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Introduction.

In a preceding paper [2], we gave an algorithm to compute the 3-rank of
the ideal class groups of pure cubic fields $Q(\sqrt[3]{m})$ . It consists of finding the
coefficients of a certain linear representation by way of a table of Hilbert
norm residue symbols in $Q(\sqrt{-3})$ . It works for most of the values of $m$ , but
fails when all the prime factors of $m$ except 3 are $\equiv\pm 1(mod 9)$ . Namely,
for this type of $m$ , there may be ambiguous classes containing no ambiguous

ideal in the extension $Q(\sqrt{-3}, \sqrt{m})/Q(\sqrt{-3})$ , and if so, the table must include
an extra column corresponding to such a class. But it is far from easy to
find such a class and we are left with an incomplete table.

Now the purpose of this paper is to show that for the type of $m$ described
above we can always obtain the correct value of the 3-rank by aPplying the
algorithm to this incomplete table (cf. \S 5, Theorem 4). As an example, we
shall show in the last section that the 3-rank is 2 for $m=3\cdot 17\cdot 271$ .

Notation used throughout the paper:
$F_{3}$ : the finite field with 3 elements.
$C_{k}$ : the ideal class group of an algebraic number field $k$ .
$d^{(3)}C_{k}=\dim_{F_{3}}(C_{k}/C_{k}^{3}),$ $i$ . $e$ . the 3-rank of $C_{k}$ .
$t(K/k)$ : the conductor of an abelian extension $K/k$ .
$\zeta$ : a fixed primitive cube root of 1.

\S 1. Summary of the algorithm.

For a detailed account of the algorithm, we refer the reader to [2], \S 1,

and we use the same notation as there. So, for a cube free $m,$ $\Omega=Q$ ( ryiiT),
$k=Q(\sqrt{-3})$ and $K=k(\nu\overline{m})$ . $\sigma$ and $\tau$ are generators of $G(K/k)$ and $G(K/\Omega)$

respectively. $\tilde{K}$ and $K_{1}$ are the unramified class fields over $K$ corresponding
to the ideal groups $C_{K}^{3}$ and $C_{K}^{1-\sigma}$ respectively. Then $d^{(3)}C_{\Omega}$ is equal to the sum

$*)$ This work is part of the author’s thesis at the University of Tokyo.
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of the number of rational prime factors $p$ of $m$ such that $P\equiv 1(mod 3)$ and
the multiplicity of the eigenvalue 1 of the action of $\tau$ defined by $\rho\leftrightarrow\tau\rho\tau^{-1}$ on
$G(\tilde{K}/K_{1})$ (considered as a vector space over $F_{3}$).

Let $C_{K}^{G}$ be the subgroup of $C_{K}$ of $G(K/k)$-invariant elements and $D_{K}$ be the
subgroup of $C_{K}$ generated by $G(K/k)$-invariant ideals in $K$. We note that
$(C_{K}^{G} : D_{K})=1$ or 3. Renumbering the prime factors of $\mathfrak{f}(K/k)$ in $k$ as $\mathfrak{p}_{0},$ $\mathfrak{p}_{t}$ ,
the result of [2] is as follows.

THEOREM 1. We can choose for each $\mathfrak{p}_{i},$ $i=0,$ $\cdots$ , $t$ , an element $\sigma_{i}=\sigma_{\mathfrak{p}_{i}}\in$

$G(\tilde{K}/k)$ so that 1), 2) and 3) below hold.
1) For any $i,$ $j,$ $h\in\{0, \cdots , t\}$ , we have

$[\sigma_{i}, \sigma_{j}]=[\sigma_{i}, \sigma_{h}][\sigma_{h}, \sigma_{j}]$ .
2) For any $i\in\{0, \cdots, t\}$ , we have

$\tau\sigma_{\mathfrak{p}_{i}}\tau^{-1}\equiv\sigma_{\tau \mathfrak{p}_{i}}^{-1}$ modulo $G(\tilde{K}/K_{1})$ .

3) $G(\tilde{K}/K_{1})$ is the commutator subgroup of $G(\tilde{K}/k)$ and is generated by the
elements $[\sigma_{0}, \sigma_{i}],$ $i=1,$ $\cdots$ , $t$ . For any set of integers $(b_{1}, \cdots , b_{t})$ , they satisfy the
linear relation

$\prod_{i=1}^{t}[\sigma_{0}, \sigma_{i}]^{b_{i}}=1$

if and only if the following system of equations has a solution in $(w, x_{f})$ :

$(\frac{\zeta,m}{\mathfrak{p}_{i}})^{w}\prod_{j}(\frac{\pi_{j},m}{\mathfrak{p}_{l}})^{x_{j}}=\zeta^{b_{i}}$ , $i=1,$ $\cdots,$
$t$ .

Here the index $i$ runs through $0,$
$\cdots,$

$t$ or $0,$ $\cdots$ , $t+1$ according to whether $C_{K}^{G}=D_{K}$

or not. In both cases, $\pi_{j}$ for $j=0,$ $\cdots$ , $t$ , is an arbitrarily chosen element of $k$

generating $\mathfrak{p}_{j}$ . If $C_{K}^{G}\neq D_{K}$ , take any ideal $\mathfrak{U}$ in $K$ contained in $C_{K}^{G}$ but not ir
$D_{K}$ and take as $\pi_{t+1}$ an arbitrarily chosen element of $k$ generating $N_{K/k}(\mathfrak{U})$ .
(We removed the first equation in [2], Theorem by virtue of the product
formula for norm residue symbols.)

