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Abstract. We consider asymptotic behavior of the dimension of the

invariant subspace in a tensor product of several irreducible representations of a

compact Lie group G. It is equivalent to studying the symplectic volume of the

symplectic quotient for a direct product of several coadjoint orbits of G. We

obtain two formulas for the asymptotic dimension. The first formula takes the

form of a finite sum over tuples of elements in the Weyl group of G. Each term is

given as a multiple integral of a certain polynomial function. The second formula

is expressed as an infinite series over dominant weights of G. This could be

regarded as an analogue of Witten’s volume formula in 2-dimensional gauge

theory. Each term includes data such as special values of the characters of the

irreducible representations of G associated to the dominant weights.

1. Introduction.

Let G be a connected, simply-connected, compact simple Lie group. For a

representation V of G, the symbol V G denotes the subspace of V of all G-invariant

elements. Let Pþ be the set of dominant weights of G and denote the complex

irreducible representation of G with highest weight � 2 Pþ by V�. Fix a positive

integer n. For �1; . . . ; �n 2 Pþ, we set

Q ¼ Qð�1; . . . ; �nÞ :¼ dimC ðV�1 � � � � � V�nÞ
G;

V ¼ V ð�1; . . . ; �nÞ :¼ lim sup
k!1

1

kd
dimCðVk�1

� � � � � Vk�n
ÞG;

where the number d is the expected degree of the leading term in dimCðVk�1 �
� � � � Vk�n

ÞG as a function of positive integers k (see Sections 2 and 3 for the

details). The purpose of this paper is to study evaluations of Q and V , in

particular, to find some explicit formulas for V . This should be a fundamental
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problem in representation theory. Although an exact evaluation of Q, which is

almost equivalent to determining all the multiplicities in a multiple tensor

product representation, may be involved with somewhat complicated combina-

torics, that of V has a chance to become more accessible.

As we will see in Section 3, these quantities have geometric counterparts.

Namely, Q and V correspond to the Riemann-Roch number and the symplectic

volume, respectively, of the symplectic quotient

M ¼ M ð�1; . . . ; �nÞ :¼ fðx1; . . . ; xnÞ 2 O�1 � � � � �O�n
j x1 þ � � � þ xn ¼ 0g=G;

where O�i
is the coadjoint orbit of G associated to �i. This fact is indeed a

motivation for us to study the problem above. It is expected that an explicit

formula for V contains much information about the cohomology intersection

pairings of M .

In the case of G ¼ SUð2Þ, explicit formulas for Q and V have been

investigated from various points of view. Especially, when �1 ¼ � � � ¼ �n, they are

closely related to the classical invariant theory for binary forms (see, e.g., [9]). We

refer to [21], [22], [23] as prototypes of this paper, where an application to the

cohomology intersection pairings of M was also given. We refer to [14], [17], [15]

for more geometric approaches.

The case of G ¼ SUð3Þ was studied by the authors in [20]. Explicit

evaluations for Q and V were done there. Related results were also obtained in

[17] and [7].

On the other hand, as far as the authors know, there have been few explicit

results on V for other Lie groups. Our main results in this paper are two kinds of

formulas of V for general G. It might be interesting that these two are quite

different from each other, whereas they give the same answer. In order to obtain

them, we restrict ourselves to the case that all the weights �1; . . . ; �n are in the

root lattice and that they are regular in the sense that they belong to the interior

of a Weyl chamber. (See Sections 4 and 7 for the details about our other

assumptions.)

The first formula is given in Theorem 4.11, which takes the form of a finite

sum as follows:

V ð�1; . . . ; �nÞ ¼
ð�1Þj�þj

jW j
X

ðw1;...;wnÞ2Wn

"ðw1Þ � � � "ðwnÞ Ið�1; . . . ; �n;w1; . . . ; wnÞ; ð1:1Þ

where �þ is the set of all positive roots of G, W is the Weyl group, and "ðwiÞ is the
signature of wi 2 W . The summand Ið�1; . . . ; �n;w1; . . . ; wnÞ is the value of a
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multiple integral of a polynomial over a convex polytope. See Section 4 for the

details. We only mention here that the polynomial and the convex polytope are

determined by the root system � of G and the element w1ð�1Þ þ � � � þ wnð�nÞ.
This formula is a generalization of the ones obtained in [22] for G ¼ SUð2Þ, and
in [20] for G ¼ SUð3Þ. However, a concrete evaluation of the integral

I ð�1; . . . ; �n;w1; . . . ; wnÞ for general G is still another problem, while we were

able to do it explicitly for G ¼ SUð2Þ; SUð3Þ. The case of G ¼ Spinð5Þ is treated in

[24] from the viewpoint of Gel’fand-Kapranov-Zelevinsky hypergeometric func-

tions.

The second formula is given in Theorem 7.3, which takes the form of an

infinite series as follows:

V ð�1; . . . ; �nÞ

¼
jP_=Q_j
jP=Q_j Ld

Yn
i¼1

Y
�2�þ

2 sin
�ð�ij�Þ

L

 !X
�2Pþ

Qn
i¼1 �� e

�2�
ffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
: ð1:2Þ

Here P , P_, and Q_ is the weight lattice, coweight lattice, and coroot lattice,

respectively. Besides, � is the highest root, � is the half of the sum of all positive

roots, �� is the character of the irreducible representation V�, ð j Þ is the

normalized symmetric bilinear form on P , and L ¼ ð�1 þ � � � þ �nj�Þ. This formula

could be regarded as an analogue of the Witten’s volume formula in [26] for the 2-

dimensional gauge theory (see also [19], [16]). The fusion coefficients and the

Verlinde formula for the affine Lie algebra associated to G play an essential role in

the proof. The main idea is to generalize the argument in [26, Section 3] for

G ¼ SUð2Þ to a general compact Lie group G. The point there is to explain why

the factor jP_=Q_j arises. We mention that our proof shows that L can be replaced

by any number that is greater than L.

Let us make a comment for the case where some of �1; . . . ; �n are not regular.

Also in such a case, we can proceed similarly to some extent. For example, in the

case G ¼ SUð3Þ the first formula of V like as (1.1) for non-regular weights was

obtained in [20]. It suggests that more careful consideration than the one in this

paper will be needed to obtain the corresponding formula in non-regular cases for

general G. On the other hand, taking into account of the Witten’s volume

formula, which is established also for non-regular case, one might expect that the

second formula like as (1.2) would hold in a slightly modified form (see

Remarks 7.4 and 7.5). However, our argument to prove (1.2) indeed requires

the regularity assumption. We thus do not pursue this issue in this paper.
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This paper is organized as follows. Section 2 is devoted to clarifying our

notation on root systems, compact Lie groups, complex simple Lie algebras, and

their representations. We explain the geometric background of our problem in

Section 3. The discussion there is essentially the same with the one given in [20].

In Section 4, we first give a combinatorial expression for Q by the Weyl character

formula and the Weyl integration formula. After introducing the assumptions on

weights �1; . . . ; �n, we derive the first formula (1.1) for V . We also discuss the

integrals appearing in this formula for some Lie groups with low rank.

In Section 5, we review the fusion coefficients and the Verlinde formula for a

complex simple Lie algebra (or, more precisely, for an affine Lie algebra of split

type), and give another expression for Q. In Section 6, we study some details on a

root system, especially on symmetry of a certain simplex, called an alcove,

associated to the root system. We also prepare some technical estimates. In

Section 7, we establish the second formula (1.2) for V using the results in Sections

5 and 6. Finally, we write out the formula more concretely in the special case that

all of �1; . . . ; �n are proportional to �. As we will illustrate for G ¼ SUð2Þ or

SUð3Þ, we then have another kind of formula that expresses V as an integral over

an unbounded domain.

ACKNOWLEDGEMENTS. The second author has been partly supported by

JSPS Grant-in-Aid for Scientific Research (C) No. 15540092 and No. 17540095.

2. Preliminaries.

In this section, we review some standard facts about root systems and

representations of compact Lie groups or complex simple Lie algebras, in order to

fix our notation. The symbols introduced here will be used throughout this paper

without extra notice. We refer to [2], [5], [25], and [6] for the details on the

generalities stated below.

Let G be a connected and simply-connected compact simple Lie group with

Lie algebra g and let gC be the complexification of g. Let T be a maximal torus of

G, with Lie algebra t. We denote by l the dimension of T . The complexification

h ¼ tC of t is a Cartan subalgebra of gC .

Let � � h
� be the root system of gC with respect to h. Let �þ (resp. ��) be a

set of positive (resp. negative) roots and let f�1; . . . ; �lg � �þ be a set of simple

roots. We introduce the normalized standard inner product ð j Þ on h and h
�, which

is a nondegenerate symmetric bilinear form, defined as the non zero scalar

multiple of the Killing form Bð ; Þ normalized as ð�j�Þ ¼ 2, where � is the highest

root. Note that ð j Þ is negative definite on t and t�. By means of the inner product

ð j Þ, we often identify h and t with h
� and t� respectively. For instance, for � 2 h

�,
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define H� 2 h by ðH�j�Þ ¼ h�; �i. Then we often confuse � and H�. Let

f�_
1 ; . . . ; �

_
l g � h the associated set of simple coroots, namely �_

i ¼ 2H�i
=ð�ij�iÞ.

We set h�R :¼
Pl

i¼1 R�i and hR :¼
Pl

i¼1 R�_
i .

Let W be the Weyl group of �. The Coxeter number h of � is defined as the

order of the element s1 � � � sl in W , where si ði ¼ 1; . . . ; lÞ is the reflection on h
�

defined by siðxÞ ¼ x� h�_
i ; xi�i for x 2 h

�. We can show that if we write the

highest root � as � ¼ n1�1 þ � � � þ nl�l with n1; . . . ; nl 2 Z>0, then h ¼ n1 þ � � � þ
nl þ 1. (See [2, Chapter VI, Section 1, no. 11].) Under the identification h

� ¼ h, we

can also write the highest root � as � ¼ n_
1�

_
1 þ � � � þ n_

l �
_
l , with n_

1 ; . . . ; n
_
l 2 Z>0.

Then the number g ¼ n_
1 þ � � � þ n_

l þ 1 is called the dual Coxeter number of �.

The Coxeter number h and the dual Coxeter number g for each root system is

given by the table below. Note that g is not necessarily equal to the Coxeter

number of the dual root system �_.

The fundamental weights �1; . . . ;�l 2 h
�
R are defined by h�j; �

_
k i ¼ �jk.

Similarly, the fundamental coweights �_
1 ; . . . ;�

_
l 2 hR are defined by

h�j;�
_
k i ¼ �jk, or equivalently by �_

k ¼ 2H�k
=ð�kj�kÞ. In view of h

�
R ¼

ffiffiffiffiffiffiffi
�1

p
t�

and hR ¼ ð1=
ffiffiffiffiffiffiffi
�1

p
Þt, let us set

!i :¼
1

2�
ffiffiffiffiffiffiffi
�1

p �i 2 t
�; a_i :¼ 2�

ffiffiffiffiffiffiffi
�1

p
�_
i 2 t ð2:1Þ

for i ¼ 1; . . . ; l. Since G is simply-connected, a_1 ; . . . ; a
_
l form a basis of the integral

lattice Kerðexp : t ! T Þ (see [5, Chapter V, Section 7]).

Let � :¼ ð1=2Þ
P

�2�þ
�. It is easy to see that

�� w� ¼
X

�2�þ\w��

� ð2:2Þ

for each w 2 W . It is also well known that � ¼ �1 þ � � � þ �l, which implies that

g ¼ ð�j�Þ þ 1.

REMARK 2.1. Here are some technical remarks which will be used later. Let

� 2 �þ. According to our normalization of the inner product,

Table 1. Coxeter number h and Dual Coxeter number g.

� Al Bl Cl Dl E6 E7 E8 F4 G2

h lþ 1 2l 2l 2l� 2 12 18 30 12 6

g lþ 1 2l� 1 lþ 1 2l� 2 12 18 30 9 4
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ð�j�Þ ¼
2

3
; 1; 2: ð2:3Þ

It follows that ð�j�Þ � 1=3, since ð�j�Þ � ð�ij�iÞ ¼ ð�ij�iÞ=2 � 1=3, where we

picked an i 2 f1; . . . ; lg such that ð�ij�Þ > 0. We thus have

ð�þ �j�Þ � 1

3
ð2:4Þ

for each � 2 Pþ, since ð�þ �j�Þ � ð�j�Þ.

Let us consider lattices

Q :¼
Xl
i¼1

Z�i; Q_ :¼
Xl
i¼1

Z�_
i ; P :¼

Xl
i¼1

Z�i; P_ :¼
Xl
i¼1

Z�_
i :

It is easy to see that Q_ � Q � P and Q_ � P_ � P under the identification

h
�
R ¼ hR. The finite abelian groups P=Q and P_=Q_ are in duality each other and

the order jP=Qj ¼ jP_=Q_j is called the connection index of the root system� (see

[2, Chapter VI, Section 1, no. 9]). Since we assumed that G is simply connected,

the group P_=Q_ is canonically isomorphic to the center ZðGÞ of G (see [3,

Chapter IX, Section 4, no. 9]).

