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Introduction.

In this paper, we shall determine the homotopy spheres that admit free
actions of the finite cyclic group Z, where m is an integer. In the case of
free involutions, namely when m=2, Lopez de Medrano gave an answer in [6]
using the results of Browder on Kervaire invariants. Also, Orlik [9]
showed that every homotopy sphere that bounds a parallelizable manifold
admits a free Z,r-action where p is an odd prime by constructing explicit
examples on Brieskorn spheres.

If one tries to follow the line of Lopez de Medrano when m is an arbitrary
integer, one faces with the difficulty when m=0 (mod4). So we shall adopt
the philosophy of Brumfiel In this process, we must construct a surgery
theory on manifolds with singularity which are called Zm-manifolds in this
paper (§§4, 5). We shall give a brief view of our program:

§1: We state our main result together with notations
which will be frequently used in this paper.

§2: We construct a free Z,-action on a Brieskorn sphere of dimension
=4k+1. This example plays an important r6le in later sections.

§3: We discuss the surgery theory on odd-dimensional manifolds with
n,=Z, improving the result of Wall 14E 4.

§4: The definition and elementary properties of Zm-manifolds are stated.

§5: The results of §3 and §4 are combined to yield the surgery theory
for “simply connected” Z,.-manifolds.

§6: The results of §3 and §5 are applied to give a proof of our main
theorem.

I would like to thank Professors A. Hattori and Y. Matsumoto for valuable
criticism and advices. :

§1. Statement of the main theorem.

We have a linear Z,-action on S***'CC""' where the action is given by
(20y 24, -+ Zr)— (@2, @P1zy, -+, aPrz,) with a=exp (27i/m) and (p;, m)=1. The
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quotient space of S*"*' under this action is the lens space denoted by
L**(m ; py, -+, Dn). It is well known that two lens spaces L**'(m; py, -, Dn)
and L***'(m;q,, -, ¢,) are homotopy equivalent preserving the natural orienta-
tions if p; - po=q, .- ¢, (mod m). Also it is known that for any free Z,-
action on a homotopy sphere 2*"*!, the quotient space is homotopy equivalent
to L***'(m ; py, -+~ , pn) for some appropriate choice of p,, .-+, p,. Hence 2***'/Z,
is homotopy equivalent to LI*"'=L***'(m; ¢, 1, -+, 1) for some ¢. In this case,
we shall call this action a free Z,-action of type ¢. Our main result is

MAIN THEOREM. A homotopy sphere X*"** admits a free Z,-action of type
q if and only if its normal invariant p(2) belongs to the subgroup w¥ ([ Ly, G/O))
0f wyn:i(G/O) where m}¥ is the natural map induced by the projection m,: S****
— L2 and n=3.

We shall fix some notations which will be frequently used in this paper.
We have a standard CW-decomposition of the lens space L***'(m; py, -+, Dn)
with cells & é?, ---, ®"*! where

e ={{z, -, 2,0,-+,0]|z#0 and arg (z,)=0}
and
e ={{zy, -, 2,0,--,0] 2,0 and 0<arg (z,) <2x/m} .

Let L>®(m; py, -+, pa_y) be the mapping cone of the natural projection S?"~'—
L™ Y(m; p,, -+, Pn-). Then L*™(m; py, -+, Pn_y) is homeomorphic to the 2n-
skeleton of L***(m; py, -+, Du-1, Pn) under the standard CW-decomposition
above. The following notations are used when there is no fear of confusion:

L3n+1:L2n+l(m » 4, 11 Ty 1) ’
zgn:'izn(m: q, 17 Tty 1) y

L+t =L2n+1(m 3 Dy, ey pn)
and
LG:LG(m Dy, Pacs) .

§2. Free Z,-actions on Brieskorn spheres.

Let f(zo, 2y, ***, Zogs1)=25+23+ -+ +2%,, be a complex valued function on
C?***% with s=43 (mod8) and (s, m)=1. The existence of such an integer s
is assured by the existence of infinitely many primes which are of the form
8/+3. Then it is well known that the manifold X#"'=f"*(0)"\S**** is a homo-
topy sphere bounding a parallelizable manifold and that 2'#* is not diffeo-
morphic to the standard sphere in dimensions where “Kervaire invariant con-
jecture” holds. We define a Z,-action on C**** by

(20, 23, =+ Zak41) — (@®z,, azy, -+, AZ3141)
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where a=exp (27i/m) and st=1 (mod m). Clearly, this Z,-action keeps S*#*+*
invariant. It also keeps f '(0) invariant since [f(a%*z, az,, -+, @Zy11) =
a®f(zy, 2y, -+, Zsx+1) holds. Hence this action induces a Z,-action 7 on Y%+,
We can easily verify that the Z,-action (24*!, T,) is free.

