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§ 0. Introduction.

The object of this note is to prove the following result.

THEOREM. Let 2 be an arbitrary involution of the alternating group N, of
degree m. Let G be a finite group with the jfollowing properties:

(i) G has no subgroup of index 2,

(i) G contains an involution z such that Cg(2) is isomorphic to Cy,(%).

Then if m=2 or 3mod4 and m=7, G is isomorphic to A,

Obviously this is a generalization of [3; Th. I] in which the author proved
the theorem in the case where #Z is an involution of %, with the longest cycle
decomposition. In [4; Th. AJ], the author also proved that, in the case m =0
or 1 mod4, if # is an involution of 2, with the longest cycle decomposition,
G is isomorphic to A, with a few exceptions in the case of small degrees.
Of course, we can expect a generalization of this result similar to the theorem,
but the author has not obtained any such results. The reason lies in the
point that we cannot find out any method to examine the fusion of involutions.

The main work of this note is to examine the fusion of involutions of
the groups which satisfy the conditions of the theorem. On the basis of these
results, we can determine the precise structures of the normalizers of some
elementary abelian subgroups. Then it turns out that this knowledge enables
us to calculate the centralizers of involutions other than a given one in the
exact same way as in [3; §5 and §6]. (So we shall omit the detailed dis-
cussions of this part.) Then, by applying our previous result [3; Th. I], we
can obtain the theorem. Essentially the method to examine the fusion of
involutions is also similar to our previous work [5], but, in some points, we
need different kinds of arguments from [5] So we shall discuss the ex-
amination of the fusion of involutions in full detail.

The notations and the terminologies which were introduced in the intro-
duction of [3] or will be freely used.
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§1. Some 2-local subgroups of .

Let A, be the alternating group on m letters {1, 2, ---, m}. In this first
section, we shall introduce some notations and describe some 2-local subgroups
of A,, where m=2 or 3mod 4. Throughout the paper, n denotes the largest
integer not exceeding m/4. Thus we have m =4n+42 or 4n+3.

1.1. Firstly we shall define some involutions of %, as follows:

s = (45—3, 45s—2)(4s—1, 4s),

wi=(4s—3, 4s—1)4s—2, 4s) ,
As=(4s—3,4s—2)4n+1, 4n+2) As<n),
As =T Ty -+ Ty,

o= 4s—1, 4s+1)(4s, 45+2),

0= (mimis)” A=t=u-1).

It is well known that the involutions a,, a,, .-, a, are the representatives of
conjugacy classes of involutions of ,. Set

S={xi, w;, T, Tay =+, Ty Tn ),
M={(R,, s, Aoy Tq, -+, A T ),
J=S-M,

Y ={m, 6, W, G4 -+, On_y, Tn),
20=<( 2, 07>,

P={ 0,0, =, 0n1).

We have (ri4,)* =n, for each s(1=s=mn). So the group {4, 7;> is isomorphic
to a dihedral group of order 8 with the center (x>, and, if s+t we have

[<7t.;r 23>! <7[;v 2t>]: 1 .

So J is isomorphic to a direct product of n copies of a dihedral group of
order 8 and S and M are elementary abelian subgroups of order 22*. X
(resp. 2% is isomorphic to the symmetric group of degree 2n (resp. 2n+1)

and the ordered set {=zf, g, ---, on_y, mp} (resp. {&}, o}, -+, Ou_y, Th, 04}) is a
canonical set of generators of X (resp. 2°). P is isomorphic to &, and the
ordered set {o,, -, 0,_,} is a canonical set of generators of P. Furthermore

we easily see that 2 and X2° normalize M and P normalizes J.
Now we shall describe the actions of 2 and 3° on M and show

16 Ny, (M)=M-3°.

Before describing them, we remark that, as is easily seen from the order
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formula of Cy,(a,),

(2) C?Im(an):<”>'M'Z{><y>’
where

1 if m=2mod4

=

(4n+1, 4n+2, 4n+3) if m=3mod4,
and
A3) Cs’xm(an)‘f\ Nmm(M) =M2 ’
because v is inverted by A,. Let A= {4, Liw,, Ay, As7,, *** , Ap, Axt,} Which is

a basis of M. Then we see that every element of 2 induces a permutation
on A. In particular, when Y is regarded as a permutation group on A, x}
acts on / as a transposition which interchanges A, and A,n5, and o, 1<s=n—1)
does as a transposition which interchanges A,m; and A,.,. The action of o,
on M, which is not a permutation on /4, is as follows:

2 = 24(Aut ) A=s=n),

o (Asms)(An7n) A=s=n-1)
(Zsﬂ's)an - {
AnTr (s=mn).
From these observations and the fact that any two involutions of 2, are
conjugate in %, if and only if they have the same type of cycle decomposi-
tions, it turns out that, if we let IT, (1 = h =<n) be a set of elements each of
which is a product of 24—1 or 2h elements of /, then the II, (1 <h=<n) are
the totality of distinct orbits under the action of 2° on M—{1}. (Observe
also that each element of I7, is a product of 2A transpositions without com-
mon letters.) In particular, we have 2n--1 elements which are conjugate in
M-2° to a,. Furthermore, we also see that any two involutions of M are
conjugate in %, if and only if they are so in M-2°< Ny, (M). This implies
[Ny, (M): Ny,(M)NCy,(a)]=2n+1. On the other hand, since we have
Cup(a) N\ Ny,(M)=M-3 by (3) and [M-3°: M-3]1=2n+1, we get Ny, (M)
= M-2° which proves (1).
We shall describe the action of P on J. It can be easily checked that

( 184—1 if t=s
At =1 As-y if t=s5—1

{ As otherwise,

and
[ 7f.;+1 if t=s
Tt =1 mWhy if t=s—1

s otherwise.
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Namely, P operates on J in such a way that every element of P induces a
permutation on the index set of generators 7; and 4, 1 <s=<n) of /. In other
words, P-.J is isomorphic to a wreathed product of a dihedral group of order
8 by the symmetric group of degree n. From a property of the automorphism
group of J (cf. [Proposition 2 in §2), we see that Nu,(/)/Cun(Z(])) N Na,(J)
is isomorphic to a subgroup of &,. Since we have

@) CanZ (NN Nuy(D=]
as is easily checked by direct computations, we must have
®) Ne ()=P-].

