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Introduction.

In this Paper, from a view-point of the nonlinear operator theory we
study nonlinear elliptic partial differential equations of the form

(P) $-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f$ in $\Omega$

with some boundary conditions, and nonlinear elliptic variational inequalities
of the form

(V)
$\left\{\begin{array}{ll}u\in K, & \\a(u, u-v)-\int_{\Omega}f(u-v)dx\leqq\Phi(v)-\Phi(u) & for all v\in K,\end{array}\right.$

where $\Omega$ is a bounded domain in $R^{N}$ with smooth boundary $\Gamma,$ $f\in L^{p}$
‘
$(\Omega)$

$(1/P+1/p^{\prime}=1,1<p<\infty),$ $K$ is a convex closed subset of the Sobolev space
$W^{1,p}(\Omega),$ $\Phi$ is a lower semicontinuous convex function on $K$ and $a(\cdot, )$ is
the functional on $W^{1,p}(\Omega)\times W^{1p}(\Omega)$ given by

$a(v, w)=\sum_{k=1}^{N}\int_{\Omega}A_{k}(x, v, \nabla v)_{\partial}^{\partial}-\frac{w}{\chi_{k}}dx+\int_{\Omega}A_{0}(x, v, \nabla v)wdx$ .

In order to find a solution of (P) with a boundary condition of the
Dirichlet type:

$ u|_{\Gamma}=\psi$ on $\Gamma$ ,

one considers a variational inequality of type (V) with $\Phi$ and $K$ associated
with this boundary condition. Existence theorems for variational inequalities
of type(V) were established by many authors $(e$ . $g.,$ $[1],$ $[3],$ $[4],$ $[5],$ $[6]$ ,
[12], [14], [17], [21], [22]).

We treat partial differential equations of the form (P) with boundary
conditions of mixed type. In particular, in case (P) has a smooth solution $u$ ,
our boundary condition of mixed type is given by
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$\left\{\begin{array}{ll}u|_{\Gamma}=\psi & on \Gamma_{0},\\\sum_{k=1}^{N}(A_{k}(x, u & \nabla u)|_{\Gamma})\nu_{k}=\psi^{*}+h(u|_{\Gamma}) on \Gamma\backslash \Gamma_{0},\end{array}\right.$

where $\Gamma_{0}$ is a closed subset of $\Gamma,$ $\psi,$ $\psi*andh$ are given functions on $\Gamma_{0}$ ,
$\Gamma\backslash \Gamma_{0}$ and $R^{1}$ , respectively, and $\nu=$ $(\nu_{1}, \nu_{2}, \cdots , \nu_{N})$ is the unit exterior normal
to $\Gamma$ . However, generally, solutions of (P) need not be smooth, so we have
to construct boundary conditions in a generalized sense. For this purpose,
we introduce a continuous linear operator $B$ from the Banach space $E^{p^{\prime}}(\Omega)$

$=$ { $v=(v_{1},$ $v_{2},$ $\cdots$ , $v_{N}$) $;v_{k}\in L^{p^{\prime}}(\Omega),$ $k=1,2,$ $\cdots$ , $N$, div $v\in L^{p^{\prime}}(\Omega)$ } into $W^{-1/p^{\prime},p^{\prime}}(\Gamma)$

( $=the$ dual space of $W^{1/p^{r},p}(\Gamma)$ ) such that

$Bv=\sum_{k=1}^{N}(v_{k}|_{\Gamma})\nu_{k}$

if $v=$ $(v_{1}, v_{2}, \cdots , v_{N})$ with $v_{k}\in \mathcal{D}(\overline{\Omega})$ for all $k$ . Then our boundary condition
is given by means of the operator $B$ as follows:

$\left\{\begin{array}{ll}u|_{\Gamma}=\psi & a. e. on \Gamma_{0},\\Ba(u)=\psi^{*} & h(u|_{\Gamma}) on \Gamma\backslash \Gamma_{0} (in the distribution sense) ,\end{array}\right.$

where $a(u)=(A_{1}(x, u, \nabla u), \cdots , A_{N}(x, u, \nabla u))$ .
One aim of this paper is to show that equation (P) with generalized

boundary conditions of the above type is equivalent to the variational in-
equality of type (V) associated with it. Another aim is to investigate the
continuous dependence of solutions of boundary value problems as formulated
above on boundary conditions by using results in [19] and [8].

\S 1. Preliminaries.

Throughout this paper, let $\Omega$ be a bounded domain in $R^{N},$ $N\geqq 2$ , and
assume that the boundary $\Gamma$ of $\Omega$ is very regular, that is, it consists of a
finite number of $C^{\infty}$ compact $(N-1)$ -dimensional connected manifolds with $\Omega$

lying on one side of $\Gamma$ . In this section, let $ 1<p<\infty$ and $1/P+1/p^{\prime}=1$ .
1.1. The Sobolev space $W^{1p}(\Omega)$ and its trace space $W^{1/p^{\prime},p}(\Gamma)$ .
Let us consider the Sobolev space

$W^{1p}(\Omega)=\{v\in L^{p}(\Omega);\frac{\partial v}{\partial x_{k}}\in L^{p}(\Omega),$ $k=1,2,$ $\cdots$ , $N\}$

and the trace space of $W^{1p}(\Omega)$

$W^{1/p^{\prime},p}(\Gamma)=\{D\in L^{p}(\Gamma);(\partial)_{p}<\infty\}$ ,
where

$(\partial)_{p}=\int_{\Gamma}\int_{\Gamma}\frac{|0(x^{\prime})-\theta(y^{\prime})|^{p}}{|x-y^{\prime}|^{p+N-2}}d\Gamma_{x^{\prime}}d\Gamma_{y^{\prime}}$ ,
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where $d\Gamma_{x^{\prime}}$ and $d\Gamma_{y^{\prime}}$ mean the surface measure. Norms in these Banach
spaces are defined by

$\Vert v\Vert_{1,p}=\Vert v\Vert_{L^{p(\rho)}}+\sum_{k=1}^{N}\Vert\frac{\partial v}{\partial x_{k}}\Vert_{L^{p(\rho)}}$

and
$[t)]_{\iota/p^{\ovalbox{\tt\small REJECT}},p}=\Vert t)\Vert_{Lp(\Gamma)}+(i))_{p}^{1/p}$ ,

respectively. The space of all $C^{\infty}$ -functions on $R^{N}$ with compact support in
$\Omega$ is denoted by $\mathcal{D}(\Omega)$ and the space of the restrictions of all $C^{\infty}$-functions
on $R^{N}$ to $\Omega$ is denoted by $\mathcal{D}(\overline{\Omega})$ . It is well-known that the operator $\gamma$ : $ u\in$

$\mathcal{D}(\overline{\Omega})\rightarrow$ ( $the$ boundary values of u) is a linear and continuous operator from
$\mathcal{D}(\overline{\Omega})$ equipped with the topology of $W^{1,p}(\Omega)$ into $W^{1/p^{\prime},p}(\Gamma)$ . Since $\mathcal{D}(\overline{\Omega})$ is
dense in $W^{1p}(\Omega)$ , there is a unique continuous extension of $\gamma$ to all of $W^{1p}(\Omega)$ .
This extension is also denoted by $\gamma$ . Then we know that the range of $\gamma$ is
all of $W^{1/p^{\prime},p}(\Gamma)$ and there are positive constants $\lambda_{1}$ and $\lambda_{2}$ such that for all
$i)\in W^{1/p^{\prime},p}(\Gamma)$

$inf\{\Vert v\Vert_{1,p} ; v\in W^{1,I)}(\Omega), \gamma v=t)\}$

(1.1) $\leqq\lambda_{1}[D]_{1/p}$

$\leqq\lambda_{2}$ $inf\{\Vert v\Vert_{1,p} ; v\in W^{1,p}(\Omega), \gamma v=0\}$ .

For a detailed discussion on the operator $\gamma$ , see Gagliardo [7] and Lions-
Magenes [16].

1.2. Equalities and inequalities for functions in $W^{1p}(\Omega)$ and in $W^{1/p^{\prime},p}(\Gamma)$ .
We now recall notions of equalities and inequalities for functions in

$W^{1p}(\Omega)$ and in $W^{1/p^{\prime},p}(\Gamma)$ (cf. Littman-Stampacchia-Weinberger [18]).

Let $\Gamma_{0}$ be a compact subset of $\Gamma$ . Then we say that $\psi\in W^{1/p^{t},p}(\Gamma)$ is
non-negative on $\Gamma_{0}$ in the sense of $W^{1/p^{r},p}(\Gamma)$ , if there is a sequence $\{\phi_{k}\}$

$\subset \mathcal{D}(\overline{\Omega})$ such that $\gamma\phi_{k}\geqq 0$ on $\Gamma_{0}$ for all $k$ and $\gamma\phi_{k}\rightarrow\psi s$ in $W^{1/p^{\prime},p}(\Gamma)$ as $ k\rightarrow\infty$ ,

where we mean by $‘‘\rightarrow s$ “ the convergence in the strong topology. For two
functions $\psi$ and $\eta$ in $W^{1/p^{1},p}(\Gamma)$ , we define ‘

$\psi\geqq\eta$ on $\Gamma_{0}$ in the sense of
$W^{1/p^{\prime},p}(\Gamma)$ by $\psi-\eta\geqq 0$ on $\Gamma_{0}$ in the sense of $W^{1/p^{\prime},p}(\Gamma)$ .

Next, let $F$ be a compact subset of $\Omega$ and $v\in W^{1,p}(\Omega)$ . We then say that
$v=0$ on $F$ in the sense of $W^{1p}(\Omega)$ , if there is a sequence $\{\phi_{k}\}\subset \mathcal{D}(\overline{\Omega})$ such

$s$

that $\phi_{k}=0$ on a neighborhood of $F$ for all $k$ and $\phi_{k}\rightarrow v$ in $W^{1p}(\Omega)$ as $ k\rightarrow\infty$ .
For two functions $v$ and $w$ in $W^{1,p}(\Omega)$ , we define “

$v=w$ on $F$ in the sense
of $W^{1,p}(\Omega)$ in a way similar to the above. Note that if $v=w$ on $F$ in the

sense of $W^{1p}(\Omega)$ , then $v=wa$ . $e$ . on $F$ and $\frac{\partial v}{\partial x_{k}}=\frac{\partial w}{\partial x_{k}}a$ . $e$ . on $F,$ $k=1,2$ ,

... , $N$.
1.3. The space $E^{p^{\prime}}(\Omega)$ .
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Let us consider the Banach space
$E^{p^{l}}(\Omega)=$ { $v=(v_{1},$ $v_{2},$

$\cdots$ , $v_{N});v_{k}\in L^{p^{\prime}}(\Omega),$ $k=1,2,$ $\cdots$ , $N$, div $v\in L^{p^{l}}(\Omega)$ }
with the norm

$\Vert|v\Vert|_{p^{l}}=\Vert$ div $v\Vert_{L^{p(\rho)}}’+\sum_{k=1}^{N}\Vert v_{k}\Vert_{L^{p(\rho)}}’$ .

We denote by $D(\overline{\Omega})$ the space $\{v=(\phi_{1}, \phi_{2}, \cdots , \phi_{N});\phi_{k}\in \mathcal{D}(\overline{\Omega}), k=1,2, \cdots , N\}$ .
We then prove the following:

PROPOSITION 1.1. $D(\overline{\Omega})$ is a dense subspace of $E^{p^{\prime}}(\Omega)$ .
Before proving this proposition we give two lemmas.
LEMMA 1.2. Let $u=$ $(u_{1}, u_{2}, \cdots , u_{N})$ be a function such that $u_{k}\in L^{p^{\prime}}(R^{N})$ ,

$k=1,2,$ $\cdots$ , $N$, and div $u\in L^{p^{\prime}}(R^{N})$ . Then the restriction $u|_{\Omega}$ of $u$ to $\Omega$ belongs
to $E^{p^{\prime}}(\Omega)$ and can be aPproximated by functions in $D(\overline{\Omega})$ in the topology of
$E^{p^{\prime}}(\Omega)$ .

PROOF. For each positive integer $k$ , let $\rho_{k}$ be a non-negative $C^{\infty}$-function

on $R^{N}$ such that $\int_{R^{N}}\rho_{k}(x)dx=1$ and $\rho_{k}(x)=0$ for $x\in R^{N}$ with $|x|\geqq 1/k$ . Set

$v_{k}=(u_{1}^{*}\rho_{k}, u_{2}^{*}\rho_{k}, u_{N^{*}}\rho_{k})$ ,

where $u_{J^{*}}\rho_{k}$ denotes the convolution of $u_{j}$ and $\rho_{k}$ . Then, clearly,
$s$

$v_{k}|_{\Omega}\rightarrow u|_{\Omega}$ in $E^{p^{l}}(\Omega)$

as $ k\rightarrow\infty$ .
LEMMA 1.3. Let $\nu_{0}$ be a unit vector and $\Gamma_{0}$ be an oPen subset of $\Gamma$ such

that for a positive number $\tau$

$\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}, -\tau<\lambda<0\}\subset\Omega$

and
$\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0},0<\lambda<\tau\}\subset R^{N}\backslash \overline{\Omega}.1)$

Let $u=(u_{1}, u_{2}, u_{N})$ be a function in $E^{p^{\prime}}(\Omega)$ such that

$S(u)\subset\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}, -\tau<\lambda\leqq 0\}$ ,
where

$S(u)=\bigcup_{k=1}^{N}$ {the suPport of $u_{k}$ }.

