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A generalization of Miyachi’s theorem
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Abstract. The classical Hardy theorem on R, which asserts f and the

Fourier transform of f cannot both be very small, was generalized by Miyachi in

terms of L1 þ L1 and logþ-functions. In this paper we generalize Miyachi’s

theorem for Rd and then for other generalized Fourier transforms such as the

Chébli-Trimèche and the Dunkl transforms.

1. Introduction.

Classical Hardy’s theorem [7] asserts the following: let a; b > 0 and f a

measurable function on R satisfying jfðxÞj � Ce�ax2 and jf̂ðyÞj � Ce�b�2
. Then

f � 0 if ab > 1=4, f is a constant multiple of e�ax2 if ab ¼ 1=4, and there are

infinitely many f if ab < 1=4. Considerable attention has been devoted to finding

generalizations to new contexts for Hardy’s theorem. Especially, M. Cowling and

J. Price [5] obtained an Lp version of the theorem. As further generalizations, A.

Bonami, B. Demange, P. Jaming [2] extend it in a Beurling form, and Miyachi [9]

obtains an L1 þ L1 version: Let ab ¼ 1=4 and f 2 L1ðRÞ satisfy

eax
2

fðxÞ 2 L1ðRÞ þ L1ðRÞ

and

Z þ1

�1
logþ

jf̂ð�Þeb�2 j
C

d� < 1

for some C > 0. Then f is a constant multiple of e�ax2 , where L1ðRÞ þ L1ðRÞ is
the set of functions of the form f ¼ f1 þ f2, f1 2 L1ðRÞ, f2 2 L1ðRÞ, and logþ x ¼
log x if x > 1 and logþ x ¼ 0 if x � 1. In this paper we shall generalize Miyachi’s
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theorem for Rd and furthermore, we shall obtain an analogue in a general measure

space ðX; d!Þ equipped with Fourier, Radon, and dual Radon transforms. As a

special case of this general setting, we can deduce Miyachi’s theorem for the

Chébli-Trimèche, the Dunkl transforms, and the Jacobi-Dunkl transform.

Especially, we can obtain alternative proofs in [6] for the Jacobi transform and

in [3] for the Dunkl transform.

2. Miyachi’s theorem on Rd.

For l ¼ 1; 2; � � �, we denote by F l the Fourier transform on Rl. Miyachi’s

theorem is generalized on Rd as follows.

THEOREM 1. Let ai; bi > 0 and aibi ¼ 1=4 for 1 � i � d. We put

A ¼ diagða1; a2; � � � ; adÞ and B ¼ diagðb1; b2; � � � ; bdÞ. If a measurable function on

Rd satisfies

ehAx;xifðxÞ 2 L1ðRdÞ þ L1ðRdÞ ð1Þ

and

Z
Rd

logþ
jFdfð�ÞehB�;�ij

C
d� < 1 ð2Þ

for some C > 0, then f is a constant multiple of e�hAx;xi.

PROOF. For ðx1; x
0Þ ¼ ðx1; x2; � � � ; xdÞ and �0 ¼ ð�2; � � � ; �dÞ, we shall con-

sider

Gðx1; �
0Þ ¼ Fd�1ðfðx1; �ÞÞð�0Þ ¼

Z
Rd�1

fðx1; x
0Þe�ih�0;x0idx0;

where dx0 ¼ dx2 � � � dxd. Since f 2 L1ðRdÞ by (1), Gðx1; �
0Þ is well-defined and is in

L1ðRÞ � L1ðRd�1Þ. Moreover, since f ¼ e�ða1x21þa2x
2
2þ���þadx

2
d
Þðu1 þ u2Þ, where

u1 2 L1ðRdÞ and u2 2 L1ðRdÞ by (1), it follows that

jGðx1; �
0Þj � e�a1x

2
1

X2
k¼1

Z
Rd�1

e�ða2x22þ���þadx
2
d
Þjukðx1; x

0Þjdx0:

and thus, as a function of x1, ea1x
2
1Gðx1; �

0Þ 2 L1ðRÞ þ L1ðRÞ. We note that

F 1ðGð�; �0ÞÞð�1Þ ¼ Fdfð�Þ and substitute it in (2). Then Fubini’s theorem implies

that there exists a subset E of Rd�1 with positive measure such that for
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�0 ¼ ð�2; � � � ; �dÞ 2 E,

Z þ1

�1
logþ

jF1ðGð�; �0ÞÞð�1Þeb1�
2
1 j

Ce�ðb2�2
2
þ���þbd�

2
d
Þ d�1 < 1:

Therefore, Miyachi’s theorem on R yields that Gðx1; �
0Þ ¼ Cð�0Þe�a1x

2
1 for �0 2 E.