1.2. Let %k be a fixed integer such that 1<%k <n. We shall describe some
properties of Cy,(a;) which will be used throughout this paper. We shall
write H,(k) for Cy,(a;). If there is no confusion, we shall write H= H,(k)

more simply.
We easily see
(6) Hy(R)= (WX X)<{A:>,

where W, is the centralizer of «; in the alternating group on 4k letters
{1, 2, .--, 4k} and X, is the alternating group on m—4k letters {4k+1, 4k+2,
., m}'
Set
Ek:<2122, '22'231 Tty xk—lzkr Ty Tyy =00, 7z"k> ’
2}0‘:<7r;1 0;’ ctt oy o;c—lr 77:1,:> ’
Z’l?t‘:: <7r;c+1v allc—i-lr Tty 0;1—11 7f;,> ’
2i=<K2%, 00,
Pl::<alr Tyy *t° 0k—1> ’
Pi= COka1y Oz " 5 Ony) o
Then we have
We=E: 2> E,,

X, DD,
20O x 2%,
PO P, XP;.
From (1), (3) and (5), we get
@ Nu(M) N Cap(an) = M- (i x 21),

® Nu(M)=M-(3} x 23}),
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©) Nu()=J-(Pi X P}).

The actions of 2i X2} and 2% X2} on M (and also the action of P, X P} on
J) have been described in 1.1. We note here that, among all the involutions
of U, introduced in 1.1, just two involutions o} and ¢, are not contained in
H=H_,(k).

The following lemma on some automorphisms of H,(k) will be used in
our later discussions.

LEMMA 1. (a) H,(k) has (outer) automorphisms ¢, and e, as follows:

(i) e:re@m)=ma;, A1=<s=hk),

ei(0) =g, 1 =s=k—1),

g, =the identity on X, and M,
(D & e(d) =4, A =s=k),

&) =n, (1=s=k),

¢, = the identity on X, and 2X}.

(B When m=2mod4 and k=n—1, H,(n—1) has an (outer) automorphism
&, as follows:

g, =the identity on W,_, and ¢, induces an automorphism on X,_,
=W, such that {A,, wp )0 =7}, T >.

PRrROOF. The existence of &, and ¢, is obvious, because it is easily seen
from the definitions of ¢, and ¢, that ¢, and ¢, leave the relations between
generators of H invariant. We shall show the existence of ¢, It is well
known that 9, has two conjugacy classes of four groups and a well-known
outer automorphism of &, interchanges these two classes of four groups.
In our present case, {A,, ©,> and {=«,, #,» are representatives of conjugacy
classes of four groups of X,_,=%,. From this we easily see the existence
of &,.

§ 2. Some properties of N;(/).

2.1. Let G,(k) be a finite group with the following properties:

Gn(k) contains an involution @&, such that the centralizer Cg,, (@) is iso-
morphic to H,(k).

Clearly, in order to obtain the theorem in the introduction, it will be
sufficient to prove that, under the additional condition that G,(k) has no sub-
group of index 2, G,(k) is isomorphic to %, for each integer m with m=2
or 3mod4 and m=7 and each integer 2 with 1<k =<n. For simplicity, we
shall identify Cg,,ay(@) and &, with H,(k) and «, respectively. So the nota-
tions which are introduced for involutions and subgroups of H,(k) in §1 will
be used also for those of G,(k). If there is no confusion, we shall frequently
write G=G,(k) and H=H,(k). The theorem of the case k=n was treated
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in and [6]. So henceforth we shall assume k< n for simplicity, although
many parts of our subsequent discussions will work, including the case 2=n.

In §1, we observed that

(i) G contains a subgroup J which is isomorphic to a direct product of
n copies of a dihedral group of order 8, and

(i) Ne(INCeZ()=].
(ii) follows from (4), because Cyu,(Z(J)) S H,(k). Furthermore, we note that
Z(Jy={=m, 7y, ---, ®,». The following proposition is very fundamental for
our subsequent discussions.

PROPOSITION 2. (i) Ewvery element of Ng(J) induces a permutation on the
set {m,, @y, -+, Ty}

(ii) Every elementary abelian group of Ng(J) of order 2*" is contained in J.

PROOF. Let © be an arbitrary direct factor of / which is isomorphic to
a dihedral group of order 8. Then it follows from a theorem of Krull-Remak-
Schmidt [2; p. 66] that we can find an integer s (1 =s=n) such that

D=(4:2, T2’ ),

where z and z’ are some elements of Z{J). Then =r; is an involution of Z(D).
This implies that {m,, m,, ---, @,} is characterized as the set which consists
of the totality of non-identity elements in the centers of all direct factors
of /. From this fact the first statement of our proposition follows. We shall
prove the second statement. Let F be an elementary abelian subgroup of
Ng(J) of order 2°®. Assume by way of contradiction that EE J. Set

E=E,BEN]) (a direct sum),

|E,| =2 (=1).
By the fact that Ng(J) N\ Ce(Z(J)) =] and the first statement of the proposition
which has been just proved, E, operates faithfully on the set {m,, 7, -+, 7,.}.

Now we need a simple lemma the proof of which is left to readers.
LEMMA. Let E, be an elementary abelian subgroup of orvder 2' of the
symmelric group on n letters, and h be the number of distinct orbits of E,.
Then we have 2h+1< 2n.
Returning to the proof of the proposition, let E, be an arbitrary elementary
abelian 2-subgroup of J which commutes elementwise with £,. Then in order
to complete the proof of our proposition, it will be sufficient to see

10) |E,| =2,

where h is the number of distinct orbits under the action of £, on the set
{n,, 7 -+, w,}, because, by applying [10) to the case E,= ENJ and using the
above lemma, we get
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|El=1ENn]|-|E| =2 <2,

which is a contradiction. Let I be one of the orbits under the action of F,
on {x,, @, -+, m,}. For convenience of description, we shall identify the set
{my, 7, -+, ™y} with the index set {Il,2,.--,n}. By considering the factor
group J/Z(J) on which E, operates, we can choose one of A; and =; for each
ie I in such a way that, if we let it be x; and the other one be y;, E, operates
transitively on the sets {¥;=x,Z(J)|iel} and {y;=y.Z(J)|il}, because
any indecomposable direct factor of J is of the form {4,z m,z) for some
s (1=£s=<n) and some elements z and z’ in Z(J) as was seen in the first
paragraph of the proof of this proposition. Then set

51:1[11351' ’

ﬁI:Hyz ’
il

zr=11Irn;.

el

Since E, commutes elementwise with E,, F, must be contained in the group
(&, 7;|] ranges over all distinct orbits). Noting that &, and 7, do not
commute with each other, we can choose one of the groups <{&, z;> and
{7y, z;y for each I in such a way that the product of chosen groups, which
is of order 2%, contains E,. This yields |E;|=<2%. Thus the proof of our
proposition is complete.

