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Introduction.

Since Oka [9] solved the Levi problem for unramified domains over C”,
many mathematicians extended Oka’s theorem (cf. Andreotti-Narasimhan [1],
Narasimhan [8]). On the other hand, recently Nakano obtained the
vanishing theorems for weakly 1-complete manifolds. The aim of the present
paper is to give a solution of the following Levi problem for the product space
of a Stein space and a compact Riemann surface.

THEOREM. Let S be a Stein space, R be a compact Riemann surface and
X be the product space of S and R. x,: X—S denotes the projection of X onto
S. Let D be a domain of X. Then the following assertions (1), (2) and (3) are
equivalent :

(1) D s weakly 1-complete.

(2) D is holomorphically convex.

(3) Either D is a Stein space or D=n,(D)x R, n,(D) being a Stein space.

This theorem is a generalization of the previous paper and the result
of Matsugu [6].

The author expresses his sincere thanks to Professor Kajiwara for his
kind advice and encouragement.

§1. The Levi problem for relatively compact domains on a
weakly 1-complete space.

All complex analytic spaces considered in this paper are supposed count-
able at infinity.

DEeFINITION [7]. Let X be a complex analytic space and ¢ be a C~ func-
tion on X. We say that X is complete with the exhausting function ¢ if and
only if

X.:={xeX; ¢x)<c}

is relatively compact for every c€ R. Moreover if ¢ is plurisubharmonic on
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X, we say that X is weakly l-complete.

We remark that the proof of the following proposition is based on Nakano’s
vanishing theorewi for weakly 1l-complete spaces, which is pointed out by
Hironaka and is proved by Fujiki [2]. It is mentioned as follows:

THEOREM. Let X be a weakly 1-complete space, B a positive line bundle on
X and S be a cohevent analytic sheaf on X. Then for every ceR, there exists
a natural number m, such that

HY (X, SQOo(B™)=0
for ¢g=1, m=m,.

The following lemma is used in the next proposition.

LEMMA 1. Let S be an n-dimensional analytic space, R be a compact Rie-
mann surface and X be the product space of S and R. m,: X—R denotes the
projection of X onto R. Suppose that D is a complete domain with the exhaust-
ing function ¢. Then for a point q of R there exists a set A, of measure zero
such that if ce R—A,, D.N\r;'(q) consists of finitely many connected components.

PROOF. Let 7 :8—S be a resolution of singularities of an analytic space
S (established by Hironaka [4]). If we put I7: —7xi:SXR—>SxR and D:
=II-Y(D), D is complete with exausting function ¢*:=¢oll because II is
proper, where 1: R—R is the identity map. We take a point ¢ of R. Since
¢* is a C* function on Drz3'(q), the set A, of the critical values of ¢* is of
measure zero by Sard’s theorem (for example see [1I]). Therefore for ce
R—A,, d¢*+0 on 0D, ~774(q), where 0D,: ={xeD; J*(x)=c}. Now we take
a point x of aﬁcmﬁgl(q) for ce R—A,. If we denote a local coordinate of ¢
of R by (v, v, with ¢=(0, 0), we can take a coordinate neighbourhood U of

x whose local coordinates are denoted by (xy, =+, Xon_y, ¢*—c¢, ¥y, ¥2) with x=
0, -+, 0) as a differentiable manifold. We remark that 0D, Na (N U=
{(xy, -+, Xap-1, P¥—0, ¥1, )€U ; ¢*=c, y,=y,=0} consists of only one connected

component in U. a0, can be covered by such U. Since 80, is compact, we
see that 0D, 77!(q) consists of finitely many connected components. There-
fore for a point ¢ of R, there exists a set A, of measure zero such that for
ceR—A,, 0D,Nxw;'(q) consists of finitely many connected components because
Il is continuous. Q.E.D.

PrROPOSITION. Let S be a Stein space, R be a compact Riemann surface
and X be the product space of S and R. =w,: X—S and =,: X—R denote the
projections of X onto S and R respectively. Let D be a domain of X with the
following conditions:

) Dnwi'(q)E {q X R for every q=(q,, ¢.)E D.

2) D is weakly l-complete with the exhausting function ¢.
Then for every ceR, D.: ={x=D; J(x)<c} is a Stein space.

PrROOF. D, is weakly 1l-complete with the exhausting function (1—e?/e®)™".
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So we have only to show that D, is K-complete because of Andreotti-Nara-
simhan [I]. Since S is a Stein space, for any point ¢=(q,, ¢,)=D,, it suffices
to make a holomorphic function G(x) on D, which is not constant on a neigh-
bourhood of ¢ in DN\#ri(q,). If m,(D.)ER, D, is an open set of the Stein space
Sxm,(D.,). So D, is K-complete. Therefore we may assume that z,(D.,)=R.

Since R is a compact Riemann surface, there exists a positive holomorphic
line bundle F on R which is determined by a divisor /:

F=[Il, T=3XnP, (ncZ P,R).