Let us set

Cþ :¼
Xl
i¼1

R�0�i; t
�
þ :¼

Xl
i¼1

R�0!i; Pþ :¼
Xl
i¼1

Z�0�i; Pþþ :¼
Xl
i¼1

Z>0�i:

Elements in Pþ are called dominant weights of �. For � 2 Pþ, let V� be the finite

dimensional irreducible representation of G or gC with highest weight �, and

�� : G ! C the character of V�. By the Weyl character formula, �� is given by

��ðtÞ ¼
P

w2W "ðwÞehwð�þ�Þ;Xi

eh�;XiQ
�2�þ

ð1� e�h�;XiÞ ð2:5Þ

Table 2. Connection index jP=Qj.

� Al Bl Cl Dl E6 E7 E8 F4 G2

jP=Qj lþ 1 2 2 4 3 2 1 1 1
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for t ¼ expX 2 T with X 2 t, where "ðwÞ ¼ �1 is the signature of w 2 W . If we set

A�ðXÞ :¼
X
w2W

"ðwÞehwð�Þ;Xi ð2:6Þ

for � 2 P and X 2 t (or, more generally, X 2 h), then the Weyl denominator

formula tells us that

A�ðXÞ ¼ eh�;Xi
Y
�2�þ

ð1� e�h�;XiÞ ¼ ð
ffiffiffiffiffiffiffi
�1

p
Þj�þj

Y
�2�þ

2 sin
ðXj�Þ
2
ffiffiffiffiffiffiffi
�1

p ð2:7Þ

and (2.5) is also written as

��ðtÞ ¼
A�þ�ðXÞ
A�ðXÞ

: ð2:8Þ

Note that, in our convention, weights of a representation of G are regarded as

elements in P � h
�
R, not in HomðT;C�Þ or t�.

Given a representation V of G or gC and � 2 Pþ, let MultðV ; V�Þ be the

multiplicity of the irreducible representation V� in V . It is obvious that

dimC V G ¼ MultðV ; V0Þ, where V0 ¼ C is the trivial 1-dimensional representation.

Now, we define Qð�1; . . . ; �nÞ and V ð�1; . . . ; �nÞ more precisely, although they

have already been introduced in Section 1. For � 2 Pþ, denote

��
þ :¼ f� 2 �þ j ð�j�Þ ¼ 0g: ð2:9Þ

DEFINITION 2.2. Fix a positive integer n. For �1; . . . ; �n 2 Pþ, we define

Qð�1; . . . ; �nÞ : ¼ dimC ðV�1
� � � � � V�nÞ

G

¼ MultðV�1
� � � � � V�n ; V0Þ:

Supposing that k runs over positive integers, we set

V ð�1; . . . ; �nÞ :¼ lim sup
k!1

1

kd
dimC Qðk�1; . . . ; k�nÞ;

where the integer d ¼ dð�1; . . . ; �nÞ is defined by
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d :¼
Xn
i¼1

ðj�þj � j��i
þ jÞ � dimR G ¼ ðn� 2Þj�þj �

Xn
i¼1

j��i
þ j � l ð2:10Þ

and we suppose that n is large enough that d � 0.

A geometric meaning of the number d will be explained in Section 3. Our

purpose in this paper is to seek formulas which express Qð�1; . . . ; �nÞ and

V ð�1; . . . ; �nÞ as explicitly as possible. Later in Sections 4 and 7, we restrict

ourselves to the case that ��i
þ ¼ 0 for all i ¼ 1; . . . ; n. More details on the

assumptions on �1; . . . ; �n will be given in Sections 4 and 7.

REMARK 2.3. More generally, let H be a closed subgroup of G. Then, we

can also consider

QHð�1; . . . ; �nÞ :¼ dimCðV�1
� � � � � V�n

ÞH;

V Hð�1; . . . ; �nÞ :¼ lim sup
k!1

1

kd
0 Q

Hðk�1; . . . ; k�nÞ

where in this case we set d0 ¼
Pn

i¼1ðj�þj � j��i
þ jÞ � dimR H.

3. Geometric background.

In this section, we will explain geometric counterparts for Qð�1; . . . ; �nÞ and
V ð�1; . . . ; �nÞ. See [10] and [20, Section 2] for the details of the subjects explained

below.

The left coadjoint action of G on g� is defined by g � f :¼ Ad�ðg�1Þf for g 2 G

and f 2 g�, where hAd�ðg�1Þf;Xi ¼ hf;Adðg�1ÞXi for X 2 g. If we identify g� with

g by the inner product ð j Þ, coadjoint orbits correspond to adjoint orbits. By the

identification

t
� ¼ ff 2 g

� j t � f ¼ f ð8t 2 T Þg;

we regard t� as a subset of g�, so that t�þ and �þ become subsets of g�. For � 2 Cþ,

let O� denote the coadjoint orbit through ð1=2�
ffiffiffiffiffiffiffi
�1

p
Þ� 2 t�þ. Then O� \ t� is the

W -orbit of ð1=2�
ffiffiffiffiffiffiffi
�1

p
Þ� and the set O� \ t�þ consists of the single point

ð1=2�
ffiffiffiffiffiffiffi
�1

p
Þ�.

LEMMA 3.1. For � 2 Cþ, we have dimR O� ¼ 2ðj�þj � j��
þjÞ, where ��

þ is as

in (2.9).
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PROOF. Let G� be the isotropy subgroup at ð1=2�
ffiffiffiffiffiffiffi
�1

p
Þ� 2 t� � g� with

respect to the coadjoint action, and let g� be its Lie algebra. Under the

identification t� ¼	 t, suppose that ð1=2�
ffiffiffiffiffiffiffi
�1

p
Þ� 2 t� corresponds to X 2 t. Then

we have g� ¼ KerðadðXÞ : g ! gÞ. The root space decomposition gC ¼ h
L
��2�þ

ðgCÞ� of gC shows that

g� �C ¼ KerðadðXÞ : gC ! gC Þ ¼ h

M

��2�X
þ

ðgCÞ�;

where �X
þ :¼ f� 2 �þ j h�;Xi ¼ 0g, which is equal to ��

þ. Thus we have

dimC ðg� �CÞ ¼ lþ 2j��
þj, and hence dimR G� ¼ dimR g� ¼ lþ 2j��

þj. Now it

follows that

dimR O� ¼ dimR G� dimR G� ¼ 2ðj�þj � j��
þjÞ

as required. �

On the coadjoint orbit O�, there is a G-invariant symplectic structure !�,

called the Kirillov-Kostant-Souriau symplectic structure, defined by ð!�Þxð ~X; ~Y Þ :
¼ hx; ½X; Y �i for x 2 O� and X; Y 2 g, where ~X denotes the vector field over O�

given by ~Xx ¼ d

dt

����
t¼0

ðexp tXÞ � x. And then, the action of G on O� becomes

Hamiltonian and the moment map is given by the inclusion 	 : O�,!g�. Namely,

we have dh	; Xið�Þ ¼ !�ð ~X; �Þ. Besides, there is a G-invariant complex structure J�
on O�, which is compatible with the symplectic structure !� (i.e. !�ð�; J��Þ is a

Riemannian metric), so that O� becomes a Kähler manifold.

Moreover, when � 2 Pþ, there is a G-equivariant holomorphic line bundle L�

over O� such that c1ðL�Þ ¼ ½!��. The Borel-Weil theorem shows that

H0ðO�; L�Þ ¼ V�; HiðO�; L�Þ ¼ 0 ði > 0Þ

as representations of G, where HiðO�; L�Þ denotes the i-th cohomology group of

O� with coefficients in the sheaf of germs of holomorphic sections of L�.

For �1; . . . ; �n 2 Cþ, consider the diagonal action of G on the direct product

O�1 � � � � � O�n
of the coadjoint orbits also becomes Hamiltonian and its moment

map � : O�1
� � � � � O�n

! g� is given by �ðx1; . . . ; xnÞ ¼ x1 þ � � � þ xn. Now

consider the symplectic quotient
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M ¼ M ð�1; . . . ; �nÞ : ¼ ��1ð0Þ=G
¼ fðx1; . . . ; xnÞ 2 O�1

� � � � � O�n
j x1 þ � � � þ xn ¼ 0g=G:

We assume that 0 is a regular value of the moment map � and M is a non-empty

smooth manifold. Then M has a natural symplectic structure ! ¼ !ð�1; . . . ; �nÞ
and a compatible complex structure induced from those on O�1

� � � � � O�n , which

makeM a Kähler manifold. By Lemma 3.1, the number d ¼ dð�1; . . . ; �nÞ in (2.10)

is the complex dimension of M .

Now suppose �1; . . . ; �n 2 Pþ. Let pri : O�1
� � � � � O�n ! O�i

be the projec-

tion to the i-th factor and let

L ¼ L ð�1; . . . ; �nÞ :¼ pr�1L�1
� � � � � pr�nL�n j��1ð0Þ

� �
=
=G:

Although L is in general an orbifold holomorphic line bundle over M , we assume

here that L is a genuine holomorphic line bundle. Then we have c1ðL Þ ¼ ½!�.
The following proposition gives geometric interpretations of Q ¼ Qð�1; . . . ;

�nÞ and V ¼ V ð�1; . . . ; �nÞ.

PROPOSITION 3.2. Suppose that ð�1; . . . ; �nÞ 2 ðPþÞn satisfies the assump-

tions as above. Then we have

Q ¼
Z
M

chðL Þ tdðM Þ ¼
Z
M

expð!Þ tdðM Þ;

V ¼ lim
k!1

1

kd

Z
M

expðk!Þ tdðM Þ ¼
Z
M

!d

d!
;

where chðL Þ denotes the Chern character of L and tdðM Þ denotes the Todd class

of M .

In other words, Q is the Riemann-Roch number of ðM ;L Þ, whereas V is the

symplectic volume of ðM ; !Þ. The proof of this proposition is the same as that of

[20, Proposition 2.5]. It is essential that

ðV�1
� � � � � V�nÞ

G ¼	
Xd
i¼0

ð�1ÞiHiðM ;L Þ

as virtual vector spaces, by the theorem of Guillemin-Sternberg [8] and its

generalization (see, e.g., [18]). We mention that HiðM ;L Þ ¼ 0 for i > 0 (see [4]).
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REMARK 3.3. Let H be a closed subgroup of G. Then QHð�1; . . . ; �nÞ and

V Hð�1; . . . ; �nÞ given in Remark 2.3 correspond to the characteristic numbers of

the symplectic quotient of the H-action on O�1
� � � � �O�n

.

4. The first formula.

In this section, we describe Qð�1; . . . ; �nÞ ¼ dimC V�1
� � � � � V�n

ð ÞG in a

combinatorial form and use it to obtain the first formula for V ð�1; . . . ; �nÞ. The
content of this section is a generalization of the one given in [20], where the case

G ¼ SUð3Þ was considered. We also refer to [24], which is closely related to the

discussion below.

4.1. Combinatorial expression.

Let �; �1; . . . ; �n 2 Pþ. As an element in C ½e�1 ; . . . ; e�l �½½e��1 ; . . . ; e��l ��, let us
set

�� ¼
P

w2W "ðwÞewð�þ�Þ

e�
Q

�2�þ
ð1� e��Þ ; D ¼ e�

Y
�2�þ

ð1� e��Þ

and define

F�1;...;�n
: ¼

ð�1Þj�þj

jW j
� ��1 � � ���n

�D2

¼
ð�1Þj�þj

jW j

P
w12W "ðw1Þew1ð�1þ�Þ

� �
� � �

P
wn2W "ðwnÞewnð�nþ�Þ

� �
e�
Q

�2�þ
ð1� e��Þ

� �ðn�2Þ : ð4:1Þ

As in the Weyl character formula (2.5), we also regard them as functions on T .

PROPOSITION 4.1. For �1; . . . ; �n 2 Pþ, Qð�1; . . . ; �nÞ is equal to the coef-

ficient of e0 (i.e., the constant term) in F�1;...;�n
.

PROOF. Let d�G and d�T be the normalized invariant measure on G and T ,

respectively. Then, by the Weyl integration formula, we have

dimC V�1
� � � � � V�nð ÞG ¼

Z
G

��1
ðgÞ � � ���nðgÞd�G

¼
1

jW j

Z
T

��1ðtÞ � � ���n
ðtÞjDðtÞj2d�T

¼
ð�1Þj�þj

jW j

Z
T

��1ðtÞ � � ���n
ðtÞ �DðtÞ2d�T : ð4:2Þ
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Here note that for the denominator DðtÞ ¼ eh�;XiQ
�2�þ

ð1� e�h�;XiÞ in the Weyl

character formula (2.5), we have DðtÞ ¼ ð�1Þj�þjDðtÞ, and hence jDðtÞj2 ¼
ð�1Þj�þjDðtÞ2.

