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§1. Introduction.

In this paper we shall treat special cases of genus 2 Poincaré conjecture.

Let M be a closed orientable 3-manifold of genus <2. Then M is obtained
by a Heegaard splitting of genus 2. Let (M; V, W) be a Heegaard splitting
of genus 2, where V and W are solid tori of genus 2 such that M=VUW
and VN\W=0V=0W%*., We set T=V\W. (See the Figure}l.)

_ w
Figure 1.
We assume that M (and hence V and W) has a fixed orientation.

Let {a, B} be a system of meridian disks of V and let {7, d} be a system
of meridian disks of W. We set a=da, b=08, c=0r and d=00. a,b,c, d

are loops on T and {a, b} is called a system of meridian loops of V and

{c, d} is called a system of meridian loops of W. We assume that «, 3,7, 0
and hence a, b, ¢, d have fixed orientation. Without loss of generality we
can assume that a, b and ¢, d intersect transversely only in a finite number
of points. Moreover we can eliminate the intersections of the type as shown

in Figure 2.

Figure 2.

-
-

*> 9V means the boundary of V.
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So we assume that there are no such intersections.

We cut V along a and 3. Then we obtain a 3-disk, on the surface of
which four circles obtained by cutting a and 8 (we name these a*, a-, b*, b7),
and several fragments of the loops ¢ and d are drawn. We call the chart
drawn on the 3-disk a Whitehead graph or simply a graph. If we ignore the
loop d then we obtain the graph of ¢, and if we ignore the loop ¢ then we
obtain the graph of d.

If we interchange the role of a¢, b and ¢, d then we obtain another graph.
This is called the dual graph.

A graph is one of the three types (Type I~III) shown in Figure 3-1~3-3
(up to interchanging a, b or a, a™* or b, b™?).

NN

Type I Type II Type 111
Figure 3-1. Figure 3-2. Figure 3-3.
In these figures each of x, v, z, © means the number of parallel paths.
If a graph is of the type IIl, then we can decrease the number of inter-
section points by changing meridian loops a, b to a’, b as shown in Figure 4.
(a’ is clearly a meridian loop.)

——

Figure 4.
So we mainly treat Type I and Type IL®

*)  Recently Ochiai proved that a graph of Type II can be reduced to Type
I without increasing the number of intersection points provided the manifold M is a
homology sphere.
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Let /¥ be an arc on dV connecting two loops a and b. (We assume that
one end point P of f is on a and another end point Q is on b and any other
point of f is not on the loops a or b.)

Let U be a regular neighborhood (in dV) of a\Ub\Jf. Then oU consists
of three loops and one of these is isotopic to a and one is isotopic to b. Let
f be the third loop of these three loops.

Then f is also a meridian loop since there is a meridian disk 7 in V such
that f=07. Moreover {a, f} (and also {b, f}) is a system of meridian loops
of V.

Changing the system from {a, b} to {a, f} (or to {b, f}) is called a band
operation by f. Similarly a band operation by an arc on oW connecting two
loops ¢ and d can be defined.

Since a band operation does not affect a Heegaard splitting, the resulting
manifold M does not change. (But the graph is changed.)

The fundamental group =,(M) of M can be presented in the following
way. We take a and b as generators and two relations ¢=1 and d=1 are
defined as follows® : When a point P is moving on the loop ¢ (in the direction
of the orientation) from a fixed base point, if it crosses a or b as shown in
Figure 5-1, 5-2, 5-3, 5-4, then we read a, a™}, b, b~?, respectively.

C c c C
/lr > I a T b [ b
Figure 5-1. Figure 5-2. Figure 5-3. Figure 5-4,

When P moves once around ¢, we get a word &(a, b). d(a, b) is defined
similarly.

REMARK. More generally, if [ is a (not necessarily simple) path on T
from P to @, where P and @ are not on the loops a and b, then [ defines a
word [(a, b) by the same way as above.

If I/ is another path from P to Q and if [ and !” is homotopic in T with
P, Q fixed, then [(a, b) and I"(a, b) are the same word as elements of the free
group generated by ¢ and b.

Now we have a presentation of the fundamental group of M:

r(M)=<a, b: &a, b)=d(a, b)=1).

If we interchange the role of 4, b and ¢, d we get another presentation
of m.(M):

*) The proof is by van Kampen theorem.
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n(M)=Lc, d: alc, d)=b(c, d)=1).

This is called the dual presentation.

Figure 6-1.

Figure 6-2.

For example, if a, b, ¢, d are as shown in Figure 6 and if we start along
¢ from P and along d from @, then the resulting word &a, b) is a®°® and
the word d(a, b) is a®ba~*b. Similarly a@(c, d)=cdcdcd~* and b(c, d)=:d?c°. So

m(M)=Lc, d: cdedcd*=d?*5=1)
is the dual presentation of

. (M)=<a, b: a*b°=a%*ba"'b=1).

§2. The reverse development and Homma’s theorem.

Let M, V, W, a, b, c, d, etc. be as in the introduction. Let I" be the
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closure of a regular neighborhood of 7 in W and let N=V\UI. Then N is
the complement of a regular neighborhood of a knot 2 in M. (See Figure 7.)

Figure 7.

By van Kampen theorem,
n,(N)=rm ,(M—Ek)=<a, b: &a, b)=1).

We call this group the knot group of c.

Now the boundary of N is a torus 77 on which two circles ¢* and ¢~ and
several fragments of the loops ¢ and b are drawn. We call this chart the
reverse graph of c.

