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Let $k$ be a field with discrete valuations, $k_{\mathfrak{p}}$ the completion of $k$ with
respect to a prime divisor $\mathfrak{p}$ of $k,$ $k_{sep}$ the separable algebraic closure of $k$ , and
$k_{\mathfrak{p}_{sep}}$, the separable algebraic closure of $k_{\mathfrak{p}}$ containing $k_{sep}$ . Here a prime divisor
is a normalized discrete valuation. Let $S$ be a finite set of prime divisors of $k$ ,
$G$ a finite abelian group, and $(K^{\mathfrak{p}}, j_{\mathfrak{p}})$ a pair of a finite abelian extension $K^{\mathfrak{p}}$ of
$k_{\mathfrak{p}}$ in $k_{\mathfrak{p}_{sep}}$, and an injective homomorphism $j_{\mathfrak{p}}$ from the Galois group $G(K^{\mathfrak{p}}/k_{\mathfrak{p}})$

into $G$ for each $\mathfrak{p}\in S$ . An imbedding problem

$P=P\{k, G, S, (K^{\mathfrak{p}}, j_{\mathfrak{p}})(\mathfrak{p}\in S)\}$

is to find a pair $(K, j)$ of an abelian extension $K$ of $k$ in $k_{sep}$ and a surjective
isomorphism $j:G(K/k)\sim\rightarrow G$ satisfying $K\mathfrak{p}=K^{\mathfrak{p}}$ and $j_{\mathfrak{p}}=j\circ{\rm Res}_{\rho}$ for any $\mathfrak{p}\in S$, where
$K_{\mathfrak{p}}=Kk_{\mathfrak{p}}$ and ${\rm Res}_{p}$ : $G(K_{p}/k_{p})\rightarrow G(K/k)$ is the restriction from $K_{\mathfrak{p}}$ to $K$. We call
the pair $(K, j)$ a solution of the imbedding problem $P$.

When $k$ is a finite algebraic number field or an algebraic function field in
one variable over a finite constant field, Grunwald, Hasse and Wang ([2], [3],
[6]) gave a condition for an imbedding problem $P$ to have a solution, and in
particular proved that an imbedding problem $P$ has a solution if $(k, G, S)$ is
not the ”special case” (see also Chap. 10 of [1] and Theorem of [5]). Their
proofs were based on class field theory, and Hasse ([3], \S 4, 1) raised the
problem of giving a proof based on Kummer theory.

In the present paper, we shall give a certain sufficient condition for an
imbedding problem $P$ to have a solution for any field $k$ with discrete valuations.
More precisely, we shall prove the following

THEOREM. Let $k$ be a field, $S$ a finite set of Prime divisors of $k$ , and $G$ a finite
abelian group of tyPe $(p_{1}^{m_{1}}, p_{2}^{m_{2}}, \cdots, p_{t}^{m_{\zeta}})$ . Then an imbedding Problem $P\{k,$ $G,$ $S$,
$(F, j_{P})(\mathfrak{p}\in S)\}$ has a solution if the following two conditions are satisfied:

(i) There exist $t$ distinct prime divisors $q_{1},$ $q_{2},$ $q_{t}$ of $k$ outside $S$ such
that $\zeta(p_{\ell}^{m_{i}})\in k_{\mathfrak{q}_{i}}$ if $p_{i}\neq ch(k)$ .

(ii) If exp $(G)$ is divisible by 4 and if $ch(k)\neq 2$ , then $\zeta(4)\in k$ (see Notation
below and Theorem 5).

*) Partially supported by Fujukai Foundation.
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COROLLARY. Let $k$ be a finite algebraic number field or an algebraic

function field in $n$ variables $(n\geqq 1)$ over any field. Then an imbedding prOblem
$P\{k, G, S, (K^{\mathfrak{p}}, j_{\mathfrak{p}})(\mathfrak{p}\in S)\}$ has a solution if the condition (ii) is satisfied (see

Proposition 6).

Note that our method of proof gives an answer to Hasse’s problem under
the condition (ii) which is stronger than the condition that $(k, G, S)$ is not the
”special case”, and that the prime divisors of an algebraic function field in the
above corollary are not necessarily trivial on the constant Peld.

Our proof depends only upon Kummer theory, Galois theory, the approxima-
tion theorem on valuations, $\check{C}ebotarev’ s$ density theorem and Hensel’s lemma,
and the key to our proof is Lemma 1 which is a generalization of Proposition
3 of [4].

NOTATION. $ch(k)$ : the characteristic of a field $k$ . $\zeta(m)$ : a primitive m-th
root of unity. $\exp(G)$ : the exponent of a finite abelian group $G$ . A finite
abelian group $G$ is called of type $(p_{1}^{m_{1}}, p_{2}^{m_{2}}, p_{t}^{m_{t}})$ , if $G$ is isomorphic to the
direct product of $t$ cyclic groups of order $p_{i}^{m_{i}}(1\leqq i\leqq t)$ with $p_{1}\leqq p_{2}\leqq\cdots\leqq p_{t}$ and
$m_{i}\geqq 1(1\leqq i\leqq t)$ , where $p_{i}$ is a prime number for any $i(1\leqq i\leqq t),$ $\gamma|K$ : the
restriction of $\gamma\in G(L/k)$ to $K$, where $L$ and $K$ are finite Galois extensions of $k$

such that $L\supset K$.

\S 1. An explicit construction of cyclic extensions.

Let $Z$ denote the ring of rational integers and $N$ the set of natural
numbers. Let $p$ be a fixed prime number and let $\zeta_{i}$ be a primitive $p^{i}$-th root
of unity such that $\zeta_{\ell+1}^{p}=\zeta_{i}$ with $i\in N\cup\{0\}$ . Let $k$ be a field of characteristic
different from $p$ . Assume that $k$ contains a primitive $4$-th root of unity if $p=2$ .
If $\zeta_{m}\in\tilde{k}$ for all $m\in N$, then let $ n_{0}=\infty$ , otherwise let $n_{0}\in N$ be such that $\zeta_{n_{0}}\in\tilde{k}$

and $\zeta_{n_{0}+1}\not\in\tilde{k}$, where $\tilde{k}=k(\zeta_{1})$ . Fix $n\in N$, and put $k(\zeta_{n})=\tilde{k}^{\prime}$ . Put $N=[\tilde{k}^{\prime} : k]$ ,
$N^{\prime}=[\tilde{k}^{\prime}:\tilde{k}]$ and $N^{\prime\prime}=[\tilde{k}:k]$ , then $N=N^{\prime}N^{\prime\prime}$ . Let $k^{\prime}$ be a unique cyclic extension
of $k$ of $P$-power degree such that $k^{\prime}(\zeta_{1})=\tilde{k}^{\prime}$ . Let $\sigma$ be a fixed generator of the
Galois group $G(\tilde{k}^{\prime}/k)$ and let $l\in Z$ be such that $\zeta_{n}^{\sigma}=\zeta_{n}^{l}$ and $1\neq 1$ . Let $n_{1}\in N$ be
such that $p^{n_{1}}$ is the exact power of $p$ dividing $(1-l^{N})$ , and put $s=(1-l^{N})/p^{n_{1}}$ .
We have $n_{1}=n$ if $\tilde{k}^{\prime}\neq\tilde{k}$, by the above assumption. For any sub-extension $S/M$

of $\tilde{k}^{\prime}/k$ , put

$\Sigma(S/M)=\sum_{i=0}^{g-1}\tilde{\sigma}^{g-1-i}l^{i}\sim\in Z[G(\tilde{k}^{\prime}/k)]$ ,

where $\tilde{\sigma}=\sigma^{[M.k]},$
$\sim l=l^{[M.k]}$ and $g=[S:M]$ . Here $Z[G(\tilde{k}^{\prime}/k)]$ is a group ring of

$G(\tilde{k}^{\prime}/k)$ over $Z$. It is easily veriPed tbat $\Sigma(T/M)=\Sigma(T/S)\Sigma(S/M)$ for $\tilde{k}^{\prime}\supset T\supset$

$S\supset M\supset k$ .
LEMMA 1. Let notations and assumptiOns be as above. Moreover let $d$ and
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$m$ be rational integers such that $1\leqq p^{d}\leqq[k^{\prime} : k]$ and $d\leqq m\leqq n$ , and let $k_{1}/k$ be
the unique sub-extension of $k^{\prime}/k$ of degree $p^{d}$ . Put $\sigma_{1}=\sigma^{p^{d}},$ $l_{1}=l^{p^{d}},\tilde{k}_{2}=\mathcal{B}(\zeta_{m-d})$

and $m_{0}={\rm Max}$ $(0, n‘‘-(m-d))$ , where $n^{\prime}={\rm Min}(n, n_{0})$ . Then the following two
statements (i) and (ii) hold:

(i) For any $b\in\tilde{k}_{2}$ , put $a=b^{p^{m_{0}}},w=\zeta_{m}a,$
$z=^{p_{\sqrt[n]{}^{\overline{\sim}}}}w^{\Sigma(k^{\prime}/k)}$ and $K^{\prime}=\tilde{k}^{\prime}(z)$ . Assume

that $w^{\Sigma(k^{\prime}/k)}\not\in\sim(\tilde{k}^{\prime})^{p^{n-(m-d)+1}}$ if $m-d\neq 0$ . Then $R^{y}/k$ is an abelian extension of
degree $Np^{m-d}$ , and there exists a unique $r\in G(K^{\prime}/k)$ satisfying

$(^{*})$ $\{_{\gamma 1\tilde{k}^{\prime}=\sigma_{1}}z^{\gamma}=z^{l_{1}}(w^{sp^{n_{1}- n}})^{\Sigma(k_{1}/k)}$

Let $K$ be the sub-field of $\tilde{K}^{\prime}$ fixed by $\gamma$ . Then $K/k$ is a cyclic extension of
degree $p^{m}$ satisfying $K\cap k^{\prime}=k_{1}$ and $K\tilde{k}^{\prime}=\tilde{K}^{\prime}$ . If $n=n_{1}$ , then there exists a
unique $\tilde{\gamma}\in G(\tilde{K}^{\prime}/k)$ satisfying

$(^{**})$
$\{_{\tilde{\gamma}1\tilde{k}^{\prime}=\sigma}z^{\gamma}=z^{l}a^{s}\sim$

.
Then $\tilde{\gamma}|K$ is a generator of $G(K/k)$ .