Let a_1 ; . . . ; a
_
l 2 t be the basis of the integral lattice in t as in (2.1), and write

an element t in T as t ¼ expðx1a
_
1 þ � � � þ xla

_
l Þ with xi 2 ½0; 1�. Let us set ui ¼

e2�
ffiffiffiffiffi
�1

p
xi and define an isomorphism T ¼	 Uð1Þl by t 7! ðu1; . . . ; ulÞ. Then we have

d�T ¼ dx1 � � � dxl ¼
du1

2�
ffiffiffiffiffiffiffi
�1

p
u1

� � �
dul

2�
ffiffiffiffiffiffiffi
�1

p
ul

:

Hence (4.2) is equal to the coefficient of u0
1 � � �u0

l in F�1;...;�n
ðtÞ, which is regarded as

a Laurent series of ðu1; . . . ; ulÞ. If we write F�1;...;�n
as

F�1;...;�n
¼
X

Cm1;...;ml
em1�1þ���þml�l ;

then we have

F�1;...;�n
ðu1; . . . ; ulÞ ¼

X
Cm1;...;ml

um1

1 � � �uml

l :

Therefore, (4.2) is equal to the coefficient of e0 in F�1;...;�n
. �

PROPOSITION 4.2. For ð�1; . . . ; �nÞ 2 ðPþÞn, we have

Qð�1; . . . ; �nÞ ¼
ð�1Þj�þj

jW j
X

ðw1;...;wnÞ2Wn

"ðw1Þ � � � "ðwnÞCð�1; . . . ; �n;w1; . . . ; wnÞ;

where for ðw1; . . . ; wnÞ 2 Wn, we define

Cð�1; . . . ; �n;w1; . . . ; wnÞ :¼
X

ðj1;...;jj�þjÞ

j1 þ n� 3

n� 3

 !
� � �

jj�þj þ n� 3

n� 3

 !
; ð4:3Þ

the sum over all ðj1; . . . ; jj�þjÞ 2 ðZ�0Þj�þj that satisfy the condition

w1ð�1Þ þ � � � þ wnð�nÞ þ w1ð�Þ þ � � � þ wnð�Þ
� ðn� 2Þ�� j1�1 � � � � � jj�þj�j�þj ¼ 0: ð4:4Þ

PROOF. Applying the generalized binomial theorem to

ðe�
Q

�2�þ
ð1� e��ÞÞ2�n in (4.1), we have a power series expansion
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F�1;...;�n
¼

ð�1Þj�þj

jW j
X

ðw1;...;wnÞ

X
ðj1;...;jj�þjÞ

"ðw1Þ � � � "ðwnÞð�1Þj1þ���þjj�þj
2� n

j1

 !
� � �

2� n

jj�þj

 !

� ew1ð�1þ�Þþ���þwnð�nþ�Þ�j1�1�����jj�þj�j�þj�ðn�2Þ�

¼
ð�1Þj�þj

jW j
X

ðw1;...;wnÞ

X
ðj1;...;jj�þjÞ

"ðw1Þ � � � "ðwnÞ
j1 þ n� 3

n� 3

 !
� � �

jj�þj þ n� 3

n� 3

 !

� ew1ð�1þ�Þþ���þwnð�nþ�Þ�j1�1�����jj�þj�j�þj�ðn�2Þ�:

Now our claim follows form Proposition 4.1. �

REMARK 4.3. Since wð�Þ � � 2 Q for any w 2 W by (2.2) and 2� 2 Q, we

see w1ð�Þ þ � � � þ wnð�Þ � ðn� 2Þ� 2 Q. Therefore, if w1ð�1Þ þ � � � þ wnð�nÞ =2 Q,

then there are no j1; . . . ; jj�þj 2 Z�0 which satisfy (4.4), and hence

Cð�1; . . . ; �n;w1; . . . ; wnÞ ¼ 0.

REMARK 4.4. Similarly, QT ð�1; . . . ; �nÞ ¼ dimC V�1
� � � � � V�n

ð ÞT is equal

to the coefficient of e0 in

FT
�1;...;�n

:¼ ��1
� � ���n ¼

P
w12W "ðw1Þew1ð�1þ�Þ

� �
� � �

P
wn2W "ðwnÞewnð�nþ�Þ

� �
e�
Q

�2�þ
ð1� e��Þ

� �n

and we have

QT ð�1; . . . ; �nÞ ¼
X

ðw1;...;wnÞ2Wn

"ðw1Þ � � � "ðwnÞCT ð�1; . . . ; �n;w1; . . . ; wnÞ;

where for ðw1; . . . ; wnÞ 2 Wn, we define

CT ð�1; . . . ; �n;w1; . . . ; wnÞ :¼
X

ðj1;...;jj�þjÞ

j1 þ n� 1

n� 1

 !
� � �

jj�þj þ n� 1

n� 1

 !
;

the sum over all ðj1; . . . ; jj�þjÞ 2 ðZ�0Þj�þj that satisfy the condition

w1ð�1Þ þ � � � þ wnð�nÞ þ w1ð�Þ þ � � � þ wnð�Þ � n�� j1�1 � � � � � jj�þj�j�þj ¼ 0:

4.2. The formula.

In the sequel of this section, let n be an integer with n � 3, and assume that
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�1; . . . ; �n 2 Pþ satisfy the following three conditions:

(A1) hw1ð�1Þ þ � � � þ wnð�nÞ;�_
i i 6¼ 0, for each w1; . . . ; wn 2 W and each i ¼

1; . . . ; l,

(A2) �1; . . . ; �n 2 Q,

(A3) �1; . . . ; �n 2 Pþþ.

It follows from (A3) that ��i
þ ¼ ; for each i, and hence we have d ¼

ðn� 2Þj�þj � l in (2.10).

REMARK 4.5. The assumption (A1) might be a technical assumption,

whereas it simplifies the arguments below. Note that even if �1; . . . ; �n do not

satisfy (A2), after simultaneously multiplied by jP=Qj, they do satisfy (A2). On

the other hand, we have to say that the assumption (A3) is essential in our

argument below.

In the following, let us set N ¼ j�þj for brevity and enumerate all the

elements of �þ as �1; . . . ; �l; �lþ1; . . . ; �N , where �1; . . . ; �l are the fixed simple

roots.

DEFINITION 4.6. Let �1; . . . ; �n 2 Pþ and w1; . . . ; wn 2 W .

. Define l� ðN � lÞ-matrix R by

ð�lþ1; . . . ; �NÞ ¼ ð�1; . . . ; �lÞR:

For i ¼ 1; . . . ; l, the i-th row of the matrix R is denoted by Ri.

. For i ¼ 1; . . . ; l, we define integers

pi ¼ pið�1; . . . ; �n;w1; . . . ; wnÞ; qi ¼ qiðw1; . . . ; wnÞ

by

w1ð�1Þ þ � � � þ wnð�nÞ ¼ p1�1 þ � � � þ pl�l; ð4:5Þ
w1ð�Þ þ � � � þ wnð�Þ � ðn� 2Þ� ¼ q1�1 þ � � � þ ql�l: ð4:6Þ

. Define the subset W ¼ W ð�1; . . . ; �nÞ of Wn by

W :¼ fðw1; . . . ; wnÞ 2 Wn j p1 > 0; . . . ; pl > 0g: ð4:7Þ
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REMARK 4.7. By means of the fundamental coweights, we can write as

Ri ¼ ðh�lþ1;�
_
i i; . . . ; h�j�þjþ1;�

_
i iÞ;

pi ¼ hw1ð�1Þ þ � � � þ wnð�nÞ;�_
i i;

qi ¼ hw1ð�Þ þ � � � þ wnð�Þ � ðn� 2Þ�;�_
i i:

All the entries of R are nonnegative integers. The assumption (A1) shows

p1; . . . ; pl 6¼ 0, whereas (A2) shows that p1; . . . ; pl are integers.

Now that the condition (4.4) is written as

j1 ¼ �R1
tðjlþ1; . . . ; jNÞ þ p1 þ q1; . . . ; jl ¼ �Rl

tðjlþ1; . . . ; jNÞ þ pl þ ql;

we have the following from Proposition 4.2.

PROPOSITION 4.8. Let Cð�1; . . . ; �n;w1; . . . ; wnÞ be as in (4.3) and let pi, qi
be as in (4.5), (4.6). Then we have

Cð�1; . . . ; �n;w1; . . . ; wnÞ

¼
X

ðjlþ1;...;jN Þ

Yl
i¼1

�Ri
tðjlþ1; . . . ; jNÞ þ pi þ qi þ n� 3

n� 3

 ! YN
i¼lþ1

ji þ n� 3

n� 3

 !
;

the sum over all ðjlþ1; . . . ; jNÞ 2 ðZ�0ÞN�l which satisfies

R1
tðjlþ1; . . . ; jNÞ � p1 þ q1; . . . ; Rl

tðjlþ1; . . . ; jNÞ � pl þ ql:

Now, in order to seek a formula for V ð�1; . . . ; �nÞ ¼ lim supk!1ð1=kdÞ
Qðk�1; . . . ; k�nÞ, we consider the asymptotic behavior of Cðk�1; . . . ; k�n;w1; . . . ;

wnÞ as a function of a positive integer k. We will see below that the assumptions

(A1), (A2), and (A3) imply that the limit limk!1ð1=kdÞQðk�1; . . . ; k�nÞ indeed

exists.

DEFINITION 4.9. For 
1; . . . ; 
l 2 R>0, we define the convex polytope

S ¼ Sð
1; . . . ; 
lÞ in RN�l as the set consisting of all ðtlþ1; . . . ; tNÞ 2 RN�l which

satisfy the condition

tlþ1 � 0; . . . ; tN � 0; R1
tðtlþ1; . . . ; tNÞ � 
1; . . . ; Rl

tðtlþ1; . . . ; tNÞ � 
l:
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For r 2 Z�0, we define

Irð
1; . . . ; 
lÞ

:¼
1

ðr!ÞN
Z
Sð
1;...;
lÞ

Yl
i¼1

ð
i � Ri
tðtlþ1; . . . ; tNÞÞr

YN
i¼lþ1

ðtiÞr dtlþ1 � � � dtN: ð4:8Þ

If one of 
1; . . . ; 
l is nonpositive, then Sð
1; . . . ; 
lÞ degenerates, and hence in such

a case we define

Irð
1; . . . ; 
lÞ ¼ 0:

PROPOSITION 4.10. Let �1; . . . ; �n 2 Pþ satisfy (A1), (A2), (A3) and let

w1; . . . ; wn 2 W . Then we have

lim
k!1

1

kd
Cðk�1; . . . ; k�n;w1; . . . ; wnÞ ¼ In�3ðp1; . . . ; plÞ; ð4:9Þ

where pi ¼ pið�1; . . . ; �n;w1; . . . ; wnÞ is as in (4.5).

PROOF. It follows from Proposition 4.2 that

Cðk�1; . . . ; k�n;w1; . . . ; wnÞ

¼
X

ðjlþ1;...;jN Þ

Yl
i¼1

�Ri
tðjlþ1; . . . ; jNÞ þ kpi þ qi þ n� 3

n� 3

 ! YN
i¼lþ1

ji þ n� 3

n� 3

 !
;

the sum over ðjlþ1; . . . ; jNÞ 2 ðZ�0ÞN�l satisfying the condition

R1
tðjlþ1; . . . ; jNÞ � kp1 þ q1; . . . ; Rl

tðjlþ1; . . . ; jNÞ � kpl þ ql: ð4:10Þ

Case 1: If ðw1; . . . ; wnÞ =2 W , then one of p1; . . . ; pl is negative (see (4.7) and

Remark 4.7). Since entries of R1; . . . ; Rl are nonnegative integers, for each

sufficiently large k, any ðjlþ1; . . . ; jNÞ 2 ðZ�0ÞN�l can not satisfy (4.10). Hence we

have

Cðk�1; . . . ; k�n;w1; . . . ; wnÞ ¼ 0:

On the other hand, we have In�3ðp1; . . . ; plÞ ¼ 0 by definition. Thus both sides of

(4.9) are equal to 0.
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Case 2: If ðw1; . . . ; wnÞ 2 W , then we have

Cðk�1; . . . ; k�n;w1; . . . ; wnÞ

	
X

ðjlþ1;...;jN Þ

Yl
i¼1

ðkpi � Ri
tðjlþ1; . . . ; jNÞÞn�3

ðn� 3Þ!
YN
i¼lþ1

ðjiÞn�3

ðn� 3Þ!

¼
kðn�2ÞN�l

ððn� 3Þ!ÞN
X

ðjlþ1;...;jN Þ

Yl
i¼1

pi �Ri
t jlþ1

k
; . . . ;

jN

k

� �� �n�3 YN
i¼lþ1

ji

k

� �n�3 1

k

� �N�l

;

which implies (4.9). �

Thus, from Propositions 4.8 and 4.10, we obtain the first formula for

V ð�1; . . . ; �nÞ ¼ lim
k!1

1

kd
Qðk�1; . . . ; k�nÞ

as follows.

THEOREM 4.11. For �1; . . . ; �n 2 Pþ satisfying (A1), (A2), and (A3), we

have

V ð�1; . . . ; �nÞ ¼
ð�1Þj�þj

jW j
X

ðw1;...;wnÞ2Wn

"ðw1Þ � � � "ðwnÞ In�3ðp1; . . . ; plÞ; ð4:11Þ

where p1; . . . ; pl and In�3ðp1; . . . ; plÞ are as in (4.5) and (4.8).

REMARK 4.12. Let �1; . . . ; �n 2 Pþ be as in Theorem 4.11. In the same way,

we see from Remark 4.4 that

V T ð�1; . . . ; �nÞ ¼ lim
k!1

1

kd0
QT ðk�1; . . . ; k�nÞ

¼
X

ðw1;...;wnÞ2Wn

"ðw1Þ � � � "ðwnÞ In�1ðp1; . . . ; plÞ; ð4:12Þ

where d0 ¼ nj�þj � l.

