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In the present paper we study certain properties of the complex cohomo-
logy and homology K-theories K* and K, defined on the category of based
CW-complexes (or of the same homotopy type).

There exists a universal coefficient sequence

0 —> Ext (R,(X), Z) —> K"*(X) — Hom (K,.,(X), Z) —> 0

between K* and K [9] So we can define a duality homomorphism
D: X(Kn(X))—»I?"“(X) by the composition

LR L(X)) — Ext (K, (X), Z) — KE™'(X)

where X(l?n(X)) is the character group of the discrete abelian group KH(X).
We give-a necessary and sufficient condition that the duality homomorphism
D is an isomorphism (Theorem 1). This theorem contains Vick’s result
as a corollary.

Anderson-Hodgkin [1] computed the K *-groups of the Eilenberg-MacLane
spaces K(x, n) for certain countable abelian groups n. The purpose of the
present paper is to remove the countability restriction. First we dualize
Anderson-Hodgkin’s for a countable abelian group using the above
universal coefficient sequence, and extend the dualized result to an arbitrary
abelian group (Theorem 2). Then, dualizing it again we show the result of
Anderson-Hodgkin without the assumption on the cardinality of an abelian
group (Theorem 3).

The author is much indebted to the referee for several useful suggestions.

§1. A duality homomeorphism.

1.1. Let K* and ff* be the Z,-graded reduced complex cohomology and
homology K-theories represented by the unitary spectrum, which are defined
on the category of based CW-complexes (or of the same homotopy type).
We notice that K* and ff* are additive and of finite type. K* and K* are
related by the following universal coefficient sequence [9]: There exists a
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natural exact sequence
(1.1) 0 —> Ext (K,_(X), Z) — KE*(X) —> Hom (K.(X), Z) — 0
for any based CW-complex X where n is regarded as an element of Z,.

Let M,, M and S, be the co-Moore spaces of type (Z,, 2), (Z,2) and (Z/Z, 2)
respectively given in We note that M,, M and S, are Moore spaces of
type (Z,, 1), (Q/Z,1) and (Q, 1) respectively. We use these based CW-complexes

to define complex cohomology K-theories with coefficients Z,, Z and Z/Z and
complex homology K-theories with coefficients Z,, @/Z and Q as follows:

R ;Z)=R"( AM), K ;Z)=RK,u( AM,),
(1.2) R ;2)=R"*( AM), R, ;Q/Z)=K,,( AM),
K* ;2/Z)=K"*( AS) and K, ;Q=RK,.( AS)

for each degree n < Z,.
New cohomology and homology theories are additive, too. By [8, Pro-
position 8] and [2, Theorem 3] we have natural isomorphisms

EnX; D)=limKM(X;Z), KuX;Q/2)=limK(X; Z)
q

q

1.3) N ~
and K (X; Q)= K,(X)®Q

for a based CW-complex X. The cofibration sequence S'5S,—»M—S? ([8,
Lemma 17) induces the following exact sequences

. ¢ . kK, N o .
_ — K"(X) — K"(X; Z) — KX, Z/Z) — K™{(X) —>
1.4 and
. . B 0 .
— K(X) — K\(X; Q) — Ky(X; Q/Z) —> Ko i(X) —>
corresponding to the coefficient sequences
0—>Z—>2—>2/Z—>0 and 0—>Z—>Q Q/Z—>0.

From and the definition we obtain
LEMMA 1. There are natural isomorphisms

R¥X; Z)=Ext (Ru(X; Z,), Z), K¥X;Z)=Ext(Ku(X;Q/Z), Z)
and
K*(X;2/Z) =Ext (K«(X; Q), Z)

for any based CW-complex X and q > 1.
Since Ky(X;Z,) is a torsion abelian group, we can show by a parallel
discussion to [8, (5.4)] that

(1.5) R(X;Z)=0 if and only if Ext(Ku(X;Z), Z)=0.
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By use of and (1.5), we get /

LEMMA 2. Let X be a based CW-complex and ¢>1. Kyu(X; Z)=0 if and
only if K¥(X; Zy)=0.