(ii) Conversely every cyclic extension $K$ of $k$ of degree $p^{m}$ satisfying $K\cap k^{\prime}$

$=k_{1}$ can be obtained in the way of (i).

PROOF. We will prove the lemma in the following two cases (A) and (B).

(A) The case where $n_{1}=n$ . Put $p^{d}=p^{\prime},$ $[\tilde{k}_{2} : \tilde{k}]=p^{d^{\prime}}=q,$ $[\tilde{k}^{\prime} : \tilde{k}_{2}]=p^{d^{\prime}}=q^{\prime}$

and $[\tilde{k}^{\prime} : \tilde{k}_{1}]=p^{d_{1}}=p^{\prime\prime}$ , where $\tilde{k}_{1}=k_{1}(\zeta_{1})$ . Then $N^{\prime}=qq^{\prime}=p^{\prime}p^{r}=p^{n-n^{\prime}}$ . It is easily

veriPed that $d^{\prime\prime}=n-(m-d)-m_{0}$ and $n^{\prime\prime}+d=m-d^{\prime}+m_{0}$ . Put $1-l^{N^{r}q}=s_{1}p^{n-d}$
“

and $(1-l^{N})/(1-l^{N^{\prime}q})=s_{2}q^{\prime}$ , then $s_{1},$ $s_{2}\in Z,$ $s_{1},$ $s_{2}\not\equiv 0(mod P)$ and $s=s_{1}s_{2}$ . Put
$\Sigma=\Sigma(\tilde{k}^{\prime}/k),$ $\Sigma_{1}=\Sigma(k_{1}/k)$ and $\Sigma_{2}=\Sigma(\tilde{k}_{2}/k)$ .

(i) Using the equality $\Sigma=\Sigma(\tilde{k}^{\prime}/\tilde{k}_{2})\Sigma_{2}$ and that $a\in\tilde{k}_{2}$ , we easily obtain
$w^{\Sigma}=\zeta_{m}^{Nl^{N-1}}(a^{\Sigma_{2}})^{s_{2}q^{\prime}}=(\zeta_{n^{\prime}+d}^{N^{\prime}l^{V-1}}b^{s_{2}\Sigma_{2}})^{p^{n-(m-d)}}$ . Hence, if we put

(1) $y=\zeta_{n^{\prime}+d}^{N^{\prime}l^{N-1}}(b^{s_{2}})^{\Sigma 2}$ ,

then

(2) $z=p^{m-}\sqrt[r]{y}$ .
By assumption, $y\not\in(\tilde{k}^{\prime})^{p}$ if $m-d\neq 0$ , hence $[\tilde{K}^{\prime} : \tilde{k}]=p^{m-d}$ . By using (1) and
that $b\in\tilde{k}_{2}$ , we have $y^{o-l}=b^{s_{2}(1-l^{N^{\prime}q)}}=b^{s_{1}s_{2}p^{n-d^{\prime}}}$ , hence

(3) $y^{\sigma-l}=(a^{s})^{p^{m-d}}$ .

By [4], Proposition 2, (3) implies that $\tilde{K}^{\prime}/k$ is an $ab^{a}.1ian$ extension of degree
$Np^{m-d}$ . Let $\tilde{\sigma}\in G(\tilde{K}^{\prime}/k)$ be such that $\tilde{\sigma}|\tilde{k}^{\prime}=\sigma$ . Then by (3),

(4) $z^{\tilde{\sigma}- l}=\zeta_{m-d}^{r}a^{s}$
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for some $r\in Z$. Let $\tau\in G(\tilde{K}^{\prime}/\tilde{k}^{\prime})$ be such that $z^{\tau}=z\zeta_{m-d}$ , and let $r^{\prime}\in Z$ be such
that $r+lr^{\prime}\equiv 0(mod p^{m-d})$ . Put $\tilde{\gamma}=\tilde{\sigma}\tau^{r^{\prime}}$ . Then by (4), we have

$z^{\dot{\gamma}-l}=a^{s}$

(5)
$\{_{\tilde{\gamma}1\tilde{k}^{\prime}=\sigma}$

.
Put $\tilde{\Sigma}_{1}=\tilde{\gamma}^{p^{\prime}-1}+\tilde{\gamma}^{p^{\prime}-2}l+\cdots+\tilde{\gamma}l^{p^{\prime}-2}+l^{p^{\prime}-1}\in Z[G(\tilde{K}^{\prime}/k)]$ . Making $\Sigma_{1}\sim$ operate on both
members of (5), we obtain

(6) $z^{\gamma 1}=z^{\iota_{1}}(a^{s})^{\Sigma 1}$ ,

where $\tilde{\gamma}_{1}=\tilde{\gamma}^{p^{\prime}}$ . Since $(w^{\Sigma 1})^{s}=\zeta_{m-d}^{:^{p^{\prime}-1_{s}}}(a^{s})^{\Sigma 1},$ (6) gives $z^{\tilde{\gamma}1}=z^{\iota_{1}}(w^{s})^{\Sigma 1}\zeta_{md}^{-sl^{p^{\prime}-1}}$ . Hence
if we put $\gamma=\tilde{\gamma}_{1}\tau^{r^{\prime}}$, where $r^{\prime}\in Z$ is such that $-sl^{p^{\prime}-1}+r^{\prime}l_{1}\equiv 0(mod p^{m-d})$ , then
$z^{r}=z^{l_{1}}(w^{s})^{\Sigma_{1}}$ and $\gamma|\tilde{k}^{\prime}=\sigma_{1}$ , i.e., $\gamma$ satisfies the condition $(^{*})$ in Lemma 1. Since
$\tilde{K}^{\prime}=\tilde{k}^{\prime}(z)$ , such $\gamma$ is unique. Since $K\cap\tilde{k}^{1}$ is the sub-field of $\tilde{k}^{\prime}$ fixed by $\sigma_{1}$ ,
$K\cap\tilde{k}^{\prime}=k_{1}$ , so $K\cap k^{\prime}=k_{1}$ . Now we will show that the order of $\gamma isp^{r}N^{\prime}$ . Put
$\tilde{\Sigma}_{1}^{\prime}=\gamma^{N^{\prime}p^{\prime}-1}+\gamma^{N^{\prime}p^{\prime}-2}l_{1}+\cdots+\gamma l_{1}^{N^{\prime}p^{\prime}-2}+l_{1}^{N^{\prime}p^{\prime}-1}$ . By making $\overline{\Sigma}_{1}^{\prime}$ operate on $z^{\gamma-l_{1}}=$

$(w^{s})^{\Sigma 1}$ , we have $z^{r^{Np^{\prime}-\iota_{1}^{Np^{\prime}}}}=(w^{s})^{\Sigma}$ , hence $z^{\gamma^{N^{\prime}p^{\prime}}}=z$, since $z^{1-l^{N}}=(w^{s})^{\Sigma}$ . Since
$r^{N^{\prime}p}$

“
$|\tilde{k}^{\prime}=\sigma^{N}=1$ , this implies $\gamma^{N^{\prime}p^{\prime}}=1$ . From this and $\gamma|\tilde{k}^{\prime}=\sigma_{1}$ , we see that the

order of $\gamma$ is $N^{\prime}p^{l}$ , hence $[K:k]=p^{m}$ . Now we will show that the order of
$\tau$ mod $\langle\gamma\rangle\in G(\tilde{K}^{\prime}/k)/\langle\gamma\rangle$ is $P^{m-d}$ . Here $\langle\gamma\rangle$ denotes the subgroup of $G(\tilde{K}^{\prime}/k)$ ,
generated by $\gamma$ . Suppose that $\tau^{i}=\gamma^{j}$ with $i,$ $j\in Z$. Restrict them to $\tilde{k}^{\prime}$ , then
$1=\sigma^{jp^{\prime}}$ , so $\lambda^{\tau}\prime\prime p^{\prime\prime}|j$ , i.e., $N^{\prime}p^{r}$ divides $j$ . Since the order of $\gamma$ is $N^{\prime}p^{\nu},$ $\tau^{i}=\gamma^{j}=1$ ,
so $p^{m-d}|i$ , hence the order of $\tau$ mod $\langle\gamma\rangle$ is $p^{m-d}$ . Since $\gamma=\tilde{\gamma}_{1}\tau^{r^{\prime}}$ and since
$r^{\prime}\not\equiv 0(mod p)$ , the order of $\tilde{\gamma}_{1}$ mod $\langle\gamma\rangle$ is equal to that of $\tau$ mod $\langle\gamma\rangle$ , i.e., to
$p^{m-a}$ . This implies that the order of $\tilde{\gamma}|K$ is $p^{m}$ . From this fact and $[K:k]=$
$p^{m}$ , we see that $K/k$ is a cyclic extension of degree $p^{m}$ and that $\tilde{\gamma}|K$ is a
generator of $G(K/k)$ .

