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1. Introduction.

In this paper we shall prove the following results.

THEOREM 1. Let G be a finite group. Let S, be a subgroup of a Sylow
2-subgroup S of G such that |S:S,| =2. If there exists an element x such that
x>4S, x*=z, |z|=2, and z2°N\Sy={z}, then Z*(G)#1 or a Sylow 2-subgroup of
{z%) is dihedral or semidihedral.

COROLLARY 1. Let X be a cyclic subgroup of a Sylow 2-subgroup S of G.
If X is weakly closed in S with respect to G, then Z*(G)#1 or a Sylow 2-sub-
group of <£2,(X)% is dihedral or semidihedral.

D. M. Goldschmidt determined the structure of the finite groups with weakly
closed four-groups. Jonathan I. Hall determined the structure of the finite
groups with weakly closed cyclic group of order 4. This corollary is a gener-
alization of Jonathan I. Hall’s result.

COROLLARY 2. Let S be a Sylow 2-subgroup of a finite group G. Suppose
S=R,* - xR, and the following conditions hold ;

(1) R, has a cyclic subgroup of index 2 for i=1,2, -+, n.

(2) Z(S) is cyclic.

Then 2,(Z(S)SZ*(G) or a Sylow 2-subgroup of {2,(Z(S))¢> is dihedral or
semidihedral.

We shall write A*B for a central product of A and B.

THEOREM 2. Let G be a finite group. Let S, be a subgroup of a Sylow 2-
subgroup S of G, suchthat |S:S,|=2. If every involution of S, is isolated each
other, then Z*(G)#1 or there exists an involution z of S, such that a Sylow 2-
subgroup of {z%) is dihedral or semidihedral.

In fact we find an example in symmetric group of degree 6 which has an
involution z such that a Sylow 2-subgroup of {z%) is neither dihedral nor semi-
dihedral.

We shall say elements x, y of G are isolated if x any y are not conjugate
in G.
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2. Preliminaries.

LEMMA 2.1. If A and B are conjugate subsets of a Sylow p-subgroup P of
G, then there exist Sylow p-subgroups Q; with H;=PNQ; a time intersection,
1=i=n such that

(1) Cp(H)SH;

(2) Hy; Sylow p-subgroup of Oy, (N(H;))

(3) H,=P or N(H;)/H; is p-isolated

(4) ACSH, A*vCH,., for some x;€N(H;) if H;=Cp(Q2(Z(H))) and for
some x;=NH)NC(2(Z(Hy))) if H;#Cp(2(Z(H;))), and A *n-1'=B for some
y & Ng(P).

This fusion lemma may be found in Goldschmidt [2].

LEMMA 2.2. If element t, z of a Sylow p-subgroup P of G are conjugate
and z=Z(P), then there exists an element g of G such that t°=z and Cgs(t)*SS.

PROOF. Since t and z are conjugate in G, there exists an element k2 such
that t*=z. Since Cs(t)*SCy(t*)=Cy(z) and SSC4(z), by Sylow’s theorem there
exists an element i of Cg(z) such that Cs(¢)**=S. we set g—=Fkh, then tf=t**
=z"=z. So the lemma is proved.

We say that, for a subgroup K of a Sylow 2-subgroup S of G, K is strongly
involution closed if k=I(K) and kf<S for some g<G implies that kf= K.

In [3], Goldschmidt proved the following result.

LeEMMA 2.3. Suppose D is a strongly involution closed dihedral 2-subgrvoup of
G. Then a Sylow 2-subgroup of {D¢) is dihedral or semidihedral.

3. Proof of Theorem 1.

Let G be a finite group which satisfies the assumption of [Theorem 1l

We may assume that Z*(G)=1.

LEMMA 3.1. There exists an tnvolution t such that t, iz and z ave conjugate
each other n G.

PrROOF, By Z*-theorem there exists an involution ¢ of S which is conjugate
to z and distinct from z. Let x be as in [Theorem 1l Suppose ¢ centralizes x.
By there exists an element g such that ##=z, Cs(t)*SS. Since z8=
(x8)?<=S,, z#=z, this implies t=z, which contradicts the choice of {. By hypo-
thesis <x> S, so x’=x"'. Thus t*=x"'txtt=tz, which proves Lemma 3.1l

LEMMA 3.2. Let D be weakly closed in Ns(D) with respect to G, then we
have S>D.

PrROOF. Let g be an element of Ng(Ns(D)), then we have D*S Ng(D). Since
D is weakly closed in Ng(D), we have Df=D. Thus g=Ns(D), this implies
Ns(Ng(D))=Ngs(D). Hence we have S=Ng(D), which proves
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LEMMA 3.3. G has a strongly involution closed dihedral 2-subgroup.