Then $u$ can be aPproximated by functions in $D(\overline{\Omega})$ in the topology of $E^{p^{\prime}}(\Omega)$ .
PROOF. First, let us choose a positive number $\tau^{\prime}$ with $ 0<\tau^{\prime}<\tau$ and an

open subset $\Gamma_{0}^{\prime}$ of $\Gamma$ with $F_{0}^{\prime}\subset\Gamma_{0}$ such that

(1.2) $S(u)\subset\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}^{\prime}, -\tau^{\prime}<\lambda\leqq 0\}$ .
For small $\epsilon>0$ we define $u_{\epsilon}.=$ $(u_{\epsilon,1}, u_{\epsilon,2}, \cdots , u_{\epsilon,N})$ on

1) $A\backslash B=\{x;x\in A, x\not\in B\}$ .
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$\Omega_{\epsilon}=\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}, -\tau<\lambda<\epsilon\}\cup\Omega$

by

$u_{\epsilon,k}(x)=\left\{\begin{array}{l}u_{k}(x-\epsilon\nu_{0}) if x\in\{x^{\prime}+\lambda\nu_{0}.\cdot x^{\prime}\in\Gamma_{0},-\tau^{\prime}<\lambda<\epsilon\}’\\0 otherwise.\end{array}\right.$

For small $\epsilon>0,$ $u_{\epsilon}$ is well defined on $\Omega_{\epsilon}$ by (1.2). Clearly,

$(divu_{\epsilon})(x)=\left\{\begin{array}{l}(divu)(x-\epsilon\nu_{0}) if x\in\{x^{\prime}+\lambda\nu_{0}.\cdot x^{\prime}\in\Gamma_{0},-\tau^{\prime}<\lambda<\epsilon\},\\0 otherwise,\end{array}\right.$

and hence, $u_{\epsilon}|_{\Omega}\in E^{p^{t}}(\Omega)$ . Furthermore, by a theorem of Lebesgue,

$s$

(1.3) $u_{\epsilon}|_{\Omega}\rightarrow u$ in $E^{P^{\prime}}(\Omega)$ as $\epsilon\downarrow 0$ .
We next observe from (1.2) that for small $\epsilon>0$

$(S(u_{\epsilon}|_{\Omega})\cup S(u))\subset\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}^{\prime}, -\tau^{\prime}<\tau\leqq 0\}$ .
Let $\alpha_{\epsilon}(x)$ be a $C^{\infty}$-function on $R^{N}$ such that

$\alpha_{\epsilon}(x)=1$ if $x\in\{x^{\prime}+\lambda\nu_{0} ; x^{f}\in\Gamma_{0}^{\prime}, -\tau^{\prime}<\lambda<\epsilon/2\}$

and
{the support of $\alpha_{-,\vee}$} $\subset\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}, -\tau<\lambda<\epsilon\}$ ,

and define $v_{\epsilon}=$ $(v_{\epsilon,1}, v_{\epsilon,2}, \cdots , v_{s,N})$ on $R^{N}$ by

$v_{\epsilon,k}(x)=\left\{\begin{array}{ll}\alpha_{\epsilon}(x)u_{k}(x-\epsilon\nu_{0}) & if x\in\{x^{\prime}+\lambda\nu_{0} ; x^{\prime}\in\Gamma_{0}, -\tau‘ <\lambda<\epsilon\},\\0 & otherwise .\end{array}\right.$

Then, $v_{e}\in[L^{p^{l}}(R^{N})]^{N}$ , div $v_{\epsilon}\in L^{p}$
‘
$(R^{N})$ and $v_{\epsilon}|_{\Omega}=u_{\overline{c}}|_{\Omega}$ on $\Omega$ . Hence, by (1.3),

$s$

$v_{s}|_{\Omega}\rightarrow u$ in $E^{p}$
‘
$(\Omega)$ as $\epsilon\downarrow 0$ .

Since each $v_{\epsilon}|_{\Omega}$ is approximated by functions in $D(\overline{\Omega})$ in the topology of
$E^{p^{\prime}}(\Omega)$ by Lemma 1.2, so is $u$ . $q$ . $e$ . $d$ .

PROOF OF PROPOSITION 1.1. Since $\Gamma$ is very regular, we can find an open
covering $\{U_{i}\}_{i=1}^{n}$ of $\Gamma$ and a system $\{\theta_{t}\}_{i=1}^{n}$ of functions in $\mathcal{D}(R^{N})$ with the
following properties:

(i) For each $i$ there are a unit vector $\nu^{(i)}$ , an open subset $\Gamma^{(i)}$ of $\Gamma$ and
a positive number $\tau^{(i)}$ such that

$U_{i}=\{x^{\prime}+\lambda\nu^{(t)} ; x^{\prime}\in\Gamma^{(t)}, |\lambda|<\tau^{(i)}\}$ ,

$\{x^{\prime}+\lambda\nu^{(i)} ; x^{\prime}\in\Gamma^{(i)}, 0<\lambda<\tau^{(i)}\}\subset R^{N}\backslash \overline{\Omega}$

and
$\{x^{\prime}+\lambda\nu^{(i)} ; x^{\prime}\in\Gamma^{(t)}, -\tau^{(i)}<\lambda<0\}\subset\Omega$ .
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(ii) The support of $\theta_{t}$ is contained in $U_{t},$ $i=1,2,$ $\cdots$ $n$ , and

$\sum_{k=1}^{n}\theta_{i}(x)=1$ in a neighborhood of $\Gamma$ .
Let $u=$ $(u_{1}, u_{2}, \cdots , u_{N})$ be an arbitrary function in $E^{p^{\prime}}(\Omega)$ , and set

$u_{k}^{(j)}(x)=\theta_{j}(x)u_{k}(x)$ , $k=1,$ 2, $N$ ,

and

$u_{k}^{(0)}(x)=u_{k}(x)-\sum_{j=1}^{n}u_{k}^{(fi}(x)$ .
Then

$u=\sum_{j=0}^{\eta}u^{(j)}$ ,

where $u^{(j)}=$ $(u_{1}^{(j)}, u_{2}^{(f)}, \cdots , u_{N}^{(j)})$ . Since $u^{(j)},$ $j=0,1,2,$ $\cdots$ , $n$ , can be approximated
by functions in $D(\overline{\Omega})$ in the topology of $E^{p^{\prime}}(\Omega)$ by Lemmas 1.2 and 1.3, so
can $u$ . $q$ . $e$ . $d$ .

1.4. The operator $B$.
We now dePne a linear continuous operator from $E^{p\prime}(\Omega)$ into $W^{-1/p^{\prime},p^{\prime}}(\Gamma)$

( $=the$ dual space of $W^{1/p^{\prime},p}(\Gamma)$).

Let $w=(\phi_{1}, \phi_{2}, \cdots \phi_{n})\in D(\overline{\Omega})$ and $\phi\in \mathcal{D}(\overline{\Omega})$ . Then, by the divergence
theorem,

(1.4) $\int_{\Omega}(divw)\phi dx+\int_{\Omega}(w, \nabla\phi)dx=\int_{\Gamma}\sum_{k=1}^{N}(\gamma\phi_{k})\nu_{k}(\gamma\phi)d\Gamma$ ,

where $(\cdot, )$ denotes the inner product in $R^{N},$ $\nabla\phi=grad\phi$ and $\nu(x^{\prime})=(\nu_{1}(x^{\prime})$ ,
$\nu_{2}(x^{\prime}),$ $\nu_{N}(x^{\prime}))$ is the unit vector which is normal to $\Gamma$ at $ x^{\prime}\in\Gamma$ and
oriented toward the exterior of $\Omega$ . Since $\mathcal{D}(\overline{\Omega})$ is dense in $W^{1p}(\Omega)$ , for each
$v\in W^{1p}(\Omega)$ there is a sequence $\{\eta_{j}\}\subset \mathcal{D}(\overline{\Omega})$ such that $\eta_{j^{\rightarrow}}^{s}v$ in $W^{1p}(\Omega)$ . Sub-
stituting $\eta_{j}$ for $\phi$ in (1.4) and letting $ i\rightarrow\infty$ , we have

(1.5) $\int_{\Omega}(divw)vdx+\int_{\Omega}(w, \nabla v)dx=\int_{\Gamma}\sum_{k--1}^{N}(\gamma\phi_{k})\nu_{k}(\gamma v)d\Gamma$ .

The functional
$\partial\in W^{1/p^{\prime},p}(\Gamma)\rightarrow\int_{\Gamma}\sum_{k=1}^{N}(\gamma\phi_{k})\nu_{k}i)d\Gamma$

is linear and continuous in $W^{1/p^{l},p}(\Gamma)$ . Therefore there exists a unique ele-
ment $\delta(w)\in W^{-1/p^{\prime},p^{\prime}}(\Gamma)$ such that

$\int_{\Gamma}\sum_{k=1}^{N}(\gamma\phi_{k})\nu_{k}\partial d\Gamma=\langle\delta(w), \partial\rangle_{\Gamma}$ for all $D\in W^{1/p^{\prime},p}(\Gamma)$ ,

where $\langle, \rangle_{\Gamma}$ denotes the natural pairing between $W^{-1/p^{\prime},p^{\prime}}(\Gamma)$ and $W^{1/p^{\prime}p}(\Gamma)$ .
It follows from (1.5) that for each $\hat{v}\in W^{1/p^{l},p}(\Gamma)$ ,



Pseudomonotone operatOrs 127

$|\langle\delta(w),\hat{v}\rangle_{\Gamma}|\leqq\Vert di_{Vw\Vert_{L}p(\rho)}\cdot\Vert v\Vert_{L^{p(\rho)}}+\sum_{k=1}^{N}\Vert\phi_{k}\Vert_{L^{p\prime}(\rho)\Vert\frac{\partial v}{\partial x_{k}}\Vert_{Lp(\rho)}}$

$\leqq const.\Vert|w\Vert|_{p^{l}}\cdot\Vert v\Vert_{1,p}$ for all $v\in W^{1,p}(\Omega)$ with $\gamma v=i$).

Hence, by (1.1),

$|\langle\delta(w),\hat{v}\rangle_{\Gamma}|\leqq const.\Vert|w\Vert|_{p^{\prime}}\cdot[\hat{v}]_{1/p^{\prime},p}$ for all $\hat{v}\in W^{1/p^{\prime},p}(\Gamma)$ .
Thus $\delta$ is a linear and continuous operator from $D(\overline{\Omega})$ into $W^{-1/p^{\prime},p^{t}}(\Gamma)$ in the
topology of $E^{p^{\prime}}(\Omega)$ . Therefore, by Proposition 1.1, there is a unique con-
tinuous linear operator $B$ from $E^{p^{\prime}}(\Omega)$ into $W^{-1/p^{I},p^{\prime}}(\Gamma)$ such that $\delta(w)=Bw$

if $w\in D(\overline{\Omega})$ . Moreover we have the following:
PROPOSITION 1.4. (a) For any $v\in E^{p^{\prime}}(\Omega)$ and $v\in W^{1p}(\Omega)$

(1.6) $\int_{\Omega}(divv)vdx+\int_{\Omega}(v, \nabla v)dx=\langle Bv, \gamma v\rangle_{\Gamma}$ .
(b) If $v_{1},$ $v_{2}\in E^{p^{t}}(\Omega)$ and if $v_{1}=v_{2}a$ . $e$ . near $\Gamma$ , then

$Bv_{1}=Bv_{2}$ .
PROOF. The formula (1.6) immediately follows from (1.5). We now prove

(b). Let $U$ be a neighborhood of $\Gamma$ and assume that $v_{1}=v_{2}a$ . $e$ . on $ U\cap\Omega$ .
Let $\hat{v}$ be an arbitrary element of $W^{1/p^{z},p}(\Gamma)$ . We can choose $v\in W^{1,p}(\Omega)$ such
that $\gamma\hat{v}=\hat{v}$ and $v=0a$ . $e$ . on $\Omega\backslash \overline{U\cap\Omega.}$ Then by (1.6)

$\langle Bv_{1},\hat{v}\rangle_{\Gamma}=\int_{\Omega}(divv_{1})vdx+\int_{\Omega}(v_{1}, \nabla v)dx$

$=\int_{\Omega}(divv_{2})vdx+\int_{\Omega}(v_{2}, \nabla v)dx=\langle Bv_{2},\hat{v}\rangle_{\Gamma}$ .
Thus (b) holds. $q$ . $e$ . $d$ .

If $v\in C^{1}(\overline{\Omega})$ and if $v=\nabla v$ , then $Bv=\frac{\partial v}{\partial n}$ , the outward normal derivative
of $v$ on $\Gamma$ .

REMARK. Let $A$ be an operator from $W^{1p}(\Omega)$ into the dual space
$(W^{1,p}(\Omega))^{*}$ defined by

\langle Au, $ v\rangle$ $=\sum_{k=1}^{N}\int_{\Omega}|\frac{\partial u}{\partial x_{k}}|^{p- 2}\frac{\partial u}{\partial x_{k}}\frac{\partial v}{\partial x_{k}}dx$ , for all $v\in W^{1,p}(\Omega)$ ,

and let
$S=\{v\in W^{1p}(\Omega);Av=0\}$ .