(ii) Put $s_{2}^{\prime}=1$ or $(1-l^{N^{\prime}p^{\prime}})/(1-l^{N^{\prime}q})q^{\prime}$ according as $d^{\prime}\geqq d$ or $d^{\prime}\leqq d$, where
$q^{\prime}=p^{d-d^{\prime}}$ . Then $s_{2}^{\prime}\in Z,$ $s_{2}^{\prime}\not\equiv 0(mod p)$ . Let $r,$ $t,$ $t^{\prime}\in N$ be such that $-rs_{2}\equiv N^{\prime}l^{N-1}$

$(mod P^{n+d}),$ $-s_{2}+s_{2}^{\prime}N^{\prime}l^{N}t\equiv 0(mod p^{m-d})$ , and $N^{\prime\prime}tt^{\prime}\equiv 1$ $(mod p^{m-d})$ . Since $s_{2}\equiv s_{2}^{\prime}$

($mod p^{m-dl_{1}}-()$ by the next Lemma 2 and since $l^{N}\equiv 1$ $(mod p^{n})$ , we have $t^{\prime}\equiv 1$

($mod p^{m-d1_{1}}-()$ . Put $K^{\prime}=Kk^{\prime},$
$K^{\prime}=K\tilde{k}^{\prime}$ and $G=G(K^{\prime}/k)$ . Let $\tilde{\sigma}\in G$ be such that

$\tilde{\sigma}|\tilde{k}^{\prime}=\sigma$ and such that $\overline{\sigma}|K$ is a generator of $G(K/k)$ , where $K=K(\zeta_{1})$ . Since
$\tilde{\sigma}_{1}|K$ is a generator of $G(K/k_{1})$ , where $\tilde{\sigma}_{1}=\tilde{\sigma}^{p^{\prime}}$ , there exists a generator $\tau$ of
$G(\tilde{K}^{\prime}/\tilde{k}^{\prime})$ such that $\tau|K=\tilde{\sigma}_{1}^{-1}|K$. Put $ r=\tilde{\sigma}_{1}\tau$ . Since $\gamma^{N^{\prime}p^{\prime}}=1$ on $K$ and $\tilde{k}^{\prime}$ ,
$\gamma^{Np^{\prime}}=1$ . If $\gamma^{i}=1$ , then $\gamma^{i}|\tilde{k}^{\prime}=\sigma_{1}^{i}=1$ , hence $N^{\prime}p^{\rho}|i$ . Therefore the order of $\gamma$

is $N^{\prime\prime}p^{\nu}$ . Since $\gamma|K=1$ and $[\tilde{K}^{\prime} : K]=N^{\prime}p^{r}$ , this implies that $K$ is the sub-
field of $\tilde{K}^{\prime}$ fixed by $\gamma$ . Let $L$ be the sub-field of $\tilde{K}^{\prime}$ fixed by $\gamma^{\prime}$ , where $r^{\prime}=\tilde{\sigma}_{1}\tau^{t^{l}}$ ,
and put $\tilde{L}=L(\zeta\partial\cdot$ Then $\gamma^{\prime}|\tilde{k}^{\prime}=\sigma_{1}$ implies that $L\cap \mathcal{B}^{\prime}=k_{1}$ . If $\gamma^{\prime i}=1$ with an
$i\in Z$, then $\gamma^{\prime\iota}|\mathcal{B}^{\prime}=\sigma_{1}^{i}=1$ , so $N^{\prime\prime}p^{r}|i$ . Conversely $r^{\prime N^{\prime}p^{\prime}}=(\tau^{t^{\prime}-1})^{N^{\prime}p}‘‘=1$ on $K$, since
$t^{\prime}\equiv 1(mod p^{m-d-d_{1}})$ . From this fact and that $\gamma^{\prime N^{\prime}p}‘‘=\sigma^{N}=1$ on $\tilde{k}^{\prime}$ , it follows
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that $\gamma^{\prime N^{\prime}p^{\prime}}=1$ . Hence the order of $\gamma^{\prime}$ is $N^{\prime/}p^{\prime\prime}$ , so, $[L:k]=p^{m}$ . Since $L\cap k^{\prime}=k_{1}$ ,
this implies $[Lk^{\prime} : k^{\prime}]=p^{m-d}$ . Therefore $K^{\prime}=Lk^{\prime}$ and $K^{\prime}=L\tilde{k}^{\prime}$ . Since $L\tilde{k}^{\prime}=\tilde{K}^{\prime}$

and $L\cap\tilde{k}^{\prime}=k_{1}$ , the order of $\tau^{-C^{\prime}}|L=\tilde{\sigma}_{1}|L$ is $p^{m-d}$ . Hence the order of $\tilde{\sigma}|L$ is $p^{m}$ .
Since $[L:k]=p^{m}$, this implies that $L/k$ is a cyclic extension of degree $p^{m}$ .
Put $\tilde{\sigma}_{2}=\tilde{\sigma}^{N^{\prime}q},$ $\sigma_{2}=\sigma^{N}$

“
$ql_{2}=l^{N^{\prime}q}$ and $\tau^{\prime}=\tau^{N^{\prime}t^{\prime}}$ . Now we will prove the statement

(ii) in the following two cases (I) and (II).
(I) The case where $\tilde{k}_{1}\supset\tilde{k}_{2}$ . Let $r^{\prime}\in Z$ be such that $r^{\prime}N^{\prime\prime}l^{N^{p}-1}\equiv 1(mod p^{m-d^{\prime}+m_{0}})$ .

APplying (ii) of the following Lemma 3 to $\tilde{L}\supset\tilde{k}_{1}\supset\tilde{k}_{2},\tilde{\sigma}_{2}|\tilde{L}$ and $A=\zeta_{m-d^{\prime}}^{rr^{\prime}}$ , we see
that there exists a $y_{1}\in\tilde{k}_{1}$ such that $\tilde{L}=\tilde{k}_{1}(z_{1})$ and such that

(1) $z_{1}^{\sigma_{2}}=z_{1}\zeta_{n-(}^{rr^{\prime}}*i^{\prime}$ ,

where $z_{1}=p^{m-}\sqrt[i]{y_{1}}$ . Since $\tilde{L}\tilde{k}^{\prime}=\tilde{K}^{\prime},$ $y_{1}\not\in(\tilde{k}^{\prime})^{p}$ if $m-d>0$. On the other hand,
since $\tilde{L}/k$ is an abelian extension, by [4], Proposition 2, there exists $a_{0}\in\tilde{k}_{1}$

such that

(2) $z_{1}^{\tilde{\sigma}-l}=a_{0}$ .
By making $(\tilde{\sigma}_{2}-1)$ operate on (2) and by using (1), we have $a_{0}^{\sigma_{2}-1}=1$ , hence
$a_{0}\in\tilde{k}_{2}$ . Put $\overline{\Sigma}_{2}=\overline{\sigma}^{N^{\prime}q-1}+\tilde{\sigma}^{N^{\prime}q-2}l+\cdots+\tilde{\sigma}l^{N^{\prime}q-2}+l^{N^{\prime}q-1}\in Z[G]$ . Making $\Sigma_{2}\sim$ operate
on (2),

(3) $z_{1}^{\tilde{\sigma}_{2}-l_{2}}=ai^{2}$ .
From this equality and (1), it follows that

(4) $(\zeta_{m-d^{\prime}+m_{0}}^{rr^{\prime}}y_{1^{1}}^{s})^{p^{m_{0}}}=ai^{2}$ .
Put $\tilde{\Sigma}^{\prime}=\tilde{\sigma}^{N}‘‘-1+\tilde{\sigma}^{N^{\prime}-2}l+\cdots+\tilde{\sigma}l^{N^{\prime}-2}+l^{N^{\prime}- 1}\in Z[G],$ $\sum=\Sigma(\tilde{k}/k),$ $z_{2}=z_{1}^{2^{\prime}}\sim,$ $y_{2}=y_{1}^{\Sigma^{\sim}}$ and
$a_{1}=a_{0}^{\Sigma^{\sim}}$. It follows from (2) that $z_{2}=z_{1}^{N^{\prime}l^{N^{\prime}-1}}B$ with some $B\in\tilde{k}_{2}^{x}$ . Put $b=a_{1}$ or
$\zeta_{m-d^{\prime}+m_{0}}^{rr^{\prime}}y_{1}^{s_{1}}$ according as $m_{0}=0$ or not. Then by (1) and the fact that $a_{0}\in\tilde{k}_{2}$ ,

we see that $b^{\sigma_{2}-1}=1$ , hence $b\in\tilde{k}_{2}$ . Note that $\tilde{k}_{2}=\tilde{k}$ if $m_{0}>0$ . Put $y=y_{2}^{s}$ and
$z=z_{2}^{s}$ . Then by the definition of $b,$ (2) and (4),

