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Pseudogroups associated with the one dimensional
foliation group (II)
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CHAPTER III: THE EQUIVALENCE PROBLEM
AND THE PSEUDOGROUPS

The purpose of this chapter is to complete the proof of the theorem below :
THEOREM 14. The following is a complete list of all pseudogroups associated
with the one-dimensional foliation subgroup of GL(N, R). (Note: We omit,
) .
throughout this list, the conditions %Jx:—> 0 and det ( g]; : >> 0, which guarantee
1

J

that (—g—f—) belongs to the connected group G*.)
f]

N
1. yl =Ela,jxj+b1
7
Yi= 21a4;x;+b;
j=2
2' y1=cx1+g(x2) oy xn)
e
Yi= 2 a;;x;+b;
j=2
2n. Yi=cx;+Polx,, -, x,) (P, any polynomial of
{ . degree=<n, n=2,3, +)
Yi= 2 a;;x;+b;
j=2
3- ( Y= Cxl+g(x2: oy xn)
N
> a;x;+by
Y=
z Cij+d
j=2
oft
4, yi=cx;+g(x,, o, x, det = constant; N=3
1 1+ g(x, ) ( ( axj )
YVi=filxq, *=+ , Xp)
5. N=cx,+g0xg, -, xn)

yi“':fi(xz’ *tt x‘n)
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6n.

104.

107n.

114.

12.

|
|

|
|

(V=

Y=

R. M. KocH
y1=x1g(x2, t xn)+h(x2: Tty xn)
N
Vi =j§ a;;x;+b,
Y= xlgl’n(l‘zr":xn)_!_h(_xz’ -, xn)
N
Yi=2ayx;+b;
j=2
yl__—xlg(xm tTt xn)+h(x2) AR xn)
N
2 a4x;+b;
Vi=1F—
Ecixi+d
j=2
W :xlg(‘x2r Tty xn)+h(x2; ttt xn)
yi:fi(xz: Tty xn)
ylleg(x2, "ty xn)+h(x21 tty xn)

yizfi(xzy AR xn)
Axl+h(x2’ ) xn)
N A
(Ezcjxj—}—d)

N

2. a;;x;+b;
j=2

] —
2 cix;+-d
Jj=2

_ Ax1+Pn(xza e, Xa)
- N n
(Zemtd)
j=2

1

N

Z.‘: a;;x;-+b;
Yi= ‘J}z
jgzcjx,-—{—d

(P, any polynomial of
degree=n, n=1, 2, .--)

(det(

gxi_ ): constant; N= )
J

(2 fixed, 2+ 0)

(P, any polynomial of
degree=n, n=1, 2, ---)

y, = Cxl[det (%)]1+h(xz, e, %) (A fixed, 2+ 0)

yi:‘fi(xzy Tty xn)

a(x,, -+, X)X, +b(x,, -

'yxn)

I= C(Xz, Tt xn)x1+d(x2:

N
Yi= ;;zaijxj’i—bi

-, xn)
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. a(xZ; “Tty xn)x1+b(x2: ) xn)
13. = C(x21 R Xn)x1+d(x2, Ty xn)
N
Z__Zaijxj+bi
yi= At
];_Zij_i‘*“d
i a(xn“':xn)x +b(x""!xn) _@ : — .
14. { y, = C(x:, - xn)x11+d(xz, -, xn) (det< axJ >— Constant, Nz 3)
Vi=Ji(Xgy o+ s Xp)

— alxy, -+, xn)x1+b(x2: e, Xp)
15. ‘ Y1 C(xz, ) xn)x1+d<x21 Tty xn)

yi:fi(xZ: "t xn)

16. y1:f1(x1:""xn)

YVi= Ea11x1+b

17. [ vy=fi(xy, =, Xp)
N
] > ai%;+b;
YVi= z:v
Z x]"‘l"d
18 oftN_
. { V= f1(Xy, 5 Xp) (det (—az>—— constant; N= 3)
fi(xz’ Tt xn)
19. { y1:f1(x1’ "':xn)
yzzfi(xzy Tty xn)

1. G

We will constantly refer to the previous list and to the list of kernels
({the numbering on the two lists is different). In this section we will solve
the equivalence problem for G? and determine the corresponding pseudogroups
(which belong to k2%, A°k?, ---). In each case we must find f such that 6%(f)
—@ € k?; then letting ¢ = 0 we must find the most general solution to get
the pseudogroup. As ( )e G yi=fi(xy s Xn)y Yi=filXe 0, X)) (02 2).
The equation to be solved can be written

fijﬂ'z: 2(spiklkg—{_kiklkz)fklj_‘szjz

where ¢ determines g? and so is fixed, but k%,,, may vary with x,, -+, x,,
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remaining in k%
Recall that ¢ = A%k /E2.
¢ __ (€ f; 8.4 i _ra b
-LEMMA 47. Let &' ;,= 0 h‘;ljz)’ &= 0 d’,>‘ Then
kb 1,62,
ea® eab;+3 fid*;a (eb;bj,+3 fud*; bs,+ 3 fed* 1,05, + 3 Gerrad*5,d*2 ) )
0 0 hikxkzdkljldkzjz

PrOOF. Calculate.
LEMMA 48. If & ,,= ¢ f‘ gfljz) the equations

0 1l

axafab;,.z = Dakeg, — asbh gf:
can be written explicitly as:
e o)
® 2 — (W) +sA(PE (L)
© a—a?— <Sfj Y5 25 )+2fk<%,f§)(3%>

+2A(E o ) (2 Zj’:j )+E (22 ><%:,%>
© = s (G ().

PROOF. A trivial consequence of Lemma 47.
Lemma 49. If (3 0 9 e, @yisirretevant. 1r () ) &) ek, (© is

0 0 T
irrelevant. If (8 gi 0>e k2, (B) is irrelevant.
PrOOF. For example, if the second condition holds, we can choose
g:(xy, -+, x,) so that (C) is satisfied, since gf—: is non-singular. The othe:

cases follow in the same way.
LEMMA 50. The most general solution of (A), if e=0, is x,g(x, -+, X)
+h(x,, -+, X,). The most general solution of (A), if e is a non-zero constant, is

— L tg, o DR, - ).

PrOOF. Obvious.