Lions [14; Chapter 2] introduced a nonlinear operator $\mathcal{T}$ from $S$ into
$W^{-1/p^{\prime},p}$

‘
$(\Gamma)$ such that

$\mathcal{T}(v)=\sum_{k=1}^{N}|\frac{\partial v}{\partial x_{k}}|^{p-2}\frac{\partial v}{\partial x_{k}}\nu_{k}$ on $\Gamma$ ,

if $v\in S$ and $v\in C^{2}(\overline{\Omega})$ . It is easily checked that
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$\mathcal{T}(v)=Ba(v)$ for all $v\in S$ ,

where $a(v)=(a_{1}(v), a_{2}(v),$ $\cdots$ , $a_{N}(v))$ is given by

$a_{k}(v)=|\frac{\partial v}{\partial x_{k}}|^{p- 2}\frac{\partial v}{\partial x_{k}}$ , $k=1,$ 2, , $N$ .

Let $U$ be a neighborhood of $\Gamma$ in $R^{N}$ . For a function $v=(v_{1}, V_{2}, \cdots , v_{N})$

with $v_{k}\in L^{p^{\prime}}(\Omega\cap U),$ $k=1,2,$ $\cdots$ $N$, such that div $v\in L^{p^{J}}(\Omega\cap U)$ , there exists
$\tilde{v}\in E^{p^{\prime}}(\Omega)$ such that $v=v\sim a$ . $e$ . near $\Gamma$ . The assertion (b) of Proposition 1.4
implies that $ Bv\sim$ depends only on $v$ , that is, it does not depend on the choice
of such $\tilde{v}$ . Therefore we may dePne $Bv$ by $ Bv\sim$ .

COROLLARY 1.5. Let $F$ be a compact subset of $\Omega$ and set

$K(F, 0)=$ { $v\in W^{1p}(\Omega);v=0$ on $F$ in the sense of $W^{1p}(\Omega)$ }.

Then for any $v\in K(F, 0)$ and any $v=(v_{1}, v_{2}, \cdots , v_{N})\in[L^{p^{l}}(\Omega\backslash F)]^{N}$ with
div $v\in L^{p^{\prime}}(\Omega\backslash F)$ ,

(1.7) $\int_{\Omega\backslash F}(divv)vdx+\int_{\Omega\backslash F}(v, \nabla v)dx=\langle Bv, \gamma v\rangle_{\Gamma}$ .

2.1. Definition of pseudomonotone operators.
Let $ 1<p<\infty$ and $1/p+1/p^{\prime}=1$ . Let $A(x, \zeta, \xi)$ be a real-valued functions

on $\Omega\times R\times R^{N}$ . We then say that it satisfies the Carath\’eodory conditions, if
for $a$ . $e$ . $x\in\Omega,$ $A(x, \zeta, \xi)$ is continuous in $(\zeta, \xi)$ and if for all $(\zeta, \xi)\in R\times R^{N}$ ,
$A(x, \zeta, \xi)$ is measurable in $ x\in\Omega$ . Furthermore it is said to satisfy Assump-
tion (I), if it satisfies the Carath\’eodory conditions and there exist a positive
constant $C$ and a function $h(x)\in L^{p}(\Omega)$ such that

$|A(x, \zeta, \xi_{1}, \xi_{2}, \cdots , \xi_{N})|\leqq h(x)+C(|\zeta|^{p-1}+\sum_{k-1}^{N}|\xi_{k}|^{p- 1})$ .

REMARK. Assumption (I) is equivalent to the following condition: for
any $v_{k}\in L^{p}(\Omega),$ $k=0,1,$ $\cdots$ , $N$,

$A(x, v_{0}(x),$ $v_{1}(x),$ $\cdots$ , $v_{N}(x))\in L^{p^{\prime}}(\Omega)$ .
Moreover, Assumption (I) implies that the integral operator:

$(v_{0}, v_{1}, \cdots , v_{N})\rightarrow A(x, v_{0}, v_{1}, \cdots , v_{N})$

In fact, we see that (1.7) holds for $v\in \mathcal{D}(\overline{\Omega})$ such that $v=0$ on a neigh-
borhood $V$ of $F$ by considering $\sim v\in E^{p^{l}}(\Omega)$ , which is equal to $va$ . $e$ . on $\Omega\backslash V$ ,

and applying (1.6). Since any function of $K(F, 0)$ is the strong limit of such
functions $v,$ $(1.7)$ holds for any $v\in K(F, 0)$ .

\S 2. Pseudomonotone operators in $W^{1,p}(\Omega)$ .
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is a bounded continuous operator from $[L^{p}(\Omega)]^{N+1}$ into $L^{p^{\text{E}}}(\Omega)$ (cf. Krasnosel’skii
[11; Chapter 1]).

We now consider a functional $a(\cdot, \cdot)$ on $W^{1,p}(\Omega)\times W^{1p}(\Omega)$ defined by

(2.1) $a(v, w)=\sum_{k=1}^{N}\int_{\Omega}A_{k}(x, v, \nabla v)\frac{\partial w}{\partial x_{k}}dx+\int_{\Omega}A_{0}(x, v, \nabla v)wdx$ .

We often say that $a(\cdot, \cdot)$ given by (2.1) satisfies Assumption (I), if every
$A_{j}(x, \zeta, \xi),$ $j=0,1,$ $\cdots$ , $N$, satisfies Assumption (I). Assume Assumption (I).
Then for any fixed $v\in W^{1,p}(\Omega)$ , the functional $w\rightarrow a(v, w)$ is linear and con-
tinuous on $W^{1p}(\Omega)$ . Hence there is a unique element $Tv\in(W^{1,p}(\Omega))^{*}(=the$

dual of $W^{1p}(\Omega))$ such that

(2.2) $\langle Tv, w\rangle=a(v, w)$ for all $w\in W^{1,p}(\Omega)$ .
Here $\langle\cdot, \rangle$ denotes the natural pairing between $(W^{1p}(\Omega))^{*}$ and $W^{1p}(\Omega)$ .
Thus we can define a nonlinear operator $T$ from $W^{1,p}(\Omega)$ into $(W^{1,p}(\Omega))^{*}$ by
(2.1) and (2.2). Furthermore we consider the following

ASSUMPTION (II). If $\{v_{n}\}$ is a sequence weakly convergent to $v$ in $W^{1p}(\Omega)$

and if
$\lim_{n\rightarrow}\sup_{\infty}a(v_{n}, v_{n}-v)\leqq 0$ ,

then
$a(v, v-w)\leqq\lim_{m\infty}\inf a(v_{n}, v_{n}-w)$ for all $w\in W^{1,p}(\Omega)$ .

Here, we recall the notion of pseudomonotone operators that was originally
introduced by Brezis [1]. Let $X$ be a real reflexive Banach space and $x*$

be its dual space. Then an operator $T$ from $X$ into $x*$ is called Pseudomono-
tone if the following two properties are satisfied:

$(PM_{1})$ If $\{v_{n}\}$ is a sequence weakly convergent to $v$ in $X$ and if

$\lim_{m}\sup_{\infty}\langle Tv_{n}, v_{n}-v\rangle\leqq 0$ ,

then

$\langle Tv, v-w\rangle\leqq\lim_{n\rightarrow}\inf_{\infty}\langle Tv_{n}, v_{n}-w\rangle$ for all $w\in X$ .
$(PM_{2})$ For each $v\in X$, the functional $ w\rightarrow\langle Tw, w-v\rangle$ is bounded below

on each bounded subset of $X$ .
Here, $\langle\cdot, \rangle$ denotes the natural pairing between $x*$ and $X$.

It is easy to see that Assumptions (I) and (II) imply that $T$ defined by
(2.1) and (2.2) is a bounded and pseudomonotone operator from $W^{1p}(\Omega)$ into
$(W^{1,p}(\Omega))^{*}$ .

Finally, we mention an existence theorem for variational inequalities
involving pseudomonotone operators in $X$ .

THEOREMA (Brezis [1; Corollary30]). LetT beabounded pseudomonotone
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operatOr from $X$ into $x*,$ $K$ be a closed convex subset of $X$ and $\Phi$ be a lower
semicontinuous convex function on $K$ such that $\Phi(v)\in(-\infty, \infty$] for all $v\in K$

and $\Phi\not\equiv\infty$ on K. $SuPPose$ that for some $v_{0}\in K$ with $\Phi(v_{0})<\infty$

$\frac{\langle Tv,v-v_{0}\rangle+\Phi(v)}{\Vert v\Vert}\rightarrow\infty$ as $\Vert v\Vert\rightarrow\infty,$ $v\in K$ ,

where $\Vert\cdot\Vert$ denotes the norm in X. Then there is $u\in K$ such that

\langle Tu, $ u-v\rangle$ $\leqq\Phi(v)-\Phi(u)$ for all $v\in K$ .

If, in particular, $T$ is strictly monotone, $i$ . $e.$ ,

$\langle Tv-- Tw, v-w\rangle>0$ for any $v,$ $w\in X$ with $v\neq w$ ,

then the above variational problem has a unique solution in $K$.
2.2. Examples.
We give some simple examples of functionals satisfying Assumptions (I)

and (II).

EXAMPLE 2.1. Let $2\leqq P<\infty,$ $\alpha_{k}(x)\in L^{\infty}(\Omega),$ $k=1,2,$ $\cdots$ , $N,$ $\beta(x)\in L^{\infty}(\Omega)$

and assume that for a positive constant $C$

$\beta(x)\geqq C$ , $\alpha_{k}(x)\geqq C$ , $a$ . $e$ . on $\Omega,$ $k=1,2,$ $\cdots$ , $N$ .
We then define a functional $a_{1}(\cdot, \cdot)$ on $W^{1p}(\Omega)\times W^{1p}(\Omega)$ by

$a_{1}(v, w)=\sum_{k=1}^{N}\int_{\Omega}\alpha_{k}|\frac{\partial v}{\partial x_{k}}|^{p- 2}\frac{\partial v}{\partial x_{k}}\frac{\partial w}{\partial x_{k}}dx+\int_{\Omega}\beta|v|^{p- 2}vwdx$ .

It is easy to check Assumptions (I) and (II). Thus the operator $T_{1}$ given by

$\langle T_{1}v, w\rangle=a_{1}(v, w)$

is a continuous, bounded and pseudomonotone operator from $W^{1,p}(\Omega)$ into
$(W^{1p}(\Omega))^{*}$ . Furthermore, it is strictly monotone and for each $v_{0}\in W^{1p}(\Omega)$ ,

$\frac{a_{1}(v,v-v_{0})}{\Vert v\Vert_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty$ .

EXAMPLE 2.2. Let $ 2\leqq P<\infty$ and $\alpha(x),$ $\beta(x)\in L^{\infty}(\Omega)$ such that for a posi-
tive constant $C,$ $\alpha(x)\geqq C$ and $\beta(x)\geqq Ca$ . $e$ . on $\Omega$ . Set

$a_{2}(v, w)=\sum_{k=1}^{N}\int_{\Omega}\alpha|\nabla v|^{p- 2}\frac{\partial v}{\partial x_{k}}\frac{\partial w}{\partial x_{k}}dx+\int_{\Omega}\beta|v|^{p-2}vwdx$

for $v,$ $w\in W^{1,p}(\Omega)$ ,

where $|\nabla v|=(\sum_{k=1}^{N}|\frac{\partial v}{\partial x_{k}}|^{2})^{1/2}$ This functional also has the same properties
as $a_{1}(\cdot, \cdot)$ .

EXAMPLE 2.3. Let $ 3\leqq\sigma<p<\infty$ and $\beta_{k}(x)\in L^{\infty}(\Omega),$ $k=1,2,$ $\cdots$ , $N$. We
define
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$b(v, w)=\sum_{k=1}^{N}\int_{\Omega}\beta_{k}|v|^{\sigma-3}v\frac{\partial v}{\partial x_{k}}$ wdx for $w\in W^{1,p}(\Omega)$ ,

and $a_{3}(v, w)=a_{1}(v, w)+b(v, w)$ or $a_{2}(v, w)+b(v, w)$ . Functions
$ A_{0}(x, \zeta, \xi)=\beta|\zeta|^{p-2}\zeta$

and
$A_{j}(x, \zeta, \xi)=\alpha_{j}|\xi_{j}|^{p- 2}\xi_{j}+\beta_{j}|\zeta|^{\sigma- 3}\zeta\xi_{j}$

or
$\alpha(\sum_{k=1}^{N}|\xi_{k}|^{2})^{\frac{p-2}{2}\xi_{j}+\beta_{j}|\zeta|^{\sigma- 3}\zeta\xi_{j}}$ , $j=1,2,$ $\cdots$ $N$ ,

satisfy Assumption (I). Let $\{v_{n}\}$ be a sequence in $W^{1,p}(\Omega)$ such that $v_{n}\rightarrow vw$

in $W^{1,p}(\Omega)$ ( $‘‘\rightarrow w$ “ means the weak convergence). Then, noting that the
natural injection of $W^{1,p}(\Omega)$ into $L^{p}(\Omega)$ is compact (see [13; Theorem 7.1 in

Chapter 2]), we see that $v_{n}\rightarrow vs$ in $L^{p}(\Omega)$ . Since $\frac{\partial v_{n}}{\partial x_{k}}\rightarrow w\frac{\partial v}{\partial x_{k}}$ in $L^{p}(\Omega),$ $k=$

$1,2,$ $\cdots$ , $N$, it follows that $b(v_{n}, v_{n}-w)\rightarrow b(v, v-w)$ for all $w\in W^{1p}(\Omega)$ , and
hence, if

$\limsup a_{3}(v_{n}, v_{n}-v)\leqq 0$ ,
$ n\rightarrow\infty$

then
$\lim\sup_{n\rightarrow\infty}a_{1}(v_{n}, v_{n}-v)\leqq 0$ .