REMARK 4.13.

(1) The sum in the right-hand side of (4.11) or (4.12) is equal to the sum over

all ðw1; . . . ; wnÞ 2 W .
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(2) More generally than (4.8), it might be significant to consider the integral

of the form

1

ðr1Þ! � � � ðrNÞ!

Z
Sð
1;...;
lÞ

Yl
i¼1

ð
i � Ri
tðtlþ1; . . . ; tNÞÞri

�
YN
i¼lþ1

ðtiÞri dtlþ1 � � � dtN ð4:13Þ

for r1; . . . ; rN 2 Z�0. In fact, if the assumption (A3) is not satisfied, we

encounter such an integral to express V ð�1; . . . ; �nÞ (see [20] for the case

G ¼ SUð3Þ). The integral (4.8) or (4.13) is a kind of hypergeometric

integral. We refer to [24] for more details, where these integrals are

studied from the point of view of Gel’fand-Kapranov-Zelevinsky hyper-

geometric functions.

(3) Although our method here is quite combinatorial, the data arising in

(4.11) and (4.12) have geometric meanings, under the interpretation

explained in Section 3. For example, ðw1�1; . . . ; wn�nÞ with w1; . . . ; wn 2
W corresponds to a fixed point of the diagonal action of T on

O�1 � � � � � O�n
. It might be interesting to compare the formulas (4.11)

and (4.12) with the residue formula due to Jeffrey-Kirwan [12] and with

the result of Martin [17].

4.3. Examples.

Let us compute concretely the integral In�3ð
1; . . . ; 
lÞ as in (4.8) for some G.

As we will see below, it will be quite complicated, even if the rank of G is not so

large. Consequently, it is still difficult to make the formula (4.11) more explicit for

general G.

EXAMPLE 4.14. When � is of type A1, i.e., G ¼ SUð2Þ, we see that

l ¼ j�þj ¼ 1, and hence the matrix R does not appear. In this case In�3ð
1Þ is not
an integral but just a number;

In�3ð
1Þ ¼
1

ðn� 3Þ! 

n�3
1

for 
1 > 0. (Recall that we have defined In�3ð
1Þ ¼ 0 for 
1 � 0.) Next, let us

consider the formula (4.11) for V ð�1; . . . ; �nÞ. In view of the assumptions (A2) and

(A3), let us set
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�i ¼ mi�1 ¼
mi

2
�1 ðmi 2 2Z>0Þ

for i ¼ 1; . . . ; n. Since W ¼	 f�1g, we have

w1ð�1Þ þ � � � þ wnð�nÞ ¼ "1
m1

2
þ � � � þ "n

mn

2

� �
�1;

where "i ¼ �1, and hence

p1 ¼ p1ð�1; . . . ; �n;w1; . . . ; wnÞ ¼ "1
m1

2
þ � � � þ "n

mn

2
:

The assumption (A1) means that "1m1=2þ � � � þ "nmn=2 6¼ 0 for any

ð"1; . . . ; "nÞ 2 f�1gn. The set W in (4.7) consists of all ð"1; . . . ; "nÞ 2 f�1gn such

that "1m1=2þ � � � þ "nmn=2 > 0. Thus (4.11) becomes

V ð�1; . . . ; �nÞ ¼ �
1

2ðn� 3Þ!
X

ð"1;...;"nÞ2W
"1 � � � "n "1

m1

2
þ � � � þ "n

mn

2

� �n�3

: ð4:14Þ

This is nothing but the formula for the symplectic volume of M ð�1; . . . ; �nÞ in

[22]. (See also [15].)

EXAMPLE 4.15. When � is of type A2, i.e., G ¼ SUð3Þ, we see that l ¼ 2,

j�þj ¼ 3, and R ¼ 1
1

� �
. Hence

In�3ð
1; 
2Þ ¼
1

ððn� 3Þ!Þ3
Z minð
1;
2Þ

0

fð
1 � t3Þð
2 � t3Þt3gn�3dt3

¼

1

ð3n� 8Þ!
Xn�3

c¼0

�
3n� 8

c

��
2n� 6� c

n� 3

�

3n�8�c
1 ð
2 � 
1Þc (if 0 < 
1 � 
2),

1

ð3n� 8Þ!
Xn�3

c¼0

�
3n� 8

c

��
2n� 6� c

n� 3

�

3n�8�c
2 ð
1 � 
2Þc (if 0 < 
2 < 
1).

8>>>><
>>>>:

The formula (4.11) for V ð�1; . . . ; �nÞ is explicitly given in [20], where the cases

that �1; . . . ; �n do not satisfy the assumption (A3) are also studied.

EXAMPLE 4.16. When � is of type B2, i.e., G ¼ Spinð5Þ, we see l ¼ 2,
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j�þj ¼ 4, and R ¼ 1 1
1 2

� �
. Hence

In�3ð
1; 
2Þ ¼
1

ððn� 3Þ!Þ4
Z
Sð
1;
2Þ

fð
1 � t3 � t4Þð
2 � t3 � 2t4Þt3t4gn�3dt3dt4:

Suppose 0 < 
1 < 
2 < 2
1 for simplicity. Then the evaluation of this integral was

done in [24], which shows that

ð4n� 10Þ! � In�3ð
1; 
2Þ ¼
X�1

c¼�3nþ7

X�c�1

i¼0

4n� 10

n� c� 3

 !
2nþ c� 5

nþ cþ i� 2

 !
�c� 1

i

 !

� ð�1Þnþc�22n�i�3
3nþc�7
1 
n�c�3

2

þ
Xn�3

c¼0

Xn�3

i¼0

4n� 10

n� c� 3

 !
2nþ c� 5

n� i� 3

 !
cþ i

c

 !

� ð�1Þnþcþi�22n�i�3
3nþc�7
1 
n�c�3

2 :

EXAMPLE 4.17. When � is of type G2, then l ¼ 2, j�þj ¼ 6, and

R ¼ 1 2 3 3
1 1 1 2

� �
. Hence

In�3ð
1; 
2Þ ¼
1

ððn� 3Þ!Þ6
Z
Sð
1;
2Þ

fð
1 � t3 � 2t4 � 3t5 � 3t6Þ

� ð
2 � t3 � t4 � t5 � 2t6Þt3t4t5t6gn�3dt3dt4dt5dt6:

The evaluation might become more complicated.

5. A consequence of the Verlinde formula.

In this section, by means of the Verlinde formula for the fusion coefficients of

the complex simple Lie algebra gC (or, more precisely, of the corresponding affine

Lie algebra of sprit type), we will obtain another formula for Qð�1; . . . ; �nÞ in

Proposition 5.9, which is quite different from the one given in Proposition 4.2.

5.1. Fusion coefficients and Verlinde formula.

We review some generalities about fusion coefficients for the complex simple

Lie algebra gC (or the corresponding affine Lie algebra of split type). We refer to

[13], [25], and [6] for more details. Most of the description below is based on

Chapters 4 and 5 in [25].
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Let t 2 R>0 and

Ct
þ :¼ fx 2 Cþ j ðxj�Þ � tg; P t

þ :¼ Ct
þ \ P ¼ fx 2 Pþ j ðxj�Þ � tg;

where � is the highest root of the root system � and Cþ, P , and Pþ are as in

Section 2. The set Ct
þ is referred to as an alcove of �. We are mainly interested in

the case where t is a positive integer. In such a case, we will use the letter m

instead of t.

Recall from Section 2 that under the identification hR ¼ h
�
R via the standard

inner product ð j Þ, we have Q_ � Q � P � h
�
R.

LEMMA 5.1. Let us fix m 2 Z>0. Consider the action of the group W nmQ_

on h
�
R, given by x 7! wðxÞ þm�_ for x 2 h

�
R, w 2 W , and �_ 2 Q_. Then the set

Cm
þ is a fundamental domain for this action.

See [2, Chapter VI, Section 2] for the proof. Although the case m ¼ 1 is

considered there, the proof works also for general m. The group W nmQ_ is

referred to as the affine Weyl group at level m.

DEFINITION 5.2. Let m 2 Z>0. For �; �; � 2 Pm
þ , we define

N�
�;� :¼

X
�

"ðwÞMultðV� � V�; V�Þ; ð5:1Þ

the sum over all � 2 Pþ such that � þ � is in the ðW n ðmþ gÞQ_Þ-orbit through
� þ �, namely � þ � 
 wð� þ �Þmod ðmþ gÞQ_ for some w 2 W , where g is the

dual Coxeter number of �. The number N�
�;� is called the fusion coefficient. In

addition, we define

að�; �Þ : ¼ ð
ffiffiffiffiffiffiffi
�1

p
Þj�þjjP=ðmþ gÞQ_j�

1
2

X
w2W

"ðwÞ exp �
2�

ffiffiffiffiffiffiffi
�1

p

mþ g
ð�þ �jwð�þ �ÞÞ

 !
;

að�Þ : ¼ að�; 0Þ

¼ ð
ffiffiffiffiffiffiffi
�1

p
Þj�þjjP=ðmþ gÞQ_j�

1
2

X
w2W

"ðwÞ exp �
2�

ffiffiffiffiffiffiffi
�1

p

mþ g
ð�þ �jwð�ÞÞ

 !
:

Due to (2.6), (2.7), and (2.8), we can write them as
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að�Þ ¼ ð
ffiffiffiffiffiffiffi
�1

p
Þj�þjjP=ðmþ gÞQ_j�

1
2A� �2�

ffiffiffiffiffiffiffi
�1

p �þ �

mþ g

� �

¼ jP=ðmþ gÞQ_j�
1
2

Y
�2�þ

2 sin
�ð�þ �j�Þ
mþ g

; ð5:2Þ

að�; �Þ ¼ ð
ffiffiffiffiffiffiffi
�1

p
Þj�þjjP=ðmþ gÞQ_j�

1
2A�þ� �2�

ffiffiffiffiffiffiffi
�1

p �þ �

mþ g

� �
ð5:3Þ

¼ jP=ðmþ gÞQ_j�
1
2

Y
�2�þ

2 sin
�ð�þ �j�Þ
mþ g

��

 !

� exp �2�
ffiffiffiffiffiffiffi
�1

p �þ �

mþ g

� �� �
; ð5:4Þ

where �� is the character of the irreducible representation V� and

expð�2�
ffiffiffiffiffiffiffi
�1

p
ð�þ �Þ=ðmþ gÞÞ is regarded as an element in the maximal torus T

of G. See [25, Section 4.3] for the proof of the following lemma.

LEMMA 5.3. Let m 2 Z>0 and �; � 2 Pm
þ . Then we have

að�; �Þ ¼ að�; �Þ; aðt�; �Þ ¼ að�; �Þ;
X
�2Pm

þ

að�; �Það t�; �Þ ¼ ��;�;

where t� is the transpose of �.

REMARK 5.4. Let us denote by w0 the unique element in W that sends �þ
to ��. Then we have t� ¼ �w0� and it is the highest weight of the contragredient

representation V �
� of V�. It is easy to see that � 2 Pm

þ implies t� 2 Pm
þ .

Now we quote the following theorem from [25, Chapter 5].

THEOREM 5.5 (Verlinde formula). For �; �; � 2 Pm
þ , we have

N�
�;� ¼

X
x2Pm

þ

að�; xÞað�; xÞaðt�; xÞ
aðxÞ :

As a consequence, we obtain the following.

PROPOSITION 5.6. For �1; . . . ; �n; � 2 Pm
þ , we have
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X
�3;...;�n2Pm

þ

N�3
�1;�2

N�4
�3;�3

� � �N�n
�n�1;�n�1

N�
�n;�n

¼
X
�2Pm

þ

að�1; �Það�2; �Þ � � � að�n; �Þaðt�; �Þ
að�Þn�1

: ð5:5Þ

PROOF. It follows from Theorem 5.5 that the left-hand side of (5.5) is equal

to

X
�3;...;�n

 X
x2

að�1; x2Það�2; x2Þaðt�3; x2Þ
aðx2Þ

X
x3

að�3; x3Það�3; x3Þaðt�4; x3Þ
aðx3Þ

� � �

� � �
X
xn

að�n; xnÞað�n; xnÞaðt�; xnÞ
aðxnÞ

!

¼
X

x2;...;xn

�
að�1; x2Það�2; x2Það�3; x3Þ � � � að�n; xnÞaðt�; xnÞ

aðx2Þaðx3Þ � � � aðxnÞ

�
X

�3;...;�n

aðt�3; x2Það�3; x3Þ � � � aðt�n; xn�1Það�n; xnÞ
�
;

where �3; . . . ; �n and x2; . . . ; xn are supposed to run over Pm
þ . SinceP

�2Pm
þ
aðt�; xÞað�; yÞ ¼ �x;y by Lemma 5.3, the termX

�3;...;�n

aðt�3; x2Það�3; x3Þ � � � aðt�n; xn�1Það�n; xnÞ

becomes nonzero only if x2 ¼ � � � ¼ xn. Denoting it by �, we obtain (5.5). �

5.2. Relation to the Littlewood-Richardson coefficients.

For �; �; � 2 Pþ, let us set

n�
�;� :¼ MultðV� � V�; V�Þ; ð5:6Þ

so that V� � V� ¼
P

�2Pþ
n�
�;�V�. The integer n�

�;� is called the Littlewood-

Richardson coefficient.