We now discuss the list of kernels case by case, proceeding from the
easier to the more difficult examples. Notice that (13) and (16) on the list of
kernels are done, since 42k'/k*=0. These obviously give rise to pseudogroups
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(19) on the list of pseudogroups.
Now turn to (8) and (11) on the kernel list. We can pick go:(g 8 g

and k2=<8 'gf %{’;k) Consider the equivalence problem; lemmas 49 and 50

show that ¢'= —%ln (x,+1), ¢*=1x; is a solution. Notice that ¢ is defined

in a neighborhood of the origin and is a local diffeomorphism there; ¢(0)=0.
To find the pseudogroups, suppose e=0. Then ¢'=uxg(x,, -+, x,)
~+h(x,, -+, x,) by lemma 50. This is example (9) on our list of pseudogroups.
Next turn to (3), (6), (17), and (18) and (18b) in the list of kernels. Each

of these contains (0 0 g”‘)e k2, so equation (C) is irrelevant. In each case
we can pick ¢= (e f‘ ) For the purpose of the equivalence problem

consider k’,m_(o 0 e’l’?) and let ¢*=x,. Then only

oY e(_asbf)z

ox,? 0x,
az¢1 a(/)l a¢1 agbl
0x;0%, e( 0x; >< >+f
need be solved.
But if e=0, ¢'=x,(x,, -+, x)+(x,, -+, x,) and we have only to solve
gll = f;l,. If |, =¢**2"n  this becomes aa; = f, and as the f; are constants,
J
this can be solved. If e¢#0, we can pick ¢'= ——%—ln (e, + D)+ 1y, oo, xp).

‘Then we need only solve

0——-9( o x+1 )( >+ff( x—}-l_)

or —5—= ——%f,- which again is easily done.

Next we determine the pseudogroups. Examine (3) and (6) first. By
lemma 49, equations (C) and (D) are irrelevant. Hence

e, 2
0x,* 0x,0x;
Therefore ¢! =cx,+g(x,, -+, Xn), P*= filxy, -+, X,), which is (5) on the list of
pseudogroups. In (17) and (18) we must solve
82¢1
- =0
ox,?
PP _ 5o, 000

ax,axj xl ax_/
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OP g, 0P agR

kik2 A
0x;,0x;, 0x;, 0x;,

with d*; ;, functions. Hence ¢' = x,{,(xy, -, X))+ Lo( Xy, =+ 5 Xn)y PP = fi(Xy, =

and

all — 2k afk
L

1
Now [, # 0 since »aSLq&O, so [, =e*@2r*w at least locally, and

0x,
os __ @k _a_]j:
ala o }:‘2Ci ek a)ﬁ :

LEMMA 51. Suppose {f(x,, -+, xn)} satisfy
azfi ,—_Ed’ afkl asz

0x;,0x,, ' X, 0xj,
Then
ofk 2 0
svgek 9T 4 0 inqg
zd * ox; N 0x; 4 et(ax,>

PrOOF. The identity

i az k a T\ -1
2 aer (L= aee (U) 3 P[]

a‘ka

is well known. Applying the formula for x.ox, we have

i k a s a t —1
oy e (G) = e G =l (G

af‘ _af_
0x; T 0x;
Thus
L9 of
0x; det( a.xk ) = 9 In det(aft»)
det (fgf: ) 0x;

= SIS AY, A Dk, 1
GXj

» Xn)

where h=hP+hr®, K < (1—Q)XT?), h® € 2(T?. But then X AW, =0, h®%,,

:—%-[akkh(2)777+5k'rh<2)kkk], so we have

_.1_ — @r ﬂ N @r ﬁir_
~ 0 lndet(afi)

"~ ox;
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ds o 22 _
ox = o Ly Indet -—] so ¢'=Cr, det (——)N+h(x2, ) X

Of course we can let 1= 12\? ; then we obtain (11) on the list of pseudogroups.

Consider next (7), (9), (10), (12), (14), (15) on the kernel list; in each of
these (8 {;" ‘(g)r“)e k2, so by lemma 49, equations (B) and (C) are irrelevant.

Hence

Moreover, goz(S 8 (})z" ) In each case, k% can be taken in the form
Jk

8 {;i g,1,2> with &%; ;, € AT*?, (1— Q)(Tz), or T depending on the par-

J1J2
ticular example considered. We must solve

629[)1 a¢1
0x2 <6x1 )

az¢—i~ i a¢k1 a¢k2
aleaxj - E(h k1k2+k k1k2) le asz B

But the first can always be solved, and the second can be solved by theorem 11.
(To apply theorem 11, we need to know the required integrability conditions.
Thus there must exist ¢, such that {1, ¢%;, ¢*x,» is in A°g% But it is easy
to check that if this holds in the present N dimensional case, it also holds

in the lower N—1 dimensional block.)

Next we compute the pseudogroups. Consider*kz-—((e) 8’ kl‘J ) since
J1Je

(B) and (C) are still irrelevant we must solve

aZSbI a¢1

0x,? ( 0x, )
82¢’L _2 1' a¢k1 a¢k2
ox; 0x;, 152 5x, Oxy,
As P varies over the several cases, either e=0 or e is arbitrary. If e=0,
o' =x,8(%y, -+, Xn)+h(xy +++, x); if e is arbitrary, ¢' = fi(x,, -+, x,). Moreover,
k%, varies over Q(T?), 1—£2)T?* and T? and thus generates one of the
pseudogroups of theorem 12. We get, then, (6), (7), (8), (16), (17), and (18) on
the pseudogroup list.

Next consider (2), (4), and (5) in the list of kernels. Each k® contains

8 8 g,,) so by lemma 49 equation (C) is irrelevant.

Letting ¢ = <e /s %L )and k2= 00 gu )We must solve
Jk

0 0 k') i
0% :e< gt >2

0x,* 0x,
angl . 3961 89& 8901 aqbk
ox,0x;, axl 0x;, +2/ Ox, 0x;
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az¢t : ; a¢k1 agbkz
=3 (h k
axhaxj2 E( k1kz+ klkz) a jl asz .
As before, A°g*—g? onto implies the required integrability condition for
h'y.x, SO the last equation can be solved.

If e=0, ¢'=x,l,(xy, -+, x,)+1(x,, -+, Xx,) and we must only solve aal‘

k l

=Ef,,aaT¢'ll. But [/, %0, so locally [, =e**2%n; thus —aw—zf,,—%-. The
J1

integrability conditions for this equation are just

0 og* 0 0"
W[Efk‘é“fj—:I:“a‘g[ka—a%] ’

which hold because the f, are constant.