Since the commutator $[x, y]$ in $G(\tilde{K}/k)$ is bilinear and depends only on the
cosets of $x$ and $y$ modulo $G(\tilde{K}/K_{1}),$ $1$ )

$,$

$2$) and 3) above are sufficient for know-
ing the action of $\tau$ on $G(\tilde{K}/K_{1})$ . In subsequent sections we shall concentrate
ourselves upon this action.

\S 2. Preliminary results.

First we change Theorem 1, 3) into a form more convenient for applica-
tion. Express the system of equations in 3) in the following additive form
for the exponents of $\zeta$ :
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$Ax=b$ ,

where

$A=\left(\begin{array}{l}a_{1}\\\vdots\\ a_{t}\end{array}\right)$ , $x=\left(\begin{array}{l}w\\X_{0}\\\vdots\end{array}\right)$ , $b=\left(\begin{array}{l}b_{1}\\\vdots\\ b_{t}\end{array}\right)$ ,

and $a_{i}$ are row vectors having the exponents of $\zeta$ in $(\underline{\zeta}\frac{,m}{\mathfrak{p}_{i}},)$ and $(\frac{\pi_{j},m}{\mathfrak{p}_{i}})$

as their components. Everything is considered in $F_{3}$ . To distinguish from
the matrix representing $\tau$ , we call $A$ the ”table”.

THEOREM 2. SuPpose that among the row vectors of $A,$ $a_{1},$
$\cdots$ , $a_{r}$ are linearly

indePendent and that

$a_{i}=\sum_{j=1}^{r}c_{ij}a_{j}$ , $i=r+1,$ $\cdots,$
$t$ .

Then in $G(\tilde{K}/K_{1})$ , the elements $[\sigma_{0}, \sigma_{r+1}],$ $\cdots$ , $[\sigma_{0}, \sigma_{t}]$ are linearly independent and

$[\sigma_{0}, \sigma_{j}]=\prod_{\ell=r+1}^{t}[\sigma_{0}, \sigma_{i}]^{-c_{ij}}$ , $j=1,$ $\cdots,$
$r$ .

PROOF. By the theory of linear equations, $Ax=b$ has a solution if and
only if we have

$b_{i}=\sum_{j=1}^{r}c_{ij}b_{j}$ , $i=r+1,$ $\cdots,$
$t$ .

Hence by Theorem 1, 3), the set of relations for the $[\sigma_{0}, \sigma_{i}]s$ are given by

$\Sigma rc_{ij}b_{j}$

$\prod_{j=1}^{r}[\sigma_{0}, \sigma_{j}]^{b}!\prod_{i=r+1}^{t}[\sigma_{0}, \sigma_{i}]^{j=1}$ $=1$ , $(b_{1}, \cdots, b_{r})\in F_{3}^{r}$ .

It now suffices to put $(b_{1}, \cdots , b_{r})=(0, \cdots , 0)$ or $(0, \cdots , 1, \cdots , 0)$ . $q$ . $e$ . $d$ .
Next we show that the row vectors of $A$ are subject to some natural

restrictions. For this, let $\{p_{1}, \cdots , p_{s}, q_{1}, \cdots , q_{t}\}$ be the set of rational primes
totally ramified in $\Omega$ , where $P_{i}\equiv 1$ (mod3) and $q_{i}\equiv-1$ (mod3). In the follow-
ing we shall always use the letters $p$ and $q$ in this sense. Put $p_{i}=\pi_{i}\overline{\pi}_{i}$ in $k$ .
If 3 is totally ramified, we count it among the $q’ s$ and put $q=\sqrt{-3}$ . Then
$\{(\pi_{i}), (\overline{\pi}_{i}), (q_{j})|i=1, \cdots , s, j=1, \cdots , t\}$ is exactly the set of prime factors of
$\mathfrak{f}(K/k)$ in $k$ . With these conventions, we take as $\pi_{j}$ in Theorem 1, 3), the
elements

$\pi_{1},$ $\cdots,$
$\pi_{s},\overline{\pi}_{1},$

$\cdots,$
$\pi_{s},$ $q_{1},$ $\cdots,$ $q_{t},$ $\pi_{t+1}$ ,

and arrange them always in this order. Here $\pi_{t+1}$ is the element also denoted
by $\pi_{t+1}$ in Theorem 1, 3), and we suppose that it is a rational number. Such
a choice is always possible (cf. [1], p. 212, (b). The argument for this fact
is independent of the assumption of [1] that there are only $q’ s$). We use
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boldface letters $p_{i},\overline{p}_{i}$ and $q_{i}$ to denote the row vectors corresponding to $\mathfrak{p}=$

$(\pi_{i}),$ $(\overline{\pi}_{i})$ and $(q_{i})$ .
LEMMA 1. Divide the row vectors into subvectors as follows:

$(e, a, b, c, d)$ ,

where $e,$ $a,$ $b,$ $c$ and $d$ are row vectors having as their comp0nents the exp0nents

of $\zeta$ in $(\frac{\zeta,m}{\mathfrak{p}}),$ $(\frac{\pi_{i},m}{\mathfrak{p}})s,$ $(\frac{\overline{\pi}_{i},m}{\mathfrak{p}})s,$ $(\frac{q_{i},m}{\mathfrak{p}})s$ and $(\frac{\pi_{t+1},m}{\mathfrak{p}})$ respectively

(of course, we do not have the last one if $C_{K}^{G}=D_{K}$). Then
1) Each $q$ has the form $(e, a, -a, 0,0)$ .
2) If $p=(e, a, b, c, d)$ , we have $\overline{p}=(e, -b, -a, -c, -d)$ .
PROOF. If $(\frac{\alpha,m}{\mathfrak{p}})=\zeta^{x}$ for a prime $\mathfrak{p}$ in $k$ and $\alpha\in k^{\times}$ , we have by complex

conjugation $(\frac{\overline{\alpha},m}{\mathfrak{H}})=\zeta^{-x}$ . $q$ . $e$ . $d$ .
LEMMA 2. If the row vectors $p_{i},\overline{p}_{i}$ and $q_{i}$ satisfy a relation

$\sum_{i}u_{i}p_{i}+\sum_{:}v_{i}\overline{p}_{i}+\sum_{l}w_{i}q_{i}=0$ ,

they also satisfy the ”conjugate relation”

$\sum_{i}u_{i}\overline{p}_{i}+\sum_{:}v_{i}p_{i}+\sum_{i}w_{i}q_{i}=0$ .