LEMMA 5.7. Let �; � 2 Pþ. If m � ð�þ �j�Þ, then we have

n�
�;� ¼

N�
�;� (if � 2 Pm

þ ),

0 (if � =2 Pm
þ ).

(
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PROOF. Notice that n�
�;� 6¼ 0 implies �þ �� � 2 Z�0�1 þ � � � þ Z�0�l (see,

e.g., [5, Chapter VI, Lemma 2.8]). Since the highest root � is in Pþ, we have

ð�j�Þ � ð�þ �j�Þ � m, and hence � 2 Pm
þ . Similarly,

ð� þ �j�Þ � ð�þ �j�Þ þ g� 1 < mþ g

shows that � þ � in an interior point in Cmþg
þ . Now suppose that � 2 Pm

þ satisfies

� þ � 
 wð� þ �Þmod ðmþ gÞQ_ for some w 2 W as in the definition (5.1) of N�
�;�,

and that n
�
�;� 6¼ 0. Then just as above, n

�
�;� 6¼ 0 tells us that � þ � is an interior

point of Cmþg
þ . Since, by Lemma 5.1, Cmþg

þ is a fundamental domain of the action

of the affine Weyl group W n ðmþ gÞQ_ on h
�
R, the condition � þ � 


wð� þ �Þmod ðmþ gÞQ_ for some w 2 W implies that � þ � ¼ � þ �, and hence

� ¼ �. Then we have also w ¼ e. Thus, we have n�
�;� ¼ N�

�;� by the definitions (5.1)

and (5.6). �

COROLLARY 5.8. Let �1; �2 2 Pþ and m � ð�1 þ �2j�Þ. Then we have

V�1 � V�2 ¼
X
�2Pm

þ

N�
�1;�2

V�:

Similarly, if �1; . . . ; �n 2 Pþ and m � ð�1 þ � � � þ �nj�Þ, then we have

V�1
� � � � � V�n

¼
X

�1;...;�n�12Pm
þ

N�1
�1;�2

N�2
�1;�3

� � �N�n�1

�n�2;�n
V�n�1

: ð5:7Þ

Consequently, we obtain the following expression for Qð�1; . . . ; �nÞ ¼
MultðV�1

� � � � � V�n ; V0Þ.

PROPOSITION 5.9. If m � ð�1 þ � � � þ �nj�Þ, then we have

Qð�1; . . . ; �nÞ ¼
X
�2Pm

þ

að�1; �Það�2; �Þ � � � að�n; �Þ
að�Þn�2

:

PROOF. By (5.7) we see Qð�1; . . . ; �nÞ ¼
P

�1;...;�n�2
N�1

�1;�2
N�2

�1;�3
� � �

� � �N�n�2

�n�3;�n�1
N0

�n�2;�n
. It is equal to

X
�2Pm

þ

að�1; x�Það�2; �Þ � � � að�n; �Þ � aðt0; �Þ
að�Þn�1

¼
X
�2Pm

þ

að�1; �Það�2; �Þ � � � að�n; �Þ
að�Þn�2

by Proposition 5.6. �
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6. Some details on root systems and alcoves.

In this section, we discuss some details about root systems. In particular, we

will study a certain group of transformations on an alcove. After that, we prove

somewhat technical estimates which will be used to prove our second formula for

V ð�1; . . . ; �nÞ in the next section.

6.1. Special indices associated to the highest root.

Let us write the highest root � as

� ¼ n1�1 þ � � � þ nl�l; ð6:1Þ

with n1; . . . ; nl 2 Z>0 and let us set

J :¼ fi 2 f1; . . . ; lg j ni ¼ 1g:

DEFINITION 6.1. Let j 2 J . Denote by �j the root system generated by all

�i (i 2 f1; . . . ; lg � fjg) and denote by Wj the Weyl group of �j, which is regarded

as a subgroup of W . Let �jþ ¼ �j \�þ and �j� ¼ �j \�� be the set of positive

and negative roots of �j, respectively. We denote by wj the unique element in Wj

that sends �jþ to �j�, whereas w0 is the unique element in W that sends �þ to

�� as in Remark 5.4.

REMARK 6.2.

(1) The set �j is also written as ��_
j in view of the notation (2.9).

(2) If � 2 �þ ��jþ, then the coefficient of �j in � is 1.

(3) One has w2
0 ¼ w2

j ¼ 1, "ðw0Þ ¼ ð�1Þj�þj, "ðwjÞ ¼ ð�1Þj�jþj, w0ð�Þ ¼ ��, and

w0ð�Þ ¼ ��.

LEMMA 6.3. Let j 2 J. If � 2 �þ ��jþ, then wjð�Þ 2 �þ ��jþ. In partic-

ular, wjð�Þ 2 �þ ��jþ.

PROOF. � 2 �þ ��jþ is of the form

� ¼ �j þ
X
i6¼j

pi�i:

Since the Weyl groupWj of �j is generated by the reflections siðxÞ ¼ x� h�_
i ; xi�i

(i 2 f1; . . . ; lg � fjg) on h
�
R, wj is a composition of them. Hence wjð�Þ is of the

form
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wjð�Þ ¼ �j þ
X
i6¼j

qi�i;

namely the coefficient of �j in wjð�Þ is 1. On the other hand, we know that

wjð�Þ 2 � since wj 2 Wj � W . Therefore, wjð�Þ must be in �þ, and hence in

�þ ��jþ. �

COROLLARY 6.4. Let us fix j 2 J. Then we have the following.

(1) �þ \ wjð�þÞ ¼ �þ ��jþ, �þ \ wjð��Þ ¼ �jþ.

(2) fwjð�Þ j� 2 �jþg [ f�wjð�Þ j� 2 �þ ��jþg ¼ ��.

PROOF. By Lemma 6.3, we see f� 2 �þ jwjð�Þ 2 �þg ¼ �þ ��jþ and

f� 2 �þ jwjð�Þ 2 ��g ¼ �jþ, which is equivalent to (1) since w2
j ¼ 1. Part (2)

follows immediately. �

LEMMA 6.5. For j 2 J, we have wjð�jÞ ¼ �, or equivalently, wjð�Þ ¼ �j.

PROOF. Let 
 ¼ wjð�jÞ. Then 
 2 �þ ��jþ by Lemma 6.3, and hence we

see

�� 
 2
X
i 6¼j

Z�0�i:

Since wjð�iÞ 2 �j� for i 6¼ j, we have

wjð�� 
Þ 2
X
i6¼j

Z�0�i: ð6:2Þ

On the other hand, wjð�� 
Þ ¼ wjð�Þ � wjð
Þ ¼ wjð�Þ � �j shows that

wjð�� 
Þ 2
X
i6¼j

Z�0�i; ð6:3Þ

since wjð�Þ 2 �þ ��jþ by Lemma 6.3. Now (6.2) and (6.3) implies that

wjð�� 
Þ ¼ 0, that is, 
 ¼ �. �

REMARK 6.6. In particular, we have ð�jj�jÞ ¼ ð�j�Þ ¼ 2, namely �j is a long

root, for j 2 J. (It can be also checked by the classification of root systems (see,

e.g., the table in [2]).) Hence we have �_
j ¼ �j and �_

j ¼ �j.
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LEMMA 6.7. For j 2 J, we have wj�j ¼ �j.

PROOF. Let us prove that wj�
_
j ¼ �_

j . Let i 2 f1; . . . ; lg. If i 6¼ j, then

wjð�iÞ 2 �j� and hence ð�_
j jwjð�iÞÞ ¼ 0. On the other hand, ð�_

j jwjð�jÞÞ ¼
ð�_

j j�Þ ¼ 1 by Lemma 6.5. Thus, we have ðwjð�_
j Þj�iÞ ¼ ð�_

j jwjð�iÞÞ ¼ �ij, which

means that wjð�_
j Þ ¼ �_

j . �

LEMMA 6.8. For j 2 J, we have wjð�Þ þ � ¼ g�j.

PROOF. Since �þ \ wjð��Þ ¼ �jþ by Corollary 6.4, we see from (2.2) that

wj� ¼ ��
X
�2�jþ

� ¼ �� 2�j;

where �j ¼ ð1=2Þ
P

�2�jþ
�, and hence wj�þ � ¼ 2ð�� �jÞ. It follows that for i 6¼ j,

ðwjð�Þ þ �j�_
i Þ ¼ 2ðð�j�_

i Þ � ð�jj�_
i ÞÞ ¼ 2ð1� 1Þ ¼ 0:

On the other hand, we see from Lemma 6.5 that

ðwjð�Þ þ �j�_
j Þ ¼ ðwjð�Þj�jÞ þ ð�j�_

j Þ ¼ ð�jwjð�jÞÞ þ 1 ¼ ð�j�Þ þ 1 ¼ g:

Thus, we have wjð�Þ þ � ¼ g�j. �

6.2. Symmetry of the alcove.

DEFINITION 6.9. For m 2 Z>0 and j 2 J , let �mj : h�R ! h
�
R be the map

defined by

�mj ðxÞ :¼ wjw0ðxÞ þm�j ð¼ wjw0ðxÞ þm�_
j Þ:

LEMMA 6.10. For any j 2 J, �mj is a bijection from Cm
þ (resp. Pm

þ ) to itself.

PROOF. For the fact that �mj is a bijection from Cm
þ to itself, see [2, Chapter

VI, Section 2, no. 3]. (The case that m ¼ 1 is considered there, but the same proof

works for general m.) On the other hand, we see that �mj ð�Þ ¼ wjw0ð�Þ þm�j is in

P if and only if � is in P . Since Pm
þ ¼ Cm

þ \ P , it follows that �mj is a bijection from

Pm
þ to itself. �

LEMMA 6.11. Let us fix m 2 Z>0.
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(1) The set f1g [ f�mj j j 2 Jg forms a group, which is isomorphic to P_=Q_

ð¼	 P=QÞ. In particular, jJ j þ 1 ¼ jP_=Q_j ð¼ jP=QjÞ.

(2) If j 2 J, then ð�mj Þ
�1 ¼ �ms for some s 2 J.

PROOF. See [2, Chapter VI, Section 2, no. 3] for (1). Part (2) immediately

follows from (1). �

REMARK 6.12. It follows from a simple calculation that ð�mj Þ
�1ðxÞ ¼

w0wjðxÞ �mw0wj�j, and hence that

ð�mj Þ
�1ðxÞ ¼ w0wjðxÞ �mw0�j ð6:4Þ

by Lemma 6.7. Then the condition ð�mj Þ
�1 ¼ �ms in Lemma 6.11 (2) means that

w0wj ¼ wsw0 and �w0�j ¼ �s.

Now we observe the following.

PROPOSITION 6.13. Let m 2 Z>0 and j 2 J. For � 2 Q \ Pm
þ and � 2 Pm

þ ,

we have

að�; �mj ð�ÞÞ ¼ að�; �Þ; að�mj ð�ÞÞ ¼ að�Þ:

In order to prove it, we will prepare several lemmas.

LEMMA 6.14. For j 2 J, let �m
j : h�R ! h

�
R be the map defined by

�m
j ð�Þ :¼ �mþg

j ð�þ �Þ � �:

Then we have �mj ¼ �m
j .

PROOF. From w0� ¼ �� and Lemma 6.8, we obtain

�m
j ðxÞ ¼ wjw0ðxþ �Þ þ ðmþ gÞ�j � � ¼ �mj ðxÞ þ g�j � wj�� � ¼ �mj ðxÞ

as claimed. �

LEMMA 6.15. Let j 2 J. For any � 2 Q and w 2 W , we have

exp �2�
ffiffiffiffiffiffiffi
�1

p
ð�þ �jw�jÞ

� �
¼ ð�1Þj�þ��jþj ð¼ "ðw0Þ"ðwjÞÞ:

PROOF. It follows that
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exp �2�
ffiffiffiffiffiffiffi
�1

p
ð�þ �jw�jÞ

� �
¼ exp �2�

ffiffiffiffiffiffiffi
�1

p
ðw�1�j�jÞ

� �
exp �2�

ffiffiffiffiffiffiffi
�1

p
ðw�1�j�jÞ

� �
¼ exp �2�

ffiffiffiffiffiffiffi
�1

p
ðw�1ð�Þj�jÞ

� �
; ð6:5Þ

since the assumption � 2 Q (and hence w�1� 2 Q) implies ðw�1�j�jÞ ¼
ðw�1�j�_

j Þ 2 Z. In addition, by (2.2), we know w�1�� � 2 Q for w 2 W . Hence

we have ðw�1�j�jÞ � ð�j�jÞ ¼ ðw�1�� �j�jÞ ¼ ðw�1�� �j�_
j Þ 2 Z. Thus (6.5) is

equal to

exp �2�
ffiffiffiffiffiffiffi
�1

p
ð�j�jÞ

� �
¼ exp ��

ffiffiffiffiffiffiffi
�1

p X
�2�þ

ð�j�jÞ
 !