(5) $y=\zeta_{m-d^{\prime}+m_{0}}^{N^{\prime}l^{N-1}}(b^{s_{2}})^{\Sigma 2}$

and

(6) $z^{\tilde{a}-l}=a_{1}^{s}$ .
Since $[\tilde{K}^{\prime} : \tilde{k}^{\prime}]=p^{m-d},$ $y\not\in(\tilde{k}^{\prime})^{p}$ if $m-d>0$ . Put $\Omega=\alpha^{q}‘‘-1+\alpha^{q}$

“
$- 2+\cdots+\alpha+1\in Z[G]$ ,

where $\alpha=\tilde{\sigma}^{N^{\prime}q}$ . By making $\Omega$ operate on (1), we have

(7) $z^{\tau^{\prime}}=z\zeta_{m-d}^{N^{\prime}l^{N-1}s_{1}s_{2}^{\prime}}$ ,

since $\tilde{\sigma}_{\hat{1}}^{V^{\prime}}=\tau^{\prime-1}$ on $\tilde{L}$. Put $a=b^{p^{m_{0}}}$ and $w=\zeta_{m}a$ . Since $m-d^{\prime}+m_{0}=n^{\prime\prime}+d$ , by

using (5), we have
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(8) $z=^{p}\sqrt[n]{w^{\Sigma}}$ .
By (4) and the dePnition of $a$ , we see easily that $a=a_{1}$ . Put $\tilde{\Sigma}_{1}=\tilde{\sigma}^{p^{r}-1}+\tilde{\sigma}^{p^{\prime}-2}l+\cdots$

$+\tilde{\sigma}l^{p^{\prime}-2}+l^{p^{\prime}-1}\in Z[G]$ . By making it operate on (6) and using that $a_{1}=a$ , we have
$z^{\tilde{\sigma}_{1}-l_{1}}=(a^{s})^{\Sigma_{1}}$ . Since $(w^{s})^{\Sigma_{1}}=\zeta_{m-d}^{slp^{\prime}-1}(a^{s})^{\Sigma_{1}}$ , we have $z^{\tilde{\sigma}_{1}- l_{1}}=(w^{s})^{\Sigma_{1}}\zeta_{m-d}^{-slp^{\prime}-1}$ . By this
equality and (7), $z^{\tilde{\sigma}_{1^{\tau^{\prime t}}}}=z^{l_{1}}(w^{s})^{\Sigma 1}\zeta_{m-d}^{i}$ with $i=-sl^{p^{\prime}-1}+N^{\prime\prime}l^{N-1}s_{1}s_{2}^{\prime}l_{1}t$ . Hence by
the definitions of $t$ and $t^{\prime}$ ,

(9) $z^{\gamma}=z^{l_{1}}(w^{s})^{\Sigma_{1}}$ .
(II) The case where $\tilde{k}_{1}\subset\tilde{k}_{2}$ . If $\tilde{k}=\tilde{k}_{2}$ , then $\tilde{k}=\tilde{k}_{1}=\tilde{k}_{2}$ , hence the case is

contained in (I), so we may suppose that $\tilde{k}\neq\tilde{k}_{2}$ , hence $m_{0}=0$ . Put $\tilde{L}_{2}=\tilde{L}\tilde{k}_{2}$

and $\tilde{K}_{2}=\tilde{K}\tilde{k}_{2}$ . There exists $y_{2}\in\tilde{k}_{2}$ such that $\tilde{L}_{2}=\tilde{k}_{2}(z_{2})$ , where $z_{2}=p^{m-}\sqrt[a]{y_{2}}$ .
Since $\tilde{K}^{\prime}=\tilde{L}_{2}\tilde{k}^{\prime},$ $y_{2}\not\in(\tilde{k}^{\prime})^{p}$ if $m-d>0$ . We have

(10) $z_{2}^{r^{\prime}}=z_{2}\zeta_{m-d}^{r1}$

with some $r_{1}\in N,$ $r_{1}\not\equiv 0(mod p)$ . Let $r_{1}^{\prime}\in N$ be such that $r_{1}r_{1}^{\prime}\equiv-r(mod p)$ , and
put $z_{1}=z_{2}^{r_{1}^{\prime}}$ and $y_{1}=y_{2^{1}}^{r^{\prime}}$ . Then $z_{1}=p^{m-}\sqrt[a]{y_{1}}$ . By taking the $r_{1^{-}}^{\prime}th$ power of (10),

(11) $z_{1}^{\tau^{\prime}}=z_{1}\zeta_{m-d}^{-r}$ .

Since $\tilde{L}_{2}/k$ is abelian, by [4], Proposition 2, there exists $a\in\tilde{k}_{2}$ such that

(12) $z_{1}^{\tilde{\sigma}-l}=a$ .
By making $\overline{\Sigma}_{2}$ operate on (12),

(13) $z_{1}^{\tilde{\sigma}_{2}-l_{2}}=a^{\Sigma 2}$ .

Since $\tilde{\sigma}_{1}^{N^{\prime}}=\tau^{\prime-1}$ on $\tilde{L}$ and since $\tilde{\sigma}_{2}|\tilde{k}_{2}=1$ , we have $\tilde{\sigma}_{2}=(\tau^{\prime-1})^{p^{d^{\epsilon}-d}}$ on $\tilde{L}_{2}$ . Hence
by (11) and (13), we have $z_{1}^{1-l_{2}}=\zeta_{m-d^{\prime}}^{-r}a^{\Sigma 2}$ , so $y_{1}^{s_{1}}=\zeta_{m-d^{\prime}}^{-r}a^{\Sigma_{2}}$ , since $m_{0}=0$ . Put
$y=y_{1}^{s}$ and $z=z_{1}^{s}$ . Then by the definition of $r$,

(14) $y=\zeta_{m-d}^{N^{\prime}l^{N-1}}(a^{s_{2}})^{\Sigma 2}$

and

(15) $z=p\sqrt[m-d]{y}$ .
Since $[\tilde{K}^{\prime} : \tilde{k}^{\prime}]=p^{m-d},$ $y\not\in(\tilde{k}^{\prime})^{p}$ if $m-d>0$ . By taking the s-th power of (11)

and (12),

(16) $z^{\tau^{\prime}}=z\zeta_{m-d}^{s_{1}l^{N-1_{N^{\prime}}}}$

and

(17) $z^{\tilde{o}-l}=a^{s}$ .
By making $\overline{\Sigma}_{1}$ operate on (17),
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(18) $z^{\tilde{o}_{1}-l_{1}}=(a^{s})^{\Sigma_{1}}$ .
Put $w=\zeta_{m}a$ . Then, in the same way as in the proof of (i), using (18), (14)

and (15), we have

(19) $ z^{\tilde{o}_{1}}=z^{l_{1}}(w^{s})^{\Sigma_{1}}\zeta_{m-d}^{-\iota^{p^{\prime}-1}s}\vee$

and

(20) $z=p^{n}\sqrt{w\sim^{\nabla}}$ .

By (16) and (19), $z^{\tilde{a}_{1}\tau}$
‘
$t=z^{l_{1}}(w^{s})^{\Sigma_{1}}\zeta_{m-d}^{i}$ with $i=s_{1}l^{N-1}N^{\prime}tl_{1}-l^{p^{\prime}-1}s$ . Hence by the

definitions of $t$ and $t^{\prime},$ $z^{\gamma}=z^{l_{1}}(w^{s})^{\Sigma 1}$ , so $\gamma$ satisfies the condition $(^{*})$ in Lemma 1.
(B) The case where $n_{1}\neq n$ . Then $\tilde{k}^{\prime}=\tilde{k},$ $d=0$ and $m_{0}=n-m$ .
(i) Put $y=\zeta_{n}b$ . Then $w=y^{p^{n-m}}$ . By assumption, $y^{\Sigma(\tilde{k}/k)}\not\in(\tilde{k})^{p}$ if $m-d>0$ ,

and $z=^{p\sqrt[m]{}}\overline{y\sim^{\nabla(\tilde{k}k)}}$ . Since $(y^{\Sigma(}k/k))^{o-l}=y^{1-l^{N}}$ , by [4], Proposition 2, $\tilde{K}^{\prime}/k$ is an
abelian extension. Let $\tilde{\sigma}\in G(\tilde{K}^{\prime}/k)$ be such that $\tilde{\sigma}|\tilde{k}=\sigma$ . Then $z^{\tilde{\sigma}-l}=\zeta_{m}^{r}y^{(1- l^{N})/p^{m}}$

$=\zeta_{m}^{r}w^{sp^{n_{1}- n}}$ with some $r\in Z$. Let $\tau\in G(\tilde{K}^{\prime}/\tilde{k})$ be such that $z^{-}=\zeta_{m}z$ . Let $r^{\prime}\in N$

be such that $r^{\prime}l+r\equiv 0(mod p^{m})$ . Put $\gamma=\tilde{\sigma}\tau^{r^{\prime}}$ . Then $z^{\gamma}=z^{l}(w^{s})^{p^{n1-n}}$ , hence $\gamma$

satisfies the condition $(^{*})$ in Lemma 1. Put $\overline{\Sigma}=\gamma^{N-1}+\gamma^{N-2}l+\cdots+\gamma l^{N-2}+l^{N-1}\in$

$Z[G(\tilde{K}^{\prime}/k)]$ . By making it operate on the above equality, $z^{\gamma^{N}-l^{N}}=(w^{sp}n_{1}-n^{l})^{\Sigma(k,k)}$ ,
hence $z^{\gamma^{N}}=z$ . Since $\gamma|\tilde{k}=\sigma$ , this implies that the order of $\gamma$ is $N$. Since
$N\not\equiv O(mod p),$ $K/k$ is a cyclic extension of degree $p^{m}$ .