Since $a_{1}(\cdot, \cdot)$ satisfies Assumption (II), so does $a_{3}(\cdot, )$ . Moreover, we see
that for each $v_{0}\in W^{1p}(\Omega)$ there are positive constants $\delta_{i},$ $i=1,2,3,4$ , such
that for any $v\in W^{1,p}(\Omega)$

$a_{3}(v, v-v_{0})\geqq\delta_{1}\Vert v\Vert_{1.p}^{p}-\delta_{2}\Vert v\Vert_{1,p}^{\sigma}-\delta_{3}\Vert v\Vert?^{-2}p-\delta_{4}\Vert v\Vert_{1,p}^{\sigma-1}$ .
This implies that

$a_{3}(v, v-v_{0})$

$\overline{\Vert v\Vert_{1,p}}\rightarrow\infty$

$\rightarrow\infty$ .as $\Vert v\Vert_{1,p}$

\S 3. Boundary value problems of mixed type.

3.1. Existence theorem.
Let $1<p<\infty,$ $1/P+1/p^{\prime}=1,$ $\Gamma_{0}$ be a compact subset of $\Gamma$ and $F$ be a

compact subset of $\Omega$ , and let $\Phi$ be a lower semicontinuous convex function
on $W^{1/p^{\prime},p}(\Gamma)$ with values in $(-\infty, \infty$]. The subdifferential $\partial\Phi^{1)}$ of $\Phi$ is a
(possibly multivalued) operator from $W^{1/p^{\prime},p}(\Gamma)$ into $W^{-1fp^{\prime},p\prime}(\Gamma)$ . For func-
tions $w\in W^{1p}(\Omega)$ and $\psi\in W^{1/p^{\prime},p}(\Gamma)$ , we put

1) Let $\Phi$ be a lower semicontinuous convex function on a Banach space $X$ . Then
the multivalued operator $\partial\Phi$ from $X$ into $x*$ defined by $\partial\Phi(u)=\{u^{*}\in X^{*};$ $\langle u^{*}, w-u\rangle$

$\leqq\Phi(w)-\Phi(u)$ for all $w\in X$ } for $u\in X$ with $\Phi(u)<\infty$ and by $\partial\Phi(u)=\emptyset$ for $u\in X$ with
$\Phi(u)=\infty$ is called the subdifferential of $\Phi$ .
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$K(\Gamma_{0}, \psi;F, w)=\{v\in W^{1p}(\Omega);\gamma v=\psi a$ . $e$ . on $\Gamma_{0}$

and $v=w$ on $F$ in the sense of $W^{1p}(\Omega)$ }
and

$K(\Gamma_{0}, \psi;F, w)=\{i)=\gamma v ; v\in K(\Gamma_{0}, \psi;F, w)\}$ .
Clearly, the sets $K(\Gamma_{0}, \psi;F, w)$ and $K(\Gamma_{0}, \psi;F, w)$ are closed and convex in
$W^{1,p}(\Omega)$ and in $W^{1/p^{\prime},p}(\Gamma),$ respectively.

Let $A_{j}(x, \zeta, \xi),$ $j=0,1,$ $\cdots$ , $N$, be integral operators satisfying Assumption
(I) and let $a(\cdot, \cdot)$ be the functional given by (2.1). Let $w\in W^{1,p}(\Omega),$ $\psi\in$

$W^{1/p^{l},p}(\Gamma),$ $\psi^{*}\in W^{-1/p^{\prime},p^{\prime}}(\Gamma)$ and $f\in L^{p^{\prime}}(\Omega)$ be given. We suppose that
$\Phi\not\equiv\infty$ on $K(\Gamma_{0}, \psi;F, w)$

and
$\Phi\equiv\infty$ on $W^{1fp^{\prime},p}(\Gamma)\backslash K(\Gamma_{0}, \psi;F, w)$ .

Then we propose the following problem $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ ; Find $u\in W^{1p}(\Omega)$

such that

(3.1) $-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f$ in $\Omega\backslash F$

(in the distribution sense) ,

(32) $\{u=w\gamma u=\psi$ $onFaeon\Gamma_{0}inthe$

’

sense of $W^{1p}(\Omega)$ ,

(3.3) $-Ba(u)+\psi^{*}\in\partial\Phi(\gamma u)$ ,

where $a(u)=(a_{1}(u), a_{2}(u),$ $\cdots$ , $a_{N}(u)),$ $a_{k}(u)=A_{k}(x, u, \nabla u),$ $k=1,2,$ $\cdots$ , $N$. We
note that $Ba(u)$ makes sense, since $a(u)\in[L^{p}‘(\Omega)]^{N}$ and div $a(u)\in L^{p^{\prime}}(\Omega\backslash F)$

by Assumption(I) and (3.1).

We Prst show that the above problem $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ is equivalent to
the following variational inequality $V_{1}[\Phi, w, \psi, \psi^{*}, f]$ : Find $u\in W^{1p}(\Omega)$ such
that

(3.4) $u\in K(\Gamma_{0}, \psi;F, w)$ ,

(3.5) $a(u, u-v)-\int_{\Omega}f(u-v)dx\leqq\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}+\Phi(\gamma v)-\Phi(\gamma u)$

for all $v\in K(\Gamma_{0}, \psi;F, w)$ .
PROPOSITION 3.1. Problems $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ and $V_{1}[\Phi, w, \psi, \psi^{*}, f]$ are

equivalent to each other.
PROOF. $Firstweassumethatu\in W^{1p}(\Omega)isasolutionofV_{1}[\Phi, w, \psi, \psi^{*}, f]$ .

Then $u$ satisPes (3.2) because of (3.4). Substituting $ u\pm\phi$ with $\phi\in \mathcal{D}(\Omega\backslash F)$

for $v$ in (3.5), we have

$a(u, \phi)-\int_{\Omega\backslash F}f\phi dx=0$ .
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This means that (3.1) holds. Next we show (3.3). We note that

div $a(u)\in L^{p^{\prime}}(\Omega\backslash F)$ ,

which follows from (3.1). Therefore we can apply the formula (1.7) for $a(u)$

and any $v\in K(F, 0)$ and have

(3.6) $\int_{\Omega\backslash F}(diva(u))vdx+\int_{\Omega\backslash F}(a(u), \nabla v)dx=\langle Ba(u), \gamma v\rangle_{\Gamma}$ .

Using (3.1), (3.4), (3.5) and (3.6), we obtain

$\Phi(\gamma v)-\Phi(\gamma u)\geqq\int_{\Omega\backslash F}(a(u), \nabla(u-v))dx+\int_{\Omega\backslash F}A_{0}(x, u, \nabla u)(u-v)dx$

$-\int_{\Omega\backslash F}f(u-v)dx-\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

$=-\int_{\Omega\backslash F}(diva(u))(u-v)dx+\int_{\Omega\backslash F}A_{0}(x, u, \nabla u)(u-v)dx$

$-\int_{\Omega\backslash F}f(u-v)dx+\langle Ba(u)-\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

$=\langle Ba(u)-\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$ for all $v\in K(\Gamma_{0}, \psi;F, w)$ .
Since $\Phi\equiv\infty$ on $W^{1/p^{\prime},p}(\Gamma)\backslash K(\Gamma_{0}, \psi;F, w)$ , we have (3.3) by the definition of
$\partial\Phi$ .

Conversely, let $u$ be a solution of $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ . (3.2) shows that
(3.4) holds. From (3.1) it follows that div $a(u)\in L^{p^{\prime}}(\Omega\backslash F)$ , so that as above
we have (3.6). We derive from (3.3) together with (3.1) and (3.6) that

$\Phi(\gamma v)-\Phi(\gamma u)\geqq\langle Ba(u), \gamma u-\gamma v\rangle_{\Gamma}-\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

$=\int_{\Omega\backslash F}(diva(u))(u-v)dx+\int_{s2\backslash F}(a(u), \nabla(u-v))dx$

$-\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

$=-\int_{\Omega\backslash F}f(u-v)dx+\int_{\Omega\backslash F}A_{0}(x, u, \nabla u)(u-v)dx$

$+\int_{J2\backslash F}(a(u), \nabla(u-v))dx-\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

$=a(u, u-v)-\int_{12\backslash F}f(u-v)dx-\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

for all $v\in K(\Gamma_{0}, \psi;F, w)$ .
Thus we have (3.5). $q$ . $e$ . $d$ .

The following existence theorem for $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ is a consequence
of Theorem A in paragraph2.1 and the above Proposition.

THEOREM 3.2. In addition to the assumptions so far made, we suPpose
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that the functional $a(\cdot, \cdot)$ satisfies Assumption(II) and for some $v_{0}\in K(\Gamma_{0},$ $\psi j$

$F,$ $w$) with $\Phi(\gamma v_{0})<\infty$

(3.7) $\frac{a(v,v-v_{0})+\Phi(\gamma v)}{\Vert v\Vert_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in K(\Gamma_{0}, \psi;F, w)$ .

Then the Problem $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ admits a solution.
PROOF. We define an operator $T:W^{1p}(\Omega)\rightarrow(W^{1,p}(\Omega))^{*}$ by

$\langle Tv, z\rangle=a(v, z)-\int_{\Omega}fzdx-\langle\psi^{*}, \gamma z\rangle_{\Gamma}$ .

Since $a(\cdot, \cdot)$ satisfies Assumption (II), we see that $T$ is bounded and pseudo-
monotone. A function $\tilde{\Phi}$ on $K(\Gamma_{0}, \psi;F, w)$ given by $\tilde{\Phi}(v)=\Phi(\gamma v)$ is convex,
$\not\equiv\infty$ , and lower semicontinuous on $K(\Gamma_{0}, \psi;F, w)$ . Besides, it follows from
(3.7) that for the same $v_{0}$ as in (3.7)

$\frac{\langle Tv,v-v_{0}\rangle+\tilde{\Phi}(v)}{||v\Vert_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in K(\Gamma_{0}, \psi;F, w)$ .

Therefore, by Theorem $A$ , the variational inequality

\langle Tu, $ u-v\rangle$ $\leqq\Phi(v)-\Phi(u)$ for all $v\in K(\Gamma_{0}, \psi;F, w)$ ,

or equivalently, $V_{1}[\Phi, w, \psi, \psi^{*}, f]$ has a solution $u$ . By Proposition3.1, this
function $u$ is also a solution of $P_{1}[\Phi, w, \psi, \psi^{*}, f]$ . $q$ . $e$ . $d$ .

3.2. Special cases.
We now state some special cases of Theorem 3.2.
CASE 1. In case $\Gamma_{0}=\Gamma$ and $\psi=0$ , note that $K(\Gamma, 0;F, w)=\{0\}$ and $\partial\Phi(0)$

$=W^{-1/p^{\prime},p^{l}}(\Gamma)$ . Hence, Theorem 3.2 shows that

$\int^{-}\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f$
in $\Omega\backslash F$ ,

$\gamma u=0$ $a$ . $e$ . on $\Gamma$ ,

$u=w$ on $F$ in the sense of $W^{1p}(\Omega)$

has a solution $u$ in $W^{1p}(\Omega)$ , provided that for some $v_{0}\in K(\Gamma, OjF, w)$

$\frac{a(v,v-v_{0})}{\Vert v\Vert_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in K(\Gamma, 0;F, w)$ .

CASE 2. We consider the case in which $ F=\emptyset$ and $\Gamma_{0}=\Gamma$ . In this case,

$K(\Gamma, \psi;\emptyset, w)=K(\Gamma, \psi)=$ { $v\in W^{1p}(\Omega);\gamma v=\psi a$ . $e$ . on $\Gamma$ }

and $\partial\Phi(\psi)=W^{-1/p^{l},p^{\prime}}(\Gamma)$ . Suppose that

$a(v, v-v_{0})$

$\overline{\Vert v\Vert_{1,p}}\rightarrow\infty$
as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in K(\Gamma, \psi)$ .