Hence Fdfð�Þ ¼ F1ðGð�; �0ÞÞð�1Þ ¼ Cð�0Þe�b1�
2
1 for �0 2 E. Since Fdfð�Þ has a

holomorphic extension on Cn (see (1)), we can prolong the precedent relation as

Fdfð�Þ ¼ Cð�0Þ e�b1�
2
1 for all �0 2 Rd�1. Hence Gðx1; �

0Þ ¼ Cð�0Þe�a1x
2
1 for all �0 2

Rd�1. Here we put hðxÞ ¼ ea1x
2
1fðxÞ. Then, as a function of x0 ¼ ðx2; � � � ; xdÞ, it

belongs to L1ðRd�1Þ (see (1)) and Fd�1ðhðx1; �ÞÞð�0Þ ¼ ea1x
2
1Fd�1ðfðx1; �ÞÞð�0Þ ¼

ea1x
2
1Gðx1; �

0Þ ¼ Cð�0Þ for �0 2 Rd�1. Since Cð�0Þ is independent of x1, it follows

that h is also independent of x1. We obtain that f is of the form

fðx1; x2; � � � ; xdÞ ¼ e�a1x
2
1hðx2; � � � ; xdÞ. We can obtain the desired result by

repeating this argument. �

3. Generalization of Miyachi’s theorem.

Let ðX; d!; �Þ be a topological space with a positive measure d! and a

distance function � : X ! Rþ. In what follows we assume the existence of an

integral operator R� that satisfies the following properties: R� is of the form

R�fðyÞ ¼
Z
X

fðxÞd�yðxÞ; f 2 CcðXÞ; ð3Þ

(A1) �y is a positive measure with the support in fx 2 Xj kyk � �ðxÞg,
(A2) R� is bounded from L1ðX; d!Þ to L1ðRdÞ,
(A3) R� gives an isomorphism between S ðXÞ and S ðRdÞ, where S ðXÞ is a

suitable Schwartz class on X and S ðRdÞ is the Schwartz class on Rd.

We here define the dual operator R : S 0ðRdÞ ! S 0ðXÞ of R� by

Z
Rd

R�fðyÞgðyÞdy ¼
Z
X

fðxÞRgðxÞd!ðxÞ: ð4Þ

We furthermore assume that

(A4) R is of the form

RfðxÞ ¼
Z
Rd

fðyÞd�xðyÞ; f 2 CðRdÞ; ð5Þ
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where �x is a positive measure on Rd with support in fy 2
Rdj kyk � �ðxÞg.

Then we see that Rð1ÞðxÞ � C0 for all x 2 X because of (4) and (A2). We denote

the Euclidean Fourier transform on Rd by Fd and put

FX ¼ Fd �R�:

We call FX a generalized Fourier transform on X, which is an isomorphism

between S ðXÞ and S ðRdÞ (see (A3)). We define Gaussian type functions haðxÞ
and h�

�aðxÞ, x 2 X; a 2 Rþ, as follows:

haðxÞ ¼ ðR�Þ�1ðe�ak�k2ÞðxÞ and h�
�aðxÞ ¼ Rðeak�k

2

ÞðxÞ:

Since e�ak�k2 2 S ðRdÞ, haðxÞ is well-defined (see (A3)), positive on X and

FXhaðyÞ ¼ Ce�kyk2=4a. Since h�
�aðxÞ � ea�ðxÞ

2

Rð1ÞðxÞ � C0e
a�ðxÞ2 , h�

�aðxÞ is well-

defined and positive on X. Especially, ðh�
�aÞ

�1ðxÞ is positive on X.

THEOREM 2. Let a > 0 and ab ¼ 1=4. If a measurable function f on X

satisfies f ¼ f1 þ f2 such that

h�
�aðxÞf1ðxÞ 2 L1ðX; d!Þ and h�1

a ðxÞf2ðxÞ 2 L1ðX; d!Þ ð6Þ

and

Z
Rd

logþ
jFXfð�Þebk�k

2 j
C

d� < 1

for some C > 0, then f is a constant multiple of ha.