PROOF. Divide the row vectors into subvectors as in Lemma 1. Then the
first relation is equivalent to the set of four or Pve relations for these sub-
vectors. Multiplying by $-1$ if necessary, we get the second relation. $q$ . $e$ . $d$ .

\S 3. Representation of $\tau$ .
In this section we take into account the different types of prime factors

of $f(K/k)$ , and express the matrix representing $\tau$ in terms of the coefficients
aPpearing in the relations among the row vectors of the table $A$ . To avoid
studying too many different cases we assume that at least one prime of type
$p$ is totally ramified in $\Omega$ . This is sufficient for our purpose, since the other
case is already settled in [1]. So, in the rest of the paper, let

$p_{0},$ $p_{1},$ $p_{s},$ $q_{1’}$ $q_{t}$

be the set of rational primes totally ramified $in^{r}\Omega$ and put $p_{i}=\pi_{i}\overline{\pi}_{i}$ in $k$ . If
3 is totally ramified, we count it among the $q’ s^{\rightarrow}and$ put $q=\sqrt{-3}$ . Also we
use $\sigma_{i},\overline{\sigma}_{i}$ and $\rho_{i}$ to denote the elements $\sigma_{\mathfrak{p}}$ for $\mathfrak{p}=(\pi_{i}),$ $(\overline{\pi}_{i})$ and $(q_{i})$ respectively,
and take $\sigma_{0}$ as $\sigma_{0}$ in Theorem 1, 3). Thus $A$ ‘consists of the row vectors $\overline{p}_{0}$ ,

$p_{1},$ $\cdots,$
$p_{s},\overline{p}_{1},$ $\cdots,\overline{p}_{s},$ $q_{1},$ $\cdots,$ $q_{t}$ . We distinguish two cases.
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Case I. $\overline{p}_{0}\in\sum_{i=1}^{\iota}F_{3}p_{i}+\sum_{i=1}^{1}F_{3}\overline{p}_{i}+\sum_{i=1}^{f}F_{3}q_{i}$ .

Case II. $\overline{p}_{0}\not\in\sum_{i=1}^{*}F_{3}p_{i}+\sum_{i=1}^{1}F_{3}\overline{p}_{i}+\acute{\sum_{i=1}}F_{3}q_{i}$ .

We first treat Case I. Suppose that among the row vectors of $A$ ,

$p_{1},$ $\cdots,$
$p_{a},\overline{p}_{1},$ $\cdots,\overline{p}_{a},\overline{p}_{a+1},$ $\cdots,\overline{p}_{b},$ $q_{1},$ $\cdots,$ $q_{c}$

are linearly independent and

$p_{i}=\sum_{\alpha=1}^{n}P_{i\alpha}p_{\alpha}+\sum_{\alpha=1}^{n}\overline{P}_{i\alpha}\overline{p}_{a}+\sum_{\beta=0+1}^{b}\overline{P}_{i\beta}\overline{p}_{\beta}+\sum_{\gamma=1}^{r}P_{i\gamma}^{0}q_{\gamma}$ , $i=a+1,$ $\cdots,$
$s$ .

$\overline{p}_{i}=\sum_{\alpha=1}^{a}R_{i\alpha}p_{\alpha}+\sum_{\alpha=1}^{a}\overline{R}_{ia}\overline{p}_{a}+\sum_{\beta=a+1}^{b}\overline{R}_{i\beta}\overline{p}_{\beta}+\sum_{\gamma=1}^{c}R_{i\gamma}^{0}q_{\gamma}$ , $i=0,$ $b+1,$ $\cdots,$
$s$ .

$q_{i}=\sum_{\alpha=1}^{a}Q_{i\alpha}p_{\alpha}+$ $\sum_{-,\alpha- 1}^{n}\overline{Q}_{i\alpha}\overline{p}_{\alpha}+\sum_{\beta--a+1}^{b}\overline{Q}_{i\beta}p_{\beta}+\sum_{\gamma=1}^{c}Q_{i\gamma}^{0}q_{\gamma}$ , $i=c+1,$ $\cdots,$
$t$ .