(ii) Put $\tilde{K}=K(\zeta_{1})$ . Then there exists $y\in\tilde{k}^{\times}$ such that $\tilde{K}=\tilde{k}(p\sqrt[m]{y})$ . Since
$\tilde{K}/k$ is an abelian extension, by [4], Proposition 2, $y^{\sigma-l}=A^{p^{m}}$ with an $A\in\tilde{k}$ .
From this, it follows that $y^{\Sigma(\tilde{k}/k)}=y^{Nl^{N-1}}B^{p^{m}}$ with a $B\in\tilde{k}$ . Since $Nl^{N-1}\not\equiv 0$

$(mod P)$ , this implies that $\tilde{K}=\tilde{k}(py)$ . Put $b=\zeta_{n}^{-1}y,$ $a=b^{p^{n- m}}$ and $w=\zeta_{m}a$ .
Then $w=y^{p^{n-m}}$ and $\tilde{K}=\tilde{k}(z)$ , where $z=^{p\sqrt[v]{w^{\Sigma(\tilde{k}/k)}}}$ . Since $K/k$ is a unique sub-
extension of $\tilde{K}/k$ of $p$-power degree such that $K(\zeta_{1})=\tilde{K},$ $K$ is the sub-field of
$\tilde{K}$ fixed by $\gamma$ This completes the proof of Lemma 1.

COROLLARY. Let notations and assumptions be as in (i) of Lemma 1, and
moreover let $w^{\prime}\in\tilde{k}^{\prime\times}$ be such that $w^{\prime}=wA^{p^{n}}$ with some $A\in(\tilde{k}^{\prime})^{\times}$ . Put $z^{\prime}=$

$P\sqrt[\eta]{w^{\prime\Sigma(\tilde{k}/k)}}$ . Then ,Rf’ $=\tilde{k}^{\prime}(z^{\prime})$ and $z^{\prime\gamma-l_{1}}=(w^{\prime sp^{n_{1}-n}})^{\Sigma(k_{1}/k)}$ .
PROOF. Put $\Sigma=\Sigma(\tilde{k}^{\prime}/k)$ and $\Sigma_{1}=\Sigma(k_{1}/k)$ . Since $w^{\prime}\Sigma=w^{\Sigma}(A^{\Sigma})^{p^{n}}$ , it is

obvious that $\tilde{K}^{\prime}=\tilde{k}^{\prime}(z^{\prime})$ and that $z^{\prime}=zA^{\Sigma}\zeta_{n}^{i}$ with some $i\in Z$. Hence, by using
$\Sigma=\Sigma_{1}\cdot\Sigma(\tilde{k}^{\prime}/k_{1}),$ $z^{\prime\gamma- l_{1}}=z^{\gamma-l_{1}}A^{\Sigma(\sigma_{1}- l_{1)}}=(w^{sp^{n_{1}- n}})^{\Sigma 1}(A^{\Sigma 1})^{1-l^{N}}=(w^{\prime sp^{n_{1}- n}})^{\Sigma 1}$ , so $z^{\prime\gamma-l_{1}}=$

$(w^{\prime sp^{n_{1}- n}})^{\Sigma 1}$ . $(q. e. d.)$

REMARK 1. (1) If $k^{\prime}\neq k,$ $k^{\prime}\neq k_{1}$ and $m-d>0$ , then the condition in Lemma
1 that $w^{\Sigma(\tilde{k}/k)}\not\in(\tilde{k}^{\prime})^{p^{n-(m-d)+1}}$ is equivalent to that $ N_{\tilde{k}_{2^{\prime}}\tilde{k}}(b)^{\Sigma(\tilde{k}/k)}\not\in(\tilde{k}^{\times})^{p}\langle\zeta_{n_{0}}\rangle$ .
If $k^{\prime}\neq k,$ $k_{1}=k^{\prime}$ and $m-d>0$ , then the condition always holds.

(2) Let $w$ and $w^{\prime}$ be as in (i) of Lemma 1. Assume that $n=n_{1}$ . Then $w$
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and $w^{\prime}$ define the same field $K$ if and only if there exist $t\in Z,$ $t\not\equiv O$ $(mod P)$ ,
and $c\in\tilde{k}^{\prime}$ such that $c^{\sigma_{1}-l_{1}}=(w^{\prime t}/w)^{s\Sigma(k_{1}/k)}$ .

LEMMA 2. Let notations and assumptjOns be as in the case (A) in the prOOf
of Lemma 1. Then $s_{2}\equiv s_{2}^{\prime}(mod p^{m-d-d_{1}})$ .

PROOF. When $\tilde{k}^{\prime}=\tilde{k}$, we have $s_{2}=s_{2}^{\prime}=1$ . Hence we may assume that $\tilde{k}^{\prime}\neq\tilde{k}$.
We will prove the assertion in the following two cases (I) and (II).

(I) The case where $\tilde{k}_{1}\supset\beta_{2}$ . Put $s_{1}^{\prime}=(1-l^{N})/(1-l^{N^{\prime}p^{\prime}})p^{\nu}$ . Then $s_{1}^{f}\in Z$ and
$s_{1}^{\prime}\not\equiv 0(mod p)$ . We have easily $N_{\tilde{k}^{\prime}/\tilde{k}_{1}}(\zeta_{n})=\zeta_{n}^{1+}t_{1}+\cdot\cdot+t_{1}^{p^{\prime}-1}=\zeta_{n-d_{1}}^{s_{1}^{\prime}}$ , where $\sim l_{1}=l^{p}$

‘ $N^{\prime}$ .
On the other hand, since $\zeta_{n}$ is a root of an irreducible polynomial $X^{p^{\prime}}-\zeta_{n-d_{1}}$

over $\tilde{k}_{1}$ , we have $N_{\tilde{k}^{\prime}/\tilde{k}_{1}}(\zeta_{n})=\zeta_{n-d_{1}}$ or $-\zeta_{n-d_{1}}=\zeta_{n-d_{1}}^{1+p^{n-d_{1}- 1}}$ according as $p\neq 2$ or
$p=2$ . Hence $s_{1}^{\prime}\equiv 1(mod p^{n-d_{1}-1})$ . If $n-d_{1}=m-d-d_{1}$ , then $n=m$ and $d=0$ , so
$\tilde{k}_{2}=\tilde{k}^{\prime}$ , hence $\tilde{k}_{1}=\tilde{k}_{2}=\tilde{k}^{\prime}=\tilde{k}$, since $\tilde{k}_{1}\supset\tilde{k}_{2}$ ; this is a contradiction. Hence $n-d_{1}-1$

$\geqq m-d-d_{1}$ . Therefore $s_{1}^{\prime}\equiv 1(mod p^{m-d-d_{1}})$ . Since $s_{1}^{\prime}=s_{2}/s_{2}^{\prime}$ , this implies the
assertion.

(II) The case where $\beta_{1}\subset\tilde{k}_{2}$ . We have $N_{\tilde{k}^{\tau}/\tilde{k}_{2}}(\zeta_{n})=\zeta_{n}^{1+l_{2+\cdots+}\iota_{3^{\prime}}-1}=\zeta_{n-d^{\prime}}^{s_{2}}$ , where
$\sim l_{2}=l^{N}--q$ On the other hand, since $\zeta_{n}$ is a root of an irreducible polynomial
$X^{q}‘-\zeta_{n-d^{\prime}}$ over $\beta_{2}$ , we have $N_{\tilde{k}^{\prime}/\tilde{k}_{2}}(\zeta_{n})=\zeta_{n-d^{\prime}}$ or $\zeta_{n-d^{\prime}}^{1+p^{n-d^{\prime}-1}}$ according as $p\neq 2$ or
$p=2$ . Hence $s_{2}\equiv 1(mod p^{n-d^{\prime}-1})$ . If $n-d’=m-d-d_{1}$ , then $n=m$ and $d^{\prime}=0$, so
$\tilde{k}_{1}=\tilde{k}_{2}=\tilde{k}^{\prime}=\mathcal{B}$, since $\tilde{k}_{1}\subset \mathcal{B}_{2}$ ; this is a contradiction, hence $n-d’$ $-1\geqq m-d-d_{1}$ .
Therefore $s_{2}\equiv 1(mod p^{m-d-d_{1}})$ . This implies the assertion.