Now let ¢, : Y#+/T—L{**' and ¢,: Li**'— L be defined by

@1([20, Zyy vy Zoger]) =L21/Cqy oy Zaga1/Ch]
©o([Uo, Uy, o+, Ugy]) = [Uo/ Cq, UL/ Coy U/ Cqy -+, Ugye/Cs ]

2k+1 2k
where ¢;=( 3 219" and ¢,=(|uol*+ [1,[*+ 2 [u;]%)"*. Then ¢, (resp. ¢,) is
= e

an s-fold (resp. t-fold) ramified covering map and we have deg (¢.¢,)=1(mod m).
Therefore by the theorem of Olum the quotient manifold 2#*!/T, is homo-
topy equivalent to L{*™' since both ¢, and ¢, induce isomorphisms of funda-
mental groups. Thus we obtain the following

PROPOSITION 2.1. The quotient space of the free Z,-action (X%**, T, is
homotopopy equivalent to L**(m; py, -+, Do) With sp, - =1 (mod m).

PROPOSITION 2.2. Every homotopy (4k+1)-sphere that bounds a paralleliza-
ble manifold admits a free Z,-action for any integer m.

Proposition 2.2 is an affirmative answer to the conjecture of Orlik [9] in
dimensions 4k--1.

When m is even, by restricting this action to the subgroup Z,CZ,, one
obtains the so-called Brieskorn-Hirzebruch involution (2'#*, T,|Z, (see [6]
V.4).

LEMMA 2.3. When m is even, (X%, T,) does not admit codimension 2
characteristic spheres.

PrOOF. In dimension=4k-1, the obstruction to the existence of codim=2
Z,-characteristic spheres, Browder-Livesay invariant and abstract codim=1
and 2 surgery obstructions are all equal ((6]). These obstructions do not
vanish for (Z#, Ts|Z,) (2], [5).

§3. Surgery on odd-dimensional manifolds with =,=Z,.

In this section we shall discuss the surgery obstructions for odd dimen-
sional manifolds with 7,=2Z,. Surgery theories for =,={1}, Z, and Z are
assumed to be known. The main reference here is Wall’s book First
we quote two lemmas due to Wall [13].

LEMMA 3.1 (Wall). The transfer homomorphism t: L§(Z,)—L,1) (e=h, s)
1S surjective.

LEMMA 3.2 (Wall). For e=h, s,
a y/
) Ly i(Z) —> L5n (Zy) —> Linii(Z—Z,) is zero.
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i) Ly (Z) —a-> Ls, (Z,) is zero unless n, m are even.

In the above, a is induced by the natural epimorphism Z—Z,. The map
p is characterized as follows: Let f:M?®'—X?**"! be a normal map with
n(X)=Z, and surgery obstruction x=60(f)eL},_.,(Z,). Denote by X—X the
universal covering of X. It induces an m-fold covering M—M and a map
f : M—X covering f. Then we have a well-defined normal map

f-:szmid: MszDZ——)XszDZ.
We have p(x)=0(f) in L%, (Z—Z,,).
The surgery obstructions define a homomorphism

0: 2.(K(Zy, 1) X G/O) —> Li(Z)

as stated in [13] 13B3.
LEMMA 3.3. The composition of maps

0 P
p0: Q(K(Zn, )X G/0) —> LY Z,) —> LY{(Z—Z,,)
1S zero.

PrOOF. The Conner-Floyd bordism spectral sequence [4] shows that the
Hurewicz map

e 2y(K(Zn, 1) X G/O) —> Hy(K(Zn, 1) X G/0 5 Z)

is an isomorphism.
Case I. m is odd:
Q(K(Z,, 1)XG/0) is isomorphic to Z, generated by

( ’992)
o: L} e

K(Z,,1)xG/O

where ¢,: L}—K(Z,, 1) is the classifying map of the universal covering S°*—L}
and ¢,: Li—G/O is the trivial map. Then we have 6(p)=0 since 6(p,) is
already zero.