LEMMA 3. A 2-Sylow subgroup of Ng(]J) is that of G.

PROOF. Let D be a 2-Sylow subgroup of Ng(J), and T be a 2-Sylow sub-
group of G containing D. If T> D, we have Ny(D)>D by a fundamental
property of groups of prime power order. On the other hand, we have
Nz(D) S Ng(]), because J is a characteristic subgroup of D by Proposition 2.
This contradicts that D is a 2-Sylow subgroup of Ng(J), q.e.d.

REMARK. In [3, Th. I], we assumed that the given involution lies in the
center of a 2-Sylow subgroup of the group G(n, v) (r=2 or 3). However, this
assumption can be dropped. In fact, let k=n and then we have Ng(J)
C Cgla,) by (i) of Proposition 2. So by Lemma 3 a, must be in the center
of 2-Sylow subgroup of G. We note that, in the case =1 of [4, Th. A],
the same assumption can be also dropped, though the proof will be omitted
here.

Put for each integer s with 1 <s=<#,

Ly={mum = 7 | 1S5, <6, < -~ <i;=n}.

If an involution x of G is conjugate in G to one of elements of Z(J), we say
that x is of positive length and write [(x) >0. Otherwise we shall write
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{(x)=0. More precisely, if x is conjugate in G to an element of L,, we say
that x is of length s and write [(x)=s.

LEMMA 4. No two elements with distinct positive length are conjugate in G.

PROOF. Since J is weakly closed in 2-Sylow subgroup of G with respect
to G by Proposition 2 and Lemma 3, two elements of Z(J) are conjugate in
G if and only if they are so in Ngz(J). Then our lemma follows from (i) of
Proposition 2.

LEMMA 5. Let X be an elementary abelian subgroup of Ng(J) of order 2°™.
If X is normal in Ng(J), X is weakly closed in a 2-Sylow subgroup of G with
respect to G.

PROOF. Let D be a 2-Sylow subgroup of Ng(J) containing X. By Lemma
3, D is a 2-Sylow subgroup of G. Suppose X< D for some x of G. By (ii)
of Proposition 2, we have X* < J. Since every elementary abelian subgroup
of J of order 22" is normal in J, we get _/"'_1, J S Ng(X). Since J is generated
by all elementary abelian subgroups of order 22" of any 2-Sylow subgroup of
G_containing J by (ii) of Proposition 2, we can find an element y & Ng(X)
such that J* ' =J¥. Then we have yx & Ng(J) and so yx & Ng(X), because X
is normal in Ng(J). Then we have X = X??*= X?. This completes the proof.

LEMMA 6. (1) If Ng(J)> Nx(J), we have 1(2) >0 and [(x}) > 0.

(i) If G has no subgroup of index 2, we have [(2,) > 0.

PROOF. Suppose Ng(J) > Ny(J). Then we can find an element 0 of Ng(J)
such that zl=rx,,, because there are just two orbits {=,, 7, -, 7;} and
{Zk+1, -+ » ™o} under the action of Nyz(J) on the set {=x,, 7, -+, w,} as was
seen in §1. Then we must have {m}, 2, >° = {12, A44,2’ >, Where z and 2z’
are some elements of Z(J) because any direct factor of J with the center
{Trsyy must be of the form {m},,2, 4;+,2’> as was seen in the first paragraph
of the proof of Proposition 2. Let 8 and y be elements of H corresponding
to elements with the cycle decompositions (4k+1, 4k+2, 4k+3) and (4k+1,
4k+-3, 4n-+-1)(4k+2, 4k+4, 4n+2) respectively. Then by transforming by sui-
table elements of {(fj, y> we easily see that all involutions of the group
{ Tp412, Aps12’ ) are of positive length. So we must have [(z;) >0 and (1) >0,
and then [(z{) >0 and [(4,) >0 because =n{ and A, are conjugate in Ngz(J) to
7, and A, respectively. This proves (i). Next we shall prove (ii).

Assume by way of contradiction that [(4,)=0. Then by (i) we must have
Ng(J)= Ny(J). Since S and M are normal in Ng(J) (= Ngx(J)), S and M are
weakly closed in a 2-Sylow subgroup of G with respect to G by Lemma 5.
Let W be a 2-Sylow subgroup of Cg(2,) containing C,(1,). If we denote by
J(W) the group generated by all elementary abelian subgroups of W of order
2**, we have J(W)=C,(4,) because [ J: C,(A4)]=2 and [(4,)=0. On the other
hand, we have, by (6),
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H=WXX){A>,

and the representatives of conjugacy classes of involutions of W, X X, can be
taken from S. (This turns out from the knowledge of the conjugacy classes
of involutions of W, which was described in [3; §1] or [4; §17].) Since
Ng(J)= Nyx(J), a 2-Sylow subgroup of H is that of G by and then
a transfer theorem of Thompson yields that 2, must be conjugate in G to
some element of S. Therefore S must be conjugate in G a subgroup of J(W)
= C;(2,). This contradicts the weakly closedness of S, because C,(4,) does
not contain S. This proves (ii).