PROOF. We show that R�ðfÞ satisfies

eakyk
2

R�fðyÞ 2 L1ðRdÞ þ L1ðRdÞ:

Actually, by (6) fðxÞ ¼ f1ðxÞ þ f2ðxÞ ¼ ðh�
�aÞ

�1ðxÞv1ðxÞ þ haðxÞv2ðxÞ, where v1 2
L1ðX; d!Þ and v2 2 L1ðX; d!Þ. Then
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keakyk
2

R�f1kL1ðRdÞ ¼
Z
Rd

eakyk
2 ��R�ððh�

�aÞ
�1v1ÞðyÞ

��dy

�
Z
Rd

eakyk
2

R�ððh�
�aÞ

�1jv1jÞðyÞdy

¼
Z
X

Rðeak�k
2

ÞðxÞðh�
�aÞ

�1ðxÞjv1ðxÞjd!ðxÞ (see(4))

¼
Z
X

jv1ðxÞjd!ðxÞ

and

eakyk
2

jR�f2ðyÞj � kv2k1eakyk
2

R�haðyÞ ¼ kv2k1:

Hence eakyk
2

R�fðyÞ belongs to L1ðRdÞ þ L1ðRdÞ. Since FXf ¼ FdðR�fÞ, it

follows from Miyachi’s theorem on Rd (see Theorem 1) that R�fðyÞ ¼ Ce�akyk2 .

Hence we obtain that f ¼ Cha. �

REMARK 3. If there exists a function �ðxÞ on X such that

haðxÞh�
�aðxÞ � �ðxÞ;

then the condition ð6Þ in Theorem 2 can be replaced by

h�1
a ðxÞfðxÞ 2 L1ðX; �d!Þ þ L1ðX; d!Þ: ð7Þ

4. Examples.

4.1. Chébli-Trimèche hypergroups.

We refer to [1], [10] and [12] for general notations and basic facts on Chébli-

Trimèche hypergroups. Let � > �1=2 and AðxÞ ¼ x2�þ1BðxÞ be a Chébli-

Trimèche function on Rþ. Then ðX; d!; �Þ ¼ ðRþ; AðxÞdx; j � jÞ and the Chébli-

Trimèche transform FX gives an isometry between L2ðX; d!Þ and L2ðR; d�Þ
where d�ð�Þ ¼ jCð�Þj�2d� and supported on even functions on R. We recall that

FX ¼ F �R� where R� is the Weyl type integral transform

R�fðyÞ ¼
Z 1

y

fðxÞKðx; yÞAðxÞdx; y � 0

and R is the Riemann-Liouville type integral transform
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RfðxÞ ¼
Z x

0

fðyÞKðx; yÞdy; x � 0:

The multiplicative functions on the hypergroup coincide with spherical functions

��ðxÞ, � 2 C . Let S eðRÞ denote the space of even rapidly decreasing functions on

R and S ðXÞ ¼ �0ðxÞS eðRÞ, where �0 is the spherical function with � ¼ 0. Then

R� satisfies the assumptions (A1) - (A4) in Section 3 (see [12]), where

d�yðxÞ ¼ Kðx; yÞ�½y;1ÞðxÞAðxÞdx, y � 0, and d�xðyÞ ¼ Kðx; yÞ�½0;x	ðyÞdy, x � 0.

Hence, by introducing the Gaussian type functions ha and h�
�a, Theorem 2 holds

for the Chébli-Trimèche transform FX. We shall obtain �ðxÞ in Remark 3. We

recall from [12] that

haðxÞ � C
1ffiffiffiffiffiffiffiffiffiffiffi
BðxÞ

p e�ax2 :

On the other hand, since eax
2 ¼ eaðx�	=2aÞ2þ	x�	2=4a,

h�
�aðxÞ � Ceaðx�	=2aÞ2Rðe	yÞðxÞ � Ceaðx�	=2aÞ2�i	ðxÞ � Ceax

2�	x:

