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\S 0. Introduction.

The purpose of this paper is to construct an imbedding of every Rieman-
nian symmetric space $G/K$ of non-compact type into a compact real analytic
manifold $\tilde{X}$. Here $G$ is a semi-simple Lie group and $K$ a maximal compact
subgroup. Our imbedding has the following properties:

The action of $G$ on $\tilde{X}$ is analytic and the orbital decomposition of $\tilde{X}$ is of
normal crossing type in the sense of Remark 6 in \S 2. Moreover, there appears
the Martin boundary in $\tilde{X}$ and the system of invariant differential equations
on the symmetric space has regular singularity along the Martin boundary in
the sense of Definition 5.1 in [9].

As for realizations of $G/K$ there are several Papers [1], [2], [5], [7], [12],
[13], [15] and [4], [10], [11], [14]. If the rank of the symmetric space is
higher than one, the Martin boundary does not appear in the realizations given
by [1], [2], [5], [7], [12], [13], [15] and the orbital decompositions have more
complicated geometrical structures than ours. The realizations given by [4],
[10], [11], [14] are essentially the same ones called Satake-Furstenberg com-
pactifications. They are only different in the methods of constructions. There
exists a realization among Satake-Furstenberg compactifications where the
Martin boundary appears. But it is a compactification of $G/K$ as a manifold
with boundaries and the natural analytic structure around the boundaries is not
investigated.

In [8] we construct an imbedding of $G/K$ into a manifold $\tilde{X}^{\prime}$ to solve
S. Helgason’s conjecture that any simultaneous eigenfunction of all invariant dif-
ferential operators on a Riemannian symmetric space can be represented by
the Poisson integral of a hyperfunction on its Martin boundary. It is the
essential point in [8] that we can apply a theorem of regular singularity in [9]

because the system of invariant differential equations on $G/K$ can be analy-
tically extended around the Martin boundary in $\tilde{X}^{\prime}$ and has regular singularity.
But it is not sufficient for further investigations because there is only a local
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action of $G$ on $\tilde{X}^{\prime}$ . This is a motivation to write this paper. Tbe relation
between $\tilde{X}^{\prime}$ and $\tilde{X}$ is shown in Proposition 11, which says that $\tilde{X}^{\prime}$ is an open
dense submanifold of $\tilde{X}$.

\S 1. Notation and preliminaries concerning semi-simple Lie groups.

We will use the standard notation $Z,$ $R$ and $C$ for the ring of integers, the
field of real numbers and the Peld of complex numbers, respectively. The set
of non-negative integers is denoted by $N$ and the set of positive real numbers
by $R_{+}$ . Lie groups will be denoted by Latin capital letters and their Lie alge-
bras by corresponding small German letters. If $C$ is a Lie group and $\mathfrak{c}$ its Lie
algebra, the adjoint representation of $C$ is denoted by Ad (or $Ad_{c}$ ) and the
adjoint representation of $\mathfrak{c}$ by ad (or $ad_{\mathfrak{c}}$ ).

We will now list some standard notation concerning semisimple Lie groups
used in this paper and subsequent papers. Let $G$ be a connected real semi-
simple Lie group with finite center $Z,$ $\mathfrak{g}$ the Lie algebra of $G$ and $\langle, \rangle$ the
Killing form of $\mathfrak{g}$ . Let $\theta$ be a Cartan involution of $\mathfrak{g}$ and $\mathfrak{g}=\mathfrak{k}+\mathfrak{p}$ the Cartan
decomposition of $\mathfrak{g}$ into the eigenspaces of $\theta$ . We also denote by $\theta$ the Cartan
involution of $G$ corresponding to the Cartan involution $\theta$ of $\mathfrak{g}$ . Let $\mathfrak{a}$ be a
maximal abelian subspace of $\mathfrak{p},$

$\mathfrak{a}^{*}$ its dual, $\mathfrak{a}_{c}^{*}$ the complexification of $\mathfrak{a}^{*}$ . If
$\lambda,$ $\mu\in \mathfrak{a}_{c}^{*}$, let $H_{\lambda}\in \mathfrak{a}_{c}$ be determined by $\lambda(H)=\langle H_{\lambda}, H\rangle$ for $H\in \mathfrak{a}$ and put $\langle\lambda, \mu\rangle=$

$\langle H_{\lambda}, H_{\mu}\rangle$ . Let $\mathfrak{h}$ be a Cartan subalgebra of $g$ containing $\mathfrak{a}$ . Then $\mathfrak{h}=\mathfrak{a}+\mathfrak{t}$ where
$\mathfrak{t}=\mathfrak{h}\cap f$ . We denote by $\mathfrak{g}_{c}$ the complexification of $\mathfrak{g}$ and for any subspace $\mathfrak{b}$ of
$\mathfrak{g}$ we denote by $\mathfrak{b}_{c}$ the complex linear subspace of $\mathfrak{g}_{c}$ spanned by $\mathfrak{b}$ . For any
$ root^{\backslash }\alpha$ of $(\mathfrak{g}_{c}, \mathfrak{h}_{c})$ , we fix a root vector $X_{\alpha}$ corresponding to $\alpha$ . Introducing
compatible orders in the space of real valued linear forms on $\mathfrak{a}+\sqrt{-1}\mathfrak{t}$ and $\mathfrak{a}$,
we denote by $P_{+}$ the set of non-zero Positive roots $\alpha$ such that $\alpha|_{\mathfrak{a}}\neq 0$, by $\Sigma$

the set of restricted roots, by $\Sigma^{+}$ the set of restricted Positive roots and by $\Psi=$

$\{\alpha_{1}, \cdots , \alpha_{l}\}$ the set of restricted Positive simple roots. Let $\rho$ denote half the
sum of the positive restricted roots with multiplicity, that is, $2\rho=(\Sigma_{\alpha\in P+}\alpha)|_{\mathfrak{a}_{C}}$ .
For any root $\alpha$ in $\Sigma$ , we denote by $\mathfrak{g}^{\alpha}$ the root space in $\mathfrak{g}$ corresponding to $\alpha$ .
We put $\mathfrak{n}^{+}=\Sigma_{\alpha\in\Sigma}+\mathfrak{g}^{\alpha}$ and $\mathfrak{n}^{-}=\theta(\mathfrak{n}^{+})$ , then $\mathfrak{n}^{+}=\mathfrak{g}\cap\Sigma_{\alpha\in P+}CX_{\alpha}$ and $\mathfrak{n}^{-}=\Sigma_{a\in\Sigma^{-}}\mathfrak{g}^{\alpha}$,

where $\Sigma^{-}$ denotes the set of negatives of the members in $\Sigma^{+}$ . Let $K,$ $A,$ $N^{+}$

and $N^{-}$ denote the analytic subgroups of $G$ corresponding to $\mathfrak{k},$

$\mathfrak{a},$

$\mathfrak{n}^{+}$ and $\mathfrak{n}^{-}$ ,
respectively. Let $M$ denote the centralizer of $A$ in $K,$ $M^{*}$ the normalizer of
$A$ in $K$ and $W$ the factor group $M^{*}/M$, the (little) Weyl group. The Weyl
group $W$ acts as a group of linear transformations of $\mathfrak{a}$ and also on ($t_{C}^{*}$ by
$(w\lambda)(H)=\lambda(w^{-1}H)$ for $H\in \mathfrak{a},$ $\lambda\in \mathfrak{a}_{c}^{*}$ and $w\in W$. For any element $w$ in $W$, we
fix its representative $m_{w}$ in $M^{*}$ . We put $\mathfrak{a}^{+}=$ { $H\in \mathfrak{a};\alpha(H)>0$ for any $\alpha$ in $\Sigma^{+}$ },
which is called the positive Weyl chamber. Let $A^{+}=\exp \mathfrak{a}^{+},$ $A^{\prime}=\bigcup_{w\in W}m_{w}A^{+}m_{w}^{-1}$
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and $P=MAN$. Then $A^{\prime}$ is the totality of regular elements in $A,$ $P$ is a minimal
parabolic subgroup of $G$ and there exist the decompositions

(1.1) $G=K\overline{A}^{+}K$ (Cartan decomposition),

(1.2) $G=KAN^{+}$ (Iwasawa decomposition),

(1.3) $G=U_{w\in W}Pm_{w}P$ (Bruhat decomposition).