Now say e+ 0. Then ¢'= —%ln(xl—i—l)l(xz, -+, x,) and we need only
solve

e( e(xl—}—l)) 0x; +2 /e ax, ( e(xl—i—l))
PO
ox,
To find the pseudogroups, we solve
a7
ox,® -
a2¢1
0x,0x;
02t _ . %1 doke
axhgbsz =T ke af,l asz .
Here ki, € 2T?), A—2)XT?), or T: But then ¢'=Cx,+h(x,, -, x;) and ¢*
belongs to one of the pseudogroups of theorem 12, so w. have (2), (3), and
(4) of the list of pseudogroups.
Consider (19) and (19b) in the list of kernels. (§ o £%)e#, so equation
(C) is irrelevant. We have

1 Pk . .
— Ef"?? which again can be done.

. e f; 0 . 0 2d%;; g
gD—(o 0 kf,,)' ”‘—(0 0 df,,,)
and so must solve
az¢1 (a¢1
0x,

oy e OO 45 ithar 22

omdx;, | ox, 0x, . 01y,

az¢i B ¢ a¢k1 a¢k2
»aleaxh =D Mart dan) 5 Ox;, 0xy, °
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But these are precisely the equations we considered above with the addition
of Ad*.x, so we are done if

i FE]= S [ Utad 3 ]

or, as f; is constant,

0 09F
e Lz g ]= [z ¥ ‘a 7.
By lemma 51,
(2)k (2k 9_é7< - @___ a¢,z
TPkt dP ) _N ajlndet( ).
In this case d = (T?), (pE(l——Q)(TZ), so d®=d, ¢®>=0, and we must have
or2 o ot 2 0 ot
9x;L N ax, In de t( )] N ox; In det( 0x; )]

which, of course, holds.
To find the pseudogroup, we put ¢, f;, ¢*,,=0. Thus

a2¢1
ox?:
o i__ ' \1.9¢%
0x,0x; [ln det( ox; >] 0x,
82¢1 N 2 a¢k1 a¢k2
0x; 0x;, ¥k 9x;, Oxy,
Then ¢1:xles(zz,...,zn)+12(x2, ey Xp)
os 22 0 r oQ*
ax, = N arL" det( a1, il
i . . i Eaijxj+bi
and ¢* belongs to the projective pseudogroup ¢ ="Sr+d We have
%5

= Cx1<det —g‘?‘>%+h(x2y ttty xn)
J

¢,;:*2aijxj+bi .
>cix;+d
since det -gfj—;eo this is (10) on the list of pseudogroups, provided:
LEmMMA 52,
Eazjx1+b
det zcjai:]_'_d = = c,-x(jﬁ—d)"’ (C a constant).

PROOF.
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0g° 0 s 3agxtb,
ox; — 0x <Ec,-xj—!—d )

_ (D cexetd)a;;— (X asxe+05)c; . 27 . Cj P
(X cxxx+d)? T XY axtd  Xoaxtd
0%t —a,;;,Cj, €5,Csy

ij1 + ¢i_ Cjy a¢t
ax,lasz = ckxk+d)2 > ckxk+d)2 S caxt+d 0x;,

_ 9¢* ( —Ch
T 0xj, Eckx,chd asz Scrxetd

But also,

a¢k1 a¢k2
ox;, 0xj,
ot 1 0
0x;, N 0x;

5 [5lk1hk2k2k2+ 51kzhk1klk1]

_09t 1 9
0x;, N 0x;,

In det( 8¢ )—I— in det(

ox; )
Hence

asbl - ,g,, _aib_i Cis
0= 0x;, N 0x; In det( ox; >+ Eckx}c—}—d]

optri o o¢*
+ax, N ox;, i det( ox; >+ Z_)_Ekxk—l—c?-]

ay"

Since there is some (i, j) with ~——A¢O letting j,=j, we get

1 3 o _ ¢; 0
N axj In det axj chxk—i—d 3;Jln(20kxk—{—a')

Hence

—aa~— —]%/. [n det -g%~+ln(2 ckxk+d)] 0,

SC
1 agi
eTln det a.—tjeln(zrk.rk-%d) — D
or

D
(det 32 )V = sianra

and we are done.
The final two examples force us to pay more attention to the requirement
that A°g%-—g? be onto. Look at (1) in the list of kernels. Then £2=0, and

we are to solve the equations in lemma 48 with ¢ = <(e) g f}j ) But since
Jjk

A*g?*—g? is onto, we can find ¢, so that {1, ', ¢'u,> € A%g% Then
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SDikjljz =2 [fpikr??rjljz—SDijlrSDrka—GDijgrSDTkjl] .
This must be symmetric in 2 and j,, so
E @iflf gprjzfg - E SDiJ'zT gprjlja .
In particular if j,=1, j,, 7, =2, i=1, we have
901.1.1 ¢lj2‘ja+ kgzgpllk gokafa - 9011'21 901.7'31

or

e gj2j3+2fkhkfzja :szfjg

Similarly, j,, j., 7= 2, i=1 implies’

! fjlgj2j3+2 gkjlh‘kjgjg = szgj1j3+ Egkahkms

Let us now solve the equations of lemma 48. Clearly A%g?-->g? onto implies
the usual integrability conditions on A%, ;,, so (D) can be solved.

Let es£0. Then ¢'= —%ln(xl—{— D+1(x,, -+, x,) solves (A); (B) becomes
ol
. 0x;
O=—717" a1l +Ef’° ( e(le,—l))
ol agb" _ k : .
or — = Zf,; e Hence we can let [= —7—-Efk¢ . Consider (C); it
J
now reads
_ 1l 0PF
e 2/ 0x;,0x;,
_ 1 o agte. asb’”
= e Efklsz ale ax_,-2 +2fk1 jz ]
0 ,’1 0Pt agte
+Efk ax] jl ]—I_Egk]_kz ale axJZ
or.. _
—1 . oY dge.
e kah’ T172 axil asz
3¢T1 angZ 1 ki ko a¢ ! ngZ
frz ale axj2 + 22 Egklsz 'rlf 72 axh ax]2 .
ince - 0L sy, 007 00
Since 3x,.07,, =2 h* e ox, ox;," this equatlon holds because eg;,;,+3 fch*,,;,
= J3, S 15

Suppose ¢=0. Then ¢!'=e*%2*W(x,+1(x,, -+, x,)) solves (A), and (B)



192 R. M. KocH

k
reads aa;j = ka—g-%, so s=2 frd*. But

&'s 0P O g, f 2 OO

__Os k
axjxasz kah 7172 a f1 a ia

since X fih*; ;,=f;,fi, by the first boxed-in formula above.
Finally, (C) reads

0 s 0S s Ol
#ax—“— e axj2 (x1+l)+€ asz]
_ s 0s 3s s 0O°s g 0s ol
B PP PP R P PR R ALY PR o
Los ol ., ol
1 o, ox;, ¢ ox,0x,
_ _0s 0s . az , 0S s
o, L9 g, (DT ]+ 3%, L (x+1)+e
a¢k1 a¢k2
+Eg 2 AT
%2 9x,,  Ox,
or
) 821— —32 a¢k1 a¢k2
0x;,0x;, Brake 5 x5, 0x;, °

ozl
Now in general -a—ax— =R; ; can be solved if and only if

symmetric tensor. But

axh axJ’2 ale anz

ijlfz
x_,s

=¢7° 3 Grykp K™ ogn: _0gr: ogte +e7* 3 Gk h*? o ogn

ogre

T2 9%, 0x;, 0x;
.71 ]2 ]8

e ag*e o¢*s ot
e Efklgkzks a jl asz ax]s .

rire
axh anz ans

Hence it suffices if 3 [g;,kh* 55, +8eih*5,5,]— f1,85,5, IS Symmetric, or subtracting
Szgjlkhkajs’ if fjsgjlj2+zgkj8 hkjljz is Symmetric, and this is the second
boxed-in condition. The resulting pseudogroup obviously consists of all linear

maps, (1) in our list.