LEMMA 7. Let k=n—1. Without loss of generality, we may assume that
S and M are normal in Ng(J). (So we shall assume this throughout the present
paper.) 4 '

Proor. If Ng(J)= Nyz(]J), we have nothing to prove, because S and M
are normal in Ny(J) as is seen from the action of Ny(J) on J. So we shall
assume Ng(J) > Ngy(J). Then we have Ng(J)/J=©,, because Ny([)/J=S,.,
by the assumption 2=n—1 and Ng(J)/J is isomorphic to a subgroup of &,
by the fact that Ng(J)N\Cx(Z(J)) =] and Proposition 2. Thus we can find
an element ¢ of Ng(J)—Nx(J) such that nf,==x, and #nfi=7n, 1=s=n—2).
Then ¢ must map {A,-;, Thp—1> onto {4,z 7m,z’> where z and 2z’ are some
elements of Z(J). Thus we may assume A7_,= 2,z or 7,2z’ according as 7,7,
=nhz’ or A,z. In particular, this means that S is normal in Ng(J) if and
only if M is normal in Ng(J). Next we shall show that S or {xj, 7, 73, 7,,
o, Th_i, Tp-1, An, Ty is normal in Ng(J) according as =m;2;=7n,2’ or A,z. In
order to this, it will be sufficient to prove that

() r?=n, mod Z(J) 1<s=n—-2).
Let o,, 0, -+, 0,_, be elements of Nyz(J) which are defined in §1. Then we
have

o;=1 and (040::)°=(0,0,)*=1 (A =s, t,usn—2, |[t—ul[>1),
(0:0)’=1 mod J 1=zs=n-3),
(02-20°=1 mod J

by using Ng(J)N\Ce(Z(J))=] and the action of the o, on {m, m,, -+, 7, }.
Now we shall assume m)%,=m,z’ (i.e. n)l,=nr, mod Z(J)) and prove (¥) by
induction on the descending order of s=1, 2, ---, n—2. Note that, also in the
case 7%, = 4,2, the following arguments can be applied without any changes.
Let s=n—2. Since 7nf_,=m,.,, we must have n)%,=mn,_, or A,_, mod Z(J) as
we have frequently seen above. Suppose by way of contradiction that
71 s = An_, mod Z(J). Then we easily see 7, 5»2*=2,_, mod Z(J), since we
know the action of o0,_, and ¢ on {zh—s, An_2 Th-1, An-1, Tny Any mod Z(J). But



536 T. KoNDO

this contradicts (¢,_,6)*=1 mod /. Thus (x) holds for s=n—2. Assume that
(*) holds for any s’ with s<s’<n—2. Since n?=m, we have n}l=mr; or 4,
mod Z(J). If z/°= A, mod Z(J), we get n;“s?* = A, mod Z(J) which contradicts
(6,0))=1mod | 1 <s=n—2). Thus we have proved (x). Firstly we shall
assume m =3 mod 4. In this case, we see from the structure of H that S is
the only elementary abelian subgroup of J of order 2°* with the property
that S is not self-centralizing in G. This implies that S is normal in Ng(J)
and so M is also normal in Ng(J) by what we have just seen. Secondly let
m=2mod 4. Then we have an automorphism ¢, of H by such that
Soo=<rm}, m,, r, Tty Tno1, An, Tny. If we let S° be the last group, S° can also
play the role of S if we change the notations suitably. Since we know that
S or S° is normal in Ng(J), we may assume without loss of generality that
S is normal in Ng(J). This proves

REMARK. If k< n—1, we shall prove later that S and M are always
normal in Ng(J).

The configuration in the following lemma will occur in some points of
our later discussions.

LEMMA 8. Suppose that | is a direct product of D® (1<s=<n) each of
which is isomorphic to a dihedral group of order 8 and is generated by involutions
&, and n, subject to the relations:

=0 =)' =1.
Set {;=(&sms)? and L=<&,, 8y, &5 &os -+, En, En>. For i=1 and 2, let u; be an
element of Ng(L) such that
ug: & — & — &8, =12,
Cuy, 6:8:1] =[uy, Gl ="[u,, £:81=1[u, {;1=1,
Cuy §1="[u;, §;1=1  if j=3.
Assume also that L is self-centralizing in G. Then if we set 0’ =ui'u,u,n, and
6 = (,72)% we have 6 € Ng(J) and {P=1C&,, [L;,0]=1 (j=3) and »f=n, mod L.
PROOF. From the actions of the elements 6 and n, 1=<s=<n) on L, we
easily see that 7»{ and 7, induce the same action on L, and »? and 7, (s=3)
also induce the same action on L. This means that %)=, mod L and

pd =7, mod L (s=3), because L is self-centralizing in G. Then we see d <
Ng(J). Similarly the other parts of the Lemma can be checked.

§ 3. Fusion of involutions of G.

3.1. The purpose of this section is to prove the following theorem.
THEOREM 9. Assume that G=G,(k) (m=2 or 3mod 4 and 1=k <n) has
no subgroup of index 2. Then there exist 2n elements B, and y, (1 <s=<n) with
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the following properties:

(i) each y; is of order 3,

(ii)  7s: we— As— ATy,

(i)  [rs md=[rs A l=[rs mil=1 (s # 1),

v) =7,

(i) each Bs is of order 3,

(i) Bs:ws—n— wins,

(i) [Bs el =[Bs mil=[Ps, A 1=1 (s # 1),

vy Bie= it

REMARK. If s>k, we already have the elements 8, and y, with the
required properties. In fact, H,(k) contains B;=(4s—3, 45—2,45—1) (s> k)
and y,=(4s—3,4s—1, 4n+1)(4s—2, 4s, 4n+2) (s > k). These B; and y, have all
the required properties, as is easily checked. So what we shall have to do
hereafter is to construct the j3; and y, for each s when 1 <s=<%k. As remarked
at the beginning of § 2, we shall assume k< 7 in our subsequent discussions.

3.2. The purpose of this paragraph is to prove, under the assumption
[(4,) >0, Lemma 15 which will yield a part of the conclusions of Theorem 9.
By Lemma 6 (ii) this assumption is satisfied if G has no subgroup of index 2.
We note here that the exact same arguments applied to =] instead of 2, yield
Lemma 16 under the similar assumption [(x}) > 0. Notice that we do not yet
know whether the assumption [(x]) >0 is satisfied or not even if G has no
subgroup of index 2.

For each 2-subgroup D of G, /(D) denotes the group generated by all
elementary abelian subgroups of D of order 22, Thus if D is a 2-Sylow sub-
group of Ng(J), we have J(D)=J by Proposition 2 (ii). From now on we
shall assume I(4,) > 0 throughout this paragraph.

Set

W:CJ(ZI):<21! Ty > XL A, oD X o X Ap, Tp) .
Then we have

W' ={m,, 75, =+, Tn) s

ZW)={ 2y Ty, gy, Tnp =L)X Z(]).
Take a 2-Sylow subgroup of D of Cg(4,) containing C,;(4,) and set

U=<JJWD)>.