: ð6:6Þ

Since we see for j 2 J

ð�j�jÞ ¼ ð�j�_
j Þ ¼

0 (if � 2 �jþ),

1 (if � 2 �þ ��jþ),

(

(6.6) is equal to ð�1Þj�þ��jþj ¼ "ðw0Þ"ðwjÞ. �

PROOF OF PROPOSITION 6.13. It is enough to show that að�;�m
j ð�ÞÞ ¼

að�; �Þ and að�m
j ð�ÞÞ ¼ að�Þ in view of Lemma 6.14. Let ~að�; �Þ ¼ ð

ffiffiffiffiffiffiffi
�1

p
Þ�j�þj

P=ðmþ gÞQ_j j
1
2að�; �Þ. Then Lemma 6.15 shows that

~að�;�m
j ð�ÞÞ

¼
X
w2W

"ðwÞ exp
�2�

ffiffiffiffiffiffiffi
�1

p

mþ g
�þ �jwðwjw0ð�þ �Þ þ ðmþ gÞ�jÞ
� �

¼
X
w2W

"ðwÞ exp �2�
ffiffiffiffiffiffiffi
�1

p
�þ �jwð�jÞ
� �� �

exp
�2�

ffiffiffiffiffiffiffi
�1

p

mþ g
�þ �jwwjw0ð�þ �Þ
� � !

¼
X
w2W

"ðwÞ"ðwjÞ"ðw0Þ exp
�2�

ffiffiffiffiffiffiffi
�1

p

mþ g
�þ �jwwjw0ð�þ �Þ
� � !

¼
X
w02W

"ðw0Þ exp
�2�

ffiffiffiffiffiffiffi
�1

p

mþ g
�þ �jw0ð�þ �Þð Þ

 !
¼ ~að�; �Þ:

Thus we conclude að�;�m
j ð�ÞÞ ¼ að�; �Þ. By substituting � ¼ 0, we obtain

að�m
j ð�ÞÞ ¼ að�Þ. �
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6.3. Technical estimates.

Below, we prove some rather technical inequalities, which will be used in the

next section. First, we observe the following.

LEMMA 6.16. Let � 2 Pm
þ and � 2 �þ. Then we have

2

3ðmþ gÞ < sin
�ð�þ �j�Þ

mþ g
<

�ð�þ �j�Þ
mþ g

:

PROOF. Since x > sin x for x > 0, it immediately follows that �ð�þ �j�Þ=
ðmþ gÞ > sinð�ð�þ �j�Þ=ðmþ gÞÞ. Recall from (2.4) that ð�þ �j�Þ � 1=3. Com-

bining it with

ð�þ �j�Þ � ð�þ �j�Þ � mþ g� 1 < mþ g�
1

3
;

we see that sinð�ð�þ �j�Þ=ðmþ gÞÞ � sinð�=ð3ðmþ gÞÞÞ. In addition, due to the

fact that sin x > ð2=�Þx for 0 < x < �=2, we have

sin
�

3ðmþ gÞ
>

2

�
� �

3ðmþ gÞ
¼ 2

3ðmþ gÞ
:

Thus we obtain sinð�ð�þ �j�Þ=ðmþ gÞÞ > 2=ð3ðmþ gÞÞ. �

Next, let � > 0 be sufficiently small and let us set t ¼ �m. We consider the

small alcove Pt
þ.

PROPOSITION 6.17. Let 0 < � < 1=h, where h is the Coxeter number of the

root system �, and let t ¼ �m. For � 2 Pm
þ , the following two conditions are

equivalent.

(i) � 2 Pt
þ [

S
j2J �

m
j ðPt

þÞ.

(ii) For any � 2 �þ, either ð�j�Þ � t or ð�j�Þ � m� t holds.

PROOF OF (i)¼) (ii). If � 2 Pt
þ, then ð�j�Þ � t implies that ð�j�Þ � ð�j�Þ �

t for any � 2 �þ. Hence (ii) certainly holds. Suppose next that � 2 �mj ðPt
þÞ for

some j 2 J. Since ð�mj Þ
�1 ¼ �ms for some s 2 J by Lemma 6.11 (2), we have

�ms ð�Þ 2 Pt
þ, and hence ð�ms ð�Þj�Þ � t. Therefore, ð�ms ð�Þj�Þ � t, namely

ðwsw0ð�Þ þm�sj�Þ � t ð6:7Þ
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for any � 2 �þ. Note that s 2 J implies that ð�sj�Þ ¼ ð�_
s j�Þ is either 0 or 1.

(1) If ð�sj�Þ ¼ 0, namely � 2 �sþ, then (6.7) becomes ðwsw0ð�Þj�Þ � t, and

hence we have ð�jw0wsð�ÞÞ � t.

(2) If ð�sj�Þ ¼ 1, namely � 2 �þ ��sþ, then (6.7) becomes ðwsw0ð�Þj�Þ þ
m � t, and hence we have ð�j � w0wsð�ÞÞ � m� t.

Since we know from Corollary 6.4 (2) that

fw0wsð�Þ j� 2 �sþg [ f�w0wsð�Þ j� 2 ���sþg ¼ �þ;

(1) and (2) above show that for each 
 2 �þ, either ð�j
Þ � t or ð�j
Þ � m� t

holds. Thus we obtain (ii). �

Before beginning a proof of the converse, we mention the following.

LEMMA 6.18. Let 0 < � < 1=2. Suppose � 2 Pm
þ satisfies the condition (ii) in

Proposition 6.17.

(1) If i 2 f1; . . . ; lg � J, then ð�j�iÞ � t.

(2) If ð�j�jÞ � m� t for some j 2 J, then ð�j�iÞ � t for any i 2 J � fjg.

PROOF. By the assumption in (1), we have ni � 2 in (6.1). If ð�j�iÞ �m� t,

then

ð�j�Þ � nið�j�iÞ � 2ðm� tÞ > m;

since � < 1=2 implies 2ðm� tÞ ¼ 2ð1� �Þm > m. However, it contradicts to the

fact that � 2 Pm
þ . Hence we obtain (1).

If ð�j�iÞ � m� t and ð�j�jÞ � m� t for some distinct i; j 2 J , then we have

ð�j�Þ � ð�j�iÞ þ ð�j�jÞ � 2ðm� tÞ > m:

Again, it contradicts to the fact that � 2 Pm
þ . Thus we obtain (2). �

PROOF OF (ii) ¼) (i) IN PROPOSITION 6.17. Let us assume that � 2 Pm
þ

satisfies (ii). We consider two cases.

Case 1: Suppose ð�j�jÞ � t for all j 2 f1; . . . ; lg. Then in view of (6.1), we are

led to

ð�j�Þ ¼ n1ð�j�1Þ þ � � � þ nlð�j�lÞ � ðn1 þ � � � þ nlÞt ¼ ðh� 1Þt:
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By the assumption � < 1=h, we have ð�j�Þ < m� t. It follows form the condition

(ii) that ð�j�Þ � t, and hence � 2 Pt
þ.

Case 2: Suppose ð�j�jÞ � m� t for some j 2 f1; . . . ; lg. Then by Lemma 6.18

we have j 2 J and ð�j�iÞ � t for i 2 f1; . . . ; lg � fjg. Now we claim that

� 2 �mj ðPt
þÞ, namely ðð�mj Þ

�1ð�Þj�Þ � t. From (6.4) and Lemma 6.5, we obtain

ðð�mj Þ
�1ð�Þj�Þ ¼ ðw0wjð�Þ �mw0�jj�Þ ¼ ð�jwjw0ð�ÞÞ �mð�jjw0ð�ÞÞ

¼ �ð�jwjð�ÞÞ þmð�jj�Þ ¼ �ð�j�jÞ þm

� �ðm� tÞ þm ¼ t

as claimed. �

COROLLARY 6.19. Suppose that m > g and let � and t be as in Proposition

6.17. Then for any � 2 Pm
þ � Pt

þ [
S

j2J �
m
j ðPt

þÞ
� �

, there exists at least one � 2 �þ

such that ��=2 < �ð�þ �j�Þ=ðmþ gÞ < �� ��=2, and hence

sin
�ð�þ �j�Þ

mþ g
> sin

��

2
:

PROOF. By Proposition 6.17, there exists at least one � 2 �þ such that

t < ð�j�Þ < m� t. Then we have

ð�þ �j�Þ
mþ g

>
tþ ð�j�Þ
mþ g

>
t

mþ g
¼ �

1þ g=m
>

�

2

and

ð�þ �j�Þ
mþ g

<
m� tþ ð�j�Þ

mþ g
� m� tþ ð�j�Þ

mþ g
¼ mþ g� t� 1

mþ g

< 1�
t

mþ g
¼ 1�

�

1þ g=m
< 1�

�

2
:

This completes the proof. �

We conclude this section by the following observation.

LEMMA 6.20. Suppose 0 < � < 1=2 and m > ðg� 2Þ=ð1� 2�Þ, and let

� 2 Pt
þ. Then for any � 2 �þ, we have the following.
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(1) 0 <
�ð�þ �j�Þ

mþ g
<

�

2
,

(2) sin
�ð�þ �j�Þ

mþ g
>

2

�
� �ð�þ �j�Þ

mþ g
, and

(3)
1

sin
�ð�þ �j�Þ

mþ g

� mþ g

�ð�þ �j�Þ < 1� 2

�
.

PROOF. In fact, we have

0 < ð�þ �j�Þ � ð�þ �j�Þ � tþ g� 1 ¼ �mþ g� 1;

and hence

0 <
�ð�þ �j�Þ

mþ g
� �

�mþ g� 1

mþ g
:

If m > ðg� 2Þ=ð1� 2�Þ, the right-hand side is less than �=2. This completes the

proof of (1). Since ð2=�Þx < sinx and 1= sinx� 1=x < 1� 2=� for 0 < x < �=2, we

obtain (2) and (3). �

7. The second formula.

In what follows, unless otherwise stated, we suppose that weights �1; . . . ; �n 2
Pþ satisfy the assumptions

(A2) �1; . . . ; �n 2 Q,

(A3) �1; . . . ; �n 2 Pþþ,

as in Section 4.2. In particular, one has d ¼ ðn� 2Þj�þj � l. Further, we will

introduce a new condition

(A4) n � maxf lþ 3; 5 g.

In this section, we will establish our second formula for V ð�1; . . . ; �nÞ. The
formula itself is given in Section 6.1 together with some related remarks.

Section 6.2 is devoted to the proof of the formula. Although our proof becomes

somewhat long and technical, the main idea is to generalize the argument in [26,

Section 3] for G ¼ SUð2Þ to a general compact Lie group G.
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In Section 7.3, we consider special cases where all of �1; . . . ; �n are propor-

tional to �, and write out our formula more explicitly. Moreover, as we will

illustrate for the root systems of type A1 and A2, we have another kind of formula

that expresses V ð�1; . . . ; �nÞ as an integral over an unbounded domain.

7.1. The formula and related remarks.

In view of Proposition 5.9, let us consider the asymptotic behavior of

Qðk�1; . . . ; k�nÞ ¼
X
�2Pm

þ

aðk�1; �Þaðk�2; �Þ � � � aðk�n; �Þ
að�Þn�2

;

as k ! 1, where k runs over positive integers. We need the condition m �
kð�1 þ � � � þ �nj�Þ according to the assumption in Proposition 5.9. So from now on,

let us set

m ¼ kð�1 þ � � � þ �nj�Þ ð7:1Þ

and let us denote

L :¼ ð�1 þ � � � þ �nj�Þ

for simplicity, so that m ¼ kL. Note that L is a positive integer.

First of all, we observe the following.

LEMMA 7.1. Fix � 2 Pþ. As k ! 1, and hence m ! 1, we have

1

að�Þ
	 k

l
2þj�þj � L

l
2þj�þj jP=Q_j

1
2

1Q
�2�þ

2�ð�þ �j�Þ
; ð7:2Þ

aðk�i; �Þ 	 k�
l
2 � ð

ffiffiffiffiffiffiffi
�1

p
Þj�þjL� l

2 jP=Q_j�
1
2 A�þ�

�2�
ffiffiffiffiffiffiffi
�1

p
�i

L

 !
ð7:3Þ

¼ k�
l
2 � L� l

2 jP=Q_j�
1
2

Y
�2�þ

2 sin
�ð�ij�Þ

L

 !
�� exp

�2�
ffiffiffiffiffiffiffi
�1

p
�i

L

 !
: ð7:4Þ

PROOF. Since jP=ðmþ gÞQ_j ¼ ðmþ gÞljP=Q_j ¼ ðkLþ gÞljP=Q_j, it fol-

lows from (5.2) that

1

að�Þ
¼ ðmþ gÞ

l
2 jP=Q_j

1
2

Y
�2�þ

1

2 sin �ð�þ�j�Þ
mþg

	 ðmþ gÞ
l
2 jP=Q_j

1
2

Y
�2�þ

mþ g

2�ð�þ �j�Þ

	 k
l
2þj�þj � L

l
2þj�þj jP=Q_j

1
2

1Q
�2�þ

2�ð�þ �j�Þ ;
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while (7.3) and (7.4) immediately follow from (5.3) and (5.4). �

REMARK 7.2. If �1; . . . ; �n does not satisfy the assumption (A3), namely if

�i 2 Pþ � Pþþ for some i, then A�þ�ð�2�
ffiffiffiffiffiffiffi
�1

p
�i=LÞ ¼ A�ð�2�

ffiffiffiffiffiffiffi
�1

p
�i=LÞ ¼ 0.