Hence

haðxÞh�
�aðxÞ � C

1ffiffiffiffiffiffiffiffiffiffiffi
BðxÞ

p e�	x

and

C
1ffiffiffiffiffiffiffiffiffiffiffi
BðxÞ

p e�	xd!ðxÞ ¼ Cx2�þ1
ffiffiffiffiffiffiffiffiffiffiffi
BðxÞ

p
e�	xdx

In particular, if X is the Bessel-Kingman hypergroup, then AðxÞ ¼ x2�þ1 and

�d! ¼ Cx2�þ1dx. If X is the Jacobi hypergroup, then AðxÞ ¼ cðsinhxÞ2�þ1

�ðcoshxÞ2
þ1, � � 
 � �1=2, and �d! ¼ Cðtanh xÞ�þ1=2x�þ1=2dx. Hence the con-

dition ð7Þ in Remark 3 is nothing but the one used in [6, Theorem 3.1].

4.2. Dunkl analysis.

We refer to [8] and [11] for general notations and basic facts in Dunkl

transform. Let ðX; d!; �Þ ¼ ðRd; !kðxÞdx; k � kÞ where k is a multiplicity function

on the root system. Then the Dunkl transform FX gives an isometry between

L2ðX; d!Þ and L2ðRd; Ckd!Þ. We recall that FX ¼ Fd �R�. Here R� and its dual

operator R are given as
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R�fðyÞ ¼
Z
Rd

fðxÞd�yðxÞ;

where �y is a positive measure on Rd with the support in fx 2 Rdj kxk � kykg and

RfðxÞ ¼
Z
Rd

fðyÞd�xðyÞ;

where �x is a positive measure of probability on Rd with the support in fy 2
Rdj kyk � kxkg (see [11]). Let S ðRdÞ denote the Schwartz space on Rd. Then R�

satisfies the assumptions (A1) - (A4) in Section 3 (see [11]). Moreover, we note

that haðxÞ ¼ e�akxk2 and

h�
�aðxÞ � eakxk

2

Rð1ÞðxÞ ¼ eakxk
2

:

Hence haðxÞh�
�aðxÞ � 1 and �ðxÞ ¼ 1 in ð7Þ. Hence we can obtain the correspond-

ing Theorem 2 for the Dunkl transform.

4.3. Jacobi-Dunkl analysis.

We refer to [4] for general notations and basic facts in Jacobi-Dunkl

transform. Let � � 
 � �1=2 and � 6¼ �1=2. We put 	 ¼ �þ 
 þ 1 > 0 and

A�;
ðxÞ ¼ 22	ðsinh jxjÞ2�þ1ðcosh xÞ2
þ1. Then ðX; d!; �Þ ¼ ðR; A�;
ðxÞdx; j � jÞ and

the Jacobi-Dunkl transform FX gives an isometry between L2ðX; d!Þ and

L2ðR; d�Þ. Here d� is of the form

d�ð�Þ ¼
j�j

8�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 	2

p ��cð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 	2

p
Þ
��2 1Rn	�	;	½ð�Þd�;

where 1Rn	�	;	½ is the characteristic function of Rn	 � 	; 	½ and cð�Þ is a

meromorphic function on C . We recall that FX ¼ F �R� where R� the

Jacobi-Dunkl dual intertwining operator defined by

R�fðyÞ ¼
Z
jxj�jyj

Kðx; yÞfðxÞA�;
ðxÞdx

and R is the Jacobi-Dunkl intertwining operator defined by

RfðxÞ ¼

Z jxj

�jxj
Kðx; yÞfðyÞdy if x 2 Rnf0g,

fð0Þ if x ¼ 0.

8><
>:
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Let S ðRÞ denote the Schwartz space on R and S ðXÞ ¼ ðcoshxÞ�2	S ðRÞ. Then
R� satisfies the assumptions (A1) - (A4) in Section 3, where d�yðxÞ ¼
Kðx; yÞ�½jyj;1ÞðxÞA�;
ðxÞdx and d�xðyÞ ¼ Kðx; yÞ�½0;jxj	ðxÞA�;
ðxÞdx. Hence, by

introducing the Gaussian type functions ha and h�
�a, Theorem 2 holds for the

Jacobi-Dunkl transform FX. As in Jacobi hypergroup case, the condition (7) in

Remark 3 is given by �d! ¼ Cðtanh jxjÞ�þ
1
2 jxj�þ

1
2dx.
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