The following Lemma 3 is well known.
LEMMA 3 (Albert). Let $p$ be a prime number and let $k$ be a field of char-

acteristic different from $p$ . Let $m,$ $n\in N\cup\{0\}$ , and assume that $\zeta_{m}\in k$ . Let
$K/k$ be a cyclic extension of degree $p^{n}$ . Then the following two statements (i)

and (ii) hold:
(i) There exists a cyclic extension $L$ of $k$ of degree $p^{n+m}$ containing $K$, if

and only if there exists an $A\in K$ such that $N_{K/k}(A)=\zeta_{m}$ .
(ii) Let $L/k$ be a cyclic extension of degree $p^{n+m}$ containing $K$ and let a

be a generator of $G(L/k)$ . Then for any $A\in K$ satisfying $N_{K/k}(A)=\zeta_{m}$ , there

exists a $y\in K$ such that $L=K(z)$ and $ z^{\sigma-1}=A\sim$ , where $z=p\sqrt[m]{y}$ .

\S 2. Theorems.

For the proof of Theorem 5, the cyclic case is essential (see Theorem 4
below).

For a field $k$ and a prime divisor $\mathfrak{p}$ of $k$ , let $k_{sep}$ and $k_{P,sep}$ denote the
maximal separable algebraic extensions of $k$ and $k_{\mathfrak{p}}$ such that $k_{sep}\subset k_{\mathfrak{p}_{sep}},$ , re-
spectively. Here a prime divisor of $k$ means an equivalence class of discrete
valuations of $k$ , and $k_{\mathfrak{p}}$ denotes the completion of $k$ with respect to $\mathfrak{p}$ . In
the following, all separable algebraic extensions of $k$ and $k_{\mathfrak{p}}$ are assumed to be
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contained in $k_{sep}$ and $k_{P,sep}$ respectively. For a finite extension $K$ of $k$ in $k_{sep}$ ,

let $\mathfrak{p}_{K}$ denote the restriction of the valuation of $k_{P,sep}$ to $K$, and $K_{\mathfrak{p}}$ the com-
pletion of $K$ with respect to $\mathfrak{p}_{K}$, i.e., $K_{\mathfrak{p}}=Kk_{p}$ in $k_{P,sep}$ . Then we have the
following

THEOREM 4. Let $p,$ $k,$ $\zeta_{i},$ $n$ and $k^{\prime}$ be as in the beginning of \S 1, and let
$S$ be a finite set of prime divisors of $k$ . Assume that there exists a prime divisor
$q$ of $k$ such that $q\not\in S$ and $\zeta_{n}\in k_{\eta}$ . Let $G$ be a cyclic group of order $p^{n}$ . For
each $\mathfrak{p}\in S$, let a pair $(K^{p},j_{\mathfrak{p}})$ of a cyclic extension $K^{p}$ of $k_{\mathfrak{p}}$ of degree $p^{m_{\mathfrak{p}}}$ with
$0\leqq m_{\mathfrak{p}}\leqq n$ and an injective homomorphism $j_{\mathfrak{p}}$ : $G(K^{\mathfrak{p}}/k_{\mathfrak{p}})\rightarrow G$ be given. Then there
exists a cyclic extension $K$ of $k$ of degree $p^{n}$ satisfying the following three
conditions:

(i) $K_{\mathfrak{p}}=K^{\mathfrak{p}}$ for all $\mathfrak{p}\in S$ .
(ii) There exists an isomorphism $j$ from $G(K/k)$ onto $G$ such $thatj_{p}=j\circ{\rm Res}_{p}$,

where ${\rm Res}_{\mathfrak{p}}$ : $G(K_{\mathfrak{p}}/k_{\rho})\rightarrow G(K/k)$ is the restriction from $K_{\mathfrak{p}}$ to $K$.
(iii) $K\cap k^{\prime}=k$ .
PROOF. We use the notations in the beginning of \S 1. If $n_{0}\geqq n$ , then

Theorem 4 is easily verified, so we may assume that $n_{0}<n$ . Put $\tilde{k}_{\mathfrak{p}}=k_{\mathfrak{p}}(\zeta_{1})$ ,
$k^{\mathfrak{p}}=k_{\mathfrak{p}}\cap\tilde{k}^{\prime},$ $N_{\mathfrak{p}}=[\tilde{k}_{\mathfrak{p}}^{\prime} : k_{\mathfrak{p}}]$ and $N_{\mathfrak{p}}^{\prime}=[k^{\mathfrak{p}} : k]$ . Then $N=N_{p}^{\prime}N_{\mathfrak{p}}$ . Identify $G(\tilde{k}_{\mathfrak{p}}^{\prime}/k_{\mathfrak{p}})$ and
$G(\tilde{k}^{\prime}/k^{\mathfrak{p}})$ in the natural way. Put $\sigma_{\mathfrak{p}}=\sigma^{N_{\dot{P}}}\in G(\tilde{k}_{\mathfrak{p}}^{\prime}/k_{\mathfrak{p}})$ and $l_{\mathfrak{p}}=l^{N_{\mathfrak{p}}^{\prime}}$ . For any sub-

extension $S/M$ of $\tilde{k}_{p}^{\prime}/k_{\mathfrak{p}}$, define $\Sigma(S/M)=\sum_{i=0}^{g-1}\sigma_{1}^{g-1-i}l_{1}^{i}\in Z[G(\tilde{k}_{\mathfrak{p}}^{\prime}/k_{\mathfrak{p}})]$ , where $\sigma_{1}=$

$\sigma_{\mathfrak{p}}^{\lceil M;k_{\mathfrak{p}}J},$ $l_{1}=l_{\mathfrak{p}}^{[M:k_{\mathfrak{p}}]}$ and $g=[S:M]$ . Identify $\Sigma(S/M)$ and $\Sigma(S\cap\tilde{k}^{\prime}/\Lambda f\cap\tilde{k}‘)$ in the
natural way. Put $k_{1}^{\mathfrak{p}}=K^{p}\cap k_{\mathfrak{p}}^{f},$ $p_{\mathfrak{p}}^{\prime}=p^{\iota_{\mathfrak{p}}}(=[k_{1}^{\mathfrak{p}} : k_{\mathfrak{p}}]$ and $\tilde{k}_{2}^{\mathfrak{p}}=\tilde{k}_{\mathfrak{p}}(\zeta_{m\mathfrak{p}-d\mathfrak{p}})$ . Let $v_{p}\in N$

be such that $\zeta_{\nu \mathfrak{p}}\in\tilde{k}_{\mathfrak{p}}$ and $\zeta_{\nu \mathfrak{p}+1}\not\in\tilde{k}_{\mathfrak{p}}$ . For each $\mathfrak{p}\in S$, put $m_{0\mathfrak{p}}={\rm Max}(0,$ $\nu_{\mathfrak{p}}^{\prime\prime}-(m_{\mathfrak{p}}-$

$d_{\mathfrak{p}}))$ , where $\nu_{\mathfrak{p}}^{\prime\prime}={\rm Min}(\nu_{\mathfrak{p}}, n)$ . Then by Lemma 1, for each $\mathfrak{p}\in S$, there exists $b_{\mathfrak{p}}\in k2$

satisfying the following: $w_{\mathfrak{p}}^{\Sigma(\tilde{k}_{P}^{\mathcal{N}}/k_{\mathfrak{p}})}\not\in(\tilde{k}_{\mathfrak{p}}^{\prime})^{p^{n-(m}\mathfrak{p}^{-d}\mathfrak{p}})+1$ if $m_{\mathfrak{p}}-d_{\mathfrak{p}}>0$ , where $a_{\mathfrak{p}}=b_{p}^{p^{m}0\mathfrak{p}}$

and $w_{\mathfrak{p}}=\zeta_{m\mathfrak{p}}a_{\mathfrak{p}}$ ; put $z_{\mathfrak{p}}=p\sqrt[n]{w_{\mathfrak{p}^{\mathfrak{p}}}^{\Sigma}}$ and $\tilde{K}^{\prime \mathfrak{p}}=\tilde{k}_{\mathfrak{p}}^{\prime}(z_{\mathfrak{p}})$ , where $\Sigma_{\mathfrak{p}}=\sum(\tilde{k}_{\mathfrak{p}}^{f}/k_{\mathfrak{p}})$ , then $\tilde{K}^{\prime \mathfrak{p}}/k_{\mathfrak{p}}$

is an abelian extension; let $\gamma_{\mathfrak{p}}\in G(\tilde{K}^{\prime \mathfrak{p}}/k_{\mathfrak{p}})$ be such that

(1) $\{_{\gamma_{P}1\mathcal{B}_{\mathfrak{p}}^{f}=\sigma_{\mathfrak{p}1}}^{z_{\mathfrak{p}}^{\tau_{\mathfrak{p}}}=z_{\mathfrak{p}^{\mathfrak{p}1}}^{l}(w_{\mathfrak{p}}^{s})^{\Sigma \mathfrak{p}1}}$

where $l_{\mathfrak{p}1}=l_{p}^{p^{\prime}\mathfrak{p}},$
$\sigma_{\mathfrak{p}1}=\sigma_{\mathfrak{p}}^{p}$

‘
$\mathfrak{p}=\sigma^{N_{\mathfrak{p}}^{\prime}p}b$ and $\Sigma_{\mathfrak{p}^{1}}=\Sigma(k_{1}^{\mathfrak{p}}/k_{\mathfrak{p}})$ , then $K^{\mathfrak{p}}$ is the subfield of $\tilde{K}^{\prime \mathfrak{p}}$

fixed by $\gamma_{\mathfrak{p}}$ ; there exists a unique $\alpha_{\mathfrak{p}}\in G(\tilde{K}^{\prime \mathfrak{p}}/k_{\mathfrak{p}})$ satisfying