Case II. m is even:

The group 2,(K(Z,, 1)XG/0)=Z,PZ, has two generators:

¢: L} — K(Z,,1)xG/O
as above and
JXk
¢: S'xS? — K(Z,,1)xXG/O
where [jlen,(K(Z,, 1)) and [k]sr,(G/O) are generators of respective groups.
We have 6(p)=0 as above. Denote by ¢’:S'XS*>G/O the map
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Stx S? i K(Z,, 1) X G/Op—rfi G/0.
Then we have 0(¢)=(7)«0(¢’) where
(Nx: L(Z) —> LY(Z,n)

is equal to «. Therefore 6(¢)=0 holds by (1.

LEMMA 3.4. For any normal map ¢ : L¥(m ; py, p,)—G/O, its surgery obstruc-
tion 0(p) in LYZ,) vanishes (e=h, s).

ProOOF. Let N be a closed tubular neighborhood of L*=L*(m; p,) in L*=
L(m; py, p,) and put E=L°—int N. Then the surgery obstruction for ¢|N: N
—G/0 is given by 6(¢|N)=p0(¢|L*) in L{Z—Z,). This is zero by
3.3. Now consider the normal map

f=fop,: L*xXCP(2) —> G/O.

Then 0(fINXCP(2))=0 by the periodicity of surgery obstructions, and we
obtain an e-equivalence (e=h, s) at NXCP(2). The remaining surgery obstruc-
tion lies in Ly(m,(EXCP(2))=L,(Z) which is mapped to 6(f)eLiZ,) by the
natural map

a: L(Z) — Li(Zy)

since surgery obstructions are natural for inclusions ([13], 3.2). We have
0(f)=0 by and by periodicity again we see that 6(f)=0. This
completes the proof.

The argument above can be taken as the first step of the induction used
by Wall ([13], 14E4) to calculate the surgery obstructions for lens spaces.
Hence Wall’s theorem 14E4 holds for ¢=s as well as e=h. Instead of giving

a reproduction of his proof, we shall turn to the general situation with 7,=2Z,,
here.

LEMMA 3.5. The surgery obstruction map

0: 2(K(Z,, 1)XG/0) — LYZ,)
is zero (e=h, s).

PrOOF. Consider the Conner-Floyd spectral sequence for 24«(K(Z,,, 1)XG/0)
with E},.=H,(K(Z,, 1)XG/0; 2,) [4). Then E%, is a torsion group since
H,(G/O; Z) is. Hence all differentials vanish on FE}, Therefore, we have
E3=E%,, namely the Hurewicz map

v Q(K(Zy, 1) X G/0) —> Hy(K(Zn, 1) X G/0; Z)

is surjective. Put
A;=Image {2,(K(Z,, 1))Q2;_,(G/0) —> 2(K(Zn, 1) X G/O)} .
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Then we can verify that A, A;, A; and A; generate 2,(K(Z,, 1)xG/0).
I. 6(A;)=0: An element of A, is represented by

((plv §02)

o: M° — K(Z,,, 1) X G/O

where ¢, is the trivial map. We can therefore assume that M?® is simply con-
nected. Then we have 0(¢)=(p,)«0(¢,)=0 since 6(¢p,)< Ly(1)=0.
II. 8(A)=0: Take a representative

/X /4

p: S*XM*

K(Z,,1)xG/O

of A,. Then as before we may assume that M* is simply connected. We have
0(0)=(¢")x0(p2¢") by definition. If [¢’J=¢q[jlen,(K(Z,, 1)) where j:S'—
K(Z,,1) represents the generator, (¢')x factors as

(@« 44
L(Z) —> L(Z) —> Li(Zy)

which is zero by Lemma 3.2 (ii).
III. 6(A;)=0: Take a representative

(901s ?2)
o: M°

K(Z,, 1)xXG/0

of A; where ¢, is trivial. Then 6(¢,) is already zero in this case.