In order to facilitate the calculations, we adopt the matrix notation and ex-
press the above three sets of relations in the following way:

(1) $\left(\begin{array}{l}p_{a+1}\\\vdots\\ p_{s}\end{array}\right)\left(\begin{array}{l}p_{\alpha}\\\overline{p}_{\alpha}\\\overline{p}_{\beta}\\q_{\gamma}\end{array}\right)$

,

(2)
$\left(\begin{array}{l}\overline{p}_{0}\\\overline{p}_{b+1}\\\vdots\\\overline{p}_{s}\end{array}\right)\left(\begin{array}{l}p_{\alpha}\\\overline{p}_{\alpha}\\\overline{p}_{\beta}\\q_{\gamma}\end{array}\right)$

,

(3) $\left(\begin{array}{l}q_{c+1}\\\vdots\\ q_{t}\end{array}\right)\left(\begin{array}{l}p_{\alpha}\\\overline{p}_{\alpha}\\\overline{p}_{\beta}\\q_{\gamma}\end{array}\right)$

.
Here, $e$ . $g.,$ $(P_{i\alpha})$ stands for the matrix

$\left(\begin{array}{lll}P_{a+1,1} & \cdots & P_{a+1,a}\\\vdots & & \vdots\\ P_{s,1} & \cdots & P_{s,a}\end{array}\right)$

and we shall add, if necessary, a line like $i=a+1,$ $\cdots$ , $s$

’ to indicate the set
of indices. Also, in this section and in \S 5, we make the convention that the
indices $\alpha,$

$\beta$ and $\gamma$ always run the sets $\{$ 1, $\cdots$ , $a\},$ $\{a+1, \cdots , b\}$ and $\{1, c\}$

respectively.
PROPOSITION 1. In Case $I$, we can take as a basis of $G(\tilde{K}/K_{1})$ the following

elements:

$[\sigma_{0},\overline{\sigma}_{0}]$ ,

$[\sigma_{0}, \sigma_{a+1}]$ , $\cdot$ . . $[\sigma_{0}, \sigma_{s}],$ $[\sigma_{0},\overline{\sigma}_{b+1}]$ , $\cdot$ . , $[\sigma_{0},\overline{\sigma}_{s}],$ $[\sigma_{0}, \rho_{c+1}]$ , $\cdot$ .. $[\sigma_{0}, \rho_{t}]$ ,
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and the matrix representjng $\tau w$ . $r$. $t$ . this basis (taken in this order) is

PROOF. By Theorem 1, 1), 2), Theorem 2 and the bilinearity of $[x, y]$ , we
see for $\beta=a+1,$ $\cdots$ , $b$ ,

$\tau[\sigma_{0}, \sigma_{\beta}]\tau^{-1}=[\overline{\sigma}_{0}^{-1},\overline{\sigma}_{\beta}^{-1}]=[\overline{\sigma}_{0},\overline{\sigma}_{\beta}]=[\overline{\sigma}_{0}, \sigma_{0}][\sigma_{0},\overline{\sigma}_{\beta}]$

$=[\sigma_{0},\overline{\sigma}_{0}]^{-1-\overline{R}0\beta\prod_{i=a+1}^{1}[\sigma_{0},\sigma_{i}]^{-\overline{P}_{i}\beta}\prod_{i=b+1}^{l}[\sigma_{0},\overline{\sigma}_{i}]^{-\overline{R}_{i\beta}}\prod_{i=c+1}^{t}[\sigma_{0},\rho_{i}]^{-\overline{Q}_{i\beta}}}$ .

For the other elements of the basis, we see
$\tau[\sigma_{0},\overline{\sigma}_{0}]\tau^{-1}=[\sigma_{0},\overline{\sigma}_{0}]^{-1}$ ,

$\tau[\sigma_{0}, \sigma_{i}]\tau^{-1}=[\sigma_{0},\overline{\sigma}_{0}]^{-1}[\sigma_{0},\overline{\sigma}_{i}]$ , $i=b+1$ , $\cdot$ .. $s$ ,

$\tau[\sigma_{0},\overline{\sigma}_{i}]\tau^{-1}=[\sigma_{0},\overline{\sigma}_{0}]^{-1}[\sigma_{0}, \sigma_{i}]$ , $i=b+1$ , $\cdot$ . . $s$ ,

$\tau[\sigma_{0}, \rho_{i}]\tau^{-1}=[\sigma_{0},\overline{\sigma}_{0}]^{-1}[\sigma_{0}, \rho_{i}]$ , $i=c+1,$ $t$ . $q$ . $e$ . $d$ .

Next we treat Case II. Suppose that among the row vectors of $A$ ,

$\overline{p}_{0},$ $p_{1},$ $\cdots,$
$p_{a},\overline{p}_{1},$ $\cdots,\overline{p}_{a},\overline{p}_{a+1},$ $\cdots,\overline{p}_{b},$ $q_{1},$ $\cdots,$ $q_{c}$

are linearly independent. By assumption, $\overline{p}_{0}$ does not appear in the expres-
sions for the remaining vectors. We suppose, therefore, that the relations are
again given by (1), (2) and (3) in Case I, except that we do not have the row
for $\overline{p}_{0}$ this time. Then $[\sigma_{0},\overline{\sigma}_{0}]=1$ , and hence

PROPOSITION 2. In Case II, we can take as a basis of $G(\tilde{K}/K_{1})$ the follow-
ing elements:

$[\sigma_{0}, \sigma_{a+1}]$ , $\cdot$ .. $[\sigma_{0}, \sigma_{s}],$ $[\sigma_{0},\overline{\sigma}_{b+1}]$ , $\cdot$ .. $[\sigma_{0},\overline{\sigma}_{s}],$ $[\sigma_{0}, \rho_{C+1}]$ , $\cdot$ .. $[\sigma_{0}, \rho_{t}]$ ,

and the matrix representing $\tau w$ . $r$. $t$ . this basis (taken in this order) is
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PROPOSITION 3. In $bo$ th cases, the multiplicity of the eigenvalue 1 of $\tau$ on
$G(K/K_{1})$ is equal to the sum of $(s-b)+(t-c)$ and the multiplicity of the eigen-
value $-1$ of the matrix $(\overline{P}_{i\beta}),$ $i,$ $\beta=a+1,$ $\cdots$ , $b$ .