Consider (19a) on the list of kernels. ¢ = <e Js g” ) hipe(dA—92)T?) and

kz_(o Sdy 0
0 0 AT

Again, the equation for ¢ can be solved by theorem 11.
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We now discuss the requirement that A°g*—g? be onto. There must
exist a ¢'jr, 50 {1, ©', @' r> € A%g?; this means that for each fixed j,, ther
is Jok*; ;, such that

. . . )
O s0irie = — DL ior O i13g— P 117 P s ia— P i P ioin 3R gy -

But if j, =2, j,=2, j,=2, i=1, /&% ;,=0 since

1 7
kzz(o 2@ 0 )
0 0 ds
SO
p [SoljoTSDrjﬂz—901.717907‘.70.7'2_901-7'27?71.0.7'1]

must be symmetric in j, j,; therefore X ¢*;,¢"; ;, = 2 ¢*; 0,5, that is

X . .
fjogj1,2+2gjokh j1jp 1S Symmetric.

But let i=j,=1, j,=2, j,=2. Thn
SDljojlx = “[fjofjl—fjlfjo—e gjojl_szhkjojlj'{'jokijll
01505, = —Le gjojl_"'Efkhkjojl_fjofjl—fjlfjo]

Jopl1, .
O Byt DM Ly =~ g

or

Hence 70k%1; ; =J1kh, ;.
Looking at i1=2, j,=2, j,=2, j,=2, we see that

SR jorh” 515, hE 5y 5 5,— hijzrhrjojl:l+%[aihjokhjzfz+5i.7'2jokh.7'111]
must be symmetric in j, j,, and j,. Thus interchanging j, and j, and sub-
tracting,
2 Z(hi:‘orhrm‘z—hijlrhrjojz)‘*‘%“ [8°;,70k%2;,;,— 0% 5,71 k72,,;,1=0.
If jo,+7J, and i=j, we have
(AT hT 55— R jo5) = —%j k72,5,

If j,=7j,, the left-hand side is zero. Summing over all j,, we conclude, since
o e(1-02XT?,

N—2 ,

_(_4~)_ hk.fzjzjz —_ _2 hfojoTh Jods -

Hence, since in (19a) N> 2, we have
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1
egjoj1+2fk doirJigi1 = —mzhrjokhkrh

These are sufficient conditions to solve our equations.
1

Now let e#0. Let ¢'= - In (x,+1)+s(x,, .-+, x,). Equation (B) becomes
0s
T 0x;
0= x+1 +E(f"+ 24 "">< e(x,—{—l)) 8x,
or
0
73—;7': i E(fk —d kk
= % e [ka¢k+~—ln det - —-]
Hence, let s= —*(Z)fkgb" *ln det a¢ ) Equation (C) becomes (wrltlng
let a(pl —A)

e ()]

0x;,

¢k+—ﬁln 4 ]W[szsb’%% ind]

+2(fk dkkk g¢1 o, [—(=fe + + )]

+3 (St dkkk 09" 0 [—%(Ef,cgb"—k—%[—lnd)]

asz ale
a¢k1 a¢k2

+Qr1ke 5 o %, ax]2 .

Hence it suffices if /= Z‘,fkgb"+——l— In 4 and

9’1 _ al al —Seg o*1 dpke
ox,;0x;,  0x; 0x,, Bk oxs, 0x;,
But
ol x K 0P 0¢r 1 Pind
ox; 0x;, = Sl d ””) ox;, 0x;, N 0x;0x;,
_ k 65/) 1 3¢'2 ag/J e 0
—Efkh 7172 a ax]2 +Zfs le asz lnA
op* 1 0 1 0’
—— ———=—=—1Ind.
+2fs 0x;, ‘N 0x;, In 4+ N 0x;,0x,, "
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ol o* , 1 dind o 1 adind
0x;, 3x,2 [Efk 0x;, + 0x;, ][Efk asz"' N 0xj
SO
°l 9l 8l _ — og™ o
aleasz ale ax]2 _Etszh T17r2 fTIfTZ] ale aXJZ
+1 0*ind 1 dilnd 0dilnd
N ax,lasz N*  0xj 0x;,
However

%Pt e 0PF gFr 1 9t dlnd 1 09 dilnd
=k ox;, N 0x;; 0xy, + :

ki1ke
aleasz aX'

N alsz alle

A short calculation then shows that

O = SLS gy )0 DL SET

0x;,0%;,0%;, Ox;, 0x;, 0xj,
2 ;. 0p* ogF: dind
TN S G G o,

1 aglﬂ olnd 0dlnd 1 90¢* o*ind
N2 axh 0x;j, 0x;j, N 0x;, 0x;,0x;,

agb‘[ olnd dilnd 1 o%lnd
N2

axh 0x;j, 0x;, TN 0x;,0x;,

1 9Tz Q¢T3
_ 2 hlkn hk?’zrs a¢ ¢ (/b

x;, 0x; 0x;, °

-+

+S

But this is symmetric, so
Sf; [+ aaﬂ’fjj' aal,’fjf' — :;?;;’ TEO TIEOTIED T
K A ICON NI ONRIC O
—o [ dnd ond L ind 3y (2!
— > Rt A s = Fsisass

is symmetric. But
i N 1 9lnd olnd 1 o*ind O\ O N\ 1e
S F s =W 1)[ N? a;:jl a;i'z ‘N alengz ][( ox ) ]_gI[(W) lz
(since X ht;=0)
_ r1 olnd olnd 1 o*ind o) \"Yrry 04\
_Egislisz—[NZ 3’21 a;:jz YD alengz][< ax> ]31[(‘5;) :Lz

_E hiks1hkisz
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so
1 0lnd dind 1 =0*Ind ; 0P oz
— — 7 = —3 "' h* 3
(N 2)[ N2 ale axj2 N aleasz E k31 is2 A a }1 asz .
Thus
1l 3l 3l % og™r 9¢
0x;0x;, 0x; 0x,, = Eih = fr) 5= ox;, 0xy,
b b e e 097 997 ot ogt