IV. Final case: When m is odd, we have 60(A;)=0 since 2,(K(Z,, 1))
R2,(G/0)=Z,RZ,=0. Let us assume that m is even. The free Z,-action
(28, Ts) of §2 defines a homotopy smoothing 23/T,—L°*=L%m;t,1) whose
normal invariant is denoted by ¢,: L°*—~G/0O. We know that the Fk,-class for
this normal invariant does not vanish or equally we have 6(p,|L*)+#0 in
Ly Z,) where L*=L°(m;t)CL’ Let ¢,:L*~K(Z,, 1) classify the universal
cover and put

(o1, ©5)
s 2 T K(Z,,1)X GO .

p: L

Denote by xeH K(Z,,1); Z,) and k,=H*(G/O; Z,) the generators. Then
©*(xk,)[L*] does not vanish whereas xk, is annihilated by elements which
belong to Ay, A, and A;. This shows that A, A,, 4; and ¢ generate the whole
group 2,(K(Z,, 1)XG/O) since A;=Z,. The surgery obstruction for ¢ vanishes
by This completes the proof.

LEMMA 3.6. Let X™ be a compact n-manifold with n(X)=Z, and n=6.
Then there exists a submanifold Y2 of X™ satisfying the following conditions:
Let N be a closed tubular neighborhood of Y in X and put E=X—int N. The
natural inclusions Y—X and 0E—E induce isomorphisms (Y )=n (X)=Z, and



Determination of homotopy spheres 349

m,(0FE)=n,(E)=Z.

ProOOF. Consider the map f: X"—L¥*! which classifies the universal cover
of X. Then we can apply the theorem of Quinn to deduce our assertion
since L{*"'—L¥*! is a homotopy equivalence and (LI**'—L{*"")—L$*! is homo-
topically an S*-bundle.

When n and m are even, we have a canonical map d’: L5, (Z,)—L,,.(Z,)
=Z, (13]. |

THEOREM 3.7. Let M** ! be an oriented manifold with =, (M)=Z, (n=3)
and f: M***—>G/O be a normal map. Then 6(f)=01in L, (Z,) (e=h, s) unless
both n and m are even and in this case 6(f)=0 if and only if d’6(f)=0.

ProOOF. We use the induction. Let (a;) and (b;) be the following state-
ments:

(ar): The assertion of the theorem holds for n==%.

(by): The image of 6:[M?**', G/O]—L%_(Z,) lies in the images of

a: Ly (Z)—L%_(Z,) when m,(M)=Z,.
We know that (a;) and (bs) hold by Lemma 3.5 Now we assume (a,) and (b,).
Let f: M?*"*'>G/O be a normal map. By there exists a submani-
fold M’?"1 of M***! satisfying the conditions of Let N be a closed
tubular neighborhood of M’ in M and put E=M—int N. The surgery obstruc-
tion for f|N is given by p8(fIM")e L, .,(Z—Z,). But since 8(f|M’) is in the
image of a : Lyu_(Z)—L5,_(Z,) by (b,), we have 6(f|N)=0 from @.
Therefore we obtain a homotopy equivalence (e-equivalence) at N. The remain-
ing surgery obstruction lies in Ly, (7, (E))=L,,+(Z). This obstruction is
mapped to 8(f)eLs,..(Z,) by @. Thus we get (bn+1). (Ons1)>(an+1) follows
from Lemma 3.2 (ii) and the fact that the composition
dl

44
Lyyii(Z) —> L5psi(Zn) —> Lonsi(Zy) = Z,

is an isomorphism when n is odd and m is even ([(13]).

§4. Z -manifolds.

Let X® be an oriented smooth manifold with an orientation preserving
free Z,-action T on the boundary dX. Then a closed Zm-manifold associated
to (X* T) is the space X*=X"/~ where x~y if and only if x, y=0X and
T*x)=y for some integer k. The singular subset 6X=0X/~ and Xr—6X%
have natural smooth structures induced by that of X". But X" fails to be a
manifold unless m=2, and in this case X is a non-orientable manifold if 0X=0.
A Z~m-manif01d with boundary is defined similary by an object (W?", V* ', T)
where W™ is an oriented manifold and T is an orientation preserving free Z,-
action on a submanifold V*'CoW. We define W*=W/~ where x~y if and
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only if x, yV and T*(x)=y for some k. We write W=V /~ and the boundary
OW of W is defined to be (dW—int V)/~.
ExAMPLE 4.1. Let X*"=D*" and the Z,-action on X=S?""! be given by

T(Z(), 21yttt Zn—l) z(aZO, aplzl, R ap’n.-lzn_1>

where a=exp (27i/m) and (p;, m)=1. Then Xon=F(m; p,, -, p,.,) and 06X
=L*"m; py, -+, bn-a)-

EXAMPLE 4.2. Let T, be an orientation preserving free Z,-action on an
oriented manifold M”. Define

(Wrt Vo, T)=(M"x I, Mx {0}, T,xid).