Then, applying Theorem 3.2, we see that the Dirichlet problem
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$\left\{\begin{array}{ll}-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f & in \Omega,\\r^{u=\psi} a. e. on \Gamma & \end{array}\right.$

has a solution in $W^{1p}(\Omega)$ .
CASE 3. Take $\Gamma_{0}=\emptyset$ and $ F=\emptyset$ in Theorem 3.2. Then, clearly, $K(\emptyset,$ $\psi$ ;

$\emptyset,$ $w$ ) $=W^{1,p}(\Omega)$ . If $\Phi\equiv 0$ on $W^{1fp^{\prime},p}(\Gamma)$ , then $\partial\Phi(\hat{v})=\{0\}$ for every $\theta\in W^{1/p^{\prime},p}(\Gamma)$ .
Hence, under the assumption that

$\frac{a(v,v)}{\Vert v\Vert_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty$ ,

the problem of the Neumann type:

$\left\{\begin{array}{ll}-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f & in \Omega\\ Ba(u)=\psi^{*} & \end{array}\right.$

has a solution in $W^{1p}(\Omega)$ .
CASE 4. Let $j(r)$ be a continuous and convex function on $R$ such that

$j_{\circ i)}\in L^{1}(\Gamma)$ for every $\hat{v}\in L^{p}(\Gamma)$ . Suppose that $i$ is bounded below and the
function di on $L^{p}(\Gamma)$ given by

$\Phi(i))=\int_{I}j(i))d\Gamma$ for $C\in L^{p}(\Gamma)$

is continuous. Then, the subdifferential 1 of $j$ is given by

$1(r)=[j_{-}^{\prime}(r), j_{+}^{\prime}(r)]$ for every $r\in R$

(cf. Rockafellar [20; \S 24]), where $j^{\prime}$-and $j_{+}^{\prime}$ denote the left and right deriva-
tives of $j$ , respectively. It is clear that di is convex and bounded below on
$L^{p}(\Gamma)$ . Moreover, $\hat{v}^{*}\in\partial\tilde{\Phi}(\hat{v})$ if and only if $\hat{v}^{*}\in L^{p^{\prime}}(\Gamma)$ and $\hat{v}^{*}\in l\circ\hat{v}a$ . $e$ . on
$\Gamma$ (see Brezis [2; APpendix $I]$ ). Now, we take $F=\emptyset,$ $\Gamma_{0}=\emptyset$ and $\Phi=\tilde{\Phi}|_{W}1/p^{J},p_{(\Gamma)}$

in Theorem 3.2. In this case, (3.3) is written in the following form:

(3.8) $-Ba(u)+\psi^{*}\in l(\gamma u)$ $a$ . $e$ . on $\Gamma$ .
In fact, by (3.3),

$\langle-Ba(u)+\psi^{*},\hat{v}-\gamma u\rangle_{\Gamma}\leqq\Phi(\hat{v})-\Phi(\gamma u)$ for all $\hat{v}\in W^{1/p^{\prime},p}(\Gamma)$ .
Substituting $\gamma u\pm\hat{w}$ with $\hat{w}\in W^{1fp}(\Gamma)$ for $\hat{v}$ in the above inequality, we have

$\tilde{\Phi}(\gamma u)-\tilde{\Phi}(\gamma u-\hat{w})\leqq\langle-Ba(u)+\psi^{*},\hat{w})\rangle_{\Gamma}$

$\leqq\tilde{\Phi}(\gamma u+a’)-\tilde{\Phi}(\gamma u)$ for all $aj\in W^{1/p^{\prime},p}(\Gamma)$ .
Since $W^{1/p^{\prime},p}(\Gamma)$ is dense in $L^{p}(\Gamma)$ , the continuity of di on $L^{p}(\Gamma)$ and the
above inequality imply that
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$-Ba(u)+\psi^{*}\in L^{p^{\prime}}(\Gamma)$

and

$\int_{\Gamma}(-Ba(u)+\psi^{*})(\hat{v}-\gamma u)d\Gamma\leqq\tilde{\Phi}(\hat{v})-\tilde{\Phi}(\gamma u)$ for all $i$) $\in L^{p}(\Gamma)$ ,

that is,
$-Ba(u)+\psi^{*}\in\partial\tilde{\Phi}(\gamma u)$ ,

and so (3.8) holds.
For example, if $j(r)=|r|$ , then

$1(r)=\left\{\begin{array}{l}1 if r>0,\\[-1,1] if r=0,\\-1 if r<0.\end{array}\right.$

In this case, (3.8) is of the form

$\{-Ba(u)+\psi^{*}=-1-1\leqq-Ba(u)+\psi^{*}\leqq 1-Ba(u)+\psi^{*}=1$

$a$ . $e$ . on $\{x^{\prime}\in\Gamma;\gamma u(x^{\prime})>0\}$ ,

$a$ . $e$ . on $\{x^{\prime}\in\Gamma;\gamma u(x^{\prime})=0\}$ ,

$a$ . $e$ . on $\{x^{\prime}\in\Gamma;\gamma u(x^{\prime})<0\}$

(cf. $[2;\xi\S 1.2]$ ).

CASE 5. Let $2\leqq p<\infty,$ $g\in L^{\infty}(\Gamma)$ with $g\geqq 0a$ . $e$ . on $\Gamma$ . Define $\tilde{\Phi}$ by

di(D) $=\frac{1}{p}\int_{\Gamma}g|\partial|^{p}d\Gamma$ for $i$) $\in L^{p}(\Gamma)$ .

Then it is easy to see that $\tilde{\Phi}$ is everywhere differentiable in the sense of
Fr\’echet and the derivative coincides with the subdifferential $\partial\tilde{\Phi}$ of $\tilde{\Phi}$ , that is,

$\partial\tilde{\Phi}(D)=g|\partial|^{p-2}\hat{v}$ for each $\partial\in L^{p}(\Gamma)$ .
In Theorem 3.2, let $ F=\emptyset$ . Then

$K(\Gamma_{0}, \psi;\emptyset, w)=K(\Gamma_{0}, \psi)=$ { $v\in W^{1p}(\Omega);\gamma v=\psi a$ . $e$ . on $\Gamma_{0}$ }.

If we put

(3.9) $\Phi(C)=\left\{\begin{array}{ll}\tilde{\Phi}(0) & if i) \in K(\Gamma_{0}, \psi)=\{i)=\gamma vjv\in K(\Gamma_{0}, \psi)\} ,\\\infty & otherwise ,\end{array}\right.$

then (3.3) is written in the following form:

(3.10) $-Ba(u)+\psi^{*}=g|\gamma u|^{p- 2}(\gamma u)$ on $\Gamma\backslash \Gamma_{0}$

(in the distribution sense).
In fact, by (3.3),

$\langle Ba(u)-\psi^{*}, \gamma u-\hat{v}\rangle_{\Gamma}\leqq\Phi(\hat{v})-\Phi(\gamma u)$ for all $\hat{v}\in\hat{K}(\Gamma_{0}, \psi)$ .
Taking $\partial=\gamma u+t\hat{w}$ with $0<t<1$ and $\hat{w}\in \mathcal{D}(\Gamma\backslash \Gamma_{0})$ in the above inequality,
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we obtain
$\langle-Ba(u)+\psi^{*},\hat{w}\rangle_{\Gamma}\leqq\frac{1}{t}(\tilde{\Phi}(\gamma u+t\hat{w})-\tilde{\Phi}(\gamma u))$ .

Hence we have by letting $t\downarrow 0$

$\langle-Ba(u)+\psi^{*},\hat{w}\rangle_{\Gamma}\leqq\int_{\Gamma}g|\gamma u|^{p- 2}(\gamma u)\hat{w}d\Gamma$ .
This implies that

$\langle-Ba(u)+\psi^{*},\hat{w}\rangle_{\Gamma}=\int_{\Gamma}g|\gamma u|^{p- 2}(\gamma u)\hat{w}d\Gamma$ for all $\emptyset\in \mathcal{D}(\Gamma\backslash \Gamma_{0})$ .
Thus we have (3.10).

\S 4. Unilateral boundary value problems.

Let $ 1<p<\infty$ and $1/P+1/p^{\prime}=1$ . Let $\Gamma_{0}$ be a compact subset of $\Gamma,$ $F$ be
a compact subset of $\Omega,$ $w\in W^{1p}(\Omega)$ and $\psi\in W^{1/p}(\Gamma)$ . Then we put

$ C(\Gamma_{0}, \psi;F, w)=\{v\in W^{1,p}(\Omega);\gamma v\geqq\psi$ on $\Gamma_{0}$ in the sense of

$W^{1/p,p}(\Gamma),$ $v=w$ on $F$ in the sense of $W^{1p}(\Omega)$ }
and

$\hat{C}(\Gamma_{0}, \psi;F, w)=\{i)=\gamma v ; v\in C(\Gamma_{0}, \psi;F, w)\}$ .
Obviously, $C(\Gamma_{0}, \psi;F, w)$ (resp. $\hat{C}(\Gamma_{0},$ $\psi;F,$ $w)$ ) is closed and convex in $W^{1p}(\Omega)$

(resp. $W^{1/p^{t},p}(\Gamma)$).

Let $A_{j}(x, \zeta, \xi),$ $j=0,1,$ $\cdots$ , $N$, be integral operators satisfying Assumption
(I). Then, given $\psi\in W^{1/p,p}(\Gamma),$ $\psi*\in W^{-1fp^{\prime},p^{\prime}}(\Gamma),$ $w\in W^{1p}(\Omega)$ and $f\in L^{p^{\prime}}(\Omega)$ ,

we pose the following problem $P_{2}[w, \psi, \psi^{*}, f]$ : Find $u\in W^{1p}(\Omega)$ such that

(4.1) $-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f$ in $\Omega\backslash F$

(in the distribution sense) ,

(4.2) $\left\{\begin{array}{ll}\gamma u\geqq\psi & on \Gamma_{0} in the sense of W^{1fp^{1},p}(\Gamma),\\u=w & on F in the sense of W^{1p}(\Omega),\end{array}\right.$

(4.3) $Ba(u)\geqq\psi^{*}$ on $\Gamma$ (in the distribution sense),

(4.4) $Ba(u)=\psi^{*}$ on $\Gamma\backslash \Gamma_{0}$ (in the distribution sense),

(4.5) $\langle Ba(u)-\psi^{*}, \gamma u-\psi\rangle_{\Gamma}=0$ ,

where $a(u)$ is as in the previous section. Again $Ba(u)$ makes sense, since
$a(u)\in[L^{p}‘(\Omega)]^{N}$ and div $a(u)\in L^{p^{l}}(\Omega\backslash F)$ by Assumption (I) and (4.1).

REMARK 1. The set of conditions (4.3), (4.4) and (4.5) may be formally
written in the following form
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$\left\{\begin{array}{ll}\sum_{k=1}^{N}A_{k}(x, u, \nabla u)\nu_{k}\geqq\psi^{*} & on \Gamma,\\\sum_{k=1}^{N}A_{k}(x, u, \nabla u)\nu_{k}=\psi^{*} & on \Gamma\backslash \Gamma_{0},\\(\sum_{k=1}^{N}A_{k}(x, u, \nabla u)\nu_{k}-\psi^{*})(u-\psi)=0 & on \Gamma .\end{array}\right.$

Let $a(\cdot, \cdot)$ be the functional on $W^{1p}(\Omega)\times W^{1,p}(\Omega)$ given by (2.1). Then the
variational inequality $V_{2}[w, \psi, \psi^{*}, f]$ associated with the above problem is
of the following form: Find $u\in W^{1,p}(\Omega)$ such that

(4.6) $u\in C(\Gamma_{0}, \psi;F, w)$ ,

(4.7) $a(u, u-v)-\int_{\Omega}f(u-v)dx\leqq\langle\psi^{*}, \gamma u-\gamma v\rangle_{\Gamma}$

for all $v\in C(\Gamma_{0}, \psi;F, w)$ .
Now, we show
PROPOSITION 4.1. Problems $P_{2}[w, \psi, \psi^{*}, f]$ and $V_{2}[w, \psi, \psi^{*}, f]$ are equi-

valent to each other.
PROOF. We first prove that a solution $u$ of $V_{2}[w, \psi, \psi^{*}, f]$ satisfies (4.1)

$\sim(4.5)$ . In fact, substituting $ u\pm\phi$ with $\phi\in \mathcal{D}(\Omega\backslash F)$ for $v$ in (4.7), we obtain
(4.1), and hence we see that

div $a(u)\in L^{p^{\prime}}(\Omega\backslash F)$ .
Therefore we can use the formula (1.7) with $v=a(u)$ and $v\in K(F, 0)$ . Now,
choose $\overline{v}\in C(\Gamma_{0}, \psi;F, w)$ with $\gamma\tilde{v}=\psi$ . Substituting $2u-\overline{v}$ for $v$ in (4.7), we
have

$a(u, u-\tilde{v})\geqq\int_{\Omega}f(u-\tilde{v})dx+\langle\psi^{*}, \gamma u-\gamma\tilde{v}\rangle_{J},$ .

Combining (4.7) with $v=\tilde{v}$ , we have

(4.8) $a(u, u-\tilde{v})=\int_{\Omega}f(u-\tilde{v})dx+\langle\psi^{*}, \gamma u-\gamma\tilde{v}\rangle_{\Gamma}$ .

On the other hand, by the formula (1.7) and the equation (4.1),

(4.9) $\langle Ba(u), \gamma v\rangle_{\Gamma}=a(u, v)-\int_{lQ}$ fvdx for all $v\in K(F, 0)$ .

Letting $v=u-\overline{v}$ in (4.9) and making use of (4.8), we have

$\langle Ba(u), \gamma u-\gamma\tilde{v}\rangle_{\Gamma}=\langle\psi^{*}, \gamma u-\gamma\tilde{v}\rangle_{\Gamma}$ .
Hence (4.5) holds. Next, let $\hat{\phi}$ be any function in $\mathcal{D}(\Gamma)$ and $\phi$ be a function
in $\mathcal{D}(\overline{\Omega})$ such that $\gamma\phi=\hat{\phi}$ and $\phi=0$ on a neighborhood of $F$. If $\hat{\phi}\geqq 0$ on $\Gamma$ ,

then $u+\phi\in C(\Gamma_{0}, \psi;F, w)$ and so it follows from (4.7) and (4.9) that $\langle Ba(u)$
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$-\psi^{*},\hat{\phi}\rangle_{\Gamma}\geqq 0$ . Hence we have (4.3). If $\phi\in \mathcal{D}(\Gamma\backslash \Gamma_{0})$ , then $u\pm\phi\in C(\Gamma_{0},$ $\psi$ ;
$F,$ $w$) and so it follows from (4.7) and (4.9) again that

$\langle Ba(u)-\psi^{*},\hat{\phi}\rangle_{\Gamma}=0$ .