Hence we need to be more careful. In this case, instead of (7.4) we have

aðk�i; �Þ 	 k�
l
2�j��i

þ j � jP=Q_j�
1
2L� l

2

Y
�2��i

þ

2�ð�j�Þ
L

Y
�2�þ���i

þ

2 sin
�ð�ij�Þ

L

0
@

1
A

� �� exp
�2�

ffiffiffiffiffiffiffi
�1

p
�i

L

 !
;

where ��i
þ is as in (2.9). This follows from (5.4) since one has

2 sin
�ðk�i þ �j�Þ

kLþ g
	

1

k
� 2�ð�j�Þ

L
(if ð�ij�Þ ¼ 0)

2 sin
�ð�ij�Þ

L
(if ð�ij�Þ 6¼ 0).

8>><
>>:

Now let us define

T ð�Þ : ¼
ð
ffiffiffiffiffiffiffi
�1

p
Þnj�þjLd

jP=Q_j �
Qn

i¼1 A�þ� exp �2�
ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2

¼
Ld

jP=Q_j
Yn
i¼1

Y
�2�þ

2 sin
�ð�ij�Þ

L

 ! Qn
i¼1 �� exp �2�

ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
: ð7:5Þ

By Lemma 7.1, for a fixed � 2 Pþ and for a sufficiently large k, we see

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

	 kd � T ð�Þ:

Now our second formula for V ð�1; . . . ; �nÞ is the following. It might be interesting

to compare it with the first formula (4.11) in Theorem 4.11.

THEOREM 7.3. Let us suppose �1; . . . ; �n 2 Q \ Pþþ and n � maxf5; lþ 3g,
and let L ¼ ð�1 þ � � � þ �nj�Þ. Then we have V ð�1; . . . ; �nÞ ¼ jP_=Q_j

P
�2Pþ

T ð�Þ,
namely
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V ð�1; . . . ; �nÞ

¼ ð
ffiffiffiffiffiffiffi
�1

p
Þnj�þj jP_=Q_j

jP=Q_j
Ld
X
�2Pþ

Qn
i¼1 A�þ�

�2�
ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
ð7:6Þ

¼
jP_=Q_j
jP=Q_j L

d
Yn
i¼1

Y
�2�þ

2 sin
�ð�ij�Þ

L

 !X
�2Pþ

Qn
i¼1 �� exp �2�

ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
: ð7:7Þ

The proof of this theorem is given in Section 7.2. The main point there is to

explain why the factor jP_=Q_j arises. Before proceeding further, we collect some

remarks concerned with this formula.

REMARK 7.4.

(1) From the proof and our convention (7.1), we will see that we can replace L

in (7.6) or (7.7) to any larger number.

(2) In view of Remark 7.2, even if �1; . . . ; �n does not satisfy the assumption

(A3), one might expect that V ð�1; . . . ; �nÞ=Ld is given by

jP=Qj
jP=Q_j

Yn
i¼1

Y
�2��i

þ

2�ð�j�Þ
Y

�2�þ���i
þ

2 sin
�ð�ij�Þ

L

0
@

1
A

�
X
�2Pþ

Qn
i¼1 �� exp �2�

ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
; ð7:8Þ

where d ¼ ðn� 2Þj�þj �
Pn

i¼1 j�
�i
þ j � l. (See also Remark 7.5 below.)

Unfortunately, in this case our arguments in Section 7.2 will not work;

we need some extra efforts. However, we will not go into this issue in this

paper.

(3) The assumption (A4), namely n � maxf5; lþ 3g, might also be technical,

although our proof indeed needs it.

REMARK 7.5. Theorem 7.3 is closely related to Witten’s volume formula in

2-dimensional gauge theory. For Xi 2 t ði ¼ 1; . . . ; nÞ, let denote by CXi
the

conjugacy class in G containing expðXiÞ. Here Xi is not necessarily regular. Let

PðX1; . . . ; XnÞ be the moduli space of flat G connections over a punctured sphere

S2 � fz1; . . . ; zng such that the holonomy around the point zi is in CXi
for each
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i ¼ 1; . . . ; n. It is well known that this moduli space has a natural symplectic

structure. Witten’s volume formula claims that the symplectic volume of it is

given by

jZðGÞj
volðGÞ2

Yn
i¼1

volðCXi
Þ

Y
�2�þ��Xi

þ

2 sin

ffiffiffiffiffiffiffi
�1

p

2
ðXij�Þ

0
@

1
AX

x2Pþ

Qn
i¼1 �xðexpXiÞ
dimC Vxð Þn�2

ð7:9Þ

(see, e.g., [26], [16], [19]). Here volðGÞ and volðCXi
Þ denote the Riemannian

volume of G and CXi
, respectively (see [1] for their concrete expressions), and

�Xi
þ ¼ f� 2 �þ j h�;Xii ¼ 0g.

On the other hand, it is shown in [11] that we can identify the moduli space

PðX1; . . . ; XnÞ with our symplectic quotient M ð�1; . . . ; �nÞ as in Section 2 by

letting Xi ¼ �2�
ffiffiffiffiffiffiffi
�1

p
�i=L 2 t� ¼	 t. (To be precise, we have to assume that

X1; . . . ; Xn are sufficiently close to 0. It is achieved by multiplying them

simultaneously by a small positive constant. Further, we have to be careful to

compare the symplectic forms of these two spaces.) Hence V ð�1; . . . ; �nÞ, the

volume of M ð�1; . . . ; �nÞ, should be essentially the same with the volume of

PðX1; . . . ; XnÞ. In fact, we can check that (7.8) in Remark 7.4 and Witten’s

formula (7.9) indeed coincide up to a constant factor. See also [23] and [15] for the

case of G ¼ SUð2Þ.
However, our proof of Theorem 7.3 is independent of the geometric context

described above; it is based on the rather combinatorial results in Sections 5 and 6.

7.2. Proof of the formula.

7.2.1. Outline.

Recall that we have set m ¼ Lk. Let � be a positive real number and let us set

t ¼ �m ¼ �Lk as in Section 5. In the sequel, we will prove the following two

propositions, which are the essential parts of the proof of Theorem 7.3.

PROPOSITION 7.6. Suppose n � lþ 3 and 0 < � < 1=h. Then there exists a

positive constant C1, which might depend on �1; . . . ; �n and �, such that for any

positive integer k with m > g, one has

1

kd

X
�2Pm

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�
jP_=Q_j

kd

X
�2Pt

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

������
������ � C1 �

1

k
:

PROPOSITION 7.7. Suppose n � 5 and 0 < � < 1=2. Then there exists a

positive constant C2, which might depend on �1; . . . ; �n and �, such that for any
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positive integer k with m > ðg� 2Þ=ð1� 2�Þ, one has

1

kd

X
�2Pt

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�
X
�2Pt

þ

T ð�Þ

������
������ � C2 �

1

k
:

PROOF OF THEOREM 7.3 ASSUMING PROPOSITIONS 7.6 AND 7.7. These two

propositions imply that there exists a positive constant C such that for any

sufficiently large k, the following holds:

1

kd

X
�2Pm

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

� jP_=Q_j
X
�2Pt

þ

T ð�Þ

������
������ � C � 1

k
:

Therefore, we obtain

V ð�1; . . . ; �nÞ ¼ lim
k!1

1

kd
Qðk�1; . . . ; k�nÞ ¼ lim

k!1

1

kd

X
�2Pm

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

¼ lim
k!1

jP_=Q_j
X
�2Pt

þ

T ð�Þ ¼ jP_=Q_j
X
�2Pþ

T ð�Þ

as claimed. �

REMARK 7.8. We will also verify the existence of the limit limk!1
P

�2Pt
þ

T ð�Þ ¼
P

�2Pþ
T ð�Þ in due course. See Remark 7.18.

7.2.2. Proof of Proposition 7.6.

Throughout this Section 7.2.2, let us suppose n � lþ 3 and 0 < � < 1=h, and

let k be a positive integer such that m > g. Due to Lemma 6.11 (1) and

Proposition 6.13, we have

jP_=Q_j
X
�2Pt

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

¼
X

�2Pt
þ[
S

j2J �
m
j ðPt

þÞ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

;

and hence
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X
�2Pm

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

� jP_=Q_j
X
�2Pt

þ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

¼
X

�2Pm
þ �ðPt

þ[
S

j2J �
m
j
ðPt

þÞÞ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

:

Therefore, it is enough to show the following in order to prove Proposition 7.6.

CLAIM 7.9. There exists a positive constant C1 such that for any k, one has

X
�2Pm

þ �ðPt
þ[
S

j2J �
m
j ðPt

þÞÞ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�����
����� � C1 � kd�1:

The proof of this claim will be given after several lemmas.

LEMMA 7.10. There exists a positive constant C such that for any

� 2 Pm
þ � ðPt

þ [
S

j2J �
m
j ðPt

þÞÞ and m with m > g, one has

Y
�2�þ

1

2 sin �ð�þ�j�Þ
mþg

� C �mj�þj�1 ð¼ CLj�þj�1 � kj�þj�1Þ:

PROOF. By Lemma 6.16, we see that for any � 2 �þ,

sin
�ð�þ �j�Þ

mþ g
>

2

3ðmþ gÞ
:

In addition, by Corollary 6.19 there exists at least one � 2 �þ such that

sin
�ð�þ �j�Þ

mþ g
> sin

��

2
:

It thus follows that

Y
�2�þ

1

2 sin �ð�þ�j�Þ
mþg

<
3

4
ðmþ gÞ

� �j�þj�1 1

2 sin ��
2

< C �mj�þj�1

for any � 2 Pm
þ � Pt

þ [
S

j2J �
m
j ðPt

þÞ
� �

, where C ¼ ð3=2Þj�þj�1=ð2 sinð��=2ÞÞ. �
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LEMMA 7.11. There exists a positive constant C such that for any k and

� 2 Pm
þ � ðPt

þ [
S

j2J �
m
j ðPt

þÞÞ, one has

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�����
����� � C � kd�ðn�2Þ: ð7:10Þ

PROOF. Lemma 7.10 above shows that there exists a positive constant C0

such that

1

að�Þ ¼ P=ðmþ gÞQ_�� ��12 Y
�2�þ

1

2 sin �ð�þ�j�Þ
mþg

� C0 � kj�þjþ l
2�1: ð7:11Þ

On the other hand, there exist a positive constant C00 such that for any � 2 Pm
þ

and each i ¼ 1; . . . ; n,

jaðk�i; �Þj � C00 � k�
l
2 ð7:12Þ

holds, since

jaðk�i; �Þj ¼ jP=Q_j�
1
2ðmþ gÞ�

l
2 A�þ� �2�

ffiffiffiffiffiffiffi
�1

p k�i þ �

mþ g

� �����
����

� jP=Q_j�
1
2ðmþ gÞ�

l
2 jW j:

Here note that

jA�þ�ð�2�
ffiffiffiffiffiffiffi
�1

p
xÞj ¼

X
w2W

"ðwÞe�2�
ffiffiffiffiffi
�1

p
ðwð�þ�ÞjxÞ

�����
����� � jW j

for x 2 h
�
R. It follows from (7.11) and (7.12) that

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�����
����� � C � kðn�2Þ j�þjþ l

2�1ð Þ� l
2n ¼ C � kd�ðn�2Þ

with C ¼ ðC0Þn�2ðC00Þn. �

Now we are in a position to prove Claim 7.9.

960 T. SUZUKI and T. TAKAKURA



PROOF OF CLAIM 7.9. Due to the assumption n � lþ 3, (7.10) implies that

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�����
����� � C � kd�l�1:

Since there exists a positive constant C0 such that

Pm
þ � Pt

þ [
[
j2J

�mj ðPt
þÞ

 !�����
����� � jPm

þ j � C0 �ml ¼ C0Ll � kl;

we obtain

X
�2Pm

þ �ðPt
þ[
S

j2J �
m
j
ðPt

þÞÞ

aðk�1; �Þ � � � aðk�n; �Þ
að�Þn�2

�����
����� � C � kd�l�1 � C0Ll � kl ¼ CC0Ll � kd�1

as claimed. �

7.2.3. Proof of Proposition 7.7.

Throughout this Section 7.2.3, let us suppose n � 5 and 0 < � < 1=2, and let

k be a positive integer such that m > ðg� 2Þ=ð1� 2�Þ. In order to prove

Proposition 7.7, it is enough to show that there exists a positive constant C2

such that for any k

k �
X
�2Pt

þ

1

kd
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

�����
����� � C2

holds. Equivalently, we will show the following.

CLAIM 7.12. There exists a positive constant C2 such that for any k, one has

ðmþ gÞ �
X
�2Pt

þ

1

kd
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

�����
����� � C2:

The proof will be completed at the end of Section 7.2.3. From (5.2) and (5.3),

we see that
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1

kd
�
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
¼
ð
ffiffiffiffiffiffiffi
�1

p
Þnj�þj

jP=Q_j �
1

kdðmþ gÞl
�
Qn

i¼1 A�þ� �2�
ffiffiffiffiffiffiffi
�1

p
k�iþ�
mþg

� �
Q

�2�þ
2 sin �ð�þ�j�Þ

mþg

� �n�2

¼
ð
ffiffiffiffiffiffiffi
�1

p
Þnj�þj

jP=Q_j
�
ðmþ gÞd

kd
�

Qn
i¼1 A�þ� �2�

ffiffiffiffiffiffiffi
�1

p
k�iþ�
mþg

� �
Q

�2�þ
2ðmþ gÞ sin �ð�þ�j�Þ

mþg

� �n�2
:

This together with the definition (7.5) of T ð�Þ shows that

jP=Q_j
ð
ffiffiffiffiffiffiffi
�1

p
Þnj�þj

1

kd
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

 !