Then W™ is homeomorphic to the mapping cylinder of M"—M"/T, with
SW=M"/T, and OW=M"

The notion of Zm-manifolds with boundary enables us to define cobordism
relations among closed Z,,-manifolds and thus we obtain cobordism groups of
Z,-manifolds denoted by 24(Z,) where addition is given by disjoint unions.
Before giving an explicit description of these cobordism groups, we make some
preparations which will be useful in later sections.

Let the objects (X7%, T;) (i=0, 1) define Z,-manifolds X7:. A map

f1 (X, 0X,) —> (X,, 0X,)
which is Z,-equivariant on the boundary induces a map
f: Xo I Xl

of Zm-manifolds. In this case, we call f a Zm-map (associated to f). When
n,=n,, the degree of f is defined to be the degree of f.

Let X™ be a Zm-manifold associated to (X", T). We fix a Z,-action on a
cone on #M-points

Cim)={z=C| |z|=1, arg (z2)=2xj/m or z=0}
given by z—az, a=exp (2wi/m). Let J be defined by
J=0XX 4 D*
where (x, v)~(T*(x), a*v) for x€0X and veD? Then J contains as subsets
K=0Xx,4 C(m),
K={lxv]eK||v|=1},

and boundary 0J=0XX 4, S"
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K can be be identified with 0X by the map [x, a*]—T"*(x). Hence we have
an embedding 0X =K—d / which has a product tubular neighborhood X x I.
We obtain an (n+1)-dimensional manifold

X=X\ J

X xI

by glueing along dXxI We call X" the regularization of the Z,-manifold
X, X contains X as a deformation retract since X is homeomorphic to
)(an_)KK. It can also be seen that a Zm-map

.7?3 Xo I X1
between Zm-manifolds extends to a map
f:: (Eo, 8)2(0) — ()—(1, a)—(l)

which is called the regularization of i
Let M? be a smooth manifold. An embedding X"—M? is called regular
if it factors through an embedding of X"*' in M? as

ch)__fnﬂ —> M,

The regularization X of X has a stable normal bundle v3. The stable normal
bundle vi is defined to be its restriction to X, DEIX.
As a direct application of the notion of regularizations, we can describe
the cobordism and bordism groups of Zm-manifolds in the following form.
THEOREM 4.3. The cobordism groups and bordism groups of Zm-manifolds
are represented as follows:

Ru(Zy) = B (K(Zy, 1)),

Qu(A; Zp) = 00y (AYNK(Zp, 1)) .
PROOF.
L of a map 2.(Z,)—@ni1(K(Z,, 1)): Take a representative X"

of 2.(Z,). Let ¢:5X—>L?’”1 (r large) classify the covering 0X—6X. Then
we get a Z,-equivariant map ¢:0X—S*"!, which extends to a map

[ (X, 0X) — (D*, S

and f induces a Zm-map f : X—JZ%’. f extends to a regularization

]'?: T'IHI - s (L%T) —_—L%T“'—int D+t

7, continued by the collapsing map
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(L") — (LN)/o(Lf) = Li™**

yields a map (X™*, §X)—(L¥*!,*) which determines an element of G (K(Zy, ).

IL of a map £,..(K(Zn, 1))—2.(Z,): Take a representative
F: (W™ oW)—~(K(Zy, 1), *) of @,..(K(Z,, 1)). By taking r large, F can be
regarded as a map (also denoted by F) F: (W™ aW)—(Li", ). We may
assume that the base point is not included in L¥(CL¥*'). First make F ¢-
regular to the submanifold Li""! in L{"**. Since t-regularity is an “open” con-
dition, F is t-regular in the neighborhood of L{"~'in L¥*'. OQutside this neigh-
borhood, L¥ is a submanifold of L¥*!. Therefore we can make F t-regular to
Ly—L¥-' by deforming F by homotopy outside the neighborhood of Li"~%.
Then F-(L¥) is a Z,-manifold regularly embedded in W™,

By constructions of I and II, we readily see that these maps are inverses
to each other. The proof for the bordism groups is similar.