We shall find the desired element 7, in the group U and obtain the properties
which 7, should have by examining the action of 7, on various subgroups of
U. We have :

JD)=2w,

J(D) is conjugate in U to J,
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because [(4,) >0 and W is generated by elementary abelian subgroups of
order 2?*. Furthermore we have

(11) Z(U):<7r2’ Tgy *** 97rn>y
12) Ub>W’ and Z(W),
13 any subgroup of JN\J(D) containing Z(W) is normal in U.

(13) follows from the fact that Z(W) contains J’= Z(J) and J(D) = Z(J(D))
=<{ 4y Ty =+, Ty ).

Let x, be an element of Z(J(D)) of length 1 other than =,, ng, ---, m,. Such
a unique element exists, because Z(J) has exactly n elements of length 1 and
Z(J(D)) > 7y, 7y, ++ , Tp.

LEMMA 10. x,= 24, 4,7, -+ Ty, A Tgay ** Ty OF AyTTq -+ Ty

PROOF. Noting 1, € Z(J(D)), we can write

Zl: xlﬂilﬂ'iz eee 7Z'ip7l'j17fj2 oee n-jq ,

where {ilv izv Tty Zp} = {2, 3, R k} and {jly j27 ot yjq} = {k+1, ) n}' Then we
have

X7y oo T =2A; II 7; JI iy
'3 1733

where I’ and I” are the complementary sets in {2, 3, ---, B} and {k+1, ---, n}
of {i,, 1, -+, ip} and {J,, jp +-+, Jq} respectively. We claim

(14) I' ={2,3, ---, B} or ¢(=the empty set), and

(15) 1" ={k+1, --- , n} or ¢,

which will yield our lemma. Suppose that (14) is false. Then take an element
i, of {2, ---, k} which does not belong to I Then we see from the action of

Nyx(J) on J, which is described in 1.2, that 2, [I#; II =; and Az;, I =; Il 7,
=i I"3j§ I—(ig}3i  173j

are conjugate in Ny(J) where 7; is an arbitrary element of /’. Thus these
two elements are of length n and are contained in Z(J(D)), because x,x; --- 7,
is of length n. However, this is impossible because Z(J) has exactly one
element of length n. This proves (14). Similarly, we can prove that (15
holds, g.e.d.

By (12), we know that U normalizes Z(W)—W’. Pick up all elements of
length 1 in Z(W)—W’. Then we see that

7[1! xlv x17r1
are just such elements. In fact, it is obvious that =, (resp. x;) is the only

element of length 1 in the coset =,W’ (resp. x,W’), and since we have Hni=
x,m,, X7, is also the only element of length 1 in the coset x,z;W’. Thus it
turns out that U normalizes a four group <x, m=,». Since m,~x,~x,x, in U,
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we can find an element y of U such that
(16) 7T Xy XT

We may assume without loss of generality that 7 is of odd order. Moreover,
we have

{17) [y, ms)=1 if s=2,

because the =, (s=2) are in Z(U). By (13), we know that y normalizes
ZW), ZW)YXLA> and Z(W)X<{z,> for any t 2=<t¢t=<mn). Then a theorem of
Maschke [1; p. 66] yields that y must centralize an element of Z(W)X<{A:»
—Z(W) and Z(W)X<{ni>—Z(W). It follows from (17) that y must centralize
one of elements A,, A,x,, 4,7, A:.x,7, and also one of elements =}, wixy, LTy, TXT;.
More precisely, we have, however,

LEMMA 11. (i) 7 centralizes 2, or A,w, for each t 2Q=t=n).

(i) 7y centralizes =} or wim, if t> k.

PROOF. Firstly we shall prove (i). If (i) is false, we have that y must
centralize A,x, or A,x,7; by the preceding discussions. Suppose (2.x,)" = 4;x,.
Then we have AJ= A,x,, because y:x,— x,— x,m, by (16). If >k, we have
1AD=1Q)=1l(xy)=1 and [z, =I(z,7,) by A, ==z}t and [y, m,1=1. (Note
that, by the remark in 3.1, we already have the elements y, if t> k) This
is a contradiction by Lemma 4. So let ¢t<%. Then we have [(A])=1[(4,) and
d(Aw) =1(Am;), because A,~R, in H and A,xr,~Ax, in H if t<k, as is seen
from the action of Nz(M) on M. On the other hand, we have, by (16),

7: A — Ay — wy(m, e )’ (s - ﬂ'n)al

if we put x;,=A,(7; -+ Tp)(Trsq -+ 7To)? (0, 6’ =-+1 or 0). Then we have [(41,)
=1406(k—1)+8'(n—k) and (A7) = [((A,z)™) = [ QA7) = 1+ 0(k—1)+6/(n—k) &1,
which contradicts [(,)=[(4,x,). Similarly, if we had (Ax;7,)" = A, x,7w,, We
would get a contradiction. This proves (i). Secondly, suppose that (ii) is
false. Then y must centralize n;x; or mix,z,. If (wix)" =mx,, we get m=m;m,
and so I[(z}) =Il(niz,). Since t>k, we have [(z}))=I(#x%)=I[(z,)=1 and [(7;7,)
= [((m,x )P*) = [ (z,7,) = 2, which contradicts Lemma 4. Similarly we see that
(mix,m)" = wix,w; does not occur if ¢ > k. This proves (ii).
- LEMMA 12. x,+ Ai@tyey - Tpe
PROOF. Suppose false. We have an element y of odd order such that

7T ATy 0 T = ATiTgey - T, and [, m]=1  (s=2),

by (16) and (17). Furthermore, we know by Lemma 11 (ii) that y centralize
my or ww, if t > k. Firstly we shall show that y must centralize m;7, for each
t> k. In fact, if 77 ==}, we have (zinr ) = 7,x, = A, W Tyyq -+ Tn. Since t >k, we

have [(zjr)) = ((zin )P )= I(z,m) =2 and [Aumimiss - 72) = (ATiTrrs -+ Ta))
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=I(x,)=1, which contradicts Thus we have (z;7,)" = (nix,) for each
t > k. Secondly we shall prove in the case k< n—1. Then, by
what we have just proved, we have (m;417iso)’ = Trmise. Then we get