PROOF. It suffices to divide the matrix into suitable blocks. $q$ . $e$ . $d$ .
We call the matrix $(\overline{P}_{i\beta}),$ $i,$ $\beta=a+1,$ $\cdots$ , $b$ , the essential part.
PROPOSITION 4. The coefficient matrices in (1), (2) and (3) satisfy the fol-

lowing relations:

(4) $(\overline{P}{}_{i\alpha}P_{i\alpha}0P_{i}^{0_{\gamma}})+(\overline{P}_{i\lambda})(P_{\lambda}{}_{\alpha}\overline{P}{}_{\lambda\alpha}\overline{P}{}_{\lambda\beta}P_{\lambda\gamma}^{0})=\{$

( $0$ $0$ I $0$), $i=a+1,$ $\cdots$ , $b$ .
$(R_{i\alpha}\overline{R}_{i\alpha}\overline{R}_{i\beta}R_{i7}^{0})$ , $i=b+1,$ $\cdots$ , $s$ .

(5) $(\overline{Q}_{i\alpha}Q_{i\alpha}0Q_{i\gamma}^{0})+(\overline{Q}_{i\lambda})(P_{\lambda\alpha}\overline{P}{}_{\lambda\alpha}\overline{P}{}_{\lambda\beta}P_{\lambda\gamma}^{0})=$ $(Q_{i\alpha}\overline{Q}_{i\alpha}\overline{Q}_{i\beta}Q_{i}^{0_{\gamma}})$ , $i=c+1,$ $\cdots,$
$t$ .

In both (4) and (5), $\lambda=a+1,$ $\cdots$ , $b$ .
PROOF. We have only to apply Lemma 2 to (1) and (3), and replace $(p_{\beta})$

which appear in the right hand sides by (1) for $i=a+1,$ $\cdots$ , $b$ . $q$ . $e$ . $d$ .
REMARK. If there exists a prime $q$ (including $\sqrt{-3}$ ), we can also take

$\sigma_{(q)}$ for $\sigma_{0}$ in Theorem 1, 3). Then $\tau\sigma_{0}\tau^{-1}\equiv\sigma_{0}^{-1}$ modulo $G(\tilde{K}/K_{1})$ , and it is easy
to see that we get a matrix of the same form as that in Proposition 2.

\S 4. A bound for the difference.

If $m$ contains a rational prime $\not\equiv\pm 1(mod 9)$ other than 3, we know that
$C_{K}^{G}=D_{K}$ (cf. [2], \S 2, Remark 2), and the complete table is available through
a simple calculation of cubic power residue symbols in $k$ (cf. [2], \S 3). So, in
the rest of the paper, we assume that all the prime factors of $m$ except 3 are
$\equiv\pm 1(mod 9)$ . Now for this type of $m$ , we do not even know whether $C_{K}^{G}=D_{K}$

or not, and hence the table without the column for the extra element $\pi_{t+1}$

should always be considered as potentially incomplete. For this reason, we
call it the ”temporary table” (regardless of whether $C_{K}^{G}=D_{K}$ or not).

Now suppose that we have $C_{K}^{G}\neq D_{K}$ . Denote the temporary table by $B$ ,
its row vectors by $\overline{p},$ $p,$ $q$ and the complete table by $A$ . We show in this
section, that “by applying Theorem 2 to $B$

’ in a suitable sense we can still
define a representation space for $\tau$ , and that the multiplicity of the eigenvalue
1 of $\tau$ on this space differs at most by 1 from that on $G(\tilde{K}/K_{1})$ . Then in the
next section, we shall show that the two multiplicities are at least congruent
modulo 3.

To show the first assertion, we put ourselves in a somewhat abstract
situation. Namely, let $I$ be a finite set of indices and $\tau$ be a permutation of
order 2 on $I$. Let $\{\tilde{X}(i, j)|i, j\in I, i\neq j\}$ be a set of indeterminates and $\tilde{V}$ be
the vector space over $F_{3}$ having $\{\tilde{X}(i, j)\}$ as a basis. Then $\tau$ induces an auto-
morphism of order 2 on $\tilde{V}$ by
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$\tau(\tilde{X}(i, j))=\tilde{X}(\tau(i), \tau(j))$ .

Let $\tilde{V}_{0}$ be the subspace of $\tilde{V}$ generated by the set
$\{\tilde{X}(i, j)+\tilde{X}(j, i),\tilde{X}(i, j)+\tilde{X}(j, h)+\tilde{X}(h, i)|i, j, h\in I, i\neq j, i, j\neq h\}$ .

$\tilde{V}_{0}$ is $\tau$-invariant, so that $V=\tilde{V}/\tilde{V}_{0}$ is again a $\tau$-vector space. We denote the
images of $\tilde{X}(i, j)$ in $V$ by $X(i, j)$ .

LEMMA 3. If we fix an element $i_{0}\in I$, the elements $X(i_{0}, j),$ $j\neq i_{0}$ , constitute
a basis of $V$.