REMARK. Let T,,L=S1¥n)eZ be the Moore space. We may regard T, as

the 2-skeleton L? of K(Z,, 1). The natural map

defines a natural transformation from Sullivan’s Z,-manifold theory to our

~

Z,-manifold theory (see [7]).

§5. Surgery on Z,-manifolds.

Let X" be a Zm-manifold. A normal map of degree one is the following
diagram :

~

b
Vit - =&
(5a) s
RN

where b is a bundle map of vector bundles covering the Zm-map f of degree
one. As in the case of usual manifolds, we can define normal cobordism
classes of normal maps of degree one, which is denoted by N()?).

Starting from the normal map given by diagram [5a), we obtain the follow-
ing diagram by regularization :

b

Vi — nd3

o Lo
ﬁn+1 _)?n&l
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where £ is the pull-back of & by the retraction X—X and b is an extension
of b. Diagram defines a normal map of degree one into the manifold
X1 Hence this construction defines a map

@ : N(X) —> N(X)

where N(X ) is the set of normal cobordism classes of normal maps of degree
one into the manifold X™*! in the usual sense. .
Conversely, let us start from a normal map of X"*':

B
Vw —
6o | |
F —
Wn+1 N Xn+1 .

Make F t-regular to X"CX™" as in the proof of Then M"=
F'l()?") is regularly embedded in W™*' and hence we have vi=vw|M. Let
f=F|M, £&=¢| X, and b=B|vj, then we get diagram [5a). This construction
gives rise to a map

v. N(?) ——>N(X).

It is clear that @ and ¥ are inverses to each other. Therefore we have a
bijective correspondence :

N~ NX).

It is well known that N(?) can be identified with [)——(-, G/0] (see e.g. [12]).

Hence we obtain
PROPOSITION 5.1. We have a bijective correspondence

N(X™ ~[X", G/0].

DEFINITION. Let e=h or s. A Z,map f: M"—~X" of Z,-manifolds is
called an e-smoothing of X if f is an e-homotopy equivalence of pairs
(M", 6M)=(X", 6X).

DEFINITION. Two e-smoothings f,- : M?H)? " (1=0, 1) are called concordant
if there exists an e-smoothing

F: Wn+1 ____)X'nxl
with
OW=M,JM, and f;=F|M;.

The set of concordance classes of e-smoothings of X" is denoted by hSS()?).



354 Y. Kitapa

Let f: M*—~X" be an e-smoothing of X" and g be its homotopy inverse.
Then we have a normal map:

Vi = ¥V
bop
Mt Xn

whose normal cobordism class is called the normal invariant of f Thus we
obtain a map

n: hS«(X™ — [ X", G/0].

Let the object (X®", T) define the Z,-manifold X*".

THEOREM 5.2. Let X* be a Z,-manifold with m,(X)=m,0X)={1}. Then
we have the following exact sequence valid for n=3:

N N . 0
hSe(X*™) — [ X, G/O] —> Q.  (e=h, 3)

where Q,, 1S Z, when m is even and is the trivial group when m is odd.
PROOF. Let n=2k+1. Take a normal map f: M*+*—X*+2 By
3.7, we can make 6f : 6M—6X into an e-equivalence by surgery. Then we
have a surgery problem f:(M,oM)—(X,0X) with f|0M an e-equivalence.
Define 0(f):6( f)eZ,, the Kervaire obstruction. We can construct a normal
cobordism F: N**2-§Xx I such that aN=M, M, M,=3M, F|M,=0f, and
F|M, is also an e-equivalence. Then extend this cobordism in the neighbor-
hood of 0M in M. Denote by MO, A7I and N the natural m-fold coverings of
M, M, and N respectively. Then the manifold M’—M U Ng1ves a Z,-mani-

fold M’ and a normal map f "+ M'—X which is normally cobordant to f Since
Kervaire invariants are multiplied by m under coverings, 0(f’) can be made
zero if m is odd. When m is even, 0(f)=0(f’) is a well-defined element in Z,.