We take an open covering {U;; i=0,1, ---, [} of R such that U, is a neigh-
bourhood of P; with U,N\U;=0 (i+j) and U,: =R—{P,, ---, P;}. Then the
system of transition functions {f;;} with respect to {U;} of R which defines
F is as follows:

1 Sfoi(2): =z} on U,NU; (i#0)

where z; denotes the local coordinate in U; (i=0). Since S is a Stein space,
the pull-back bundle #¥F of F by the projection m,: X—R is positive on X.
We take an arbitrary but fixed point ¢=(q, ¢,)D.. We can assume that
D.N\r;'(P;) consists of finitely many connected components {4;;; j=1, 2, ---, k;}
for i=1, -+, by Lemma 1. If 4,;nx7(g,)+9, we pick up a point Q,; of
4w (qy). If 4;n7i(q,)=0, we take a point Q,; of 4;;, We put
A: =D (#i(g)V U ai'm(Qyy)) .

1sis!
1£j=k;

WA
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Let Y(A) be the sheaf of ideals of A in the structure sheaf Op of D. There
exists the exact sequence

(2) 0—> I(A) —> Op —> Op/I(A) —> 0.

Since J(A) is a coherent analytic sheaf on D, there exists a natural number

m, such that
HY(D,, S(A)QO0(@FF™)=0

for m=m, by Fujiki [2]. Therefore we obtain the exact sequence
3 H(D., o(z3F™)) —> H(D., 0p/I(A)Q0O(xFF™)) —> 0

for m=m, by (2).

Since the open Riemann surface A’:=D."A is a Stein manifold, there
exists a holomorphic function g(z) on A’ which vanishes at ¢ and at each Q,;
up to order m,N and which is not a constant on each connected component
of ¢ and Q,; in A’, where N: = max |n;]. We put

151l
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do(2): =g(2) on A'NU,,

$il2): = fgfo‘) on A'NU; (i=1,-,1).

Since g(z) vanishes at Q,; up to order m,N, ¢,(z) is holomorphic on A’NU,
(i=1, ---,I). Then we have ¢: ={f;} =H A/, O(z¥F™|A")). Here n¥F™|A’
denotes the restriction of znFfF™ to A’. Since HA’, O(zfF™| A)) =
H(D., 0p/9(A)Q0(x¥F™)), there exists a holomorphic section ¢={J,}e
HD,, o(z¥F™)) such that
LA =¢

by (3). We put

Jo(x) for xe D, N(SxU,)

G(x): = 5
zMo%id (x) for xe D, N(SxU,).

Then considering the construction of g, we can check easily that G(x) is a

holomorphic function on D, with G(¢)=0 and is not a constant function on a
neighbourhood of ¢ in A’. Q.E.D.

§2. The proof of the main theorem.

LEMMA 2. Let S, R, X and =; (i=1, 2) be the same as in previous Proposi-
tion. Let D be a pseudoconvex (in the sense of Lelong [5]) domain of X (i.e.
a domain convex with respect to the familv of plurisubharmonic functions). If
{p1} X R s contained in D for a point pl=r (D), then D=m,(D)XR.

Proor. Let E be the set of all points p=(p,, p,) of D such that z{(p,)"\D
={p,} XK. By the assumption E is a non-empty open subset of D. We prove
that E is closed. Let {p™=(p{™, pi¥)} be a sequence of points in £ which
converges to a point p’=(pi, p5) in D. Then {p;} XR is contained in the hull
the compact set {p™; n=1, 2, ---}\JU{p’} of D with respect to the family of
plurisubharmonic functions in D. Since D is pseudoconvex in the sense of
Lelong, {p{} XR is contained in D. Hence we have p’E. So FE is closed.
Since D is connected, we have D=E. Therefore we have D=r,(D)xR.

Q. E.D.

We now prove the main theorem which is stated in the introduction.

THEOREM. Let S be a Stein space, R be a compact Riemann surface and
X be the product space of S and R. w,: X—S denotes the projection of X onto
S. Let D be a domain of X. Then the following assertions (1), (2) and (3) are
equivalent:

(1) D is weakly 1-complete.

(2) D is holomorphically convex.
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(3) Either D is a Stein space or D=n,(D)XR, =,(D) being a Stein space.
Proor. (3)—(1) follows from Narasimhan [8]. (3)—(2) is valid by defini-
tion.

(2)—(1). Since D is holomorphically convex, it has the Remmert reduction
T

D — Y with proper modification 7 and Y is a Stein space (for instance, see

Grauert [3]). Since Y is weakly l-complete by Narasimhan [8], D is weakly
1-complete.

(1)=(3). If D is weakly 1l-complete, D is pseudoconvex in the sense of
Lelong. So if {p;} XR is contained in D for a point p,ex,(D), we have D=
(D)X R byLemma 2 Moreover we see that =,(D)is a Stein space by Andreotti-
Narasimhan [I]. Hence we may assume that z7'(p)N\DSE{p,} XR for every
p=(py, bo)=D. Since D is weakly l.-complete, there exists a C® plurisubhar-
monic function ¢ on D such that

D.:={peD; g(p)<ct&D

for every ce R. Then for every ¢c=R, D, is a Stein space by

We have D:kU D,. Moreover by Narasimhan [8] we see that D, is a Runge
=1

domain in D,,;. Therefore D is a Stein space by Stein [10]. Q.E.D.
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