PROOF. Let D,={t)x<{z), where t and z are as in Lemma 3.1. If z6~\Ns(D,)
€D,, then D, is weakly closed in Ng(D,) since D,=<{z¢"\Ns(D,)>. By
3.2 we have D,<S, hence z6\SED,, this implies that D, is strongly involu-
tion closed. Then the Lemma is proved. Therefore we may assume that
2N\ Ns(Doy)ED,. Thus there exists an involution u such that u€z¢~\Ns(D,)—D,.
Assume Cp,(u)==D,, then u centralizes . Since u is conjugate to z, there exists
an element g such that u®=z and Cs(u)*<SS by \

Assume t!<S,, so that t*=z by hypothesis of [Theorem 1l This implies
u=t, which contradicts the choice of u. Similarly we have z£&S,. Therefore
(tz)¥<=S,, and hence (tz)#=z since tz is conjugate to z. This implies tz=u,
which contradicts the choice of u. Thus {u)D, is a dihedral group of order
8, and all involutions of {u)D, are conjugate. Let D, be {u)D, Assume
zN\Ng(D,)ES D, then it is easy that D, is strongly involution closed. Thus we
may assume z°\Ng(D,)ED,. We shall repeat this method. Assume that D, is
a dihedral subgroup of S, all involutions are conjugate to z, and that z6\Ngs(D,)
ED, Letwvez®~\Ns(D,)—D,. By previous method it is easy proved that
Cp,(v) is cyclic group. Next we shall prove that Cp (v)=<z>. Suppose false.
Then there exists an element y of D, such that |y|=4 and [v, y]=1. Clearly
y*=z. Since v is conjugate to z and z=Z(S), there exists an element g such
that v¥=z and Cs(v)!SS by Lemma 2.2 In particular we have y#€S, hence
z8=(x%)?’eS,. By hypothesis of [Theorem 1l we have zf=z. This implies v=z,
which contradicts the choice of v. Therefore we have Cp,(v)=<z). Let Dnyy
={v)D,, then D,,; is dihedral. If we repeat this method, we have a dihedral
subgroup D such that z6 N \Ng(D)SD and I(D)Sz% This implies that D is a
strongly involution closed dihedral subgroup. Hence is proved.

Since all involutions of D are conjugate, {D®>=(z%). By a
Sylow 2-subgroup of (D¢ is dihedral or semidihedral. This completes the
proof of [Theorem 1l.

4. Proof of Theorem 2.

Let G be a finite group which satisfies the assumption of [Theorem 2.

LEMMA 4.1. There exists an involution z of S, which is conjugate to an
nvolution t of S, moreover conjugate to tz.

PROOF. Let z, be an involution of S,. By Z*-theorem we have an involu-
tion ¢, of S which is conjugate to z, and distinct from z,. Since S> S, we
have 2,(S,)SZ(S) by hypothesis of In particular z,=Z(S). By
there exist an element g and 2-subgroup H such that tf=z, g<
Ng(H) and H=Cs(2,(Z(H))). Since z,£Z(S), t,€R2.(Z(H)). Set K=02,(Z(H)),
then ge N(K). Since H is a tame intersection, we may assume that g is an
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odd order element. Let K,=[K, g, then |K,: K;n\S,|=2. Since every involu-
tion of S, is isolated each other, |K,*|=|(KoN\So)¥|X3. This implies that K,
is four-group and g®<Cq4(K,). Let z be an involution of K;,N\S, and ¢ be an
involution of K,—S,, then is proved.

Then it is easy that can be proved by using of and
Lemma 3.3 Thus is proved.

5. Proof of Corollary 1.

If | X|=2, then Z*(G)#1 by Z*-theorem. Assume |X|=4. Let S,=Cs(X),
then |S:S,|=2. Let 2,(X)=<(2). If t=z°NS,, then [, X]=1. Since z&Z(S),
we have an element g such that tf=z and Cs(t)*SS by Then
X4 S since XSCs(t). Since X is weakly closed in S, we have X¢=JX, this
implies that zf=z. Hence t=z, thus we have z°"\S,={z}. Since X<S, the
agsumption of is satisfied, which implies a conclusion of [Corollary 1l.

Assume | X|=8. Let | X|=2" n=3. We set X=<x), y=x2, y,=<{x) such
that |y,|=4. Let S;=Cs(y,), then |S:S,| <2. Lettez?NS,. Since |{|=2 and
{x><S, xt=x or x7!, x7'z, xz. Since t{ centralizes y,, x’=x or xz. Thus y‘=y
in each cases. By there exists an element g such that #¥=z and
Cs()¥SS. Since y=Cs(t), y¥<S, hence y% acts on X. Since |X|=8, automor-
phism of X is type of (2% 2). Hence (y%)*""* centralizes X. Since |y|=2""1,
(y9)" '=z*% Let t,=z% t, centralizes X. Since t, is conjugate to z, there
exists an element k2 such that #,*=z and Cs(t)*SS. Since XSCs(t,), X*=X.
Hence z*=z. This implies t,=z, hence t=z. Thus z°"\S,={z}. Since {y,» S,
the assumption of [Theorem 1| is satisfied. This completes the proof of Corol-
lary 1.

6. Proof of Corollary 2.

We set (z)=£,(Z(S)). We may assume that exponent of R,=exponent of
R; for i=1, -+, n. R, has a maximal cyclic subgroup {x)> such that |R,: {x)|
<2. We set |x|=2" and S,=<(x)*R,*---*R,, then |S:S,/<2. Assume t&
z%NS,, then there exists an element g such that t¥=z and Cs(#)*< S by [Lemmal
2.2. Since teS,, [x, f1=1. Therefore x<S. Then z¢=(x4)*""'=Z(S) by the
assumption (1) of By the assumption (2) of we have
z8=z. This implies =z, hence z°N\S,={z}. By [Theorem 1 [Corollary 7 is
proved.
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