Let n=2k. Take a normal map f: M**~X* Define G(f):d/ﬁ(ﬁf), the
surgery obstruction for of : 6M—6X. This is always zero when m is odd.
Suppose that this obstruction vanishes, we have an e-equivalence at 6X. The
remaining problem is to compute the index obstruction of f: (M, dM)—(X, 0.X)
keeping 0f=f|0M fixed. If this index obstruction, say o, is not zero in L.(1),
we choose an element o'cL$.(Z,) with 7(¢/)=—¢ by Lemma 3.1 of Wall.
Letting ¢’ act on df : dM—6X we obtain a normal map f: M'—2X with f an
e-equivalence. Then the normal map f':(M’,dM’)—(X,0X) has zero index
obstruction by the additivity of index. This completes the proof.

REMARK. Let the object (X***2, T) define the Z,-manifold X with 7,(X)

=r,(0X)={1}. When m is even, we can construct a Z,-manifold X by restrict-
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ing the Z,-action to the subgroup Z,CZ,. Then X is a non-orientable mani-
fold and we have a natural projection p: X—X which is a homeomorphism on
X—6X and an (m/2)-fold covering on 6X. The proof of shows
that we have a commutative diagram

5 ¢
[X2, G/0]— Z,
[0*_\1 ¢
[X4k+2, G/O]

where ¢ is the Kervaire obstruction map.

Let m be even and consider the natural inclusions i: L**72— L**-1 and
J: L* ' L#* where f‘4k:£4k(m s Du oy DPokmgy Dar-1)y LY P=L*(m; by, o, Pors,
Dex-1) and z4k—2:i‘4k_2(m 5 bu oy Dak-2)-

LEMMA 5.3. We have the following commutative diagram

[L*, G/0]

* ¢
/ !
[L4k—l’ G/O:] d 0 - Zz
¥ 0
\

EzUz—z’ G/0]
PROOF. d’8j*=6 is clear by the proof of [Theorem 5.2 Let f: L**'—G/O

be a normal map. Then f|L**® is representable by an e-equivalence by
The surgery obstruction 6(f)eL$;-(Z,) comes from a class
x€L,;_(Z) as in the proof of On the other hand, L**-2— L**-3
gives the splitting of L**~!—L*"* which induces the isomorphism L, _,(Z)=
L, ,(1)=Z, By this identification we have d’0(f)=x=0@*(f)).

LEMMA 5.4. Let m be even, then

(1) 0 : [iZn(m > pl! Tty pn—l)y G/O:I I ZZ
and

(11> dlo : [L4k—1(m ’ pl; "ty ka—l)r G/O] I Z2
are surjective.

PrOOF. By it is enough to show that

0: [L**(m; by, -, Dar-1), G/O] —> Z,

is surjective. Take an integer p,; satisfying
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D1t Dag1PkS=1 (mod m),
then we have a homotopy equivalence

2Ty — L**(m ; py, -+, Dar-1y Par)

by [Proposition 2.1l This example defines a normal invariant

f: L“H(m ; Du vy Pak—1y Do) —> G/O

such that (f|L**(m ; py, -+, par-1))=d’0(f1 L**7*(m ; p,, -+, Dai-,)) iS non-zero by
This completes the proof.

§6. Free Z, -actions on homotopy spheres.

Making use of the results developed so far, we shall determine homotopy
spheres which admit free Z,-actions. We have the commutative diagram
below with exact rows

0/

o Ui
$n(Zm) —> hS(Ly™) — [LY, G/O] —> Z, or 0
(A) l T l K l Ty
o n
L,,1) — Oy, —> Ty 1(G/O0) —> 0

where 7 is the transfer map, £ takes the universal covering, m,: S**'— L2
=L*m;q,1,--,1) is the natural projection and the map @’ is equal to d’0
if m, n are even and is trivial otherwise. ‘

Now we are in position to state our main theorem. We shall work in the
category of h-smoothings and Z-equivalences though all the results hold similarly
for the “simple” category.

THEOREM 6.1. A homotopy sphere X°* ! (n=3) admits a free Z,-action of
type q if and only if its normal invariant n(2*"~') belongs to the subgroup

Image {z% : (L}, G/O] —> 73,-,(G/0)}

0f T3n-2(G/0).

As a direct corollary, we can give the solution of Orlik’s conjecture in a
‘more detailed version.

COROLLARY 6.2. Every homotopy sphere X*" ' (n=3) that bounds a paral-
lelizable manifold admits a free Z,-action of type q for any m and q.

In the statement of the theorem above, the necessity of the condition is
apparent. We shall show its sufficiency.