PROOF. Put $x_{ij}=\tilde{X}(i, j)+\tilde{X}(j, i),$ $i\neq j$ , and $y_{ij}=\tilde{X}(i, j)+\tilde{X}(j, i_{0})+\tilde{X}(i_{0}, i),$ $i\neq j$ ,
$i,$ $j\neq i_{0}$ . Then we see

$x_{if}=x_{ji}$ , $y_{ij}+y_{ji}=x_{ij}+x_{ji_{0}}+x_{tot}$ ,

$\tilde{X}(i, j)+\tilde{X}(j, h)+\tilde{X}(h, i)=y_{ij}+y_{jh}+y_{hi}-x_{i_{0}i}-x_{t0j}-x_{i_{0}h}$ .
Hence, if $n$ is the number of elements of the set $I$, $\tilde{V}_{0}$ is generated by

$(_{2}^{n})+(n2-1)=(n-1)^{2}$ elements. $q$ . $e$ . $d$ .
Now take as $I$ the set of prime factors $\{\mathfrak{p}_{0}, \cdots, \mathfrak{p}_{t}\}$ of $\uparrow(K/k)$ in $k,$ $\tau$ being

understood in the obvious sense (we go back to the notation in Theorem 1, 3)

for a moment for the sake of simplicity), take $\mathfrak{p}_{0}$ as $i_{0}$ , and put

$W=$ { $\sum_{i=1}^{f}b_{i}X(\mathfrak{p}_{0},$ $\mathfrak{p}_{i})\in V|$ $By=(b_{i})$ has a solution} ,

$W^{\prime}=$ { $\sum_{i=1}^{f}b_{i}X(\mathfrak{p}_{0},$ $\mathfrak{p}_{i})\in V|Ax=(b_{i})$ has a solution} ,

where $y$ is the set of unknowns corresponding to the coefficient matrix $B$ .
Then it is easily verified that $W$ and $W^{\prime}$ are subspaces of $V$ and that $W\subset W^{\prime}$ .
On the other hand, it is clear that the map $\tilde{X}(\mathfrak{p}_{i}, \mathfrak{p}_{j})-\rangle$

$[\sigma_{\mathfrak{p}_{i}}, \sigma_{\mathfrak{p}_{j}}]$ induces a $\tau-$

homomorphism of $V$ onto $G(\tilde{K}/K_{1})$ , and Theorem 1, 3) implies that $W^{\prime}$ is its
kernel. Hence $W^{\prime}$ is $\tau$-invariant and $V/W^{\prime}$ is $\tau$-isomorphic to $G(\tilde{K}/K_{1})$ .

LEMMA 4. $W$ is $\tau$-invariant.
PROOF. Returning to the notation at the beginning of \S 3, if

$Y=\overline{b}_{0}X(\pi_{0}, \pi_{0})+\sum_{i=1}^{s}b_{i}X(\pi_{0}, \pi_{i})+\sum_{i=1}^{s}\overline{b}_{i}X(\pi_{0}, \pi_{i})+\sum_{i=1}^{t}c_{i}X(\pi_{0}, q_{i})$

is an element of $W$, there exists a vector $y$ such that
$By={}^{t}(\overline{b}_{0}, b_{1}, \cdots, b_{s},\overline{b}_{1}, \cdots , \overline{b}_{s}, c_{1}, \cdots , c_{t})$ .

By the same calculation as in \S 3, we see

$\tau(Y)=\{-\overline{b}_{0}-\sum_{i=1}^{l}b_{i}-\sum_{i=1}\overline{b}_{i}-\sum_{i\Rightarrow 1}^{t}c_{i}\}X(\pi_{0}, \#_{0})$

$+\sum_{=i1}^{l}\overline{b}_{i}X(\pi_{0}, \pi_{i})+\sum_{i=1}^{l}b_{i}X(\pi_{0},\overline{\pi}_{t})+\sum_{i=1}^{t}c_{i}X(\pi_{0}, q_{i})$ .



Complete determination of the 3-class rank 381

But if ${}^{t}y=(y,{}^{t}y_{1},{}^{t}y_{2},{}^{t}y_{3})$ is the division of $y$ corresponding to that of the row
vectors of $B$ as in Lemma 1, the same Lemma shows that ${}^{t}y^{\prime}=(y,$ $-{}^{t}y_{2},$ $-{}^{t}y_{1}$ ,
$-{}^{t}y_{3})$ satisPes

$B^{\prime}y^{\prime}={}^{t}(\overline{b}_{0},\overline{b}_{1}, \cdots \overline{b}_{s}, b_{1}, \cdots b_{s}, c_{1}, \cdots, c_{t})$ ,

where $B^{\prime}$ is the matrix obtained from $B$ by replacing $\overline{p}_{0}$ with $p_{0}$ . Since we
have

$\overline{p}_{0}=-p_{0}-\sum_{:=1}^{l}p_{i}-\sum_{i=1}^{l}\overline{p}_{i}-\sum_{i-1}^{t}q_{i}$

by the product formula, we get the conclusion. $q$ . $e$ . $d$ .
By Lemma 4, $V/W$ is also a $\tau$-vector space. When we say “the space

dePned by Theorem 2 from the temporary table $B’$ , we shall mean the factor
space $V/W$ just defined. By construction, Propositions 1, 2 and 3 are valid
on $V/W$ , too. Now $G(\tilde{K}/K_{1})$ is $\tau$ -isomorphic to a factor space of $V/W$ . So,
if $\{v_{1}, \cdots , v_{\gamma}\}$ is a basis of $V/W$ consisting of eigenvectors of $\tau$ (such a basis
does exist, because $\tau$ is of order 2 on $V/W$ , cf. [3], \S 1), we can choose a
basis of $G(\tilde{K}/K_{1})$ among the images of $v_{1},$

$\cdots$ , $v_{r}$ . But clearly rank $(A)\leqq$

rank $(B)+1$ , and hence
THEOREM 3. The multiplicity of the eigenvalue 1 of $\tau$ on $G(\tilde{K}/K_{1})$ differs

at most by 1 from that on the space defined by Theorem 2 from the temp0rary

table.

\S 5. A congruence for the difference.