Thlf
N_g 2 el e TR Bk

by the second boxed-in formula in the discussion of 19a.
Now let e=0. Write ¢*=eé(x,+7r(x,, ---, x,)). This solves the first anc
02l 9l adl
0x;0x;,  0x; 0x;,
previous calculations, we conclude that it is enough to solve

¢k1 a¢k2

x;, 0x;, °

second equations. But ¢=0, so (N> 2) Looking at the

*_ﬁ—e—l nglkz a
Thus we must show that

ky ko
o S[’ a¢ ] =9, 101

asz

is symmetric. But this is

. . b,y 09T 8¢ gt
™ 20 Brerka(h 2y yrytd 1 r1y) 0x;, 0x; 0Ox,

-t K x og a¢re agt
HeT D k(W raret @) oxj, 0x;, 0x;

k k k K k
—e "> fi Briks 0PF og™ ogr: e l— a (N In A) Brikg a¢ Lot

0x;, 0x;, asz 0x;, *

It suffices if
og* agdFr gke d 1 agb"! Og*z
kagklkz + 2 axj <W ln A) “~

k k
ax_,'s 3xj1 asz 152 3 ax,z

ko a¢r1 a¢1’2
Ryt d¥, “’
+ Egklkz( 1 2+ 1 2) x}s axh asz

is symmetric.

Applying the first boxed-in expression to figx;x,+ > Zxrh k1x2» We conclude
that it is enough if

o¢ k1 a¢k2

kk
123 asz

+2gk1k2[ {5k171dr "2"'2+5 1d" 11‘11'1}] o™ 097 09"

ax_fa 3xj] 3xj2
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is symmetric, and by a now-familiar calculation it is.
Finally we determine the pseudogroup. If e=f;,=g;;=h%,=0,

i 204x+by 1
¢_W and l-—NlnA,

L in
¢gr*=Ce?® L A(x1+r(x2, ey Xn))

=C(In A)-’{’_(xl—l—r(xz, ey Xn))

Ax1+r(x21 ) xn)"
2 cix;+d )
o%r

Since 7. or =0 we get 10, on the list of pseudogroups.
J1¥ e
It remains to leok at (18a) on the kermel list. In this case, N=2, and

go=((e) ](; %), k= (8 g 20k>; the equations become

az¢1 ::e( a(/,l >2

=(by lemma 51)

0x,? 0x,

i gifl e
gZ’: ) +2(f+h) a¢ af +g( gf: )
o =2k<23fj ).

If e=0, let k=—f. Then ¢'=x+I(x,), P*=s(x,). If f=0, let s(x)=x,;

d*l . 1 Cdid g 1 .
W-—g. If f#0, s(x,)= —h In(x,4+1); d5f = AR (e which can be

solved.
If e+0, ¢*= ———i~ In (x;+1+m(x,) ; to solve the second equation, we want
dm _ _ f+k d¢?
dx, e dx,

which can, of course, be solved.
The third equation becomes

dk
2 2 —"2— dd? kB d?d?
[ )5 =T i

and the last equation

d2¢2 djbﬁ b
dx;® — dx, ) .
This is equivalent to
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(%* f2+eg)(d¢z)— dk_df”

dx, dx,

Let k(x;)=x,. Then
a®* 1
dx, —  x'—f'teg

can be solved, and

d*p? 2x. . —1 ?
dx* (xzz—fzikeg)2 o 2x2( x 2—f2+eg> .

We are done.
Finally, we find the pseudogroup. Then e=jf=g=0, and

@' = e"*PLx;+ h(x,)]

d2¢2

kd¢2 1 dx* 1 d In d¢?®

dx2 = *dx, 2 d¢t T 2 dx, dx, *
“dx,

— S”z
Hence [= 2 In +C, so
( ) 2Lax,+h(x,)]

and
71%[%( Zf:)“‘ P (ax+he)+ (S df )“

2 () (E) H(EE) anr e+ (fff ) o et )

dx,
1 rdg?*N-4 d*¢* dh | 1 rdg*N-L d** dh | 1 ¢ dd*N\Ldh
+ 2 (dxz) 2 dx? dx, + (dx2> 2 dx,? dx, + (dxz ¥raa
d2
d" a0+ 29 dg* N\t dh
2[4 T L ant heN(GE) T AR
dx2

Equating the coefficients of x,, we have

d3¢2 d¢2 _——( d2¢2>
dx,® dx,? dx,*
This is the Schwarzian differential equation, whose solutions are linear

fractional transformations axz__l_‘_z . The rest of the above equation becomes
2
dzh

TrE ——5-=0. Therefore we obtain 10, on the list of pseudogroups.
2

There is an interesting feature in the above calculation. The Schwarzian
differential equation, normally a defining equation for G®, appears here in the
examination of G2
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2. G°

Due to the above equivalence result for G?% we can assume g2=<Fk?!, k%)
and use the lemmas in chapter I to construct G®. Thus we are given
o < A°k*/k* and must solve 6,%(¢)—¢ = k*; the complete pseudogroup consists
of those elements f in the pseudogroup defined by G* which satisfy 6,2(f) € k®.

0%(f)—¢ = k® can be rewritten

E e = 5 LS DO 1) rars 16745, E 7,

+—%— (@ kroks Rl rrkans) 515,672,673 -

LEMMA 53. Let o'y, =(( o ¢ 7227 ), 4= 0 dl) Then

111213
2 O kikansE 1y 825,808, ‘
ea® ea’h;+ a’e,d"; [eab;b;,+> ae,d"; b;,+> ae,d";,b; +3 ae,,,d™;,d"™2;,]
0 0 0
Cebybiybsat 2 en(Sbsbyd” )+ 2 €rira(Sbs a7 5,d725) 4 3 Crirary@'5,d725,d", ] )
A irargdT,d25,d7 5, .

PROOF. A calculation.
LEMMA 54. Let 0XY,,=(3 3 752 ). Then

LaFA
3% 3ff; LS fisaet TS 5050t 2F 5, Find S iy Finis T ine? 1245
0 0 0 S 5.7 15 .
PROOF. A calculation.