Here $\overline{A}^{+}$ is the closure of $A^{+}$ in $G$ and in (1.2) each $g\in G$ can be uniquely
written

(1.4) $g=k(g)$ exp $H(g)n(g)$ , $k(g)\in K$ , $H(g)\in \mathfrak{a}$ , $n(g)\in N^{+}$

Let $U(\mathfrak{g})$ denote the universal enveloping algebra of $tJc$ which is naturally
identified with $D(G)$ , the totality of the left G-invariant differential operators
on $G$ . The number $l$ which equals dim $\mathfrak{a}$ is called the real rank of $G$ and the
rank of the symmetric space $G/K$. Let $D(G/K)$ denote the algebra of left G-
invariant differential operators on $G/K$ and put $D(G)^{K}=\{D\in U(\mathfrak{g})$ ; Ad $(k)D=D$

for any $k\in K$ }. Then $D(G/K)$ is a polynomial ring over $C$ with 1 algebraically
independent generators and there exists a natural homomorphism of $D(G)^{K}$

onto $D(G/K)$ .
For an element $w$ in $W$, we define subalgebras ndi, $u_{w}^{+}$ and $u_{\overline{w}}$ of $g$ by

$\mathfrak{n}_{w}^{+}=\mathfrak{n}^{+}\cap Ad(m_{w})\mathfrak{n}^{+},$ $u_{w}^{+}=\mathfrak{n}^{+}\cap Ad(m_{w})\mathfrak{n}^{-}$

(1.5)
$\mathfrak{u}_{\overline{w}}=Ad(m_{w}^{-1})u_{w}^{+}=\mathfrak{n}^{-}\cap Ad(m_{w}^{-1})\mathfrak{n}^{+}$

We Put $N_{w}^{+}=\exp(\mathfrak{n}_{w}^{+}),$ $U_{w}^{+}=\exp(u_{w}^{+})$ and $U_{w}^{-}=\exp(u_{w}^{-})$, then they are closed
simply connected subgroups of $G$ and

(1.6) $N^{+}=N_{w}^{+}U_{w}^{+}=U_{w}^{+}N_{w}^{+}$ , $N_{w}^{+}\cap U_{w}^{+}=\{1\}$ .
The Killing form defines a Euclidian inner product on $\mathfrak{a}^{*}$ and $\alpha_{i}\in\Psi(i=1, \cdots , 1)$

defines the reflection $w_{\alpha_{i}}$ : $\lambda-*\lambda-2\alpha_{i}\langle\lambda, \alpha_{i}\rangle/\langle\alpha_{i}, \alpha_{i}\rangle$ on $\mathfrak{a}^{*}$ . We can naturally
identify $W$ with the reflection group generated by $w_{\alpha_{1}},$

$\cdots$ , $w_{\alpha_{l}}$ . Let $w=w_{1}\cdots w$.
is the minimal expression for $w\in W$ as a product of reflections with respect to
the roots in $\Psi$ , then the length $L(w)$ of $w$ is said to be $n$ . Let $\Theta$ be the sub-
set of $\Psi$ and $W_{\Theta}$ be the subgroup of $W$ generated by the reflections with
respect to the elements in $\Theta$ . We note here that the number of the subsets of
$\Psi$ equals $2^{l}$ . We put

$\langle\Theta\rangle^{+}=\Sigma_{\cap}^{\dashv}\sum_{\alpha_{i}\in\Theta}R\alpha_{i}$ ,
(1.7)

$W(\Theta)=\{w\in W;w^{-1}\langle\Theta\rangle^{+}\subset\Sigma^{+}\}$ .
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Then every element $w$ in $W$ can be written in one and only one way in the
form (cf. Proposition 1.1.2.13 in [16])

\langle 1.8) $w=w_{\Theta}w(\Theta)$ , $w_{\Theta}\in W_{\Theta}$ , $w(\Theta)\in W(\Theta)$ .
Let $w^{*}$ denote the unique element in $W$ such that Ad $(w^{*})\mathfrak{n}^{+}=\mathfrak{n}^{-}$ . Then $L(w^{*})$

$\geqq L(w)$ for any $w\in W$ and $L(w^{*})=L(w)$ means $w=w^{*}$ . Let $w_{\Theta}^{*}$ and $w^{*}(\Theta)$ denote
the elements in $W_{\theta}$ and $W(\Theta)$ , respectively, such that $w^{*}=w_{\Theta}^{*}w^{*}(\Theta)$ . Put
$P_{\Theta}=\bigcup_{w\in W_{\Theta}}Pm_{w}P$. Then $P_{\theta}$ constitute the parabolic subgroups containing $P$

when $\Theta$ runs through the subsets of $\Psi$ . We define subalgebras $\mathfrak{a}_{\Theta},$

$\mathfrak{a}(\Theta),$ $\mathfrak{n}_{\Theta}^{\pm}$ ,
$\mathfrak{n}^{\pm}(\Theta),$

$\mathfrak{m}_{\Theta}$ and $\mathfrak{m}_{\Theta}(K)$ of $\mathfrak{g}$ by

$\mathfrak{a}_{\Theta}=$ {$H\in \mathfrak{a};\alpha(H)=0$ for every $\alpha$ in $\Theta$ } ,

$\mathfrak{a}(\Theta)=$ { $H\in \mathfrak{a};\langle H,$ $X\rangle=0$ for any $X$ in $\mathfrak{a}_{\Theta}$ } ,

$\mathfrak{n}_{\Theta}^{+}=\sum_{\lambda\in\Sigma^{+}-<\Theta>}+\mathfrak{g}^{\lambda}$ , $\mathfrak{n}_{\theta}^{-}=\theta(\mathfrak{n}_{\Theta}^{+})$ ,
\langle 1.9)

$\mathfrak{n}^{+}(\Theta)=\Sigma_{\lambda\ll\Theta>}+\mathfrak{g}^{\lambda}$ , $\mathfrak{n}^{-}(\Theta)=\theta(\mathfrak{n}^{+}(\Theta))$ ,

$\mathfrak{m}_{\Theta}=\mathfrak{m}+\mathfrak{n}^{+}(\Theta)+\mathfrak{n}^{-}(\Theta)+\mathfrak{a}(\Theta)$ ,

$\mathfrak{m}_{\Theta}(K)=\mathfrak{m}_{8}\cap \mathfrak{k}$ .
Let $A_{\Theta},$ $A(\Theta),$ $N_{\Theta}^{\pm},$ $N^{\pm}(\Theta),$ $M_{\Theta.0}$ and $M_{\Theta}(K)_{0}$ denote the connected analytic sub-
groups of $G$ corresponding, respectively, to $\mathfrak{a}_{\Theta},$

$\mathfrak{a}(\Theta),$ $\mathfrak{n}_{\Theta}^{\pm},$ $\mathfrak{n}^{\pm}(\Theta),$
$\mathfrak{m}_{\Theta}$ and $\mathfrak{m}_{\Theta}(K)$ .

Then $A_{\Theta}N_{\Theta}^{\pm}$ are closed solvable subgroups of $G$ and we have the direct decom-
position

(1.10) $A=A_{\theta}A(\Theta)$

and the semi-direct decompositions

\langle 1.12) $N^{\pm}=N_{\Theta}^{\pm}N(\Theta)$ .

We put $M_{\Theta}=MM_{\Theta,0}$ and $M_{\Theta}(K)=MM_{\Theta}(K)_{0}$, then the group $M_{\Theta}A_{\Theta}$ is the centralizer
of $\mathfrak{a}_{\Theta}$ in $G,$ $M_{\Theta}(K)=K\cap M_{\Theta}$ and we have the decompositions (cf. \S 1.2.4 in [16])

\langle 1.12) $M_{\Theta}=M_{\theta}(K)A(\Theta)N^{\pm}(\Theta)$ (Iwasawa decomposition),

\langle 1.13) $P_{\Theta}=M_{\Theta}A_{\Theta}N_{\Theta}^{+}$ (Langlands decomposition),

(1.14) $P_{\theta}=M_{\Theta}(K)AN^{+}$ ,

\langle 1.15) $G=U_{w\in W(\theta)^{-1}}N^{+}m_{w}P_{\theta}$ (disjoint union),

(1.16) $G=\bigcup_{w\in W(\theta)^{-1}}U_{w}^{+}m_{w}P_{\Theta}$ (disjoint union).
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The decompositions (1.12), (1.13) and (1.14) give analytic diffeomorphisms of
the product manifolds $M_{\Theta}(K)\times A(\Theta)\times N^{\pm}(\Theta),$ $M_{\Theta}\times A_{\Theta}\times N_{\theta}^{+},$ $M_{\Theta}(K)\times A\times N^{+}$ onto
$M_{\Theta},$ $P_{\Theta}$ and $P_{\Theta}$, respectively, and if $w$ is in $W(\Theta)^{-1}$, the map $(u, p)-um_{w}p$ defines
an analytic diffeomorphism of the product manifold $U_{w}^{+}\times P_{\Theta}$ onto the submani-
fold $N^{+}m_{w}P_{\theta}$ of $G$ . Here we note

(1.17) $m_{w}^{-1}U_{w}^{+}m_{w}\subset N_{\Theta}^{-}=m_{w^{*}(\Theta)}U_{w^{*}(\Theta)1}^{+}-m_{w^{*}(\Theta)}^{-1}$ for $w\in W(\Theta)^{-1}$ .
Hence $G$ is the union of the open submanifold $N_{\Theta}^{-}P_{\Theta}$ and submanifolds of lower
dimensions.