PrOOF OF THEOREM 6.1 WHEN m IS ODD:

Let 2**"' be a homotopy sphere whose normal invariant 5(2) belongs to
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Image #¥. In this case, since the map 7:hAS(L& ) —[L¥ !, G/O] is surjective,
there exists a homotopy smoothing f: M?**~'— L satisfying n(2)=n¥np(M>*™).
The universal cover /:(M)———M and 2 have the same normal invariants in
T3,-1(G/0) by commutativity of the diagram (A). Hence there exists an ele-
ment A€ L,,(1) with A«xM=2. Since the transfer map 7 is surjective when m
is odd, there exists an element A’ L,,(Z,) with 7(A)=A4. Then the universal
cover of the homotopy smoothing A'*M is diffeomorphic to 2**'. This com-
pletes the proof when m is odd.

From now on we assume that m is even. Then the proof of
can be deduced by the following two lemmas.

LEMMA 6.3. If n,=lmageny, then there exists a homotopy smoothing
h: M1 Lt with po=nip(M*1).

LEMMA 6.4. If a homotopy sphere X3"~' admits a free Z,-action of type g,
then X314 22! admits a free Z,-action of type q for any X*"'€bP,,.

PrOOF OF LEMMA 6.3. If n is odd, then any normal map f: LI '—G/O
is obtained as the normal invariant of a homotopy smoothing by
Hence in this case the assertion follows. When 7 is even, take a normal map
f: L '—G/0O with n,=n¥(f). Suppose that 6'(f)=0, then f is the normal
invariant of a homotopy smoothing of L2*! as before. Let #’(f)=0. There
exists a normal map g: L¥—G/O with 6(g)~0 by Lemma 5.4(i). Consider the
normal map

fr=r+gl g™ L™ —> G/0

where addition is given by the H-space structure (Whitney sum) of G/O.
Then we have #¥(f)==¥(f)=n, since

7%k *

(L, /0] 2> L1, 6107 2 24 1(G/0)

is exact where J is the inclusion. According to and the remark
after we see that the map

0'=d0:[Lr", G/0] — Z,
can be calculated as

1* * C

. p
Ly, G/O] — (LY, G/O] —> [P**72, G /0] — Z,.

Therefore 6’ is a homomorphism since the Kervaire obstruction map ¢ is a
homomorphism by the primitivity of Sullivan’s k-class ((I1], [13]). Hence we
have 6’(f')=0 and there exists a homotopy smoothing M?**~'— L' with n(M)
=’ satisfying the condition n,=n¥n(M).

ProoF OF LEMMA 6.4. When 7 is even, surjectivity of the transfer map
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T: Lyy(Zy)—L,,(1) implies the assertion by chasing the diagram (A). Let n=
2k+1. Put
X4k+2:Eék+l><sz(m)

where C(m) is a cone on m-points, i.e. X is the mapping cylinder of the

na}ural projection 7 : ¥, —2%,/Z,. Then X2 jga Z,.-manifold with boundary
0X=2%, We have a cofibration

T ~ € . A
3 —> 3/ Z, =08 —> X/3X.

Similar results hold for the surgery theory of (X' relaX\) as in the case of
closed Zm-manifolds. Then we have the following commutative diagram where
all rows and columns are exact:

~ /. n A 0
hS(XreloX) — [X/0X, G/O] — Z,

| e
w Ui
(B) L4k+2(Zm) - hS(EO/Zm> -—> [Zo/Zm, G/0]—0
& % =
o Ui
L4k+2(1) _> /’lS(ZO) —— [20, G/0] —0.
According to the remark after we have a commutative diagram

[L§+, G/0] ¢
\

fl* l}\ S
[X/0X, G/O] @6

where h:X/dX—L#+ is a homotopy equivalence. Hence by (i),
there exists fe[)?/a)?, G/0] with 6(f)=0. Since we can perform surgery on
716X by f is represented by a normal map &: M***2—X*#+2 guch
that og: SM—6X is a homotopy equivalence. Then M***? is a parallelizable
manifold with Kervaire invariant=0 and its boundary is the disjoint union of
Y4#+1 and the universal cover of 0. Therefore the universal cover of oM is
diffeomorphic to 2§+ # Y%+ where X¥*' is the Kervaire sphere. Thus the
proof is complete.
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