LEMMA 55. The equation 0°(p)—¢ = k® is equivalent to the following set of
equations, tf

S 2 02(¢)i]‘1k02(¢)k;’2j3 = (

e é; e,;j e,-jk

f fi fu‘)
0 0 O h s

). 62(f)=(0 o

Ptk = (

W 25t =arra(gL

® 250k =@ 89” ) (G5 + @ e (§) (55

© 2%

0x,0x;,0x;,

—Grra(ZE)(H) (2




200 R. M. KocH
Gl aP* oY \ 7 0d? og*
e[ (B ) () )+ (BN () (5]

+2 S +2 1o rsk1k2+2fklfk2+ek1k2)( gf: )( o )( 9= )

axh asz
aSSbI
O 2 0x;,0x;,0%;,
1 1 1 o
=6+ 2 (S (3 +z et (30-) (S5 (3]

+ 2 (o + 2 S5 rsk1k2+2fk1sz+ek1k2)‘g[< o )( a¢k1 >( af:z )]

an

+Z['s{fklfk2ks+2fk13r k2k8}+ek1k2k8]( a¢‘"1 )( og*2 )( asbks )

asz axjs

8'¢* a¢k1 otz ¢ Ogts
® 2w, LS B et ] (5 X o5, ) (o, )

PROOF. A calculation based on lemmas 53 and 54.

LEMMA 56. If e is arbitrary in k%, (A) is irrelevant; if e; is arbitrary, (By
is irrelevant; if e;; is arbitrary, (C) is irrelevant; if e;; is arbitrary, (D) is
irrelevant; if h';, is arbitrary, (E) is irrelevant.

PROOF. The proof is exactly the same as the proof of lemma 49.

LEMMA 57.
02(¢)=(£ g i’)
az 1 -1
(a,:f {{EOTY
0

LG T T+=- 2L () TIED T
e LG TG T +2 25 AlED TGO T,
[T T prm g 2t [(% >“],,[<%f—>"]:§ﬁ
el (2 TIE) ™

PROOF. A consequence of lemma 47.
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Now we begin a step by step calculation; we examine those kernel
sequences on our list not of the form k%, A°%E?, ---.

The first occurs in (2). Here ¢= (0 00 90’1’2“) k*=0. Moreover, the
G? pseudogroup is
P =cx,+g (% -+ 5 X3)
Pt=a;x;+b;.
a2¢1 _ angl _ ‘824}1
ox,* 0x,0x;  0x;,0x;,

(f Ji fu)__(o 0 Eax (a")"l,(a‘l)"n).

Hence =0, so

0 0 o 0 0 :
Equations (A), (B), (C), and (E) are trivial, and (D) becomes
0 ‘
’ m =3 Prrkas@15,0°25,0"%;, .
1 2 3

Butzwe can pick
P =218 (x5 -+ 5 Xn)
ﬁbi =X

d'g = @;,i,i; Which is easily done. The pscudogroup

and it suffices if —F2
0x;,0x;,0x;,

is clearly
{ Vi=cx+Po(xy -+, Xp)
Yi= 2 a;;x;+b; .

0 0 0 «

Next, examine (3); here ©*=() o o ) and o= (0 0 00

00 0 ) The G?

pseudogroup is
{ Yi=cx;+g(x3)

Yi=J(x,) .
“Then

(f fo i ) (0 0 w(Gh)”
o o S ( ) ’
<equations (A), (B), and (C) are trivial, and (D) is trivial by lemma 56, so we
must solve
2 31’1 ={[2 21’; ax) TG

o) (L)

0 0 a
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or

dx,* dx, 2 \dx,®

ad f df 3 rd*f ( >
2 \dx,
But this can be solved and if s=0, it is the Schwarzian differential equation ;
the pseudogroup is
{ yi=Ax,+g(x,)

. ax,+b
Ve = cx,+d

which is (3) on the list of pseudogroups.
The next kernel sequence is (7). Here k3=(0 0 0 0'
and the G*? pseudogroup is

{ V1=x80xz -+, X))+ R(xy, -+, %)
Yi= 2 ax;+0b;.

(f fi fij ) (0 aai (aH*, g *)
0 0 .l \0 0 0

(% is immaterial).
Equations (A), (B), and (E) are trivial, and (D) is immaterial by lemma
56, so we only have

Then

_9g og
2 ‘3%8%,; =2 [E a;’” a;"z —(@ M1, (a7 )*2,8,,5,0r,5,8+ 3 §01‘1rzar1jlar2j2g]
og og
= Z[g 9%y, a;jz +g2<pmzamlamz] .

Letting g:e" this reads

oh Oh dh dh
h R Py 2
? [e ax!lax.iz e ale asz 2[ 0x;, Xj, x et 2o arlhaszz]

or
0%h 1
;3).';132612 — 2 2 Priralrisran
x,e" i 0*h 1

so to solve the equivalence problem we let { ¢ = with Tx, 0%, = 5 Pir
1772

=X

Similarly the pseudogroup is

Y, = eP1T2r W 4 h(x,, -+ , Xp)

=2 aijx1+bi
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which is 6, on the list of pseudogroups.

Next consider (8) on the list of kernels; k*>= 8 8 g 8 ) go=<8 8 8 2),
the G?® pseudogroup is
{ V1= x,8(x,)+h(x,)
Vo= J(xp) .
But
(f fi S ) (0 * * )
e d*f ¢ df \“?
¢ 0 L 0 0 dx,? < dx, )

so (using lemma 56), (A), (B), (C), and (D) are trivial, and

:ijZ B[dzf(dx2>](dx2) (a’x2>’

an equation that has already occurred. The pseudogroup is (7) on the list
of pseudogroups.

In (12), k2= 0 e e”‘ ei’" 5000 and the G? pseudogroup is
»$=X0000/ °
{ f(xly Tty xn). Then

E a”xj_i—bi
(f fo o ) ( TLALCEH T - )
0 0 i 0 0 0

and

st S Sl [CONINERICION

If a;;=0", b;=0, f(x,, ---, x,) = f(x,), we have our old familiar equation, which
can be solved. To find the pseudogroup, let s=0:

2SI Y (L) =o.

But clearly [( ---)—1] (81 >—1, so this says that for each x,, ---, x,, f is

linear fractional; hence we have (12) on the list of pseudogroups.
In (13), (14), (15), and (16), we clearly have the same situation, since the

3 1
equation on - (A% - is a consequence of the G?® equations.