Thus (4.4) is proved. Finally, (4.2) follows directly from (4.6).
Conversely, assume that $u$ is a solution of $P_{2}[w, \psi, \psi^{*}, f]$ . It is enough

to prove only (4.7). We first observe that

(4.10) $\langle Ba(u)-\psi^{*}, \psi-\gamma v\rangle_{\Gamma}\leqq 0$ for all $v\in C(\Gamma_{0}, \psi;F, w)$ .
Indeed, for each $v\in C(\Gamma_{0}, \psi;F, w)$ there is a sequence $\{\phi_{k}\}\subset \mathcal{D}(\overline{\Omega})$ such that
$\gamma\phi_{k}\geqq 0$ on a neighborhood of $\Gamma_{0}$ and $\gamma\phi_{k}\rightarrow\gamma v-\psi s$ in $W^{1/p^{\prime},p}(\Gamma)$ as $ k\rightarrow\infty$ .
Hence, noting that

$\langle Ba(u)-\psi^{*}, \gamma\phi_{k}\rangle_{\Gamma}\geqq 0$ for all $k$

by (4.3) and (4.4), we get

$\langle Ba(u)-\psi^{*}, \gamma v-\psi\rangle_{\Gamma}=\lim_{k\rightarrow\infty}\langle Ba(u)-\psi^{*}, \gamma\phi_{k}\rangle_{\Gamma}\geqq 0$ .

Thus we have (4.10). Next, take $\overline{v}\in C(\Gamma_{0}, \psi;F, w)$ with $\gamma\tilde{v}=\psi$ . Then, since
(4.9) holds, we see from (4.5) that

(4.11) $0=\langle Ba(u)-\psi^{*}, \gamma u-\psi\rangle_{\Gamma}$

$=a(u, u-\tilde{v})-\int_{\Omega}f(u-\tilde{v})dx-\langle\psi^{*}, \gamma u-\psi\rangle_{\Gamma}$ .

Hence, by (4.10) and using (4.9) again, we have for any $v\in C(\Gamma_{0}, \psi;F, w)$

(4.12) $0\geqq\langle Ba(u)-\psi^{*}, \psi-\gamma v\rangle_{\Gamma}$

$=a(u,\tilde{v}-v)-\int_{\Omega}f(\tilde{v}-v)dx-\langle\psi^{*}, \psi-\gamma v\rangle_{\Gamma}$ .

Combining (4.11) and (4.12), we obtain (4.7). $q$ . $e$ . $d$ .
From Theorem A and the above proposition we get the following exist-

ence theorem for the problem $P_{2}[w, \psi, \psi^{*}, f]$ .
THEOREM 4.2. If, in addition to the above assumptions, we suppOse that

the functional $a(\cdot, \cdot)$ satisfies AssumptiOn(II) and that for some $v_{0}\in C(\Gamma_{0},$ $\psi$ ;
$F,$ $w$ )

$a(v, v-v_{0})$

$\overline{\Vert v\Vert_{1,p}}\rightarrow\infty$
as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in C(\Gamma_{0}, \psi;F, w)$ ,

then $P_{2}[w, \psi, \psi^{*}, f]$ admits a solution.
In fact, applying Theorem A for $K=C(\Gamma_{0}, \psi;F, w),$ $\Phi\equiv 0$ and $T$ given

by \langle Tu, $ v\rangle$ $=a(u, v)-\int_{\Omega}fvdx-\langle\psi^{*}, \gamma v\rangle_{\Gamma}$ , we see that $V_{2}[w, \psi, \psi^{*}, f]$ has a solu-

tion, and hence so does $P_{2}[w, \psi, \psi^{*}, f]$ .
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REMARK 2. In the parabolic case, analogues of Theorems 3.2 and 4.2 are
valid under further restrictions on $A_{j}(x, \zeta, \xi)$ ; certain nonlinear parabolic
partial differential equations of the form

$\frac{\partial u}{\partial t}-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}A_{k}(x, u, \nabla u)+A_{0}(x, u, \nabla u)=f$ in $(0, T)\times\Omega$

with initial condition and with boundary conditions of the same types as in
the problems treated above are equivalent to initial-value problems for the
parabolic variational inequalities associated with them (see [9], [10]).

EXAMPLE 4.3. Let $ 2\leqq p<\infty$ and let us consider the case where $ F=\emptyset$ ,
$\Gamma_{0}=\Gamma,$ $\psi=0$ and $\psi^{*}=0$ . Then, in view of the above theorem, given $f\in L^{p^{\prime}}(\Omega)$ ,
the problem

$\{\gamma u\geqq 0a.e.on\Gamma Ba(u)\geqq 0on\Gamma\langle Ba(u),\gamma u\rangle_{\Gamma}=0-\sum_{k=1}^{N}\frac{\partial}{\partial x_{k}}(|\frac{\partial u}{\partial x_{k}}|^{p- 2}\frac{\partial u}{\partial x_{k}})+|u|^{p- 2}u=f$

in $\Omega$ ,

has a solution in $W^{1,p}(\Omega)$ (cf. [15; Chapter 1]), where

$a(u)=(|\frac{\partial u}{\partial x_{1}}|^{p- 2}\frac{\partial u}{\partial x_{1}},$ $|\frac{\partial u}{\partial x_{2}}|^{p- 2}\frac{\partial u}{\partial x_{2}}$ , $|\frac{\partial u}{\partial x_{N}}|^{p- 2}\frac{\partial u}{\partial x_{N}})$ .

\S 5. Some results on convergence of sets and of functions.

In this section, let $ 1<p<\infty$ and $1/p+1/p^{\prime}=1$ . We use the same notations
as in the preceding sections; for a compact subset $\Gamma_{0}$ of $\Gamma$ , a compact sub-
set $F$ of $\Omega,$ $\psi\in W^{1/p^{l},p}(\Gamma)$ and $w\in W^{1p}(\Omega)$ we set

$K(\Gamma_{0}, \psi)=$ { $v\in W^{1p}(\Omega);\gamma v=\psi a$ . $e$ . on $\Gamma_{0}$ },

$C(\Gamma_{0}, \psi)=$ { $ v\in W^{1,p}(\Omega);\gamma v\geqq\psi$ on $\Gamma_{0}$ in the sense of $W^{1/p^{\prime},p}(\Gamma)$ },

$K(F, w)=$ { $v\in W^{1p}(\Omega);v=w$ on $F$ in the sense of $W^{1p}(\Omega)$ },

$K(\Gamma_{0}, \psi;F, w)=K(\Gamma_{0}, \psi)\cap K(F, w)$ ,

$C(\Gamma_{0}, \psi;F, w)=C(\Gamma_{0}, \psi)\cap K(F, w)$ .

5.1. Convergence of subsets and of functions.
The following notion of convergence of sets is due to Mosco [19]. Let

$X$ be a real reflexive Banach space. For a sequence $\{S_{k}\}$ of subsets of $X$ ,
we define
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s-Liminf $S_{k}=\{v\in X$ ; there is a sequence $\{v_{k}\}$ with $v_{k}\in S_{k}$

$s$

for all $k$ such that $v_{k}\rightarrow v$ in $X$ as $ k\rightarrow\infty$ }
and

w-Limsup $S_{k}=\{v\in X$ ; there is a sequence $\{v_{j}\}$ with $v_{j}\in S_{k_{j}}$

for all $j$ such that $\{S_{k_{j}}\}$ is a subsequence of
$w$

$\{S_{k}\}$ and $v_{j}\rightarrow v$ in $X$ as $ j\rightarrow\infty$ }.

We say that $\{S_{k}\}$ converges to a subset $S$ in $X$ , if

$S=s$-Liminf $S_{k}=w$ -Limsup $S_{k}$ .

We then write either $S_{k}\rightarrow S$ in $X$ or $S=LimS_{k}$ in $X$ .
Let $\Phi$ be a function on $X$ with values in $[-\infty, \infty]$ . The epigraph epi $(\Phi)$

of $\Phi$ is the set $\{(v, r)\in X\times R;\Phi(v)\leqq r\}$ . Let $\{\Phi_{k}\}$ be a sequence of functions
on $X$ with values in $[-\infty, \infty]$ . Then, by “

$\Phi=Lim\Phi_{k}$ in $X$ ’ we mean that
epi $(\Phi_{k})=Lim$ epi $(\Phi_{k})$ in $X\times R$ .

The following lemma due to Mosco [19; Lemma 1.10] gives a characteriza-
tion of convergence of functions in the above sense.

LEMMA 5.1. Let $\{\Phi_{k}\}$ be a sequence of functions on X. Then $\Phi=Lim\Phi_{k}$

in $X$ if and only if (a) and (b) below are satisfied:
(a) For each $v\in X$ there is a sequence $\{v_{k}\}\subset X$ such that $v_{k}\rightarrow vs$ in $X$ and

$\lim_{k\rightarrow}\sup_{\infty}\Phi_{k}(v_{k})\leqq\Phi(v)$ .

(b) If $\{\Phi_{k_{j}}\}$ is a subsequence of $\{\Phi_{k}\}$ and $\{v_{j}\}$ is a sequence in $X$ weakly
convergent to $v\in X$ , then

$\lim_{k\rightarrow}\inf_{\infty}\Phi_{k_{j}}(v_{j})\geqq\Phi(v)$ .

Here, liminf and limsup are taken in $[-\infty, \infty]$ .
5.2. Some results on convergence of convex sets.
PROPOSITION 5.2. Let $\{\psi_{k}\}\subset W^{1/p^{\prime},p}(\Gamma)$ and $\{w_{k}\}\subset W^{1,p}(\Omega)$ be sequences

such that
$s$ $s$

$\psi_{k}\rightarrow\psi$ in $W^{1fp^{l},p}(\Gamma)$ and $w_{k}\rightarrow w$ in $W^{1p}(\Omega)$ as $ k\rightarrow\infty$ .
Then,

(1) $K(F, w)=LimK(F, w_{k})$ in $W^{1,p}(\Omega)$ ,

(2) $K(\Gamma_{0}, \psi)=LimK(\Gamma_{0}, \psi_{k})$ in $W^{1,p}(\Omega)$ ,

(3) $C(\Gamma_{0}, \psi)=LimC(\Gamma_{0}, \psi_{k})$ in $W^{1,p}(\Omega)$ ,

(4) $K(\Gamma_{0}, \psi;F, w)=LimK(\Gamma_{0}, \psi_{k} ; F, w_{k})$ in $W^{1,p}(\Omega)$ ,
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(5) $C(\Gamma_{0}, \psi;F, w)=LimC(\Gamma_{0}, \psi_{k} ; F, w_{k})$ in $W^{1,p}(\Omega)$ .
PROOF. We first show (1). Let $v\in K(F, w)$ be any function. Then

$v_{k}=w_{k}+(v-w)\in K(F, w_{k})$ for all $k$ and $\Vert v_{k}-v\Vert_{1,p}=\Vert w_{k}-w\Vert_{1,p}\rightarrow 0$ as $ k\rightarrow\infty$ .
Therefore,

(5.1) $K(F, w)\subset s$-Liminf $K(F, w_{k})$ .
Next, let $\{v_{j}\}$ be a sequence with $v_{j}\in K(F, w_{k_{j}})$ for all $j$ such that $\{w_{k_{j}}\}$ is

a subsequence of $\{w_{k}\}$ and $\cdot$ $v_{j^{\rightarrow}}^{w}v$ in $W^{1p}(\Omega)$ . Then $v_{j}-w_{k_{j}}\in K(F, 0)$ and
$v_{j}-w_{k_{j}}\rightarrow v-ww$ in $W^{1p}(\Omega)$ . Since $K(F, 0)$ is convex and closed in $W^{1p}(\Omega)$ , we
have $v-w\in K(F, 0)$ . Thus $v\in K(F, w)$ . Hence

(5.2) w-Limsup $K(F, w_{k})\subset K(F, w)$ .
Since it is trivial that

s-Liminf $K(F, w_{k})\subset w$-Limsup $K(F, w_{k})$ ,

it follows from (5.1) and (5.2) that $K(F, w)=LimK(F, w_{k})$ in $W^{1,p}(\Omega)$ .
To show (2) we take a function $\tilde{v}\in W^{1,p}(\Omega)$ and a sequence $\{\overline{v}_{k}\}\subset W^{1,p}(\Omega)$

$s$

such that $\gamma\tilde{v}=\psi,$ $\gamma\tilde{v}_{k}=\psi_{k}$ for all $k$ and $\tilde{v}_{k}\rightarrow\overline{v}$ in $W^{1p}(\Omega)$ . Let $v\in K(\Gamma_{0}, \psi)$

be any function and set $v_{k}=\tilde{v}_{k}+v-\tilde{v}$ for each $k$ . Then $v_{k}\in K(\Gamma_{0}, \psi_{k})$ for all
$s$

$k$ and $v_{k}\rightarrow v$ in $W^{1p}(\Omega)$ . Hence,

$K(\Gamma_{0}, \psi)\subset s$-Liminf $K(\Gamma_{0}, \psi_{k})$ .
Furthermore, just as in the case of (1), we can prove that

w-Limsup $K(\Gamma_{0}, \psi_{k})\subset K(\Gamma_{0}, \psi)$ .
Thus (2) holds.