Always supposing that $C_{K}^{C^{}}\neq D_{K}$ , let $A$ and $B$ be respectively the complete
table and the temporary one as in \S 4, and denote by $p_{i}^{\prime},\overline{p}_{i}^{\prime}$ and $q_{i}^{\prime}$ the row
vectors of $A$ corresponding to $\mathfrak{p}=(\pi_{i}),$ $(\overline{\pi}_{i})$ and $(q_{i})$ . Then by Lemma 1, $q_{i}^{\prime}=$

$(q_{i}, 0)$ , and if we put $p_{i}^{\prime}=(p_{i}, x_{i})$ , we have $\overline{p}_{i}^{\prime}=(\overline{p}_{i}, -x_{i})$ . If rank $(A)=rank(B)$ ,

the row vectors of tbe two tables satisfy the same set of relations and we
obtain the same multiplicity of the eigenvalue 1. So assume that rank $(A)=$

rank $(B)+1$ . Then we can get a maximal set of linearly independent row
vectors in $A$ by adding a new vector to the set of vectors corresponding to
those of a maximal set in $B$ . Assuming that the row vectors of $B$ satisfy
the relations given in \S 3, there are three cases (whether we are in Case I or
in Case II $w$ . $r$ . $t$ . $B$ ).

Case a). We can find a new vector among $p_{a+1}^{\prime},$ $\cdots$ , $p_{b}^{\prime}$ . Then we suppose
(without loss of generality) that it is $p_{a+1}^{\prime}$ .

Case b). We can not find a new vector among $p_{a+1}^{\prime},$
$\cdots,$

$p_{b}^{\prime}$ , but can find
one among $p_{b+1}^{\prime},$

$\cdots,$
$p_{s}^{\prime},\overline{p}_{b+1}^{\prime},$ $\cdots$ , $\overline{p}_{s}^{\prime}$ . Then we suppose that it is $\overline{p}_{b+1}^{\prime}$ .

Case c). Otherwise.
LEMMA 5. In Case a), the multiplicities of the eigenvalue 1 obtained from
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$A$ and $B$ are $co$ ngruent modulo 3.
PROOF. We have by (1) in \S 3,

(1) $\left(\begin{array}{l}p_{a+1}^{\prime}\\\vdots\\ p_{b}^{\prime}\end{array}\right)(q_{\gamma}^{\prime}\frac{p}{p}’\frac{p}{}’\beta aa’)^{+}\left(\begin{array}{l}0,\epsilon_{a+1}\\0,\epsilon_{b}\end{array}\right)$

,

where $\epsilon_{i}=0,$ $\pm 1$ and $\epsilon_{a+1}\neq 0$ by assumption. Then we get for $i=a+2,$ $\cdots,$
$b$ ,

$p_{i}^{\prime}=(P_{i}{}_{\alpha}\overline{P}{}_{i\alpha}\overline{P}{}_{i\beta}P_{i\gamma}^{0})(q_{\gamma}^{\prime}p_{a}^{\prime}\frac{\overline{p}}{p}’\beta\alpha’)^{+\epsilon_{i}\epsilon_{a+1}\{p_{a+1}^{\prime}-(P_{a+1}{}_{a}\overline{P}_{a+1}{}_{\alpha}\overline{P}_{a+1},{}_{\beta}P_{a+1.\gamma}^{0})}(q_{\gamma}^{\prime}\overline{p}_{\beta}^{\prime}\overline{p}_{\alpha}^{\prime}p_{a}^{\prime})\}$

.
Hence the essential part from $A$ is

$(\overline{P}_{t\beta}^{\prime})=(\overline{P}_{i\beta}-\epsilon_{i}\epsilon_{a+1}\overline{P}_{a+1,\beta})$ , $i,$ $\beta=a+2,$ $\cdots,$
$b$ .

But $(1^{\prime})$ implies for $i=a+1,$ $\cdots$ , $b$ (recall $p_{i}^{\prime}=(p_{i},$ $x_{i})$ , etc.),

$(x_{i})=(P_{ia})(x_{a})-(\overline{P}_{i\alpha})(x_{\alpha})-(\overline{P}_{i\beta})(x_{\beta})+(\epsilon_{i})$ .
Multiplying the two sides by $(\overline{P}_{i\lambda}),$ $i,$ $\lambda=a+1,$ $\cdots,$

$b$ , we get by Proposition 4, (4),

$(\overline{P}_{i\lambda})(x_{\lambda})=-(\overline{P}_{i}pt)(x_{\alpha})+(P_{ia})(x_{a})-(x_{i})+(\overline{P}_{i\text{{\it \‘{A}}}})(\epsilon_{\lambda})$ .
This shows $(\overline{P}_{i\lambda})(\epsilon_{\lambda})=(\epsilon_{i}),$ $i,$ $\lambda=a+1,$ $\cdots,$

$b$ . Since $(\epsilon_{i})\neq 0$ , we see that 1 is an
eigenvalue of $(\overline{P}_{i\beta})$ , and moreover,

$\sum_{\lambda=a+1}^{b}\overline{P}_{a+1,\lambda}\epsilon_{\lambda}=\epsilon_{a+1}$ ,

or multiplying by $\epsilon_{a+1},\sum_{\lambda=a+1}^{h}\epsilon_{\lambda}\epsilon_{a+1}\overline{P}_{a+1,\lambda}=1$ . Then

tr $(\overline{P}_{i_{1}9})-1=\sum_{i=a+1}^{b}\overline{P}_{ii}-\sum_{i--a+1}^{b}\epsilon_{i}\epsilon_{a+1}\overline{P}_{a+1,i}=tr(\overline{P}_{t\beta}^{\prime})$ ,

where in the left hand side, $i,$ $\beta=a+1,$ $\cdots$ , $b$ . Since the essential parts obtained
from $A$ and $B$ both have only $\pm 1$ as their eigenvalues, the above equality
shows that the multiplicities of the eigenvalue $-1$ in the two are congruent
modulo 3. Proposition 3 now gives the conclusion. $q$ . $e$ . $d$ .