\S 2. A realization of symmetric spaces in compact manifolds.

In this section we will construct a compact manifold $\tilde{X}$ such that $G$ acts
analytically on it and that the open G-orbits are isomorphic to symmetric spaces.
To investigate all the G-orbits appeared in $\tilde{X}$, we prepare the following lemma.

LEMMA 1. Put $P_{\Theta}(K)=M_{\Theta}(K)A_{\Theta}N_{\Theta}^{+}$ . Then $P_{\Theta}(K)$ is a closed subgroup of
$G$ and there exist the decompositions

(2.1) $G=U_{w\in W(\Theta)^{-1}}m_{w}U_{w}^{-}N^{-}(\Theta)A(\Theta)P_{\Theta}(K)$ (disjoint union),

(2.2) $G=U_{w\in W}m_{w}N^{-}A(\Theta)P_{\Theta}(K)$ .

If $w\in W(\Theta)^{-1}$, the map $(u_{w}, n, a, p)-u_{w}nap$ defines an analytic diffeomorphism
of the prOduct manifold $U_{w}^{-}\times N^{-}(\Theta)\times A(\Theta)\times P_{\Theta}(K)$ onto the submanifold
$U_{w}^{-}N^{-}(\Theta)A(\Theta)P_{\Theta}(K)$ of G. And $G$ is a union of the open dense submanifold
$N^{-}A(\Theta)P_{\Theta}(K)$ and submanifolds of lower dimensions.

PROOF. To show $P_{\Theta}(K)$ is a group we need only verify $ma=am,$ $aN_{\Theta}^{+}a^{-1}$

$\subset N_{\theta}^{+}$ and $mN_{\Theta}^{+}m^{-1}\subset N_{\Theta}^{+}$ for $m\in M_{\Theta}(K)$ and $a\in A_{\Theta}$ . But they clearly follow
from (1.9) and the definition of $M_{\Theta}(K)$ . The groups $M_{\Theta}(K),$ $A_{\Theta}$ and $N_{\theta}^{+}$ are
closed in $K,$ $A$ and $N^{+}$ , respectively. Therefore $P_{\Theta}(K)$ is closed in $G$ because
of the Iwasawa decomposition(1.2). Next we note that $M_{\Theta}=N^{-}(\Theta)A(\Theta)M_{\Theta}(K)$

(cf. (1.12)). Then (1.5), (1.13) and (1.12) imply that in (1.16)

$U_{w}^{+}m_{w}P_{\Theta}=m_{w}(N^{-}\cap m_{w}^{-1}N^{+}m_{w})N^{-}(\Theta)A(\Theta)M_{\Theta}(K)A_{\Theta}N_{\Theta}^{\pm}$

$=m_{w}U_{w}^{-}N^{-}(\Theta)A(\Theta)P_{\Theta}(K)$

for $m_{w}\in W(\Theta)^{-1}$ and that

$N_{\Theta}^{-}P_{\Theta}=N_{\Theta}^{-}N^{-}(\Theta)A(\Theta)M_{\Theta}(K)A_{\Theta}N_{\Theta}^{+}$

$=N^{-}A(\Theta)P_{\Theta}(K)$ .

This proves the rest part of Lemma 1. $q$ . $e$ . $d$ .
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REMARK 2. SuPpose $\Theta=\Psi$ . Then $W_{\theta}=W$, $W(\Theta)=\{1\},$ $M_{\Theta}=G,$ $M_{\theta}(K)=$

$G\cap K=K,$ $A_{\Theta}=\{1\},$ $A(\Theta)=A,$ $N_{\Theta}^{\pm}=\{1\},$ $N^{\pm}(\Theta)=N^{\pm},$ $P_{\Theta}=G,$ $P_{\Theta}(K)=K$ and (2.1)

is reduced to $G=N^{-}AK$ (Iwasawa decomposition). On the other hand, suppose
$\Theta=\emptyset$ . Then $W_{\Theta}=\{1\},$ $W(\Theta)=W,$ $M_{\Theta}=M,$ $M_{\Theta}(K)=M,$ $A_{\theta}=A,$ $A(\Theta)=\{1\},$ $N_{\Theta}^{\pm}=$

$N^{\pm},$ $N^{\pm}(\Theta)=\{1\},$ $P_{\theta}=P_{\Theta}(K)=MAN^{+}=P$ and (2.2) equals $G=Um_{w}N^{-}Pw\in W$

If $C$ is a Lie group and $\mathfrak{c}$ is its Lie algebra, we identify $c$ with the totality
of left invariant vector fields on $C$ . Fix a basis $\{Y_{1}, \cdots , Y_{m}\}$ of $\mathfrak{c}$ . Then any
real analytic vector field $Y$ on $C$ can be uniquely expressed as

$Y=\sum_{i=\perp}^{m}c_{i}(p)Y_{i}$

with real analytic functions $c_{i}(p)$ on $C$ . This is clear because for any point $P$

in $C,$ $\{(Y_{1})_{p}, (Y_{m})_{p}\}$ is a basis of the tangent space $T_{p}C$ of $C$ at $p$ . Let
$\{H_{1}, H_{l}\}$ be the dual basis of $\mathfrak{a}$ with respect to $\Psi=\{\alpha_{1}, \cdots , \alpha_{l}\}$ , that is,
$\alpha_{i}(H_{j})=\delta_{ij}$ . For $\lambda\in\Sigma^{+}$ , we Px a basis $\{X_{\lambda_{i}} ; 1\leqq i\leqq m(\lambda)\}$ of $\mathfrak{g}^{\lambda}$, where $m(\lambda)=$

dim $\mathfrak{g}^{\lambda}$ and put $X_{-\lambda_{i}}=-\theta(X_{\lambda_{i}})$ .
LEMMA 3. Let $\tilde{X}_{\Theta}$ be the homogeneous space $G/P_{\Theta}(K)$ . Fix an element $g$ in

$G$ and identify $N^{-}\times A(\Theta)$ with the oPen dense submanifold of $\tilde{X}_{\Theta}$ by the map
$(n, a)\mapsto gnaP_{\theta}(K)$ (cf. Lemma 1). For an element $Y$ in $\mathfrak{g}$ , let $Y|\tilde{X}_{\Theta}$ be the vector
field on $\tilde{X}_{\Theta}$ corresponding to the $l$ -parameter group which is defined by the action
exp $(tY)$ on $\tilde{X}_{\Theta}(t\in R)$ . Then at any Point $p=(n, a)$ in $N^{-}\times A(\Theta)$, the vector
field is expressed as

$(Y|\tilde{X}_{\Theta})_{p}=\Sigma_{\lambda\in\Sigma^{+}}\Sigma_{i=1}^{m(\lambda)}c_{-\lambda_{i}}(g, n)(X_{-\lambda_{i}})_{p}$

(2.3) $+\Sigma_{\lambda\ll\Theta>}+\Sigma_{i=1}^{m(\lambda)}c_{\lambda_{i}}(g, n)e^{-2\lambda\log a}(X_{-\lambda_{i}})_{p}$

$+\Sigma_{\alpha_{i}\in\Theta}c_{i}(g, n)(H_{i})_{p}$

by the identification $T_{n}N^{-}\oplus T_{a}A(\Theta)\cong T_{p}(N^{-}\times A(\Theta))\cong T_{gnaP_{\Theta}(K)}\tilde{X}_{\Theta}$ . Here the real
analytic functions $c_{\pm\lambda_{i}}(g, n)$ and $c_{i}(g, n)$ are determined by the equation

$Ad^{-1}(gn)Y=\Sigma_{\lambda\in\Sigma}+\Sigma_{\ell=1}^{m(\lambda)}(c_{\lambda_{i}}(g, n)X_{\lambda_{i}}+c_{-\lambda_{i}}(g, n)X_{-\lambda_{i}})$

(2.4)
$+\Sigma_{i=1}^{\iota}c_{i}(g, n)H_{i}+M(g, n)$ , $M(g, n)\in \mathfrak{m}$ .