1.2. Let R be the field of real numbers. The: injective resolution of Z
given by 0—Z—R—R/Z—0 induces an exact sequence

0 —> Hem (K,(X), Z) — Hom (K,(X), R)
—> Hom (K.(X), R/Z) — Ext (K(X), Z) — 0
for any based CW-complex X. We recall that Hom (I?n(X), R/Z) is the
character group of the discrete abelian group K,(X). So Hom (K.(X), R/Z)
is denoted by X(K,(X)). :
On the other hand, by there exists a natural exact sequence
0 —> Ext (K,1(X), Z) — K™(X) —> Hom (K,(X), Z) — 0.
Hence we define a duality homomorphism D between X(kn(X)) and I?”“(X)
to be the composition
(1.6) D: x(K,(X)) — Ext (K.(X), Z) — K™ (X).

The duality D is natural. Splicing the above two exact sequences together
we obtain a long exact sequence

~ o ~ D
(L7 —> K™(X) — Hom (K(X), R) —> X(K(X)) —> K"*(X) —>

involving the duality D.
Let X be a based CW-complex. A parallel discussion to [8, (5.4)] shows
that
Hom (K,(X),R)=0 if and only if K, (X)®Q=0.

I?*( ; @) becomes an additive (Q)-homology theory by (1.3). So we apply
Dold’s theorem (see also to get a natural isomorphism

(1.8) E(X; Q= Hu(X; Q)

where Hyy=H. P H,q and H,., (or H,y) denotes the direct sum of the even
(or odd) dimensional ordinary homology groups. Hence we see

(1.9 Hom (KKX), R)=0 if and only if Hy(X)QQ=0.

The following theorem follows immediately from and (1.9).

THEOREM 1. Let X be a based CW-complex. The duality homomorphism
D : UK X)) = K¥™(X) is an isomorphism if and only if Hy(X)QQ=0.

For any group G we denote by BG a classifying space for G, taken as
a based CW-complex. As is well known, ﬁ*(BG)(X)Q:O for any finite group
G. We obtain Vick’s result as a corollary of the above theorem.
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COROLLARY 3 (Vick). Let G be a finite group. K"(BG) is isomorphic to
the character group of the discrete abelian group K, .(BG) for each degree
nez, ' : '

§2. Eilenberg-MacLane spaces K(r, n).

2.1. Let = be an abelian group and n a positive integer. First we recall
the Eilenberg-MacLane complex X(zx, n) [4] X(z, n) is a semi-simplicial
complex equipped with the following structure: g-cells are n-cocycle v
Z™(4,; ) defined on the standard g-simplexes 4, and with coefficients in the
abelian group =« ; i-th face and degeneracy operators ’

Fi: Z"dy; ) —> Z"(d4-1; @)
and
Di: Z"dy; 1) —> Z™(dgsy; )

are induced by the standard monotonic maps ¢*: 4,-,— 4, and %*: 4,,,— 4,.
A homomorphism ¢:7—n’ of abelian groups induces a semi-simplicial
map
K(p, n): K(x, n) —> K(x’, n).

In particular, K(x, n) is a semi-simplicial subcomplex of KX (x’/,n) if = is a
subgroup of n’/. Clearly X(id, n) is the identity map and the composite of
K(¢’, n) and K(@, n) coincides with K (@’ ¢, n), where id: # —x is the identity
and ¢:7z—7n’ and ¢’: 7’ —x” are homomorphisms of abelian groups.

Let X be a semi-simplicial complex. We denote by |X| the geometric
realization of K. |X| has the following properties [6].

(21) i) |K]| is a CW-complex having one g-cell corresponding to each non
degenerate q-stimplex of XK.

iy A semi-simplicial map p: KX —K' induces a cellular map |p|: |X|—
| K]

i) If K is a semi-simplicial subcomplex of X', then | K| is a subcomplex
of |X'].

iii) lid|=id and |p'-p|=|p'|-|p| where id: X — K is the identity map
and p: X— XK' and p' . X' — K" are semi-simplicial maps.

We shall write K(z, n) for the geometric realization |A(w, n)| of the
Eilenberg-MacLane complex A(x, n) and K(¢, n) for |K(¢, n)|.

Let = and =z’ be abelian groups and ¢: 77—z’ a homomorphism. Take
connected based CW-complexes X and Y with homotopy groups 7,(X)=r,
m.(Y)=7" and 7 (X)=n(Y)=0 for 1 #n, i.e., Eilenberg-MacLane spaces of
type (z,n) and (z/, n) respectively. Then there exists a continuous map
f: X—Y such that
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(2.2) Jx=0: 1 (X) —> m(Y).

The map f is uniquely determined up to homotopy.