(3) is also proved just as (2).
Next, using (1) and (2), we shall show (4). Let $v$ be any function in

$K(\Gamma_{0}, \psi;F, w)$ and $\rho$ be a function in $\mathcal{D}(\Omega)$ such that $\rho=1$ on a neighborhood
of $F$. Since $K(\Gamma_{0}, \psi;F, w)=K(\Gamma_{0}, \psi)\cap K(F, w)$ , by (1) and (2) there are
sequences $\{v_{k}\}$ with $v_{k}\in K(F, w_{k})$ and $\{\overline{v}_{k}\}$ with $\tilde{v}_{k}\in K(\Gamma_{0}, \psi_{k})$ for each $k$

$\iota$ $\epsilon$

such that $v_{k}\rightarrow v$ in $W^{1,p}(\Omega)$ as $ k\rightarrow\infty$ and $\tilde{v}_{k}\rightarrow v$ in $W^{1p}(\Omega)$ as $ k\rightarrow\infty$ . There-
fore, if we put $u_{k}=\rho v_{k}+(1-\rho)\tilde{v}_{k}$ for each $k$ , then $u_{k}\in K(\Gamma_{0}, \psi_{k} ; F, w_{k})$ for

$S$

all $k$ and $u_{k}\rightarrow v$ in $W^{1p}(\Omega)$ , so that

s-Liminf $K(\Gamma_{0}, \psi_{k} ; F, w_{k})\supset K(\Gamma_{0}, \psi;F, w)$ .
Since it is clear by (1) and (2) that

w-Limsup $K(\Gamma_{0}, \psi_{k} ; F, w_{k})\subset K(\Gamma_{0}, \psi;F, w)$ ,
we have (4).
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Finally, (5) follows from (1) and (3) by the same method as above.
$q$ . $e$ . $d$ .

\S 6. Convergence of solutions.

We investigate convergence properties of solutions of problems treated
in Sections 3 and 4. In this section, let $ 1<p<\infty$ and $1/P+1/p^{\prime}=1$ .

6.1. Convergence theorem.
Let $a(\cdot, \cdot)$ be a functional on $W^{1,p}(\Omega)\times W^{1p}(\Omega)$ given by (2.1) satisfying

Assumption (I), $K$ be a closed convex subset of $W^{1,p}(\Omega)$ and $\Psi$ be a lower
semicontinuous convex function on $K$ such that $\Psi(v)\in(-\infty, \infty$] for all $v\in K$

and $\Psi\not\equiv\infty$ on K. SuPpose that there are sequences $\{a^{(n)}(\cdot, \cdot)\},$ $\{K_{n}\}$ and
$\{\Psi_{n}\}$ with the following properties:

$(i$ ‘
$)$ Each $a^{(n)}(\cdot, \cdot)$ is a functional on $W^{1p}(\Omega)\times W^{1p}(\Omega)$ given by the form

(2.1) satisfying Assumptions (I) and (II) in Section 2. We require
(A) $\{a^{(n)}(\cdot, \cdot)\}$ is uniformly bounded on bounded subsets of $W^{1,p}(\Omega)$

$\times W^{1p}(\Omega),$ $i$ . $e.$ , for each bounded subset $B$ of $W^{1p}(\Omega)$ , there is
a positive constant $M$ such that

$|a^{(n)}(v, w)|\leqq M$ for all $n$ and all $v,$ $w\in B$ .
(A) If $\{a^{(n_{k})}(\cdot, \cdot)\}$ is a subsequence of $\{a^{(n)}(\cdot, \cdot)\}$ and $\{v_{k}\}$ is a

sequence in $W^{1,p}(\Omega)$ weakly convergent to $v\in W^{1p}(\Omega)$ and if

$\lim_{k\rightarrow}\sup_{\infty}a^{(n_{k})}(v_{k}, v_{k}-v)\leqq 0$ ,

then
$\lim_{k\rightarrow}\inf_{\infty}a^{(n_{k})}(v_{k}, v_{k}-w)\geqq a(v, v-w)$

for every $w\in W^{1p}(\Omega)$ .
(ii) Each $K_{n}$ is a closed convex subset of $W^{1p}(\Omega)$ and

$K=LimK_{n}$ in $W^{1p}(\Omega)$ .
(iii) Each $\Psi_{n}$ is a lower semicontinuous convex function on $W^{1p}(\Omega)$

such that $\Psi_{n}\overline{\neq}\infty$ on $K_{n},$ $\Psi_{n}(v)\in(-\infty, \infty$] for all $v\in K_{n}$ ,

$\{v\in W^{1,p}(\Omega) ; \Psi_{n}(v)<\infty\}\subset K_{n}$ ,

and
$\Psi=Lim\Psi_{n}$ in $W^{1p}(\Omega)$ .

(iv) There is a bounded sequence $\{a_{n}\}\subset W^{1,p}(\Omega)$ with $a_{n}\in K_{n}$ for all $n$

such that

(B) $\sup_{n}\Psi_{n}(a_{n})<\infty$ ,

(B) for each $n$ ,
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$\frac{a^{(n)}(v,v-a_{n})+\Psi_{n}(v)}{||v||_{1,p}}\rightarrow\infty$ as $\Vert v\Vert_{1,p}\rightarrow\infty,$ $v\in K_{n}$ ,

(B) for any sequence $\{v_{n}\}$ with $v_{n}\in K_{n},$ $\Vert v_{n}\Vert_{1,p}\rightarrow\infty$ implies that

$a^{(n)}(v_{n}, v_{n}-a_{n})+\Psi_{n}(v_{n})$

$\overline{\Vert v_{n}\Vert_{1,p}}\rightarrow\infty$ .

Under these hypotheses $(i)-(iv)$ we have the following convergence
theorem.

THEOREM 6.1. Let $f\in L^{p^{\prime}}(\Omega)$ and $\{f_{n}\}\subset L^{p^{\prime}}(\Omega)$ . SuppOse that $f_{n}\rightarrow fs$ in
$L^{p^{\prime}}(\Omega)$ as $ n\rightarrow\infty$ . If we denote by $S$ the set of all solutions of the variational
inequality:

(V)
$\left\{\begin{array}{ll}u\in K, & \\a(u, u-v)-\int_{\Omega}f(u-v)dx\leqq\Psi(v)-\Psi(u) & for all v\in K,\end{array}\right.$

and, for each $n$ , denote by $S_{n}$ the set of all solutions of the variational inequality:

$(V_{n})$

$\left\{\begin{array}{ll}u_{n}\in K_{n}, & \\a^{(n)}(u_{n}, u_{n}-v)-\int_{\Omega}f_{n}(u_{n}-v)dx\leqq\Psi_{n}(v)-\Psi_{n}(u_{n}) & for all v\in K_{n} ,\end{array}\right.$

then we have:

(a) w-Limsup $ S_{n}\neq\emptyset$ and w-Limsup $S_{n}\subset S$ .
(b) Let $\{u_{k}\}$ be a sequence such that $u_{k}\in S_{n_{k}}$ for a subsequence $\{S_{n_{k}}\}$ of

$w$

$\{S_{n}\}$ and $u_{k}\rightarrow u$ in $W^{1,p}(\Omega)$ as $ k\rightarrow\infty$ for some $u\in W^{1p}(\Omega)$ (hence
$u\in S$ by $(a))$ . Then

$\lim_{k\rightarrow\infty}a^{(n_{k})}(u_{k}, u_{k})=a(u, u)$

and
$\lim_{k\rightarrow\infty}\Psi_{n_{k}}(u_{k})=\Psi(u)$ .

For a proof of this theorem, see [8; Theorem 4.2].

REMARK. We set

$a(v, w)=\sum_{j=1}^{N}\int_{\Omega}A_{j}(x, v, \nabla v)\frac{\partial w}{\partial_{X_{j}}}dx+\int_{\Omega}A_{0}(x, v, \nabla v)wdx$

and for each $n$ ,

$a^{(n)}(v, w)=\sum_{J=1}^{N}\int_{J2}A_{j}^{(n)}(x, v, \nabla v)\frac{\partial w}{\partial x_{j}}dx+\int_{\Omega}A_{0}^{(n)}(x, v, \nabla v)wdx$ .

SuPpose that $a(\cdot, \cdot)$ and every $a^{(n)}(\cdot, \cdot)$ satisfy Assumptions(I) and (II) in \S 2,
and that there are sequences $\{c_{n}\}$ of positive numbers and $\{h_{n}\}$ of functions
in $L^{p^{l}}(\Omega)$ such that for each $n$
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(6.1) $|A_{k}^{(n)}(x, \zeta, \xi_{1}, \xi_{2}, \xi_{N})-A_{k}(x, \zeta, \xi_{1}, \xi_{2}, \xi_{N})|$

$\leqq c_{n}(|\zeta|^{p- 1}+\sum_{j=1}^{N}|\xi_{j}|^{p- 1})+h_{n}(x)$ , $k=0,$ 1, $N$ ,

and
$c_{n}\rightarrow 0$ ,

$s$

$h_{n}-0$ in $L^{p^{\prime}}(\Omega)$

as $ n\rightarrow\infty$ . Then $a(\cdot, \cdot)$ and $\{a^{(n)}(\cdot, \cdot)\}$ satisfy conditions $(A_{1})$ and $(A_{2})$ . In
fact, it is easy to see that the sequence $\{a^{(n)}(\cdot, \cdot)\}$ satisfies condition $(A_{1})$ .
Let $\{v_{k}\}$ be a sequence in $W^{1p}(\Omega)$ weakly convergent to $v\in W^{1p}(\Omega)$ and
$\{a^{(n_{k})}(\cdot, \cdot)\}$ be a subsequence of $\{a^{(n)}(\cdot, \cdot)\}$ such that

(6.2) $\lim_{k\rightarrow}\sup_{\infty}a^{(n_{k})}(v_{k}, v_{k}-v)\leqq 0$ .
Then, by (6.1),

$|a^{(n_{k})}(v_{k}, v_{k})-a(v_{k}, v_{k})|\rightarrow 0$

and
$|a^{(n_{k})}(v_{k}, v)-a(v_{k}, v)|\rightarrow 0$

as $ k\rightarrow\infty$ . Since
$a^{(n_{k})}(v_{k}, v_{k})-a^{(n_{k})}(v_{k}, v)$

$\geqq-|a^{(n_{k})}(v_{k}, v_{k})-a(v_{k}, v_{k})|-|a(v_{k}, v)-a^{(n_{k})}(v_{k}, v)|$

$+a(v_{k}, v_{k})-a(v_{k}, v)$

we have by (6.2)

$\lim_{k-\infty}\sup a(v_{k}, v_{k}-v)\leqq 0$ .

Therefore, Assumption (II) for $a(\cdot, \cdot)$ implies that

$\lim_{k\rightarrow}\inf_{\infty}a(v_{k}, v_{k}-w)\geqq a(v, v-w)$ for every $w\in W^{1p}(\Omega)$ .

Hence, using (6.1) again, we obtain

$\lim_{k-\infty}\inf a^{(n_{k})}(v_{k}, v_{k}-w)\geqq a(v, v-w)$ for every $w\in W^{1p}(\Omega)$ .

Thus condition $(A_{2})$ is verified.
6.2. Examples.
We suppose that $ 2\leqq p<\infty$ . Let us consider

$a^{(n)}(v, w)=\sum_{j=1}^{N}\int_{\Omega}\alpha^{(n)}|\nabla v|^{p- 2}\frac{\partial v}{\partial x_{j}}\frac{\partial w}{\partial x_{j}}d_{X}+\int_{\Omega}\beta^{(n)}|v|^{p-2}vwdx$ ,

$n=1,2,$ $\cdots$ , and

$a(v, w)=\sum_{J=1}^{N}\int_{\Omega}\alpha|\nabla v|^{p-2}\frac{\partial v}{\partial x_{j}}\frac{\partial w}{\partial x_{j}}dx+\int_{\Omega}\beta|v|^{p- 2}vwdx$ .
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Assume:
(1) For a positive constant $c$ ,

$\alpha^{(n)}(x)\geqq c$ , $\beta^{(n)}(x)\geqq c$ $a$ . $e$ . on $\Omega$ for $n=1,2,$ $\cdots$ ,

(2) $\alpha,$
$\beta,$ $\alpha^{(n)},$ $\beta^{(n)}\in L^{\infty}(\Omega)$ and

$s$ $s$

$\alpha^{(n)}\rightarrow\alpha$ , $\beta^{(n)}\rightarrow\beta$ in $L^{\infty}(\Omega)$ as $ n\rightarrow\infty$ .
Then, clearly, $\{a^{(n)}(\cdot, \cdot)\}$ and $a(\cdot, \cdot)$ satisfy condition (i) in the previous para-
graph. As is easily seen, for each bounded subset $B$ of $W^{1p}(\Omega)$ there is a
constant $\tilde{c}>0$ such that

$\inf_{w\in B}\frac{a^{(n)}(v,v-w)}{\Vert v\Vert_{1,p}}\geqq\delta\Vert v\Vert?^{-1}p-\partial\Vert v\Vert?^{-3}p$ for all $v\in W^{1p}(\Omega)$ with $v\neq 0$ .