0x;,0x;,0x;,
Next consider (18). k= 8 8 8 g , = 8 8 'Z)s 0) and the pseudogroup
given by G? is

¥1=Cx(~ ) +h(x;)

Vo= f(x,) .
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‘Then

e l EVE iy

d2
0 dx{ ( dx, )

so equations (A), (B), and (D) are trivial. We have

© 2 [ () V=30 " (F (L)
+22:( dxz) (dzf ) (dxz) +s2( dx2> 1e( dxz)

(E)mz 3[ de (dxz) ] (dxz)—s_*_s( dxz) y

This last equation is already famous. The first equation may be rewritten

26-0(45) " (Ge) +2a({L) " 4
:ii:c]: ) (dx2> +222( j;{ ) (dxz) +2s (dx2 )

% d 3 s d?
2[ gx? _d—i}—-?—( dx{”) 2 (dxz) ] 0

and so is impliediby (E). The pseudogroup is clearly 10 on the pseudogroup

list. ‘
Consider (18b); then 1=1, k*=0, go:(g 8 (s) i and the G* pseudogroup

00 ri_,k

or

is as above. We may, in fact, use the results of the above calculation; there
is one additional equation, (D), to consider. But

(f fi fff)_(o dxz(dxz) *

0 0 R

'
0 0 L dx,? dx2

d? -2 -2 1
x=2C c(iix{(dxz) [-= ldx{(dxz) —d"z(dxﬂ <
2
+[C %1 dx“ rrAl szl ](
-3 d? -3 dh
= —2Cx ( 4 ) (dxz> dx{ dxz dx,

8 Zh -2
+Cx ldf(dxz) + x5 (dxz)
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and (D) becomes
2[Cx gt i
=3[3( ;Z ) (dx2> “+s](-4 dx, ) [ex 5:]1 +dx, dx, 2]
+6 0 (H 2o () () 2 e () i

8 dZ
TCngz, o (dx2> + dxf <dx2> Te(5 dx,

2l

or
-9 2 2 d3 -1
cxl2-3 dx‘ Le+3( d;{ ) <d ) - fzix{ (dxz) — jx{z dx{‘“ dxz) ]
dxz ( de ) ( ((iifz )-2 5;12 dx2 dx2> ( dx, )
~% dh d2 d*h
+12( d.vc2 ) ( dx, dx, dx{ dx,? ( dx, )
But

da’y _df arf S
dx,* dx, 2 ( dx, ) ( dx,
so the coefficient of Cx, is easily shown to vanish. The equivalence problem

then can be solved by known facts about linear differential equations. To
find the pseudogroup, we let s=e¢=0; the above equation becomes

d*h dzf ~t d’h df \7% dh _
2 dx,® cix2 a’x2> dx,® +3< dx2 ) <dx2) dx, —
But
Ax
= mf—}—h(xz)
y, = ax,+b
2T cxy,+d
and
. d2f
dx,® _ —2Zc
af T cx,td
Tdx, '
=00)
d*h 6¢ d*h 6c? dh __
d T en g d dnt T G d) dx =0

h(xz)

. . d*h _
Cx, L d)’ this equation reads W_O’ SO

Writing A(x,)=
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yy= At Px)
{ 17 T (ex,Fd)?
_ax,+b
V2= cx:+d

which is 10, on the list of pseudogroups.

Finally consider (19b). Then k*=0, gp-——<g 8 g g"’">, and the G? pseudo-
group is
— Ax1+h(x2, ) xn)
Y= ZCij+d
y, = Eaijxj+bi
2cx+d

But if ¢ =0, and k*= 8 8 8 8"’"‘), this is the trivial extension of G? so all

equations hold. The only difference occurs in equation (D); there the situ-
ation is almost exactly that of (18b), so we only sketch it.
P 5° 4 5°

B A h .
0x;,0%;,0%;, 2 0x;,0%;,0%, ( 2 ex+d >+2 0x;,0%,0%;, ( Ecjxﬂ'd) ’

a simple calculation shows the right hand side is

2x o < 4
' 0x;,0x,,0x;, N D cx;+d

0° h
>+2 0x;,0x,,0x;, ( chxj—l—d)

o°h

0x;,0x;,0x;, e i
S cx;td + 2 0x;, 0x;, 0xj, ~

Hence letting
' = x,+h(xy, -, X3)

¢r=x
we must solve
_Oh 1,
0x;,0x;,0x;, 2 il

and this is easily done. Similarly the pseudogroup is given by restricting ~
to polynomials of degree < 2.

3. G"

As n gets larger the calculations grow more involved; I will merely
sketch the situation for these higher groups.

The general G" is built over a G*'; by the equivalence result on this
G™!, we can assume g* =k, ..., k">, Then by lemma 16, g” is determined



Pseudogroups associated with foliation group (II) 207
by pe AR R
1 n
gn____{<A1, Tty An> | <A1’ Tty An—1> Egn_l and An: “m[dP(Al)GD] -+ k }‘.

There are four remaining kernel sequences, (2), (7), (18b) and (19b).
00 ¢j..; . a b;
Look first at (2); then o=(070 Gaem). Buit 4,=(§ I
is E Alksokjl---jn—z Soljl"'k"'jnAij = a¢j1"‘jn—2 Sbjl"'k"'jndkj),' Hence

1
Aljl"'jn = —‘7‘?“:—1—-» [:Z Sbjl ..k.,.jndkj)‘——a S[)Jlfn:l .

LEMMA 58.

a b, 0 0 ey 0 0--0 €jryin~-1
o)L |
0 di 0 0 O 0 0---0 O

1
(O R d_¢])ll

Proor. This clearly has the correct Lie algebra; it suffices if it is a
group. But (§on)'j,.;, =810 int 2 E kria® sy - 9*7;, in this case, since all
other terms in the formula in theorem 1 clearly vanish. Hence if ¢ is
represented as above, and 7 is the same with ~ over each element, we have

1 ~ -
(E o} 77)111"-}7; = ﬁ l___a( 2 ¢k1"-kndk1jr"gkn]’n—a¢j1~--jn)
+Z(¢k1---kndklr1 dknrn_a¢n---rn)drlj1 ot Jr"in:l

1 ~
= _{:I_[ESbkl"'kn(dJ)k‘h e (ddYory,—ad ;.. 5]
and so a group.
The resulting pseudogroup for ¢ is

y1:CX1+g<x2r St xn)

Yi=2ayx;+b;
where
o"g
ale ave ann

1
= n—1 E2¢k1---knaklj1 o aknjn—c¢j1"'jn] .

In particular, for ¢ =0, this is a polynomial of degree n—1.
Now choose ~ with —a—%}%ﬁ;=7}?¢jr4n. Consider
9— V1= x;+h(x, -, X5)

Vi= X;.
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Then for any f in the above pseudogroup of the form
= Cx1+h(x21 oy xn)

7=
Vi= 2a;;x;+ by

we have
Yi=cx;+ch(xy, o+, xp)+8 (g, +++ , Xp)— (X ay5x5+b;)
yi = E a,_,xj—l-b, .