(2) $\{_{\alpha_{p}1\mathcal{B}_{\mathfrak{p}}^{\prime}=\sigma_{\mathfrak{p}}}^{z_{\mathfrak{p}^{\mathfrak{p}}}^{\alpha}=z_{\mathfrak{p}^{\mathfrak{p}}}^{l}(a_{\mathfrak{p}}^{s})}$

then $\alpha_{\mathfrak{p}}|K^{\mathfrak{p}}$ is a generator of $G(K^{0}/k_{\mathfrak{p}})$ . Let $\beta_{0}\in G$ be a generator of $G$ , and
for each $p\in S$, let $\beta_{P}\in G(K^{P}/k_{p})$ be a generator of $G(K^{\mathfrak{p}}/k_{\mathfrak{p}})$ such that $j_{\mathfrak{p}}(\beta_{\mathfrak{p}})=\beta_{0^{n-m\mathfrak{p}}}^{p}$ .
Then there exists $t_{\mathfrak{p}}\in N,$ $t_{\mathfrak{p}}\not\equiv O(mod p)$ , such that $\beta_{\theta}=\alpha_{\overline{\mathfrak{p}}}^{\iota_{\mathfrak{p}^{t}\mathfrak{p}^{s^{\prime}}}}|K^{\mathfrak{p}}$, where $s^{\prime}\in Z$ is
such that $ss^{\prime}\equiv 1(mod p^{n})$ . Let $t_{q}=1$ , and let $w_{0}$ be a prime element of $k_{q}$ .
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Since $\mathfrak{p}_{k}^{\sigma^{i}}\sim$, with $\mathfrak{p}\in S$ and $i=0,$ 1, $N_{\mathfrak{p}}^{\prime}-1$ are distinct prime divisors of $\tilde{k}^{\prime}$ , by

the approximation theorem, we see easily that there exists a $w\in\tilde{k}^{\prime}$ such that

(3) $(w^{t_{\mathfrak{p}}})^{\Sigma \mathfrak{p}0}\equiv w_{\mathfrak{p}}(mod \mathfrak{p}_{k_{\mathfrak{p}}}^{r}\sim’)$

for all $\mathfrak{p}\in SU\{q\}$ , where $r$ is a sufficiently large number and $\Sigma_{\mathfrak{p}0}=\Sigma(k^{\mathfrak{p}}/k)$ .
Since $w_{q}\not\in k_{q}^{p}$ and since $k_{\mathfrak{g}}=\tilde{k}_{q}^{\prime},$ $w^{\Sigma}\not\in(\tilde{k}^{\prime})^{p}$ , where $\Sigma=\Sigma(\tilde{k}^{\prime}/k)$ . Put $z=p\Psi\overline{w^{\Sigma}}$ and
$\tilde{K}^{\prime}=\tilde{k}^{\prime}(z)$ . Then by Lemma 1, $\tilde{K}^{\prime}/k$ is an abelian extension of degree $Np^{n}$ ; let
$\gamma\in G(\tilde{K}^{\prime}/k)$ be such that

(4) $\left\{\begin{array}{l}z^{\gamma}=z^{l}w^{s}\\\gamma|\tilde{k}^{\prime}=\sigma,\end{array}\right.$

and let $K$ be the sub-field of $\tilde{K}^{\prime}$ fixed by $\gamma$ , then $K/k$ is a cyclic extension of
degree $p^{n}$ such that $K\cap k^{\prime}=k$ . By (3), we have $(w^{t_{\mathfrak{p}}})^{\Sigma}\equiv w_{\mathfrak{p}}^{\Sigma}W$

$(mod \mathfrak{p}_{k_{p}}^{r}\sim i)$ , hence
$\tilde{K}_{\mathfrak{p}}^{\prime}=\tilde{K}^{\prime \mathfrak{p}}$ for any $\mathfrak{p}\in S$ . Let $\tau\in G(\tilde{K}^{\prime}/k)$ be such that

(5) $\left\{\begin{array}{l}z^{\tau}=\zeta_{n}z\\\tau|\tilde{k}^{\prime}=1,\end{array}\right.$

and put $\beta=\tau|K$ . Then $\beta$ is a generator of $G(K/k)$ . In the following, we will
prove that $K_{\mathfrak{p}}=K^{\eta}$ and that $\beta_{\mathfrak{p}}|K=\beta^{p^{n- m_{\mathfrak{p}}}}$ for all $\mathfrak{p}\in S$ . For simplicity, put
$m=m_{\mathfrak{p}},$ $k_{0}=k^{\mathfrak{p}},$ $k_{1}=k_{1}^{\mathfrak{p}},$ $d=d_{\mathfrak{p}},$ $w_{0}=w^{t_{\mathfrak{p}}},$ $z_{0}=z^{\iota_{\mathfrak{p}}},$ $p^{\prime}=p_{p}^{\prime},$ $\Sigma_{0}=\Sigma_{\mathfrak{p}0}$ and $\Sigma_{1}=\Sigma_{\mathfrak{p}1}$ . Let
$L/k$ and $U/k$ be the sub-extensions of $K/k$ of degree $p^{n-m}$ and $p^{n-m+d}$ , respec-
tively. Put $K_{0}=Kk_{0},$ $L_{0}=Lk_{0},\tilde{L}^{\prime}=L\tilde{k}^{\prime},$ $U_{0}=Uk_{0}$ and $U^{\prime}=U\tilde{k}^{\prime}$ . Let $M$ be the
decomposition field of $\mathfrak{p}_{\tilde{K}^{\prime}}$ , with respect to $k$ . Then $M\cap\tilde{k}^{\prime}=k_{0}$ and $M\tilde{k}^{\prime}=\tilde{U}^{\prime}$ ,
since $\tilde{K}_{\mathfrak{p}}^{\prime}=\tilde{K}^{\prime \mathfrak{p}}$ . Hence $[C^{\prime} : M]=[\tilde{k}^{\prime} : k_{0}]$ . By (3),

(6) $wff^{0}=w_{\mathfrak{p}}A^{p^{n}}$

with some $A\in\tilde{k}_{\mathfrak{p}}^{\prime}$ , hence $w_{0}^{\Sigma}=w_{\mathfrak{p}}^{\Sigma \mathfrak{p}}(A^{\Sigma \mathfrak{p}})^{p^{n}}$ . This implies that

(7) $z_{0}=z_{\mathfrak{p}}A^{\Sigma_{\rho}}\zeta_{n}^{j}$

with some $j\in Z$. By making $(\alpha_{\mathfrak{p}}-l_{\mathfrak{p}})$ operate on (7) and by using (2), we have
$z_{0}^{\alpha_{\mathfrak{p}^{-l}}}’=(a_{\mathfrak{p}}A^{p^{n}})^{s}=\zeta_{m}^{-s}(w_{\mathfrak{p}}A^{p^{n}})^{s}$ , hence by (6),

(8) $z_{0}^{a_{\mathfrak{p}^{-l}\mathfrak{p}}}=\zeta_{m}^{-s}(w_{0}^{s})^{\Sigma_{0}}$ .

On the other hand, by (4), $z_{0}^{\gamma-l}=w_{0}^{s}$ . By making $\Sigma_{0}$ operate on this equality,

(9) $z_{0^{1}}^{\gamma-l}\downarrow=(w_{0}^{s})^{\Sigma_{0}}$ ,

where $\gamma_{1}=\gamma^{v_{\mathfrak{p}}^{\prime}}$ . Let $\tau_{0}\in G(\tilde{K}^{\prime}/\tilde{k}^{\prime})$ be such that $z_{0}^{\tau_{0}}=\zeta_{n}z_{0}$ , and put $\delta=\gamma_{1}\tau_{0^{p^{n-m}}}^{f}$ ,
where $i\in Z$ is such that $il_{p}\equiv-s(mod p^{n})$ . Then by (9), $z_{0}^{\delta-l\mathfrak{p}}=\zeta_{m}^{-s}(w_{0}^{s})^{\Sigma 0}$ and
$\delta|\tilde{k}^{\prime}=\sigma^{v_{\acute{p}}}$ . From this and (8), it follows that

(10) $\alpha_{\mathfrak{p}}|\tilde{K}^{\prime}=\delta$ .
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We see that $M$ is the sub-field of $\tilde{U}^{\prime}$ fixed by $\delta$ . In fact, by (10), $M\subset M^{\prime}$ ,
where $M^{\prime}$ is the sub-Peld of $\tilde{U}^{\prime}$ fixed by $\delta$ . Since $[\tilde{U}^{\prime} : M]=[\tilde{k}^{\prime} : k_{0}]$ , it is
enough to show that the order of $\delta|\tilde{U}^{\prime}$ is $[\tilde{k}^{\prime} : k_{0}]$ , and this fact follows from
$\delta|\tilde{k}^{\prime}=\sigma^{N^{\prime}}\mathfrak{p}$ and $\delta|U_{0}=\tau_{0}^{ip^{n- m}}|U_{0}$ . Hence $M=M^{\prime}$ . By this fact we see easily
that $M\cap U_{0}=L_{0}$ , hence $K_{0}\cap M=L_{0}$ . Since $[M : L_{0}]=p^{\prime}$ , we have $K_{1}=K_{0}M$,
where $K_{1}$ is the sub-Peld of $\tilde{K}^{\prime}$ fixed by $\gamma^{p_{1}^{\prime}}$ , hence $K_{1}=KM$, so
(11) $(K_{1})_{\mathfrak{p}}=K_{\mathfrak{p}}$ .
By using (6), (1) and Corollary to Lemma 1,

(12) $\{_{\gamma_{\mathfrak{p}}-}^{z_{0^{\mathfrak{p}}}^{\gamma-\iota_{\mathfrak{p}}^{p^{J}}}=(w_{0}^{s\Sigma 0})^{\Sigma 1}}|\beta’--\sigma^{N_{\mathfrak{p}^{p^{\prime}}}^{\prime}}$

.