EXAMPLE 6.2. Let $F$ be a compact subset of $\Omega$ and $\Gamma_{0}$ be a closed subset
of $\Gamma$ , and let $\{\psi_{n}\}\subset W^{1/p^{\prime},p}(\Gamma)$ , $\{\psi_{n}^{*}\}\subset W^{-1/p^{\prime},p^{J}}(\Gamma)$ , $\{f_{n}\}\subset L^{p^{\prime}}(\Omega)$ and $\{g_{n}\}$

$\subset L^{\infty}(\Gamma)$ with $g_{n}\geqq 0a$ . $e$ . on $\Gamma$ and $\{w_{n}\}\subset W^{1p}(\Omega)$ be sequences such that
$s$

$w_{n}\rightarrow w$ in $W^{1p}(\Omega)$ ,

$s$

$\psi_{n}\rightarrow\psi$ in $W^{1/p^{l},p}(\Gamma)$ ,

$s$

$\psi_{n}^{*}\rightarrow\psi*$ in $W^{-1/p^{\prime},p^{\prime}}(\Gamma)$ ,

$s$

$f_{n}\rightarrow f$ in $L^{p^{\prime}}(\Omega)$ ,
$s$

$g_{n}\rightarrow g$ in $L^{\infty}(\Gamma)$ ,

as $ n\rightarrow\infty$ . Then we consider the problems

$\int_{\gamma u=\psi a.e.on\Gamma_{0}}^{-\sum_{J=1}^{N}\frac{\partial}{\partial x_{j}}(\alpha|\nabla u|^{p- 2}\frac{\partial u}{\partial x_{j}})+\beta}|u|^{p- 2}u=f$

in $\Omega\backslash F$ ,

(P)

$|_{-Ba(u)+\psi^{*}=g|\gamma u|^{p-2}(\gamma u)}u=w$

on $\Gamma\backslash \Gamma_{0}$ ,

on $F$ in the sense of $W^{1p}(\Omega)$ ,

and for each $n$

$(P_{n})$ $\left\{\begin{array}{ll}-\sum_{j=1}^{N}\frac{\partial}{\partial x_{j}}(\alpha^{(n)}|\nabla u_{n}|^{p- 2}\frac{\partial u_{n}}{\partial x_{j}})+\beta^{(n)}|u_{n}|^{p- 2}u_{n}=f_{n} & in \Omega\backslash F,\\\gamma u_{n}=\psi_{n} a. e. on \Gamma_{0}, & \\u_{n}=w_{n} on F in the sense of W^{1,p}(\Omega), & \\-Ba^{(n)}(u_{n})+\psi_{n}^{*}=g_{n}|\gamma u_{n}|^{p- 2}(\gamma u_{n}) on \Gamma\backslash \Gamma_{0}, & \end{array}\right.$
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where

$a(u)=(\alpha|\nabla u|^{p- 2}\frac{\partial u}{\partial x_{1}}$ , $\alpha|\nabla u|^{p-2}\frac{\partial u}{\partial x_{N}})$

and

$a^{(n)}(u_{n})=(\alpha^{(n)}|\nabla u_{n}|^{p-2}\frac{\partial u_{n}}{\partial x_{1}},$
$\cdots,$

$\alpha^{(n)}|\nabla u_{n}|^{p-2}\frac{\partial u_{n}}{\partial x_{N}})$ .
We now show that every $(P_{n})$ admits a unique solution as well as (P) and
that the solution $u_{n}$ of $(P_{n})$ converges strongly to the solution $u$ of (P) in
$W^{1p}(\Omega)$ . In fact, as was seen in Case 5 in Section 3, these problems (P) and
$(P_{n})$ are equivalent to the associated variational inequalities

(V) $\left\{\begin{array}{l}u\in K(\Gamma_{0}, \psi;F, w),\\a(u, u-v)-\int_{\Omega}f(u-v)dx\leqq\Phi(\gamma v)-\Phi(\gamma u)\\for all v\in K(\Gamma_{0}, \psi;F, w)\end{array}\right.$

where

$\Phi(0)=\{\infty\frac{1}{p}\int_{\Omega}g|i)|^{p}d\Gamma+\langle\psi^{*}, C\rangle_{\Gamma}$

, if $\partial\in K(\Gamma_{0}, \psi;F, w)$ ,

otherwise ,
and

$(V_{n})$ $\{u_{n}\in K(\Gamma_{0}, \psi_{n};F,w_{n})a^{(n)}(u_{n},u_{n}-v)-\int_{\Omega}f_{n}(u_{n}-v)d_{X}\leqq\Phi_{n}(\gamma v)-\Phi_{n}(\gamma u_{n})fora11v\in K(\Gamma_{0},\psi_{n};F,w_{n})$

where

$\Phi_{n}(0)=\{\infty\frac{1}{p}\int_{\Gamma}g_{n}|i)|^{p}d\Gamma+\langle\psi_{n}^{*}, t)\rangle_{\Gamma}$

if
$\partial\in K(\Gamma_{0}, \psi_{n} ; F, w_{n})$

,

otherwise ,

respectively. We note that by Theorem A the above problem (V) has a
unique solution as well as the problem $(V_{n})$ , since the operators from $W^{1p}(\Omega)$

into $(W^{1p}(\Omega))^{*}$ associated with $a(\cdot, )$ and $a^{(n)}(\cdot, \cdot)$ are strictly monotone.
Under our assumptions, we have by (4) of Proposition 5.2, $K(\Gamma_{0}, \psi;F, w)$

$=LimK(\Gamma_{0}, \psi_{n} ; F, w_{n})$ in $W^{1p}(\Omega)$ and $\Phi\circ\gamma=Lim\Phi_{n}\circ\gamma$ in $W^{1p}(\Omega)$ by Lemma
5.1. Hence conditions (ii) and (iii) for $K=K(\Gamma_{0}, \psi;F, w),$ $K_{n}=K(\Gamma_{0}, \psi_{n} ; F, w_{n})$ ,
$\Psi=\Phi\circ\gamma$ and $\Psi_{n}=\Phi_{n}\circ\gamma$ in the previous paragraph are satisfied. It is also
easy to check condition (iv) for $K=K(\Gamma_{0}, \psi;F, w),$ $K_{n}=K(\Gamma_{0}, \psi_{n} ; F, w_{n})$ ,
$\Psi=\Phi\circ\gamma$ and $\Psi_{n}=\Phi_{n}\circ\gamma$ . Therefore, applying(a) of Theorem 6.1, we obtain
that the solution $u_{n}$ of $(P_{n})$ converges weakly to the solution $u$ of (P) in

$s$

$W^{1p}(\Omega)$ , so that $u_{n}\rightarrow u$ in $L^{p}(\Omega)$ by the compactness of the natural injection

from $W^{1p}(\Omega)$ into $L^{p}(\Omega)$ . Moreover, by (b) of Theorem 6.1, $\lim_{n\rightarrow\infty}\int_{\Omega}\alpha^{(n)}|\nabla u_{n}|^{p}dx$
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$=\int_{\Omega}\alpha|\nabla u|^{p}dx$ , and so $\lim_{n\rightarrow\infty}\int_{\Omega}|\nabla u_{n}|^{p}dx=\int_{\Omega}|\nabla u|^{p}dx$ . Hence $\Vert u_{n}\Vert_{1,p}\rightarrow\Vert u\Vert_{1,p}$ .
From this together with the uniform convexity of $W^{1,p}(\Omega)$ we conclude that

$s$

$u_{\grave{n}}\rightarrow u$ in $W^{1p}(\Omega)$ as $ n\rightarrow\infty$ .
EXAMPLE 6.3. Under the same assumptions as in Example 6.2, we con-

sider problems of another type:

(P) $\left\{\begin{array}{ll}-\sum_{f=1}^{N}\frac{\partial}{\partial x_{j}}(\alpha|\nabla u|^{p- 2}\frac{\partial u}{\partial x_{j}})+\beta|u|^{p- 2}u=f & in \Omega\backslash F,\\\gamma u\geqq\psi on \Gamma_{0} in the sense of W^{1/p^{\prime},p}(\Gamma) & \\u=w on F in the sense of W^{1,p}(\Omega), & \\Ba(u)\geqq\psi^{*} on \Gamma, & \\Ba(u)=\psi^{*} on \Gamma\backslash \Gamma_{0}, & \\\langle Ba(u)-\psi^{*}, \gamma u-\psi\rangle_{\Gamma}=0, & \end{array}\right.$

and

$(P_{n})^{\prime}\{u_{n}=w_{n}onFinthesenseofW^{1,p}(\Omega)Ba^{(n)}(u_{n})=\psi_{7?}^{*}on\Gamma\backslash \Gamma_{0}-j=\sum_{a^{(n)}}^{N}1\frac{\partial}{\partial x_{j}}(n\langle B\alpha^{(n)}(u_{n})-\psi_{n}^{*},\gamma u_{n}-\psi_{n}\rangle_{\Gamma}=0$

in $\Omega\backslash F$ ,

Applying Theorem 6.1 and using the fact ((5) of Proposition 5.2) that

$C(\Gamma_{0}, \psi;F, w)=LimC(\Gamma_{0}, \psi_{n} ; F, w_{n})$ in $W^{1p}(\Omega)$ ,

we can prove, just as in Example 6.2, that the solution $u_{n}$ of $(P_{n})^{\prime}$ strongly
converges to the solution $u$ of (P) as $ n\rightarrow\infty$ .

References

[1] H. Brezis, \’Equations et in\’equations non lin\’eaires dans les espaces vectoriels
en dualit\’e, Ann. Inst. Fourier, Grenoble, 18, 1 (1968), 115-175.

[2] H. Brezis, Probl\‘emes unilat\’eraux, J. Math. Pure Appl., 51 (1972), 1-168.
[3] H. Brezis and G. Stampacchia, Sur la r\’egularit\’e de la solution d’in\’equations

elliptiques, Bull. Soc. Math. France, 96 (1968), 153-180.
[4] F. E. Browder, Nonlinear maximal monotone operators in Banach spaces, Math.

Ann., 175 (1968), 89-113.
[5] F. E. Browder, Nonlinear variational inequalities and maximal monotone map-

pings in Banach spaces, Math. Ann., 183 (1969), 213-231.



Pseudomonotone oPerators 149

[6] F. E. Browder, Existence theorems for nonlinear partial differential equations,
Global analysis, Proc. Symp. Pure Math. Amer. Math. Soc. 16 (1970), 1-60.

[7] E. Gagliardo, Caratterizzazioni delle tracce sulla frontiera relative ad alcune
classi di funzioni in n variabili, Rend. Sem. Mat. Univ. Padova, 27 (1957), 284-
305.

[8] N. Kenmochi, Nonlinear operators of monotone type in reflexive Banach spaces
and nonlinear perturbations, Hiroshima Math. J., 4 (1974), 229-263.

[9] N. Kenmochi, Some nonlinear parabolic variational inequalities and applications,
in preparation.

[10] N. Kenmochi, Nonlinear operators of monotone type and nonlinear variational
inequalities, in preparation.

[11] M. A. Krasnosel’skii, Topological methods in the theory of nonlinear integral
equations, Pergamon Press, Oxford, 1964.

[12] J. Leray and J. L. Lions, Quelques r\’esultats de Visik sur les probl\‘emes ellipti-
ques non lin\’eaires par les m\’ethodes de Minty-Browder, Bull. Soc. Math. France,
93 (1965), 97-107.

[13] J. L. Lions, Probl\‘emes aux limites dans les \’equations aux d\’eriv\’ees partielles,
Montr\’eal Univ., 1962.

[14] J. L. Lions, Quelques m\’ethodes de r\’esolution des probl\‘emes aux limites non
lin\’eaires, Dunod Gauthier-Villars, Paris, 1969.

[15] J. L. Lions, Partial differential inequalities, Russian Math. Surveys, 27, 2 (1972),
91-159.

[16] J. L. Lions and E. Magenes, Problemi ai limiti non omogenei (III) , Annali
Scuola Norm. Sup. Pisa, 15 (1961), 41-107.

[17] J. L. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl.
Math., 20 (1967), 493-519.

[18] W. Littman, G. Stampacchia and H. F. Weinberger, Regular points for elliptic
equations with discontinuous coefficients, Annali Scuola Norm. Sup. Pisa, 17
(1963), 45-79.

[19] U. Mosco, Convergence of convex sets and of solutions of variational inequal-
ities, Advances Math., 3 (1969), 510-585.

[20] R. T. Rockafellar, Convex analysis, Princeton Univ. Press, 1969.
[21] R. T. Rockafellar, On the maximality of nonlinear monotone operators, Trans.

Amer. Math. Soc., 149 (1970), 75-83.
[22] G. Stampacchia, Variational inequalities, Theory and applications of monotone

operators, Proc. NATO Advanced Study Inst. Venice, (1969), 101-192.

Nobuyuki KENMOCHI
Department of Mathematics
Hiroshima University

Present address:
Department of Mathematics
Faculty of Education
Chiba University
Yayoi.cho, Chiba
Japan


	Introduction.
	\S 1. Preliminaries.
	\S 2. Pseudomonotone operators ...
	THEOREMA (Brezis ...

	\S 3. Boundary value problems ...
	THEOREM 3.2. ...

	\S 4. Unilateral boundary ...
	THEOREM 4.2. ...

	\S 5. Some results on ...
	\S 6. Convergence of solutions.
	THEOREM 6.1. ...

	References