I claim this is in the pseudogroup for ¢ =0« f is in the original pseudogroup.
Indeed,

9-lof03:{

“__‘L'—'[L‘h(xzr Tt xn)+g(x2: e, Xp)—h(Z ai,x,-—}—bt)j
ale e axin
1 o"g 1
- n—1 C¢jl'"j1l+ —-axh o axj" N n—1 Egbkl“'k"a"ljl *** Qknjn

so this is zero if and only if

o" 1
By, 8y, = T LS Ptk Crnsn ]

This solves the equivalence problem and yields 2, in the list of pseudogroups.
Consider (7) in the list of kernels. We can choose go:(g 8 g’jl‘"’"" 8)

LEMMA 59.
a bi 0 ei e,-j 0 b 0 e.ir"]'n—leh"'jn
0 4,/ \0o 0 o0 0.0 0 0
1
(0 . 0 ﬁzsbjr“k'"fn—ldkjl ejl...jn ) }
0..-0 0 0

PrROOF. A simple calculation.
We now sketch the construction of G*. If e;.;, , were arbitrary, the
pseudogroup would be

{ ylleg(xzr ) xn)+h<x2’ Tty xn)

Yi=2Xa,x;+b;.

I claim that if ¢=0, the pseudogroup is as above with the restriction

g(x,, -+, x,)=ePn-1@2%0) P a3 polynomial of degree <n—1. Let us use

this to construct G*. Since g+ 0, we can write g(x,, --+ , x,) = €*2»*»_ Then
_ o™y, — o! él(IZ,"',In)
0xj, ++ 0Xj,_10x,  0xj, ++- 0Xj,_,
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911

— el(xg,---,zn)
0Xj, ++* 0Xjp_,

+terms of lower order in /.

“These terms of lower order in [ can in turn be expressed in terms of
an--kyl an—ll
0x,0%5, *++ 0%sy gy 0%y, - 0%y,

(k< n—1). Call this last expression ¢. Then let

a b; 0 e; ey 0--0 o e5.4,
=y w) oo o)l I}
0 dy 00 O 0---0 0 O
This would produce the above pseudogroup, as e,;,..;,_,=0¢ implies
=0.
Now presumably we must show that this is a group with the correct
algebra ; these calculations I skip.

Suppose we let ¢ be arbitrary.
LEMMA 60.

Hence e,j,.j,_,=¢ + expression in e;..;

o™
axh axin—l

G {(a bi ) (O e; e,;j) e (O"' 0 ejl...jn_zejl...jn_l

0 d 0 0 O 0---0 0 0
1
(0 -+ 0 U+”’ﬁf1—'[a 2 Pregrien 1@ gy e Yy = A gny €hpn )}
0--0 0 o /I

PROOF. This clearly has the correct algebra (assuming G* for ¢ =0 does).
But if § is as above, 7 the same with ~ over each element, a short
calculation shows

(60 1)yj jn-1 = (composition of these two for ¢ =0)

1
n—1

+ S Lal8Prrien 2y, -+ dFn-15,
L2/ N L PRRITN: L VI, L PR S P
— QAP iy — Gyt A, o dE-1y ]
and thus G" is a group. The resulting pseudogroup is then

V= xle“%"'r’”n’—}—h(xz, e, X))

yi=2 aijxj+bi
where

el on-1}] _ 1 el ¢ a*1 a"n—l
_— k1kn - b -
0%y, ++ 0% _, n—1 2 Prrkn-10 sy In-1

or
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B an-ll . 1 y s
ale ves axjn . - n—1 2¢k1...kn_1a 71 a Fne1®
. a‘n—lR 1 )
Now kK R(x, -, x,), _ o
pick R(x, Xp) o1y, 0%, n—1 $ypgn.,- Consider

V= xleR(‘tZ;"‘yxn)

o-|

Yi=X; .
Then if
f { Y= xlel(227.."xn)+h(xzr Tty xn)
Yi= X ayx;+b;
§rofod=| V1= @R TR S RECSED Y (, ee, Ky
ofod =

yi=2 auxj‘l‘bi .

I claim 9-'ofod is in the pseudogroup for ¢ =0 if and only if f is in the
original pseudogroup. Indeed

0" '(R+h—R)
ale e ax-in_l
1 0" 'h 1
Tt et 9%y, 0%y n—1 Z Prrokna@yy e @Yy

and the result is clear. We get (6n) on the list of pseudogroups.
Consider finally (18b) and (19b). Then p=(§ .0 &) and

{ a bi O ngl diii e,-j 0 0 0 etjk
={g &) | ) | )

0 4,/ ‘o 0 25/ 10 0 0 0
1
(O"'O n—1 (Z(/er..k..._fndkjl_aﬁbjr'Jn))}
"10...0 0 .

The pseudogroup, if this last term were arbitrary, is

J— Ax1+h’(x2’ °tT xn)
{ NE T S dT

> ayxtb;
>cix;+d

Y=

I claim that if ¢=0, the pseudogroup is defined by A= P,_,, a polynomial of
degree =n—1.
We use the same reasoning here as in the above example; namely
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a"h
\;9:,1_: 0xj, -+ 0%y,
anl oo ax_,n (E ij_/—‘—d)n_l

so calling these terms ¢ we expect the group G™ to be the same as the group

for the full pseudogroup except that ¢;.,, =o¢. (Again, we omit the check

that this is correct.)
A calculation similar to those above shows that if ¢ =0, we must add

+(terms of lower order in h)

1
T (2 Prrekndyy e d¥n g — a5,
to the e;.;, term.
Let

I= { V1= X+ k(xg -+, Xn)

YVi=X;.
Then if
Ax1+h(x2y ) xn)

o Y= S cx+d)"?
Y, = 2 a;x,+0b;

>cx+d

( = Ax1+Ak(x2; Tty xn)

) n-1p( 20 Qigxytbs
19_1 Of019: ) . (Ecjx1+d> k(m)‘l'h(xz: ’ xn)
S epx+d)t?

Ly, = > aijxj+bi

2 cxtd

To solve the equivalence problem, we simply need choose 2 so that when
o"h —0
axfl ax.fn ’

(Seywrdy @ o O [ AkGr, o, )R - s )
J

8x,, -
(Dt dyin( Boutbey]

Scx+d
9 _Zak1fxf+bk1> _8__( Zaknij+bkn>
>icx;+d >icx+d

A
s ray Yl

If "k = — 1 $y.ny We are done provided:
ale oo a.Xjn n—1 Jredn

LEMMA 61. Given an arbitrary C* function k(xy, -+, x,),
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an
axl o ax_/n n-1 Za”xj—l—bt
SesrayT LS et S e cx+d )]
____ Ok ( 2 ak,,xj-{—bh) ) ( 2 BiniXytbiy )
axk], vee axk ( zaijri:bi ) axj Ecjxj—i-d 2C1x1+d -
Tj

PROOF. The lemma is obvious if 2 is a polynomial P,_, of degree <n—1.

n-1
It is also obvious (at a fixed point p) if g—:(p), - alea--- akx,,,_l (p) are all
zero. But any ¢ may be written ¢ = P,_,+¢, where ¢, has this property at

p; consequently it is true of any ¢ at p, and as p is arbitrary, true in general.

University of Oregon
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