PROOF. Assume $|t|$ is sufficiently small. Then the direct sum decomposi-
tions $g=\mathfrak{n}^{-}+\mathfrak{a}+\mathfrak{n}^{+}+\mathfrak{m}=\mathfrak{n}^{-}+\mathfrak{a}(\Theta)+\mathfrak{m}_{\theta}(K)+\mathfrak{a}_{\Theta}+\mathfrak{n}_{\Theta}^{+}$ and the relation $[\mathfrak{a}, \mathfrak{n}^{-}]\subset \mathfrak{n}^{-}$ show
that we can put

exp $(tY)gn=gn\exp N_{1}^{-}(t)$ exp $A_{1}(t)$ exp $N_{1}^{+}(t)$ exp $M_{1}(t)$ ,

(2.5) exp $N_{1}^{+}(t)a=a$ exp $N_{2}^{-}(t)$ exp $A_{2}(t)$ exp $P_{2}(t)$ ,

exp $N_{1}^{-}(t)\exp A_{1}(t)a$ exp $N_{2}^{-}(t)a^{-1}=\exp N_{3}^{-}(t)$ exp $A_{1}(t)$ ,
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where $N_{i}^{-}(t)\in \mathfrak{n}^{-}(i=1,2,3),$ $N_{1}^{+}(t)\in \mathfrak{n}^{+},$ $A_{1}(t)\in \mathfrak{a},$ $A_{2}(t)\in \mathfrak{a}(\Theta),$ $M_{1}(t)\in \mathfrak{m}$ and $P_{2}(t)$

$\in \mathfrak{m}_{\Theta}(K)+\mathfrak{a}_{\Theta}+\mathfrak{n}_{\Theta}^{+}$ . Hence we have

(2.6) exp $(tY)gnaP_{\Theta}(K)=gn$ exp $N_{3}^{-}(t)a$ exp $(A_{1}(t)+A_{2}(t))P_{\Theta}(K)$ .

Put $(\partial N_{i}^{-}(t)/\partial t)(0)=N_{i}^{-}(i=1,2,3),$ $(\partial N_{1}^{+}(t)/\partial t)(0)=N_{1}^{+}$ and $(\partial A_{j}(t)/\partial t)(0)=A_{j}$

$(j=1,2)$ . Then (2.5) shows that

$Ad^{-1}(gn)Y\equiv N_{1}^{-}+A_{1}+N_{1}^{+}$ mod $\mathfrak{m}$ ,

(2.7) $Ad^{-1}(a)N_{1}^{+}\equiv N_{2}^{-}+A_{2}$ $mod \mathfrak{m}_{\Theta}(K)+\mathfrak{a}_{\Theta}+\mathfrak{n}_{\Theta}^{+},$

$N_{1}^{-}+Ad(a)N_{2}^{-}=N_{3}^{-}$ .

If $\lambda\in\langle\Theta\rangle^{+}$ , we have

$Ad^{-1}(a)X_{\lambda_{i}}=e^{-\lambda\log a}X_{\lambda_{i}}$

$=e^{-\lambda\log a}(X_{\lambda_{i}}-X_{-\lambda_{i}})+e^{-\lambda\log a}X_{-\lambda_{i}}$

$\equiv e^{-2\lambda l\circ g\alpha}Ad^{-1}(a)X_{-\lambda_{i}}$ mod $\mathfrak{m}_{\Theta}(K)$ .
On the other hand, if $\lambda\in\Sigma^{+}-\langle\Theta\rangle^{+}$ , we have

$Ad^{-1}(a)X_{\lambda_{i}}=e^{-\lambda\log a}X_{\lambda_{i}}\in \mathfrak{n}_{\Theta}^{\neq}$ .
Then $A_{2}=0$ and

$N_{1}^{-}+Ad(a)N_{2}^{-}=\Sigma_{\lambda\in\Sigma}+\Sigma_{L=1}^{m(\lambda)}c_{-\lambda_{i}}(g, n)X_{-\lambda_{i}}$

$+\Sigma_{\lambda\leq\Theta>}+\Sigma_{i=1}^{m(\lambda)}c_{\lambda_{i}}(g, n)e^{-2\lambda\log a}X_{-\lambda_{i}}$ ,

$A_{1}+A_{2}\equiv\Sigma_{\alpha_{i}\in\Theta}c_{i}(g, n)H_{i}$ mod $\mathfrak{a}_{\Theta}$ .

Thus we obtain (2.3) by (2.6) and (2.7). $q$ . $e$ . $d$ .
Let $\hat{X}$ be the product manifold $G\times N^{-}\times R^{l}$ and let $P=(g, n, t)$ be a point

in $\hat{X}$ $(g\in G, n\in N^{-}, t=(t_{1}, \cdots , t_{l})\in R^{l})$ . Then $G$ acts on $\hat{X}$ by the correspondence
$(g^{\prime}, (g, n, t))-*(g^{\prime}g, n, t)$ for $g^{\prime}\in G$ . Put sgn $P=$ ( $sgnt_{1},$ $\cdots$ , sgn $t_{l}$ ) $\in\{-1,0,1\}^{l}$ ,
$\Theta_{\delta}=\{\alpha_{i}\in\Psi;t_{i}\neq 0\}$ and $a(\hat{x})=\exp(-\Sigma_{\iota_{i}}{}_{\neq 0}H_{t}\log|t_{i}|)\in A(\Theta_{P})$ , where sgn $s=s/|s|$

for $s\in R-\{0\}$ and sgn $0=0$ . We will define an equivalence relation for points
in $\hat{X}$.

DEFINITION 4. Two points $R=(g, n, t)$ and $\hat{x}^{\prime}=(g^{\prime}, n^{\prime}, t^{\prime})$ in $\hat{X}$ are equi-
valent, which will be denoted by $R\sim k$ ‘, if and only if the following two condi-
tions hold.

(2.8) sgn x $=sgn\hat{x}^{\prime}$

(2.9) $gna(\hat{x})P_{\Theta}s(K)=g^{\prime}n^{\prime}a(:\theta^{\prime})P_{\Theta}d(K)$ in $X_{\Theta},$ .
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Then we denote by $\tilde{X}$ the quotient space of $\hat{X}$ with the quotient topology
defined by the equivalence relation.

Since the action of $G$ on $\hat{X}$ is compatible with the equivalence relation, $G$

also acts on $\tilde{X}$. Let $\pi$ be the natural projection of $\hat{X}$ onto $\tilde{X}$. Put $0_{g}=$

$\pi(\{g\}\times N^{-}\times R^{l})$ for $g\in G$ . Then the map $(n, t)-\rangle$ $\pi((g, n, t))$ defines the bijection
(cf. Lemma 1)

(2.10) $\varphi_{g}$ : $N^{-}\times R^{l}\rightarrow^{\sim}\tilde{U}_{g}$ .
THEOREM 5. The quotient space $\tilde{X}$ has the following properties.

i) $\tilde{X}$ is a simply connected, compact, real analytic manifold without bound-
$ary$ .

ii) $\tilde{X}=U_{w\in W}\tilde{U}_{m_{w}}=\bigcup_{g\in G}\tilde{U}_{g}$ .

Here $O_{g}$ is an open submanifold of $\tilde{X}$ with the topOlOgy such that the map(2.10)
is a real analytic diffeomorphism. Moreover $\tilde{X}-\tilde{U}_{g}$ is a union of a finite number
of submanifolds of $\tilde{X}$ whose codimensions in $\tilde{X}$ are not lower than 2.

iii) The action of $G$ on $\tilde{X}$ is real analytic. For a pOint $:t$ in $\hat{X}$ the G-
orbit of $\pi(:t)$ is isomorphic to the homogeneous space $G/P_{\Theta ff}(K)$ and for points $X$

and $R^{\prime}$ in $\hat{X}$ the G-orbits of $\pi(p)$ and $\pi(P^{\prime})$ coincide if and only if sgn $B=sgn_{i}t^{\prime}$ .
Hence the orbital decomposition of $\tilde{X}$ with respect to the action of $G$ is of the
form

$\tilde{X}\cong U_{\Theta\subset\Psi}2^{*\Theta}(G/P_{\Theta}(K))$ (disjoint union),

where $\#\Theta$ is the number of the elements of $\Theta$ and $2^{\#\theta}(G/P_{\Theta}(K))$ is the disjoint
union of $2^{\#\Theta}$ copies of $G/P_{\theta}(K)$ .

iv) Identify the open G-orbit $\pi$ ( $\{k\in\hat{X}$ ; sgn $;t=(1,$ $\cdots$ , 1)}) with the Rieman-
nian symmetric space $G/K$ and the orbit $\pi$ ( $\{:t\in\hat{X}$ ; sgn $R=0\}$ ) of the lowest
dimension with its Martin boundary $G/P$. Let $D(\tilde{X})$ be the totality of G-invari-
ant differential operatOrs on $\tilde{X}$ whose coefficients are real analytic functions.
Then the natural restriction

$D(\tilde{X})\rightarrow^{\sim}D(G/K)$

is bijective. For any algebra homomorphism $\chi$ of $D(\tilde{X})$ to $C$ the system of
differential equations on $\tilde{X}$

$\mathcal{M}_{\chi}$ ; $(D-\chi(D))u=0$ for $D\in D(\tilde{X})$

has regular singularity along the set of walls $\tilde{X}_{i}=\pi(\{(g, n, t)\in\hat{X};t_{i}=0\})$ with
the edge $G/P$ in the sense of Definition 5.1 in [9].