(701 ke 41Tk 2)” = Thes1Ticgo Xy = A M1 TieqoWgay *** Ty o
However, we know that
L i Te) = L((70 Ty T o) Pt tPELD) = (0, puaias) = 3 and
(AT Tisaaay o Tp)Pka1Plar) = (A7, - m) = 1(x)=1.
This is a contradiction. Thus we have proved the lemmra in this case. Finally
let k=n—1. Then y has the following properties:
7 Wy — L4, — AT T,
ryml=1 (s=22),
Ly, momy]=1.
We are now in a position to apply with
&= A, nl;n{, U, =r,
§o=7n, =2y, Uy=Py,
Es=As_y OF A,_y7, (s=3)
according as [7, 4,]=1 or [y, A,x,]=1 (cf. and
Ns=mi, (s=3).
Then the element d constructed in is contained in Ng(J) and 6: 4,7,
— m,. However, this is impossible because k=n—1 and we have M < Ng(J»
by

LEMMA 13. xl # 217:2 A T[n.
PROOF. Suppose false. Then we have an element y such that

TIm ATy e Ty AT - Ty,
[r,m]=1 @=s=mn),

by (16) and (17). Furthermore we know by Lemma 11 (ii) that  must cen-
tralize zn; or mix, if £>%k. As in Lemma 12 we can show that [y, zizr,]=1
for each t> k. Also, if k< n—1, we can prove Lemma 13 in the same way
as in Lemma 12. So let k=n—1. Again we shall apply Lemma 8 with
E1=ATy - T, Ny =74, u,=r
§o=Tp, Ne=2Ar U= P
§s=As_; Or A;_m; according as [7, 4;-,1=1 or [y, ,_,7,],
Ns=m., B=s=n-1).

Then we can get a contradiction with Lemma 7.
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LEMMA 14. Without loss of generality, we may assume X, 7 A,y -+ Tp. In
other words, we may assume x,= ;. (So henceforth we shall assume x,=2,.)

PrROOF. By Lemma 1 (ii), we have an automorphism ¢, of H. This means
that A,a, can also play the role of A, if we interchange the A;a; by the 4,
(1 <s=Fk) when necessary. If x,=A,m, -+ 7wy, namely, (A7, --- 7)) =1, we must
have [(1,a;) =1 because A,ay~ 2,7, -+ 7 in H. Thus if we change the nota-
tion as described above, we may assume /(1) =1, q.e.d.

Now summarizing the preceding results,

LEMMA 15. Under the assumption I(4,) >0, there exists an element y, such
that

6] 71- Ty — Ay — ATy,

i) [rpmd=10¢=+D
(iii) g, centralizes A, or A,m, for each t (t#1) and also centralizes one of

elements m;, miw,, wA;, and mAy. 1f t >k, y must centralize ©; or mx,.
PROOF. Set y,=y. Then (i) follows from Lemma 12, 13, 14. (ii) follows

from (17). (iii) follows from Lemma 11.
As remarked at the beginning of this paragraph, we can also obtain the

following results by the same arguments as the preceding ones.
LEMMA 16. Under the assumption [(z]) >0, there exists an element B3, such
that
® Bpiim—wi—mm,

i) [Byml=1

(iii) B, centralizes m; or wim, for each t (t# 1) and also centralizes one of
elements Ay, A7y, Amt] or A.mwim,. Moreover, if t >k, 8 must centralize 2, or A,x,.

3.3. We recall that H=H,(k) contains the elements a,, g,, -+, ox_; of
Ngz(J) whose action on / were described in §1. Set

rs=pferest (1=s=h),

where 7, is the element in which exists under the assumption
{(A) > 0. Then it is easy to see the following:

(18) Is: Ts— As— AsTCs
Q9) ord=1 (%t 1=t=n).

Thus we have now the elements y, for each s (1 =<s=n) with the properties
and (under the assumption [(4,) > 0).

LEMMA 17. [y, A l=1 (1=s, t=n, s+1).

PROOF. We may assume 1 =<s=<k. First of all, we shall prove [y,, 4,7,]
=1 (2=t=<n). If this is false, we must have A]'=21, by Lemma 15 (iii) and
so (w, )t =2,4. But since (z,4)% =m,r,, we have I(x,1)=2, whereas we
have I(4,4,) =1 because
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A, - Am)=lz)=1, ift<k
KAA)TH=I) =1, if t>Fk.

This contradicts Lemma 4 Thus we have proved [y, 4,x,]J=1. Then it is
easy to see [7;, 4,m,]=1 for 1=s=Fk and s+t from the definition of p,.
LEMMA 18. Assume G has no subgroups of index 2. Then we have I(4,) >0
and l(z)) > 0. Moreover, Ng(J)D> M and S.
PROOF. By (ii), we have l(4) >0. So we shall prove I(z) > 0.
Since I(4,) >0, we have the elements y, with the properties of [(18), and
Now we can apply with

I(A,2,) = {

Elzzk’ vlzﬂ;c’ ulzrk,

&= k11, N2 = Tkt s Uy =T k41

Ay B=s=k+1), e (B=s=k+1),
fs:{ Ns =

A (k+2=<s=<n), 7, (k+2<s<n).

Then the element & constructed in is contained in Ng(J) and =¥
=7y, and [, o ]=1 (s# k, k+1). This implies Ng(J)> Nyz(J). Then by
(i), we get I(m})>0, as asserted. Furthermore, we have Ng(J)
={Nyx(]), 6> as is seen from [Proposition 2| and the action of Ny(J) on the
set {7, 7y, -+, T,}. Since Ngz(M) >0 and Ny(J) > M, we must have Ng(J)> M
and then Ng(J)) > S.

From now on we shall assume that G has no subgroups of index 2. Then
we have n elements y; which has been described in the preceding discussions.
Furthermore, by and we have an element 8, with the
properties in

Set

Be=prorot  (L=s=4h).
Then we easily see

(20) /35 Dy Ty T,
eay) [Bs m]=1 (1=t=n and t+y5).

Now we can sharpen the third statement of Lemma 15/ and respec-
tively.