LEMMA 6. In Case b), the multiplicities of the eigenvalue 1 obtained from
$A$ and $B$ are equal.

PROOF. By assumption, we have by (1) and (2) in \S 3,

$(1^{\prime\prime})$ $\left(\begin{array}{l}p_{a+1}^{\prime}\\\vdots\\ p_{b}^{\prime}p_{b+1}^{\prime}\end{array}\right)\left(\begin{array}{l}p_{\alpha}^{\prime}\\p_{a}^{\prime}\\p_{\beta}^{\prime}q_{\gamma}^{\prime}\end{array}\right)(\dot{0}.\dot{0}0,\epsilon_{b+1})$

,
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$(2^{\prime\prime})$ $\overline{p}_{b+1}^{\prime}=(R_{b+1,a}\overline{R}_{b+1,a}\overline{R}_{b+1,\beta}R_{b+1,\gamma}^{0})(q_{\gamma}^{\prime}\alpha\frac{}{p}’\frac{p}{p}’\beta a’)^{+(0,\overline{\epsilon}_{b+1})}’\overline{\epsilon}_{b+1}\neq 0$

.

Then by the same calculation as in Lemma 4, we see that the essential part
from $A$ is

$\left(\begin{array}{ll}P_{i\beta} & 0\\\overline{P}_{b+1,\beta}-\epsilon_{b+1}\overline{\epsilon}_{b+1}F_{b+1,\beta} & \epsilon_{b+1}\overline{\epsilon}_{b+1}\end{array}\right)-$ $i,$ $\beta=a+1,$ $\cdots,$
$b$ .

But $(1^{\prime\prime})$ and (2) imply in particular

$(*)$ $\left(\begin{array}{l}X_{a+1}\\\vdots\\ X_{b}\end{array}\right)\left(\begin{array}{l}X_{cr}\\-x_{a}\\-x_{\beta}\end{array}\right)$ ,

$x_{b+1}=(P_{b+1,\alpha})(x_{a})-(\overline{P}_{b+1,\alpha})(x_{\pi})-(\overline{P}_{b+1,\beta})(x_{\beta})+\epsilon_{b+1}$ ,

$-x_{b+1}=(R_{b+1,\alpha}\overline{R}_{b+1,\alpha}\overline{R}_{b+1,\beta})\left(\begin{array}{l}x_{\alpha}\\-X_{n}\\-x_{\beta}\end{array}\right)$

$=(\overline{P}_{b+1,a})(x_{\alpha})-(P_{b+1,a})(x_{a})+(\overline{P}_{b+1,\beta})(x_{\beta})+\overline{\epsilon}_{b+1}$ ,

where in the last equality, we used Proposition 4, (4) and $(^{*})$ . Hence $\epsilon_{b+1^{\vee^{\wedge}}b+1}^{-}\wedge$

$=-1$ . $q$ . $e$ . $d$ .
LEMMA 7. In Case c), the multiplicjties of 1 obtained from $A$ and $B$ are

equal.
PROOF. By assumption we have again $(^{*})$ in the proof of Lemma 6. Then,

applying the two sides of Proposition 4, (5) to ${}^{t}(x_{\alpha}, -x_{\alpha}, -x_{\beta})$ , we get for
$i=c+1,$ $\cdots,$

$t$ ,

$(\overline{Q}_{i\alpha})(x_{f})-(Q_{t\alpha})(x_{a})+(\overline{Q}_{i_{!}9})(x_{3})=(Q_{i\alpha})(x_{\alpha})-(\overline{Q}_{i\alpha})(x_{n})-(\overline{Q}_{i9})(x_{\beta})$ .
Hence the two sides are equal to $0$ , and this means that we can not find a
new vector among $q_{c+1}^{\prime},$ $q_{p}^{\prime}$ , either. Then we are necessarily in Case I with
the vectors in $B$ , but in Case II with those in $A$ , and there is no change in
the essential part. $q$ . $e$ . $d$ .

Lemma 5 combined with Theorem 3, Lemma 6 and Lemma 7 now give
THEOREM 4. If all the prime factors of $m$ except 3 are $\equiv\pm 1(mod 9)$ , the

multiplicity of the eigenvalue 1 of $\tau$ on $G(\tilde{K}/K_{1})$ is equal to that on the space
defined by Theorem 2 from the temp0rary table.

As an algorithm for $d^{(3)}C_{\rho}$ , therefore, we can make calculations as if we
had $C_{K}^{G}=D_{K}$ .
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\S 6. Example.

Let $m=3\cdot 17\cdot 271=24^{3}-3$ . Then $N_{\rho/q}(24-\sqrt[3]{m})=3$ and the same argument

as in [1], \S 2, Remark shows that $C_{K}^{G}\neq D_{K}$ . The temporary table is

$\zeta$ $\pi_{271}$ $\pi_{271}$ 17 $\sqrt{-3}$

$(\pi_{271})$
$|$

$0$ $-1$ $0$ 1 $0$

$(\sqrt{-3})(\pi_{271})(17)$

$|$

$000$ $001$ $-101$ $-100$ $000$

where we put $\zeta=(-1+\sqrt{-3})/2,$ $\pi_{271}=(29+9\sqrt{-3})/2$ . We are in Case II in
the sense of \S 3, and by virtue of Theorem 4 we get $d^{(3)}C_{9}=2$ .
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