REMARK 6. Since

(2.11) dim $\tilde{X}-\dim(G/P_{\Theta}(K))=l-\#\Theta$ ,
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the open G-orbits in $\tilde{X}$ are isomorphic to $G/K$ and the number of them equals
$2^{l}$ and that of all the G-orbits equals $3^{l}$ . The decomposition of $\tilde{X}$ into G-orbits
is of ’normal crossing type” in the following sense:

For every point in $\tilde{X}$, there exists a local coordinate system $(x_{1},$ $\cdots$ , $x_{k}$,
$y_{1},$

$\cdots$ , $y_{l}$ ) on a neighbourhood of the point such that if sgn $y_{j}=sgny_{j}^{\prime}$ for $j=1$ ,
, $l$, two points $(x_{1}, \cdots , x_{k}, y_{1}, y_{l})$ and $(x_{1}^{\prime}, \cdots , x_{k}^{\prime}, y_{1}^{\prime}, \cdots , y_{l}^{\prime})$ belong to the

same G-orbit.
For example, put $G=SL(2, R)$ , $N^{-}=\{\left(\begin{array}{ll}1 & \\x & 1\end{array}\right)$ ; $x\in R\},$ $A=\{(1/\sqrt{t}\sqrt{t}$ );

$t\in R_{+}\}$ and $z=x+\sqrt{-1}t$ . Then we can easily show that $\tilde{X}$ is isomorphic to

the l-dimensional complex projective space $ P_{c}^{1}=C\cup t\infty$ } with the action of $G$

$G\times P_{c}^{1}\ni(\left(\begin{array}{ll}a & b\\c & d\end{array}\right),$ $z)-\frac{c+dz}{a+bz}\in P_{c}^{1}$

and that
$\tilde{X}=U_{1}\cup U_{m_{w}}.\cong C\cup C\cong P_{c}^{1}$ .

$u$ $U$

$z\rightarrow-1/z$

For the first step to prove Theorem 5, we prepare
LEMMA 7. The map

(2.12) $\varphi_{g^{\prime}}^{-1}\circ\varphi_{g}$ : $\varphi_{g}^{-1}(\tilde{U}_{g}\cap\tilde{U}_{g^{\prime}})\rightarrow\varphi_{g^{\prime}}^{-1}(\tilde{U}_{g}\cap\tilde{U}_{g^{\prime}})$

is an analytic diffeomorPhism between the open subsets of $N^{-}\times R^{l}$ .
PROOF. Let $Y$ be an element of $\mathfrak{g}$ . By the identiPcation

$G/K\underline{\sim}N^{-}\times A\rightarrow^{\sim}N^{-}\times R_{+}^{l}=N^{-}\times R^{l}\underline{\sim}O_{g}\varphi_{g}^{-1}$

($\cup$ (1) (1)

$gnaK\leftrightarrow(n, a)-(n, e^{-\alpha_{1}\log a}, \cdots , e^{-\alpha_{l}\log a})=(n, t)$

the vector field $Y|N^{-}\times R_{+}^{l}$ corresponding to the l-parameter group defined by
the action exp $(sY)$ on $G/K$ for $s\in R$ is expressed as

$Y|N^{-}\times R_{+}^{l}=\Sigma_{\lambda\in\Sigma}+\Sigma_{i=1}^{m(\lambda)}(c_{\lambda_{i}}(g, n)t^{2\lambda}+c_{-\lambda_{i}}(g, n))X_{-\lambda_{i}}$

(2.13)
$-\Sigma_{i=}^{\iota}{}_{1}C_{i}(g, n)t_{i}\partial/\partial t_{i}$ .

Here we denote by $t^{2\lambda}$ the function $t_{1}^{2\lambda(H_{1})}$ $t_{l}^{2\lambda(H_{l})}$ and the functions $c_{\pm\lambda_{i}}(g, n)$

and $c_{i}(g, n)$ are those which are determined by (2.4) (see Lemma 3). Since
$\lambda(H_{t})$ are non-negative integers for $\lambda\in\Sigma^{+}$ , the vector Peld $Y|N^{-}\times R_{+}^{l}$ is analy-
tically extended to a vector Peld $Y|N^{-}XR^{l}$ on $N^{-}\times R^{l}$ .

For every point $x=(g,\hat{n},\hat{t})$ in $\hat{X}$, put $B_{\hat{x}}=\{(t_{1}, \cdots, t_{l})\in R^{l}$ ; $sgnt_{i}=sgnt_{i}$ for
$1\leqq i\leqq l\}$ and dePne the identiPcation
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$\varphi_{g}^{-1}$

$G/P_{\Theta_{\hat{x}}}\sim-N^{-}\times A(\Theta_{\hat{x}})\rightarrow^{\sim}N^{-}\times B_{\hat{x}}=N^{-}\times R^{l}\sim-\tilde{U}_{g}$ .
U) ($\cup$ u)

$ gnaP_{\Theta}s-(n, a)\leftrightarrow$ ( $n$, sgn $t_{1}e^{-\alpha_{1}\log a},$ $\cdots$ , sgn $t_{l}e^{-\alpha_{l}\log a}$ )

Since (2.13) shows $(Y|N^{-}\times R^{l})_{q}\in T_{q}(N^{-}\times B_{\hat{x}})$ for $q\in N^{-}\times B_{\hat{x}}$ , we can restrict the
vector field $Y|N^{-}\times R^{l}$ on $N^{-}\times B_{\hat{x}}$ . Then, using the above identification and
comparing (2.3) and (2.13), we see that its restriction on $N^{-}\times B_{\hat{x}}$ is the same
one defined by (2.3) because $e^{-2\lambda}$ Iog $a=t^{2\lambda}$ and $H_{i}=-t_{i}\partial/\partial t_{i}$ . Hence we have the
following claim by Definition 4 and by the l-parameter transformation group on
$N^{-}\times R^{l}$ corresponding to $Y|N^{-}\times R^{l}$ .

SuPpose $\hat{x}=(g,\hat{n}, t)$ in $\hat{X}$ and $Y$ in $\mathfrak{g}$ satisfy that $ g\hat{n}a(\hat{x})\in$

exp $(sY)gN^{-}A(\Theta_{\hat{x}})P_{\Theta_{\hat{x}}}(K)$ for $0\leqq s\leqq 1$ . Then there exists an open subset $V$ of
$N^{-}\times R^{l}$ containing $(\hat{n}, t)$ such that $\varphi_{(\exp Y)g^{\circ}}^{-1}\varphi_{g}$ dePnes an analytic diffeomor-
phism of $V$ to an open subset of $N^{-}\times R^{l}$ .

For any $\hat{x}=(g,\hat{n}, f)$ , there exist $Y_{1},$ $\cdots$ , $Y_{k}\in \mathfrak{n}^{-}+\mathfrak{a}(\Theta_{\hat{x}})$ such that $\hat{n}a(\hat{x})=$

exp $ Y_{k}\exp Y_{k-1}\cdots$ exp $Y_{1}$ . Put $ y(s)=\exp$ {$(s-[s])$ Ad $(g)Y_{[s]+1}$ } exp (Ad $(g)Y_{[s]}$ )
... $\exp$ (Ad $(g)Y_{1}$) for $0\leqq s\leqq k$ , where $[s]$ is the largest integer satisfying $[s]\leqq s$ .
Then $y(s)gN^{-}A(\Theta_{\hat{x}})P_{e_{\hat{x}}}(K)=gN^{-}A(\Theta_{\hat{x}})P_{e_{\hat{x}}}(K)$ and $y(k)g=g\hat{n}a(\hat{x})$ . Applying the
above claim to $y(s)$ in place of $\exp(sY)$ , we see that $\varphi_{g\hat{n}a(\hat{x})}^{-1}\circ\varphi_{g}$, which equals
$(\varphi_{y(k)g}^{-1}\circ\varphi_{y(k-1)g})\circ$ $\circ(\varphi_{y(2)g^{\circ}}^{-1}\varphi_{y(1)g})\circ(\varphi_{y(1)g^{\circ}}^{-1}\varphi_{g})$ , defines an analytic diffeomorphism

of a suitable neighbourhood of $(\hat{n}, t)$ to a neighbourhood of (1, sgn $\hat{x}$).