By the aid of the above results we have

PROPOSITION 4. i) Let n be an abelian group. The geometric realization
K(m, n) of the Eilenberg-MacLane complex K(m, n) is an Eilenberg-MacLane
space of type (x, n), taken as a based CW-complex.

ii) A homomorphism ¢:rx—n' of abelian groups induces a cellular map
K(p, n): K(zr, n) — K(x’, n) such that K(¢, n)x = ¢ : n (K(x, n)) =, (K(x@’, n)).

i) If m is a subgroup of =/, then K(z, n) is a subcomplex of K(n’, n)
with m,(K(rx, n)) C m(K(z’/, n)).

i) K(id, n)=id and K(¢', n)-K(¢p, n) = K(¢'- ¢, n) where id: x—mr is the
identity homomorphism and ¢:rm—=n’ and ¢’ .z’ —x" are homomorphisms of
abelian groups.

2.2. Let = be an abelian group and .= {#*} be the set of all finitely
generated subgroups of © ordered by inclusions. Obviously . is a directed
set and 7 = \Xj T implies that C(x, n) = {K(x*, n)} forms a direct

system of based subcomplexes of K(rm, n). The definition of K(z, n) and Pro-
position 4 show that kzj K(z*, n) becomes an Eilenberg-MacLane space of type
(z, n). Therefore,

(2.3) kzj K(m*, n) is homotopy equivalent to K(x, n).

Applying [2, Theorem 3] to the direct system C(z, n) we obtain

PROPOSITION 5. Let hy be an additive (reduced) homology theory defined
on the category of based CW-complexes and m be an abelian group. For each
n=1 there is an isomorphism

h«(K(z, n)) = lim hy(K(z?, n))
A
where ©* runs over all finitely generated subgroups of =.

REMARK. Let A* be an additive (reduced) cohomology theory. As a dual
of the above proposition we have a spectral sequence {E,} associated with
h*(K(z, n)) such that

E?9=1im?h%(K(z*, n))
T

for each n =1, by means of [2, Theorem 27.

2.3. Anderson-Hodgkin computed the K*-groups of certain Eilenberg-
MacLane spaces.

THEOREM (Anderson-Hodgkin). Let =’ be a countable abelian group and
qg>1. Then

K*K(x',n); Z)=0
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and the natural homomorphism ¢ :n’ —n’QQ induces the isomorphism
K(g, ny*: K¥(K(x' ®Q, n) = K*(K(x', n)

for n=3, and also for n=2 in case n’ being a torsion abelian group.
PROOF. The second result was obtained in[[I] Therefore it is sufficient
to show that
EXK(x'®Q, n); Z)=0

for n=1 and ¢>1, in order to get the first one. ﬁ*(K(n’@Q, n)) is a Q-
module, i.e., ﬁ*(K(n’@Q, n); Z)=0. In this case the Atiyah-Hirzebruch
spectral sequence of k*(K(TE'@Q, n); Z,) collapses, and hence it is strongly
convergent by [2, Proposition 9]. So we get the required equalities immedi-
ately.

Let = be an arbitrary abelian group and a positive integer n fix. We
assume that n =2 if = is a torsion abelian group, and that n=3 if not so.
The above theorem combined with asserts that

Ru(K(z?, n); Z) =0

where n* is a finitely generated subgroup of #. Applying we
see

(24) Ry(K(x, n); Z;) = lim Re(K(x?, n); Z) =0
2

and by (1.3)
Ri(K(x, m); Q/Z) 2 lim Ru(K(x, n); Z)=0.

Using the long exact sequence (1.4) we have an isomorphism

i: Ru(K(x, n)) —> Ky(K(x, n); Q).
Since Ki(K(x, n); Q) = Hex(K(x, n); Q) by there exists an isomorphism
(2.5) Ku(K(x, ) = Ao (K(z, 1) ®Q.

As a result we have
THEOREM 2. Let & be an arbitrary abelian group and g >1. Then

Ri(K(z,n); Z) =0 and Ky(K(z, n)) = Hx(K(z, n)) QQ

Sfor n=3, and also for n=2 in case & being a torsion abelian group.

Finally we dualize results of using the universal coefficient
sequence ((1.1).

THEOREM 3. Let © be an arbitrary abelian group and ¢ >1. Then
K*K(x,n); Z)=0 and K*"(K(z, n)) =Ext (Hx(K(z, 1)) ®Q, Z)

for n=3, and also for n=2 in case © being a torsion abelian group.
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