LEMMA 19. For each t Q=t=n), we have

@ L[y, Ard=1, (i) 7, centralizes =, or miw,, ()’ LBy, ml=1, (i)’ B, cen-
tralizes A, or A,r,. v

PrROOF. (i) was proved in Lemma 17. We shall prove (ii). If (ii) is false,
71 must centralize 72, of m;7,A,. Suppose (7i4,)"*=m;4,. Then we have ="
= mim, because A' = A,7,. Since (mjr)f =m,m, by (20), we have mz)=2,
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which contradicts because I(z;) =1 by [(20). Similarly (zid,7 ) =niA;7,
does not occur. This proves (ii). (i) and (ii)’ can be also proved quite simi-
larly by using [(18)-(19).

By using and the definitions of y, and 8,, we can easily check
the following :

(22) [7s Aims]=1

(23) 7s centralizes m; or m;«,

29 [Bs m]=1,

(25) Bs centralizes A, or 1,7, (1<s,t=n and s#1t).

LEMMA 20. [y, mi]=[fs 4ed=1 A =s, t=n, s#1).

Proor. By (23), we know that for each pair s and ¢ we have [y, 7i]=1
or [y, mims]=1. Suppose by way of contradiction that [7;, 7i7;J=1 for some
pair s and t. Then we have rns=mwrd. If [B;, 4, ]=1, we would have
1= Krys) = Uiz 2) = U(wim, A)Pe ) = (mem,As) = (@em )7 = I(m.w) = 2, a contra-
diction. So we must have [f;, 4,7;]=1. For definiteness, let s=1 and t=2.
Now we can apply Lemma 8 with

E1=2y i=7, =7,

=12 Ny =4y, Uy =[5,

§;=m} or mim, according as [7,, 7wi]=1 or [y, wir,]=1,
N = Ay G=3).

Then we see that the element § constructed in Lemma 8 does not normalize
M which contradicts Lemma 18. Thus we have proved [y, 7;J=1 for each
pair s and ¢ Then if [f;, A,m:]=1 for some pair s and {, we have
28075 = (m,ml)’s = momy, which is impossible because [(2,) =1 and l(r,z.xl)=2.
Thus we must have [3;, 4,]=1 for each pair s and t. This completes the
proof of Lemma 20. ‘

In order to complete the proof of Theorem 9, it now remains to prove
@), @{v), (i)’ and (iv)’ of Theorem 9. But these can be done easily. So we
shall omit the details. We refer the proofs to those of Lemma (3.4) and (3.5)
of [3].

§4. The structure of some 2-local subgroups.

4.1. Let G=G,(k) as before and we shall assume that G has no sub-
group of index 2.
Set
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N=_Cgla,) "\ Ne(M),
E={A,2,, A3, =, An_1An, Ty, gy =+, T .

In this paragraph, we shall determine the precise structures of the group N
and Ng(E) by using which has been established in the preceding
section.

LEMMA 21. (a) Cglay) NN contains involutions &, 0y, -+, Qk-1, Exr Nitrr = »
Dn-1, En.  (Notice that 7, is missing) with the following properties:

() A= A,m,, (& AJ=[&s A ]=1 (s# D),

(11) (1,7(,)77‘: ]_,4.1, [773: Zt-l-l] = [778! xt”t] =1 (S * t) ’

(iii) &, and 7, are of length 1.

(B) The involutions &, and 9, which satisfy the conditions (i)-(iii) of (a)
necessarily have the following properties:

(iv) The group <&, N1, =+ Ni-1, x> (resp. {&xsn» Nis1r ***» Yn-1, En ) 1S 1S0-
morphic to S, (resp. S,,_,x) and the ordered set {&,, 1y, -+, Yr-1, &k} (resp.
{Exs1> Vit1r ~*» Yn-1 En}) 1S a canonical set of generators of S,y (resp. Sy, o).

PROOF. (a) Put &=7m;, 1=<s=<n) and n,=0; (1=t=n-—1,t+ k), where
the o, are elements of H,(k) introduced in §1. Then the &, and 7, satisfy
the conditions (i)-(iii) of (a). (B) Let & and % be any set of involutions with
the properties (i)-(iii). Since M is self-centralizing in G, we must have
&, =nmip, for some g, = M. Since §; is an involution, 7; must commute with
¢s and so we have

Us € <7ts> X ",I__".—h]‘:,(ztr 2;'751) .
Then in order that &, is of length 1, it follows from [Theorem 9 that we must
have g,=1 or =,. Quite similarly, we must have

N, =0, A 1WA, OT Oy
Then it can be easily checked that the & and the 7, satisfy the condition
(iv), q.e.d.

LEMMA 22. N is isomorphic to the wreathed product Z,1S,,. In parti-
cular, N splits over M. More precisely, there exists a complement of N over M
which contains «f, ©§, ---, 7.

PROOF. Set

Xy =T, (1§s§n),

Vs = T:—lfs-}-lrs”;+1 A=ss= n,
where we define y,., =7, and n,.,=mnj. Let

le <x1» Yis s Xn-1s Y15 Xy M> .

Firstly, we shall show N,=N. We see from Theorem 9 that
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38 = A, Cxes 4] =[x A ] =1 (s#1),
(lsﬂ's)'y' = 284*1! [ys; Zt—!—l] — [ys, Zt7z»'t] =1 (S + t) .

These relations imply that every element of NV, induces a permutation on the
set {2y, A,y =+, Any Axy} and N;/M=&,,. On the other hand, we also see
from that every element of N induces a permutation on the set
{2y, A4Tcq, ) Any Anmmn} (cf. [5; the proof of Lemma 4.4]). This implies N=N,,
because M is self-centralizing. In view of what we have just seen, in order
to complete the proof of our lemma, it will be sufficient to see that the group
{ Xy Vi *** 5 Yn-1, Xn » is isomorphic to &,, and the ordered set {x;, ¥, -+, Yn-1, Xn}
is a canonical set of generators of &,,. If we set &,=x; and n,=y;, in
Lemma 21, then the set of the elements {x,, v, |1=s=n, 1=t=n—1, t+k}
satisfy the conditions (i)-(iii) of Lemma 2I. Thus it also satisfies (iv) of
Lemma 21. So in order to see that {x,, ¥, -, Ya—1, X»} iS a canonical set of
generators of &,,, it will be sufficient to see

i) = (Vexee)’ =1, [y x]=[Ve y:l=1
(s#k kE+1,1=t<n-1).