Let $\tilde{q}$ be an arbitrary point in $\iota y_{g}\cap O_{g^{\prime}}$ . Then there exist $x=(g,\hat{n}, t)$ and
$\hat{x}^{\prime}=(g^{\prime},\hat{n}^{\prime}, t^{\prime})$ satisfying $\pi(\hat{x})=\pi(\hat{x}^{\prime})=\tilde{q}$ . We denote by $P_{\theta_{\hat{x}}}(K)_{0}$ the connected
component of $P_{\Theta_{\hat{x}}}(K)$ containing 1. Then $P_{e_{\hat{x}}}(K)=P_{\Theta_{\hat{x}}}(K)_{0}M$. Since $g\hat{n}a(x)P_{e_{\hat{x}}}(K)$

$=g^{\prime}\hat{n}^{\prime}a(x^{\prime})P_{e_{x}},(K)$ , we have $(g\hat{n}a(\hat{x}))^{-1}g^{\prime}\dot{n}^{\prime}a(\hat{x}^{\prime})=\hat{p}\hat{m}$ with $\hat{m}\in M$ and $\hat{p}\in P_{e_{\hat{x}}}(K)_{0}$ .
Since we can choose $Y_{1}^{\prime},$ $\cdots$ , $Y_{k^{\prime}}^{\prime}$ in $\mathfrak{m}_{\theta_{\hat{x}}}(K)+\mathfrak{a}_{e_{\hat{x}}}+\mathfrak{n}_{\Theta}^{+}\hat{x}$ so that $\hat{P}=\exp Y_{k^{\prime}}^{\prime}$ exp $Y_{k^{\prime}-1}^{\prime}$

... $\exp Y_{1}^{\prime}$, we see by the same argument as in the case of $\varphi_{gna(\hat{x})}^{-1}\wedge\circ\varphi_{g}$ that
$\varphi_{g^{\wedge}}^{-1}\circ\varphi_{gna(\hat{x})}na(\hat{x})\hat{p}\wedge$ defines an analytic diffeomorphism between suitable neighbour-

hoods of (1, sgn $\hat{x}$). Moreover, since $\varphi_{g\hat{n}a(\hat{x})\hat{p}\hat{m}}^{-1}\circ\varphi_{gna(\hat{x})\hat{p}}\wedge((n, t))=(\hat{m}^{-1}n\hat{m}, t),$ $\varphi_{g^{\prime}n^{\prime}a(\hat{x}^{\prime})}^{-1_{\wedge}}$

$\circ\varphi_{gna(\hat{x})\hat{p}}$ is an analytic diffeomorphism of $N^{-}\times R^{l}$ . Thus we have proved that
$\varphi_{g}^{-1}\circ\varphi_{gna(\hat{x})}\wedge,$ $\varphi_{g^{\prime}}\circ\varphi_{g^{\prime}n^{J}a(\hat{x}^{\prime})},$ $\varphi_{g\hat{n}a(\hat{x})\hat{p}}^{-1}\circ\varphi_{g\hat{n}a(\hat{x})}$ and $\varphi_{g’\hat{n}^{\prime}a(\hat{x}^{J})}^{-1}\circ\varphi_{gna(\hat{x})\hat{p}}\wedge$ define analytic
diffeomorphisms of suitable open neighbourhoods of (1, sgn $\hat{x}$) to open subsets
of $N^{-}\times R^{\iota}$ . Combining these maps and their inverse, we see that $\varphi_{g^{\prime}}^{-1}\circ\varphi_{g}$ de-
fines an analytic diffeomorphism of an Open set containing $(\hat{n}, t)$ to an open set
containing $(\hat{n}^{\prime},\hat{t}^{\prime})$ , which implies $\varphi_{g}^{-1}(O_{g}\cap O_{g^{\prime}})$ and $\varphi_{g^{\prime}}^{-1}(\tilde{U}_{g}\cap O_{g^{\prime}})$ are open in
$N^{-}\times R^{l}$ and that the map (2.12) is an analytic local diffeomorphism. But the
map is bijective, so we have the claim of Lemma 7. $q.e.d$ .

PROOF OF THEOREM 5. First we remark that the proof of Lemma 7 shows
that
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(2.14) $\psi_{g}$ ; $\pi^{-1}(O_{g})\ni(g^{\prime}, n^{\prime}, t^{\prime})\leftrightarrow\varphi_{g}^{-1}\circ\varphi_{g^{\prime}}((n^{\prime}, t^{\prime}))\in N^{-}\times R^{l}$

defines a real analytic map of the open subset $\pi^{-1}(\tilde{U}_{g})$ of $\hat{X}$ to $N^{-}\times R^{l}$ . There-
fore for any open subset $V$ of $N^{-}\times R^{l},$ $\pi^{-1}\circ\varphi_{g}(V)=\psi_{g}^{-1}(V)$ is open in $\hat{X}$. On
the other hand, for any open subset $\hat{V}$ of $\hat{X},$ $\varphi_{g}^{-1}\circ\pi(\hat{V})$ is clearly open in $N^{-}\times R^{l}$ .
Hence the map (2.10) is a homeomorphism.

For points $x$ and $x^{\prime}$ in $\tilde{X}$, there exists $g$ in $G$ such that $\tilde{U}_{g}$ contains $x$ and
$x^{\prime}$ because Lemma 1 shows that $\{g\in G;\tilde{U}_{g}\ni x\}$ and $\{g\in G;\tilde{U}_{g}\ni x^{\prime}\}$ are open
dense in $G$ . Since $\varphi_{g}$ is homeomorphic and $N^{-}\times R^{l}$ is Hausdorff, $\tilde{X}$ is also
Hausdorff.

Thus we see that $X$ is a connected real analytic manifold. The claims ii)

and iii) are clear from what we have proved. The claim concerning $\tilde{X}-\tilde{U}_{g}$

immediately follows from Iwasawa decomposition (1.2) and Lemma 1.
Whitney’s transversality theorem says that for any submanifold $\tilde{Y}$ of $\tilde{X}$

satisfying $co\dim_{\tilde{X}}\tilde{Y}\geqq 2$ and for any differentiable map $\gamma:S^{1}$ ( $=the$ unit circle)
$\rightarrow\tilde{X}$, there exists a differentiable map $\gamma^{\prime}$ : $S^{1}\rightarrow\tilde{X}-\tilde{Y}\subset\tilde{X}$ such that $\gamma$ is homo-
topic to $\gamma^{\prime}$ . Therefore the fundamental group of $\tilde{X}$ equals that of $\tilde{U}_{g}$ . Since
the fundamental group of $\tilde{U}_{g}$ is trivial, $\tilde{X}$ is simply connected.

Consider the compact subset $B=K\times\{1\}\times[-1,1]^{l}$ of $\hat{X}$. Then $\pi(B)$ is also
compact because it is the image of a compact set under the continuous map.
Since { $\exp$ $(-\sum_{j=1}^{l}H_{j}$ log $t_{j}$) $;0<t_{i}\leqq 1$ for $1\leqq j\leqq l$ } equals $A_{+}$ , Cartan decomposi-
tion (1.1) shows that $\pi(B)$ contains all the open G-orbits of $\tilde{X}$. Therefore the
compact set $\pi(B)$ is open dense in $\tilde{X}$, which implies $\pi(B)=\tilde{X}$ and that $\tilde{X}$ is
compact.