On the other hand, by making $ t_{\mathfrak{p}}\Sigma_{1}\Sigma_{0}\sim$ operate on (4), $z_{0^{1}}^{\tau^{p}’-\iota_{p}^{p^{\prime}}}=(w_{0}^{S\Sigma 0})^{\Sigma 1}$ , where
$\tilde{\Sigma}_{1}=\sum_{\ell=0}^{p^{\prime}-1}\gamma_{1}^{p^{\prime}-1-i}l_{\mathfrak{p}}^{\prime}$ . From this and (12), it follows that $\gamma_{\theta}|\tilde{K}^{\prime}=\gamma_{1}^{p^{\prime}}$ Therefore
$(K_{1})_{p}=K^{\mathfrak{p}}$ . Hence by (11), $K_{\mathfrak{p}}=K^{\mathfrak{p}}$ . By (10), $\alpha_{\mathfrak{p}}|K=\tau_{0}^{ip^{n- m}}|K$, so $\beta_{\mathfrak{p}}|K=\tau_{0^{\mathfrak{p}}}^{tp^{n-m}}|K$

$=\tau^{p^{n-m}}|K$, since $\tau=\tau_{0}^{t}\mathfrak{p}$ . Therefore

(13) $\beta_{\mathfrak{p}}|K=\beta^{p^{n- m_{l}}}$

Let $j:G(K/k)\rightarrow G$ be the isomorphism such that $j(\beta)=\beta_{0}$ . Then by (13), we
see that $j_{\mathfrak{p}}=j\circ{\rm Res}_{\mathfrak{p}}$ . This completes the proof of Theorem 4.

REMARK 2. Theorem 4 holds also when $ch(k)=p$, if we remove the assump-
tions in Theorem 4 that $k$ contains a primitive 4-th root of unity if $p=2$ and
that $\zeta.\in k_{q}$ . We can prove easily the statement, by using S\"atze 12 and 13 of
Witt [8], and the approximation theorem.

By Theorem 4 and Remark 2, we have the following

THEOREM 5, Let $k$ be a field, $S$ a finite set of prime divisors of $k$ , and $G$

a finite abelian group of type $(p_{1}^{m_{1}}, p_{2}^{m_{2}}, p_{t}^{m_{t}})$ . Then an imbedding problem
$P\{k, G, S, (K^{\mathfrak{p}}, j_{\mathfrak{p}})(\mathfrak{p}\in S)\}$ has a solution if the following two conditions are
satisfied:

(i) There exist $t$ distinct prime divisors $q_{1},$ $q_{2},$ $q_{t}$ of $k$ outside $S$ such
that $\zeta(p_{i}^{m_{i}})\in k_{q_{i}}$ if $p_{i}\neq ch(k)$ .

(ii) If exp $(G)$ is divisible by 4 and if ch $(k)\neq 2$ , then $\zeta(4)\in k$ .
PROOF. Let $G=\Pi^{t}G_{i}$ (direct product), where $G_{i}$ are cyclic subgroups of $G$

of order $p_{i}^{m_{i}}$ for $1\leqq i^{t=1}\leqq t$ . Put $K^{\mathfrak{q}_{i}}=k_{\eta_{i}}(p_{i}^{m}\sqrt[\prime]{\pi_{i}})$ or $k_{\eta_{i}}(\theta_{i})$ according as ch $(k)\neq p_{i}$

or not, for $1\leqq i\leqq t$ , where $\pi_{i}$ is a prime element of $k_{\eta_{i}}$ and $\theta_{i}$ is the Witt
vector of length $m_{i}$ such that $\mathcal{P}_{i}(\theta_{i})=(\pi_{i}^{-1},0, \cdots, 0)$ . Here $\mathcal{P}_{i}(\alpha)=(\alpha_{0}^{p_{i}},$ $\alpha_{1}^{p_{i}},$ $\cdots$ ,
$\alpha_{m_{i}-1}^{pi})-(\alpha_{0}, \alpha_{1}, \cdots, \alpha_{m_{i^{-1}}})$ for any Witt vector $\alpha=(\alpha_{0}, \alpha_{1}, \cdots, \alpha_{m_{i^{-1}}})$ of length $m_{i}$ .
Then by the condition (i) and Satz 13 of Witt [8], we see that $K^{q_{i}}/k_{\mathfrak{q}_{i}}$ is a
cyclic extension of degree $p_{i}^{m_{i}}$ . Let $j_{q_{i}}$ : $G(K^{\eta i}/k_{\mathfrak{q}_{i}})\rightarrow G_{i}$ be any isomorphism.
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By Galois theory, we see easily that Theorem 4 and Remark 2 imply that
there exists a pair $(K, j)$ of an abelian extension $K$ of $k$ and an isomorphism
$j$ of $G(K/k)$ into $G$ satisfying $K_{\mathfrak{p}}=K^{\mathfrak{p}}$ and $j_{\mathfrak{p}}=j\circ{\rm Res}_{\mathfrak{p}}$ for any $\mathfrak{p}\in S\cup\{q_{1}, \cdots, q_{t}\}$ .
Since $j_{q_{i}}$ : $G(K^{\mathfrak{n}_{i}}/k_{\mathfrak{q}_{i}})\cong G_{i}$ for $1\leqq i\leqq t$ , we see that $j$ is the isomorphism of
$G(K/k)$ onto $G$ . This completes the proof of Theorem 5.

On the condition (i) of Theorem 5, we have the following
PROPOSITION 6. Let $k$ be a finite algebraic number field or a field finitely

generated over a field $k_{0}$ with transcendental $degree\geqq 1$ , and let $S$ be a finite set
of $p$rime divisors of $k$ . Let $p$ be a prjme number different from the character-
istic of $k$ . Then for any $n\in N$, there exists a prjme divisor $q$ of $k$ such that
$q\not\in S$ and such that $k_{q}$ contains a primitive $P^{n}$-th root of unity $\zeta_{n}$ .

PROOF. If $k$ is a finite algebraic number field, then the assertion is a
direct consequece of \v{C}ebotarev’s density theorem or Dirichlet’s theorem of the
arithmetic progression. Now let $k$ be finitely generated over $k_{0}$ with transcen-
dental $degree\geqq 1$ . Then there exist a subfield $k_{1}$ of $k$ and an element $x$ of $k$ ,
transcendental over $k_{1}$ , such that $k$ is a finite algebraic extension of $k_{1}(x)$ .
Hence we may suppose that $k=k_{1}(x)$ . If $\zeta_{n}\in k_{1}$ , then for any prime divisor $q$

of $k,$ $\zeta_{n}\in k_{q}$ . Now suppose that $\zeta_{n}\not\in k_{1}$ , and let $f_{m}(X)\in k_{1}[X]$ be a monic min-
imal polynomial of $\zeta_{m}$ over $k_{1}$ for any $m\geqq n$ . Then there exist infinitely many
$f_{m}(X)$ . Let $\mathfrak{p}_{m}\not\in S$ be a prime divisor of $k$ , trivial over $k_{1}$ , corresponding to
$f_{m}(X)$ . Then residue field of $k_{\mathfrak{p}_{m}}$ is $k_{1}(\zeta_{m})$ . Therefore by Hensel’s lemma,
$\zeta_{m}\in k_{\mathfrak{p}_{m}}$ , so $\zeta_{n}\in k_{\mathfrak{p}_{m}}$ . This completes the proof of Proposition 6.

REMARK 3. (1) In view of the proof of Theorem 4, we see that the
assumption of the existence of $q$ in Theorem 4 can be replaced by a weaker
condition: There exists a cyclic extension $K^{q}/k_{4}$ of degree $p^{n}$ such that $K^{Q}\cap\tilde{k}_{B}^{\prime}=$

$k_{\mathfrak{g}}$ with a prime divisor $q\not\in S$ . By [4], Corollary to Proposition 3, this condition
is equivalent to that $N_{\tilde{k}_{4}/\tilde{k}_{l}}^{\prime}(\tilde{k}_{\acute{0}})^{\Sigma(\tilde{k}_{Q}/k_{q})}$ a $\langle\zeta_{\nu_{4}}\rangle\tilde{k}_{q}^{p}$ with a prime divisor $q\not\in S$ . The
condition (i) of Theorem 5 can be also weakened in the same way.

(2) When $k$ is a Pnite algebraic number field, the proof of Theorem 4 is
also valid for a finite set $S$ of prime divisors containing infinjte prime divisors
of $k$ if it is slightly modiPed, and so is Theorem 5.
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