Firstly let n>2. From the action of N on M we see that N contains an
element ¢ such that

€1 As— Ay and A — AeqTory (IS S=EN, Apqy = Ty, Tpay = 75) -

By transforming Cg(ax) NN by conjugation by &, we can apply to
Co(mymy -+ Te) NN and a basis {4;, 4,7, =+, An, 40Ty, 41, 4,3}, Then an ordered
set of elements

{X2) Yor =+ s Vier Xhwrs Xitas == 5 Xmp Vo Xa}
must have the property (iv) of Lemma 2I. This yields
ex)* = exeen)’ =1, (Ve 3. ]=1  (#k+11)
[ye xs1=1  (s#k, k+1).

So it remains to show
Ly Vewrd=LVi V11=1.

Again, we can apply to Cg(ms - mrse) NN and a basis of M,
{3, AgTgy **+ » Apy AnTn, A1, A17q, A5, A;w,} and an ordered set of elements

{xa’ Vs ot s Vit1s Xitos Xkrss s Yoo X1 Voo xz} .

Then the property (iv) of yields [ Yi Vsl =[x ¥:]=1. Finally
let n=2. Set 6 =(x,x)".. By we have

0:2,— 2, T,— @, T|— Ty O 74Ty,
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The last conjugation follows from the fact that (z{y)*=1mod M and we
must have [(z{?)=1. This implies that <d, z1, 73> or <9, w{, m3w,) is a comple-
ment of Ng(J)=<(4d,J)> over M. Thus a 2-Sylow subgroup of G, which is
equal to Ng(J) in this case, splits over M. Then a theorem of Gaschiitz
yields that Ng(M)/M splits. Let Q=<¢, t,, t;) be a complement of N over
M such that ¢,, ¢, and ¢, induce transpositions

by: Ayt o A,

ty: Ay & Ao,

on the set {4, 4,7, 4;, 4.7,}. Such elements exist, because every element of
N induces a permutation on the set {4,, 4,7,, 4,, 4,7,}. Then an elementary
abelian subgroup <{,, m,, t;, ®#,» must be conjugate in N to S. In fact, we
easily see that {{,, n,, t;, 7, » is normal in a 2-Sylow subgroup {M, t,, t,, (,t,)*3>
of ¢ which must be conjugate in G to Ng(J), and so ¢, m,, t;, w,» must be
conjugate to S, because S and M are just two such subgroups of Ng(/J).
Then we may assume ¢, = n} or n{r,. If we have t, = r{r,, interchange {¢,, t,, t;}
by {t,7.x,, t,m,7,, ty;myw,}. Then we have tft =rx{. Thus we may assume with-
out loss that ¢, ==/ and then ¢, ==} This completes the proof of

LEMMA 23. Let Q be a complement of N over M. Then Q is a complement
of Ng(E) over Cgz(E) and Ce(E)=E X {(v) where v is as in (2). In particular,
Ng(E) is isomorphic to Cy,(ay).

PROOF. From the action of Q on M, we see that Q normalizes E. More-
over, from Theorem 9 we also see that any two elements of F are conjugate
in G if and only if they are so in Q-Cg(E). This implies

[NG(E) : Colar) N\ Ne(E)Y]=T[Q-Ce(E) : Colax) N Ne(E)]

because Cglay) N\ Ng(E)=Cgsla,) N Q-Cz(E). Therefore we must have Ng(E)
= Q-Cs(E), because NgG(E)2Q-Cx(E). Since Cg(E) & Colay) = H,(k), we have
Ce(E)=E x<v). This means QN\CsE)=1 and so Q is a complement of
Ng(E) over Cz(E). Moreover, since we also know the action of @ on E, it
can be easily ckecked that Ng(E) is isomorphic to Cy,(a,), q.e.d.

LEMMA 24. (i) Ng(J) splits over J. (ii) Let D be any 2-Sylow subgroup of
G containing S (resp. M). Then S (resp. M) is weakly closed in a 2-Sylow
subgroup of G with respect to G and D splits over S.

PROOF. Let Q be a complement of N over M which contains {xj, 75, ---,
7,}. Such a complement exists by Lemma 22. We know that @ is isomor-
phic to &,, and acts on M as the symmetric group on the set {4, 4,7y, ---,
An, 22T,}. So we can find n—1 involutions gy, o7, ---, o4y of Q such that
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A=Ay  (A=s=n—1)
[O‘Q', 2t+1] - [0;y lcﬂ't] =1 CES S) .

Then the ordered set {=i, ¢/, ---, 9/, 7} is a canonical set of generators of
Q. Set p,=(aml)® (1 <s<n—1). Then from the actions of the p, on M,
we can easily check that the group {p,, P **, Pn-1» Dormalizes J and is
isomorphic to &, and the ordered set {p,, ps -, Pn-1} iS a canonical set of
generators of &,. Since we know Ng(J)/J=&,, we must have that {p,, p,,
-+, Pn-1y is a complement of Ng(J) over J. Furthermore we see that Ng(J)
splits over S and M. Indeed, {py, Ps =) Pr-1» A3, Asy =+ Any (resp. { Py, Py =+
Pn-1 1y Toy -+, Tpy) is a complement of Ng(S) over S (resp. Ng(M) over M).
We shall prove (ii). We may assume without loss that D is a 2-Sylow sub-
group of Ng(J) by Sylow’s theorem and Lemma 3. Then it is obvious that
D splits over S and M. From [Lemma 5 and [Lemma 18 it follows that S and
M are weakly closed in D with respect to G, q.e.d.

4.2. In order to complete the proof of our main theorem, we will have
to determine the centralizer of some involution of G,(k) other than a given
one. We note here that all the information has been obtained which is
necessary to apply the arguments of §5 and §6 of [3] Firstly, let k=1
and G=G,(). Then we can easily check that we can apply the arguments
of §6 of without any changes to get Cq(«,) > E where E is an elementary
abelian group of order 227! introduced in the preceding paragraph. Thus
we obtain Cgla,) = Ns(E), because Cyla,) 2 Ng(E) by This yields
the desired conclusions G=%, by and [3; Theorem I] (cf. the
remark at the end of the proof of Lemma 3). Secondly, let n>%k>1 and
G=Gr(k). Then we can also check that we can apply the arguments of §5
of without any change to determine the structure of Cgi(a,) which will
turn out to be isomorphic to Cy,(«;) = H,(1). Thus, in this case, we get the
conclusion G =%, by reducing the problem to the preceding case k=1.
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