¼
ðmþ gÞd

kd
�

Qn
i¼1 A�þ� �2�

ffiffiffiffiffiffiffi
�1

p
k�iþ�
mþg

� �
Q

�2�þ
2ðmþ gÞ sin �ð�þ�j�Þ

mþg

� �n�2
� Ld

Qn
i¼1 A�þ�

�2�
ffiffiffiffiffi
�1

p
�i

L

� �
Q

�2�þ
2�ð�þ �j�Þ

� �n�2
:

For simplicity, let us set N ¼ j�þj and denote

A ¼ ðmþ gÞd

kd
; Ri ¼ A�þ� �2�

ffiffiffiffiffiffiffi
�1

p k�i þ �

mþ g

� �
; Xj ¼

1

2ðmþ gÞ sin �ð�þ�j�jÞ
mþg

� �n�2
;

B ¼ Ld; Si ¼ A�þ�

�2�
ffiffiffiffiffiffiffi
�1

p
�i

L

 !
; Yj ¼

1

2�ð�þ �j�jÞ
� �n�2

;

where i 2 f1; . . . ; ng and j 2 f1; . . . ; Ng. Then

jP=Q_j �
1

kd
�
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

�����
����� ¼ A

Yn
i¼1

Ri

YN
j¼1

Xj � B
Yn
i¼1

Si

YN
j¼1

Yj

�����
�����

� jA� Bj
Yn
i¼1

jRij
YN
j¼1

Xj þ
Xn
p¼1

B
Yp�1

i¼1

jSij
 !

jRp � Spj
Yn

i¼pþ1

jRij
 !YN

j¼1

Xj

þ
XN
q¼1

B
Yn
i¼1

jSij
Yq�1

j¼1

Yj

 !
jXq � Yqj

YN
j¼qþ1

Xj: ð7:13Þ

We have to estimate each term in (7.13) after multiplying it by mþ g. First,

observe the following.
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LEMMA 7.13. There exists a positive constant C such that for any � 2 Pt
þ, i,

j, and k, one has

ð0 <ÞB � C; jRij � C; jSij � C; ð0 <ÞXj � C � Yj:

PROOF. The first one is obvious. As in the proof of Lemma 7.11, we see jRij
� jW j and jSij � jW j. Finally, by Lemma 6.20 (2), we have Xj � ð�=2Þn�2Yj. �

LEMMA 7.14. There exists a positive constant C such that for any positive

integer k, one has ðmþ gÞjA� Bj � C.

PROOF. Let us set x ¼ g=m. One has 0 < x � g by recalling that m is a

positive integer. We now see that

ðmþ gÞjA� Bj ¼ gLdð1þ xÞ
ð1þ xÞd � 1

x
� gLdð1þ gÞ

ð1þ gÞd � 1

g
;

since the function ð1þ xÞðð1þ xÞd � 1Þ=x is monotone increasing for x > 0. �

LEMMA 7.15. There exists a positive constant C such that for any � 2 Pt
þ, i,

and k, one has

ðmþ gÞjRi � Sij � Cð2�ð�þ �j�1Þ þ � � � þ 2�ð�þ �j�lÞÞ:

PROOF. We have

ðmþ gÞjRi � Sij

� ðmþ gÞ
X
w2W

"ðwÞe�2�
ffiffiffiffiffi
�1

p
wð�þ�Þj�i=Lð Þ e�2�

ffiffiffiffiffi
�1

p
wð�þ�Þjðk�iþ�Þ=ðmþgÞ��i=Lð Þ � 1

� ���� ���
¼
X
w2W

ðmþ gÞ exp
�2�

ffiffiffiffiffiffiffi
�1

p

mþ g
wð�þ �Þ ��

g

L
�i

���� �
� 1

 !�����
�����: ð7:14Þ

Since jðe�2�
ffiffiffiffiffi
�1

p
xt � 1Þ=tj � 2�jxj for x; t 2 R with xt 6¼ 0, the right-hand side of

(7.14) is not greater than

X
w2W

2� wð�þ �Þ
���� �� g

L
�i

� �����
���� ¼ X

w2W
2� �þ �

���� w�1 ��
g

L
�i

� �� �����
����:

Let us write w�1ð�� ðg=LÞ�iÞ ¼ pi1ðwÞ�1 þ � � � þ pilðwÞ�l and let C ¼
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maxw;i;j jpijðwÞj=jW j. Then we obtain

X
w2W

2� �þ �jw�1 ��
g

L
�i

� �� �����
���� � 2�Cðð�þ �j�1Þ þ � � � þ ð�þ �j�lÞÞ

as claimed. �

LEMMA 7.16. There exists a positive constant C such that for any � 2 Pt
þ, j,

and m with m > ðg� 2Þ=ð1� 2�Þ, one has

ðmþ gÞðXj � YjÞ � C �
1

ð2�ð�þ �j�jÞÞn�3
:

PROOF. By Lemma 6.16, one has

3

4
>

1

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

>
1

2�ð�þ �j�Þ
> 0

for any � 2 �þ. Since

xN � yN ¼ ðx� yÞðxN�1 þ xN�2yþ � � � þ yN�1Þ � ðx� yÞNxN�1

for 1 > x � y > 0, we have

ðmþ gÞ
1

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

� �n�2
�

1

2�ð�þ �j�Þð Þn�2

0
B@

1
CA

� ðmþ gÞ 1

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

�
1

2�ð�þ �j�Þ

0
@

1
A n� 2

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

� �n�3
:

We see

ðmþ gÞ
1

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

�
1

2�ð�þ �j�Þ

0
@

1
A <

1

2
1�

2

�

� �

by Lemma 6.20 (3), while
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1

2ðmþ gÞ sin �ð�þ�j�Þ
mþg

� �n�3
<

�

2

� �n�3 1

2�ð�þ �j�Þð Þn�3

by Lemma 6.20 (2). Therefore, by setting C ¼ ð1� 2=�Þðn=2� 1Þð�=2Þn�3 we

obtain the conclusion. �

LEMMA 7.17. If s > 1, the series
X
�2Pþ

1Q
�2�þ

2�ð�þ �j�Þ
� �s converges.

PROOF. Recall from (2.4) that 0 < 1=ð2�ð�þ �j�ÞÞ � 3=ð2�Þ < 1 for any

� 2 Pþ and � 2 �þ. It implies

0 <
1Q

�2�þ
2�ð�þ �j�Þ

� �s � 1Ql
i¼1 2�ð�þ �j�iÞ

� �s :

Therefore, it is enough to show that the series
X
�2Pþ

1Ql
i¼1 2�ð�þ �j�iÞ

� �s
converges. Let us set �þ � ¼ m1�1 þ � � � þml�l. If � runs over Pþ, the tuple

ðm1; . . . ;mlÞ runs over ðZ>0Þl. In view of (2.3) we have

2�ð�þ �j�iÞ ¼ 2�mið�ij�iÞ ¼ �mið�ij�iÞ �
2�

3
mi > mi

for i ¼ 1; . . . ; l, and hence

0 <
1Ql

i¼1 2�ð�þ �j�iÞ
� �s < 1

ðm1 � � �mlÞs
:

Since
X

ðm1;...;mlÞ2ðZ>0Þl

1

ðm1 � � �mlÞs
indeed converges, so does

X
�2Pþ

1Ql
i¼1 2�ð�þ �j�iÞ

� �s . �

REMARK 7.18. This lemma also shows that the convergence of the seriesP
�2Pþ

T ð�Þ, since
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jT ð�Þj � C �
1Q

�2�þ
2�ð�þ �j�Þ

� �n�2

for some positive constant C.

Now we are ready to prove Claim 7.12.

PROOF OF CLAIM 7.12. By the inequality (7.13) and a series of the lemmas

above, we see that there exist positive constants C and D such that

ðmþ gÞ 1

kd
�
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

�����
�����

� C
YN
j¼1

Yj

 !
1þ 2�ð�þ �j�1Þ þ � � � þ 2�ð�þ �j�lÞ þ

XN
q¼1

1

Yqð2�ð�þ �j�qÞÞn�3

 !

� C �
1QN

j¼1ð2�ð�þ �j�jÞÞn�2
þD �

1QN
j¼1ð2�ð�þ �j�jÞÞn�3

:

Therefore, we obtain

ðmþ gÞ
X
�2Pt

þ

1

kd
�
aðk�1; �Þ � � � aðk�n; �Þ

að�Þn�2
� T ð�Þ

�����
�����

� C
X
�2Pt

þ

1QN
j¼1ð2�ð�þ �j�jÞÞn�2

þD
X
�2Pt

þ

1QN
j¼1ð2�ð�þ �j�jÞÞn�3

� C
X
�2Pþ

1QN
j¼1ð2�ð�þ �j�jÞÞn�2

þD
X
�2Pþ

1QN
j¼1ð2�ð�þ �j�jÞÞn�3

:

It follows from Lemma 7.17 that the right-hand side is finite if n� 3 � 2. �

7.3. Examples.

In order to make the formula in Theorem 7.3 more explicit, we need to write

out the value of the character �� expð�2�
ffiffiffiffiffiffiffi
�1

p
�i=LÞ

� �
or A�þ� �2�

ffiffiffiffiffiffiffi
�1

p
�i=L

� �
,

which itself seems to be quite complicated in general. Here, let us consider the

very special case that �i ¼ mi� with mi 2 Z>0 for all i ¼ 1; . . . ; n. In this case, we

can apply the Weyl denominator theorem for A�þ� �2�
ffiffiffiffiffiffiffi
�1

p
�i=L

� �
in (7.6).

Namely, it is equal to

966 T. SUZUKI and T. TAKAKURA



A�

�2�
ffiffiffiffiffiffiffi
�1

p
mið�þ �Þ
L

 !
¼ ð�

ffiffiffiffiffiffiffi
�1

p
Þj�þj

Y
�2�þ

2 sin
�mið�þ �j�Þ

L
:

Let M ¼ m1 þ � � � þmn. Since L ¼ Mð�j�Þ ¼ Mðg� 1Þ, we obtain the following.

COROLLARY 7.19. Suppose �i ¼ mi� with mi 2 Z>0 and �i 2 Q for all

i ¼ 1; . . . ; n. Then we have

V ð�1; . . . ; �nÞ ¼
jP_=Q_j
jP=Q_j ðMðg� 1ÞÞd

X
�2Pþ

Qn
i¼1

Q
�2�þ

2 sin �mið�þ�j�Þ
Mðg�1ÞQ

�2�þ
2�ð�þ �j�Þ

� �n�2
;

where d ¼ ðn� 2Þj�þj � l and M ¼ m1 þ � � � þmn.

Let us consider as typical examples the cases that the root system � is of type

A1 or A2.

EXAMPLE 7.20. When � is of type A1, we see �þ ¼ f�1g, �1 ¼ � ¼ �1=2,

� ¼ �1, g ¼ 2, ð�1j�1Þ ¼ 2, P_ ¼ P , and Q_ ¼ Q. Let us apply Corollary 7.19 to

�1 ¼ m1�; . . . ; �n ¼ mn�, where mi 2 2Z>0. For � 2 Pþ ¼ Z�0 �1, let us set

�þ � ¼ p�1 with p 2 Z>0. Then we have

V ð�1; . . . ; �nÞ ¼ 4Mn�3
X1
p¼1

Qn
i¼1 sin

�mip
M

ð�pÞn�2
; ð7:15Þ

which has already appeared in [23] and [15]. It is interesting to compare it with

the result (4.14) in Example 4.14. Moreover in view of Remark 7.4 (1), by taking

the limit as L ! 1, we can also express the right-hand side of (7.15) as an

integral as follows:

4

�

Z 1

0

Qn
i¼1 sinmix

xn�2
dx:

EXAMPLE 7.21. When � is of type A2, �þ ¼ f�1; �2; �1 þ �2g, �1 ¼
ð2�1 þ �2Þ=3, �2 ¼ ð�1 þ 2�2Þ=3, � ¼ � ¼ �1 þ �2, g ¼ 3, and

ð�1j�1Þ ¼ 2; ð�2j�2Þ ¼ 2; ð�1j�2Þ ¼ �1:

Note that P_ ¼ P and Q_ ¼ Q. Let us apply Corollary 7.19 to �1 ¼ m1�; . . . ;
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�n ¼ mn�, where mi 2 Z>0. For � 2 Pþ, let us set �þ � ¼ p�1 þ q�2 with

p; q 2 Z>0. Then we have

V ð�1; . . . ; �nÞ ¼ 26 � ð2MÞ3n�8
X

p;q2Z>0

Qn
i¼1 sin

�mip
2M sin �miq

2M sin �miðpþqÞ
2M

ð�p � �q � �ðpþ qÞÞn�2
:

As before, the right-hand side can be expressed in the form

26

�2

Z
x;y�0

Qn
i¼1 sinmix � sinmiy � sinmiðxþ yÞ

ðxyðxþ yÞÞn�2
dxdy:

It would be interesting to compare them with the formula given in [20].
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