To prove the claim in iv), we prepare the following:
LEMMA 8. Let $Y$ be an element of the Lie algebra $\mathfrak{a}+\mathfrak{n}^{-}$ . Then by the

identification
$N^{-}A$ $-\sim$ $N^{-}\times R_{+}^{l}\subset\rightarrow N^{-}\times R^{l}$ ,

u) $\Downarrow$)

$na=n$ exp ( $-\Sigma_{j=1}^{l}H_{j}$ log $t_{j}$) $-(n, t)$

the left invariant vector field $Y|N^{-}\times R_{+}^{l}$ on the Lie group $N^{-}A$ corresponding
to $Y$ is expressed as

$Y|N^{-}\times R_{+}^{\iota}=\Sigma_{\lambda\in\Sigma}+\Sigma_{\ell=1}^{m(\lambda)}c_{-\lambda_{i}}t^{\lambda}X_{-\lambda_{i}}-\Sigma_{j=1}^{l}c_{j}t_{j}\partial/\partial t_{j}$ ,
where

$Y=\Sigma_{\lambda\in\Sigma}+\Sigma_{i=1}^{m(\lambda)}c_{-\lambda_{i}}X_{-\lambda_{i}}+\Sigma_{j=1}^{\iota}c_{j}H_{j}$ .

Therefore $Y|N^{-}\times R_{+}^{\iota}$ can be analytically extended to a vector field on $N^{-}\times R^{l}$ .
PROOF. For $ a=\exp$ ( $-\Sigma_{j=1}^{\iota}H_{j}$ log $t_{j}$), we have

Ad $(a)X_{-\lambda_{i}}=e^{-\lambda\log a}X_{-\lambda_{i}}=t^{\lambda}X_{-\lambda_{i}}$ ,

which proves the claim (cf. the proof of Lemma 7). $q$ . $e$ . $d$ .
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Now we will prove iv). For a Lie subalgebra $\mathfrak{b}$ of $\mathfrak{g}$ , we denote by $U(\mathfrak{b})$

the universal enveloping algebra of $\mathfrak{b}_{c}$ and naturally identify $U(\mathfrak{b})$ with a sub-
algebra of $U(\mathfrak{g})$ . Let $\mu:D(G)^{K}\rightarrow D(G/K)$ be the natural surjective map with
the kernel $D(G)^{K}\cap U(\mathfrak{g})\mathfrak{k}$ . Then for $D\in D(G)^{K}$, there exists a unique element
$D^{\prime}\in U(\mathfrak{a}+\mathfrak{n}^{-})$ such that $D^{\prime}\equiv D$ mod $U(\mathfrak{g})\mathfrak{k}$ because of the Iwasawa decomposition
$\mathfrak{g}=f+\mathfrak{a}+\mathfrak{n}^{-}$ . Since $D^{\prime}-D\in U(\mathfrak{g})f$, Lemma 8 proves that $\mu(D)$ can be analytically
extended to a differential operator on $\tilde{U}_{g}$ for every $g\in G$ . Therefore we have
the analytic extension $\tilde{D}$ of $\mu(D)$ on $\tilde{X}$ because $\tilde{X}$ is simply connected. Let
$\tau_{g}$ be the transformation on $\tilde{X}$ corresponding to the action of $g\in G$ . Since
$\tau_{g}^{*}\tilde{D}-\tilde{D}$ vanishes on the open subset $G/K$ of $\tilde{X}$, we have $\tau_{g}^{*}\tilde{D}=\tilde{D}$ on $\tilde{X}$, which
shows $\tilde{D}\in D(\tilde{X})$ . Hence the map $D(\tilde{X})\rightarrow D(G/K)$ is surjective and the injec-
tivity of the map is clear because $G/K$ is open in $\tilde{X}$.

Now we remember the concept of regular singularity in [9] and the struc-
ture of $D(G/K)$ (cf. Chapter X in [6]). Let $(x_{1}, x_{n}, t_{1}, \cdots , t_{l})$ be a local
coordinate system of $\tilde{X}$ such that $\tilde{X}_{j}$ is defined by $t_{j}=0$ for every $j=1,$ $\cdots$ , $l$ .
Put $\theta_{i}=t_{j}\partial/\partial t_{j},$ $\theta=(\theta_{1}, \theta_{l})$ and $tD_{x}=(t_{1}\partial/\partial_{X_{1}}, t_{1}\partial/\partial x_{2}, t_{l}\partial/\partial x_{n})$ . Let $P_{j}$ be
differential operators of order $r_{j}$

$(j=1, \cdots , 1)$ on $\tilde{X}$ whose coefficients are real
analytic functions. Then the system of differential equations

$\mathcal{M};P_{j}u=0$ for $j=1,$ $l$

is said to have regular singularity along the set of walls $\{\tilde{X}_{1}, \cdots , \tilde{X}_{l}\}$ if the
following conditions hold:
[RS-O] There are differential operators $Q_{j,k}^{i}$ of order $<r_{j}+r_{k}-r_{i}$ such that

$[P_{j}, P_{k}]=\Sigma_{l=1}^{\iota}Q_{j}^{i},{}_{k}P_{i}$ for $j,$ $k=1,$ $l$ .
[RS-1] For any $j,$ $P_{j}$ is of the form

$P_{j}=P_{j}(t, x, \theta, tD_{x})$ .
[RS-2] Put $a_{j}(x, s)=P_{j}(0, x, s, 0)$ and let $aj(x, s)$ be its homogeneous part of

degree $r_{j}$ with respect to $s$ . Then the solution of the system of
equations

$ a_{1}\circ(x, s)=\ldots$ =&$l(X, s)=0$

is only the origin $s=0\in C^{l}$ for any $x$ .
For $D\in D(G)^{K}$, let $D_{\mathfrak{a}}^{\prime}$ be a unique element of $U(\mathfrak{a})$ defined by the equation

(2.15) $D-D_{\mathfrak{a}}^{\prime}\in \mathfrak{n}^{-}U(g)+U(\mathfrak{g})\mathfrak{k}$

and Put

(2.16) $D_{\mathfrak{a}}=e^{\rho}\circ D_{\mathfrak{a}}^{\prime}\circ e^{-\rho}$

where $e^{\rho}$ is the function on $A$ defined by $e^{\rho}(a)=e^{\rho\log a}$ for $a\in A$ . Then denot-
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ing by $U(\mathfrak{a})^{W}$ the subalgebra { $D\in U(\mathfrak{a})$ ; Ad $(m_{w})D=D$ for $w\in W$ } of $U(\mathfrak{a})$ , the
map

$\tilde{\gamma}:D(G)^{K}\rightarrow U(\mathfrak{a})$

$t\cup$ $(\cup$

$D-D_{a}$

defines a surjective homomorphism of $D(G)^{K}$ onto $U(\mathfrak{a})^{W}$ with the kernel
$D(G)^{K}\cap U(\mathfrak{g})\mathfrak{k}$ . Therefore it induces the isomorphism

(2.17) $\gamma:D(G/K)\cong D(G)^{K}/D(G)^{K}\cap U(\mathfrak{g})f\rightarrow^{\sim}U(\mathfrak{a})^{W}$ .
Here the order of $\gamma(D)$ equals that of $D$ for $D\in D(G/K)$ and $U(\mathfrak{a})^{W}$ is known
to be a polynomial ring over $C$ with $l$ algebraically independent homogeneous
elements $p_{1}(H_{1}, \cdots , H_{l}),$ $\cdots$ , $p_{l}(H_{1}, H_{i})$ .

Now we will verify the conditions [RS-O], [RS-1] and [RS-2] for the
system $\mathcal{M}_{\chi}$ , which is expressed as

$\mathcal{M}_{\chi}$ ; $(P_{j}-\chi(P_{j}))u=0$ for $j=1,$ $\cdots$ , 1 ,

where $P_{j}=\gamma^{-1}(p_{j})$ . Since $D(G/K)$ is a commutative ring, [RS-O] is clear.
Moreover Lemma 8 shows [RS-1] and in [RS-2]

(2.18) $a_{j}(x, s_{1}, s_{l})=p_{j}(\rho(H_{1})-s_{1}, \rho(H_{l})-s_{l})-\chi(D_{j})$ .
Therefore the system of $equations\&_{j}(x, s)\equiv p_{j}(-s)=0$ for $j=1,$ $l$ implies $s=0$ .

Thus we complete the proof of Theorem 5.
The following proposition will be used in a subsequent paper.
PROPOSITION 9. We denote by $\tau_{\Theta}$ the involutive automorphism of $\tilde{X}$ induced

by the map of $\hat{X};(g, n, t)-\rangle$$(g, n, s)$ , where $s_{i}=t_{i}$ if $\alpha_{i}\not\in\Theta$ and $s_{j}=-t_{j}$ if $\alpha_{j}\in\Theta$ .
Then $\tau_{\theta}$ and the action of $G$ are mutually commutative and $\tau\xi D=D$ for any
$D\in D(\tilde{X})$ .

