
D
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Here we answer question (3) in the negative; even more we show that S(f)
< oo need not imply f(z) is normal.

2. Throughout we let

"z
nZ

B(Z) = nlcf[l »fla—";w
and -
=,

where a,=1— "~ and a >0.

en
LEMMA 1. The function f.(2) is non-normal for all a > 0.
PrROOF. Bagemihl and Seidel [1, Example 4, p. 11] have shown: (1) there
exists a constant K >0 such that p(a,, ans,) < K for all n, where p(an, a4+, is
the non-Euclidean hyperbolic distance between a, and a,4,; and (2) there

exists a sequence {x,}%., with a, < x, < @+, and

lim inf | B(x,,)| > 0.

n—oo

From (2) it is clear that f,(x,,)— co as n— oo while f,(a;,)—0 as n—co for all
a>0. Also by (1) we have 0(ay,, %,,) < K for all n. It now follows from a
result of Lappan [4, Lemma 3, p. 1887 that f,(z) is non-normal for all a > 0.

LEMMA 2. “ IB(Z)—‘ dxdy < oo for a< ; :
PROOF. Usmg logarlthmic differentiation, we get

B@=S B (% 5 ),

where
o —2Z
Bk<2>—n]:_11 1‘ *a;z .
n¥Fk
Hence
1—a;,

IB@ISE - [{gspe

and we have

2r '(yetf *
f AB(reD] e < -—1) 2(1 a)j &

o |1—rei?|® = (A= & o |l—a,re?|?
2r & 1—a}
= A= B T—@.r

Now for a < é—
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s amrtzan ) = ol o o

:( 1—12a )( 1—1an )

[t follows that for a< é,

| B(2)| - A4r T
fj |1—z(“ dxdy = '\/1'—:267(‘n=1‘\/1 a,

4r o -7
= B < oo,
V1—2a«a ng ¢
and the lemma is proved.

THEOREM 1. For each a < (O, é—) the function f.(2) is non-normal and

ffiru@ dzdy < co.
D

PROOF. Since

/ B'(2) B(z)
fa(z)— (1 Z)a: +“(la_"})'1+a‘

2t dxty = - E e <o

D

and

for a <1, it follows from Lemma 2 that

[f17@1dxdy < 00
D
for a<~—é—. In view of Lemma 1, the theorem is proved.

3. We now consider real-valued harmonic functions in D. Such a func-
tion u(2) is said to be normal in D (see if there exists a constant K >0
such that

V@) +w,@)> . K
1+ u(2)|® = I-lz]*

for each z= D. The surface area of u(z) is equal to

[ VIFae @, dxdy.

THEOREM 2. For each a € (O, —;) the function u(z) =Re (f,(2)) is a non-

normal harmonic function with finite surface area.



Non-normal functions 131

PROOF. According to Lappan [3, Theorem 5, p. 1587 u(z) is non-normal

since f(z) is non-normal. That u(z) has finite surface area follows from
Theorem 1 and the fact that

(1]
(2]

(3]
{4]

V1+2) + (1, (2)* =141 fu(2)].
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