PROOF. The commutativity is clear seeing Definition 4.
For $D\in U(g)$ , we denote by $\tilde{D}^{\prime}$ the unique element in $U(\mathfrak{a}+\mathfrak{n}^{-})$ satisfying

$\tilde{D}-D^{\prime}\in U(\mathfrak{g})\mathfrak{k}$ . This correspondence induces the identification

$D(\tilde{X})\rightarrow^{\sim}D(G/K)=\rightarrow U(\mathfrak{g})/U(\mathfrak{g})f\rightarrow^{\sim}U(\mathfrak{a}+\mathfrak{n}^{-})$ .
Consider in the open submanifold $\tilde{U}_{1}$ of $\tilde{X}$. The totality of left $N^{-}A$-invariant
differential operators on $O_{1}$ is naturally identified with $U(\mathfrak{a}+\mathfrak{n}^{-})$ (cf. Lemma 8).

Since $\tau_{\Theta}(O_{1})=0_{1},$
$\tau_{\Theta}$ induces an involutive automorphism $\tau_{\Theta}^{*}$ of $U(\mathfrak{a}+\mathfrak{n}^{-})$ , which

satisPes

(2.19) $\{$

$\tau i(H_{j})=H_{j}$ ,

$\tau_{\Theta}^{*}(X_{-\lambda_{i}})=(-1)^{\Sigma_{a_{j}\in\Theta}}\lambda(H_{j})X_{-\lambda_{i}}$ .
Using the identifications, $D$ in $D(\tilde{X})$ can be expressed as
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$D=(D-D_{\mathfrak{a}}^{\prime})+D_{\mathfrak{a}}^{\prime}$ ,

where $D-D_{a}^{\prime}\in \mathfrak{n}^{-}U(\mathfrak{a}+\mathfrak{n}^{-})$ and $e^{\rho}\circ D_{\alpha}^{\prime}\circ e^{-\rho}\in U(\mathfrak{a})^{W}$ . Since $\tau_{\Theta}^{*}D_{\mathfrak{a}}^{\prime}=D_{\mathfrak{a}}^{\prime}$ and $\tau_{\Theta}^{*}D\in$

$D(\tilde{X})$, we have $\tau_{\Theta}^{*}D-D\in \mathfrak{n}^{-}U(\mathfrak{a}+\mathfrak{n}^{-})\cap D(G/K)$ . Therefore the isomorphism
(2.17) proves $\tau_{\Theta}^{*}D-D=0$ . $q$ . $e$ . $d$ .

Put $\hat{X}_{0}=G\times R^{l}$ and identify $\hat{X}_{0}$ with the closed submanifold $G\times\{1\}\times R^{l}$ of
$\hat{X}$. Then $\hat{X}_{0}$ has the analytic action of $G$ and the equivalence relation $\sim$ induced
by those on $\hat{X}$. We remark here that the analytic map $\pi|X_{0}$ : $\hat{X}_{0}\rightarrow\tilde{X}$, which
will be denoted by $\pi_{0}$ , induces a homeomorphism of the quotient space $\hat{X}_{0}/\sim$

with the quotient topology onto $\tilde{X}$ because the map $r:\hat{X}\ni(g, n, t)-(gn, t)\in\hat{X}_{0}$

satisfies $r(\hat{x})=\hat{x}$ for $\hat{x}\in\hat{X}_{0}$ (cf. Bourbaki [3]). Let $\hat{x}=(g, t)$ be a point in $\hat{X}_{0}$ .
Then by the natural identifications $T_{\hat{x}}\hat{X}_{0}\cong \mathfrak{g}+T_{t}R^{l}$ and $T_{\tau_{\vee}(\hat{x})}\tilde{U}_{g}\cong \mathfrak{n}^{-}+T_{t}R^{l}$, the
differential $(d\pi_{0})_{\hat{x}}$ is expressed as

$(d\pi_{0})_{B}(\partial/\partial t_{j})=\partial/\partial t_{j}$ , $j=1,$ $1$ ,
(2.20)

$(d\pi_{0})_{B}(Y)=\Sigma_{\lambda\in\Sigma}+\Sigma_{i=1}^{m(\lambda)}(C_{\lambda_{i}}t^{2\lambda}+C_{-\lambda_{i}})X_{-\lambda_{i}})$

$-\Sigma_{j=1}^{l}C_{j}t_{j}\partial/\partial t_{j}$ $Y\in \mathfrak{g}$ ,

where

(2.21) $Y=\sum_{\lambda\in\Sigma}+\sum_{i=1}^{m(\lambda)}(C_{\lambda_{i}}X_{\lambda_{i}}+C_{-\lambda_{i}}X_{-\lambda_{i}})+\Sigma_{j=1}^{\iota}C_{j}H_{j}$ mod $\mathfrak{m}$ ,

(cf. (2.13)). Therefore $\pi_{0}$ is smooth, that is, $(d\pi_{0})_{j\}}$ is surjective for any $\hat{x}\in\hat{X}_{0}$ .
Moreover $\tilde{X}$ has the following universal property.

PROPOSITION 10. Given an analytic map $f$ of $\hat{X}_{0}$ to a real analytic manifold
$\tilde{Y}$ such that $f(jt)=f(\ovalbox{\tt\small REJECT}^{\prime})$ if $\ovalbox{\tt\small REJECT}\sim k^{\prime}$ in $\hat{X}_{0}$ , then there is a unique analytic map $\overline{f}$ of

$\tilde{X}$ to $\tilde{Y}$ such that the following diagram is commutative:

PROOF. We have only to prove the analyticity of $\overline{f}$. Let $s_{g}$ be the analytic

maP of $O_{g}$ to $X_{0}$ defined by $(n, t)\rightarrow(gn, t)$ . Since $f|U_{g}=\overline{f}\circ\pi_{0}\circ s_{g}|0_{g}=f\circ s_{g}|O_{g}$

for $g\in G,\overline{f}$ is also analytic. $q$ . $e$ . $d$ .
In [8] another realization of $G/K$ and $G/P$ is given. The following pro-

position shows the relation between the realization in [8] and $\tilde{X}$.
PROPOSITION 11. The natural maP

$\pi_{0}$

$K\times(-1,1)^{l}=G\times R^{l}\rightarrow\tilde{X}$

induces an analytic diffeomorphism
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$\iota;(K/M)\times(-1,1)^{l}\rightarrow\tilde{X}$

onto an open dense submanifold of $\tilde{X}$ which contains $G/P$.
PROOF. Let $\hat{x}=(k, t)$ be a point of $K\times(-1,1)^{l}$ . Then the following

$\{$

$(d\pi_{0})_{f}(\partial/\partial t_{j})=\partial/\partial t_{j}$ , $j=1,$ $1$ ,

$(d\pi_{0})_{d}(X_{\lambda_{i}}-X_{-\lambda_{i}})=(t^{2\lambda}-1)X_{-\lambda_{i}}$ , $\lambda\in\Sigma^{+},$ $i=1,$ $\cdots$ , $m(\lambda)$ ,

shows that the map $d\pi_{0}$ ; $T_{\hat{x}}(K\times(-1,1)^{l})\rightarrow T_{\pi(\hat{x})}\tilde{X}$ is surjective because
$X_{\lambda_{i}}-X_{-\lambda_{i}}\in f$ and $t^{2\lambda}-1\neq 0$ . Moreover, since $(k, t)\sim(km, t)$ for any $m\in M$, which
is clear because $kma(\hat{x})P_{\Theta_{\hat{x}}}(K)=ka(\hat{x})P_{e_{\hat{x}}}(K)$, we obtain the smooth analytic map
$\iota;(K/M)\times(-1,1)^{l}\rightarrow\tilde{X}$. Comparing the dimensions of the manifolds, we see
that $\iota$ is analytic local diffeomorphism.

Here we note that Cartan decomposition (1.1) induces the analytic diffeo-
morphism

$K/M\times A^{+}\rightarrow G/K$

u) u)

$(kM, a)-kaK$

onto an open dense submanifold of $G/K$. Therefore putting $\overline{Z}=K/M\times\{(-1,1)$

$-\{0\}\}^{l}$ , we see that the restriction $\iota|\tilde{Z}$ is injective and $\iota(\tilde{Z})$ is open dense in
X. Since $\tilde{Z}$ is open dense in $(K/M)\times(-1,1)^{l}$ and $\iota|\tilde{Z}$ is injective and $\iota$ is an
analytic local diffeomorphism, we can conclude that $\iota$ is injective. Thus we
can identify $(K/M)\times(-1,1)^{l}$ with an open dense submanifold of $\tilde{X}$. Moreover,
since $K$ acts transitively on $G/P$, we have $K/M\times\{0\}^{l}\sim/P$ by Definition 4
and Theorem 5. $q$ . $e$ . $d$ .
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