THEOREM 1 (Homma [117). Suppose that c¢ crosses a or b at least once.
Then the reverse graph of c¢ consists of 6 groups Wy, Wi, Wy, W,, Wi, W, of
parallel paths (some of which may be empty) as shown in Figure 8. Suppose p
is an arc on T’ which crosses W, once to the direction as shown in Figure 8
and does not cross any other paths of the graph and let w,=p5(a, b). Let
wh, W1, Ws, Ws, ws be similarly defined. Then w,, w,, ws, w, are symmetric, that
s, w,=w¥, w,=w¥, wy;=w¥, w,=w¥F, where w* is the word obtained by reading
w from the last to the first. Moreover wy=w§. Hence (if starting from a
proper point) we have

&(a, H=ww,wwylwsw, .

Moreover &(a, b) is freely symmetric.®

Now we consider the universal covering space U of the torus 7. Uisa
plane. Let p be the covering map U—T’. We introduce an orthogonal
coordinate system (x, ¥) to U in such a way that

plx, »)=p(x’, y) e x—x'€Z and y—y'eZ.

Now the reverse graph of ¢ drawn on 7T’ induces an infinite graph on U.
We call this infinite graph the reverse development of c. By Homma'’s theorem,

*) A word is said to be freely symmmetric if there are words u and v such that
w=uv and w*=vu. The last part of the Theorem is due to [4].
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Figure 8.

the reverse development of ¢ takes the form showm in Figure 9, where

P N=1{rt}, 7' )=1{ris}, ct;=1{0rt;} and c;;={07:;}.

W, W, W, W, W,
W,
: W, NAA NN,
Wo o (1ds O Wi (1
|
| Wz | W2 | Wz
\Wa |W s IW,
[ W,
T e : ’ Iy : Wo Tiz Il Wo
Nt AN L TN
W,
[ W, W, | f W, N
| [ | W1
41 [ Té1 Ws ’[ T th) : 75
I W, | W, ! &
| Ws 2 { W, | W,
!
TIa) We T [ We e l We
‘ |
N e TN AN L
W W, W.
N W, N W, N
| [ : W,
Wy : D) W, ! rte Wi | 720
| { 1 W,
"Vz % VV& Wz {
(Vs l W, | W,
!
1o : We Tio : W, 7o : W,
(| . Q_,.__,_._.. i _L____..___  J - _[.__...L_.—-—
w, Tw; NW, w, W i W, \Wi N W,
0 1 2
Figure 9.

Moreover we can assume

{2V NN (x, MxEZ or yeZ}=0.
For example, if the Whitehead graph of ¢ is as shown in Figure 10,
the reverse development of ¢ is as shown in Figure 11.

then
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&(a, by=ab’aba=%b
Figure 10.

Figure 11.

Let d be another meridian loop on T. Then d is a loop on T’ not inter-
secting ¢. For simplicity’s sake we assume that the point O=p(0, 0) is on d,
and consider it as the base point of d.

Now d induces a curve d on U starting from (0, 0) and ending at some
(m, n), where m, n€Z. Since d is not homologous to 0 in 7’, (m, n)+(0, 0).
Since d is a simple loop, m and n must be relatively prime.

Let U'=U—-p"'(y")—p X r"). By the same way as in the introduction, if
I is a (not mecessarily simple) path on U”, then [ reads a word i(a, b).
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We easily see that c?(a, b)=d(a, b), where d is defined now and d is defined
in the introduction. (We assume that d starts from O.)

LEMMA. Let [ and I’ be paths on U’ from (0,0) to (m, n). Then i(a, b)
=["(a, b) is a consequence of &(a, b)=1.

Proor. If [ and I’ are homotopic in U’ then the result is obvious. If
and [/ are not homotopic in U’, then !’ is obtained from [ by crossing over
some 77,’s and 7;;’s in addition to homotopic deformation in U’

Suppose, for instance, !’ is obtained from [ as shown in Figure 12.

Figure 12.
Then [(a, b) and [(a, b) are of the forms &n and &&(a, b)y, respectively.
Hence [(a, b)=["(a, b) is a consequence of &(a, b)=1. g.e.d.

Now let [ be the path composed of the segment joining (0, 0) to (m, 0)

and the segment joining (m, 0) to (m, n). If the reverse development of ¢ is
as shown in Figure 9, then

. i(a; b)y=(wow,ww)™(ww)"™ .
Since .

d(a, b)=I(a, b)
is a consequence of (a, b)=1 by the lemma,
d(a, b)y=I(a, b)
is also a consequence of &(a, b)=L1.
Hence
. (M)=<a, b: &a, b)=d(a, b)=1)
={a, b: &(a, b)=l(a, b)=1)
={a, b: woww,wy'wsw,=(w,w,wiw )™ (wsw)"=1>.
Thus we have proved the following :
THEOREM 2 (Homma). If M is a closed orientable 3-manifold of genus <2,
then the fundamental group of M is of the form
{a, b: wowwwi'w,w,=ww wiw)™(wsw,)"=1>,

for some relatively prime integers m and n.
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§3. Main theorems.

In this chapter we shall prove our main theorems (theorem 3, 4 and 5).

THEOREM 3. If &a, b) is of the form a®b?, then the manifold M cannot
be a counterexample to Poincaré conjecture®

Proor. Without loss of generality we can assume that p=0, ¢=0. If
&(a, b) is of the form a?b? then the graph of ¢ is one of the forms as shown
in Figure 13-1 (case 1) or Figure 13-2 (case 2) (or 13-2 with a, b interchanged)
and the

a1

Figure 13-1. Figure 13-2.

reverse development of ¢ is one of the forms

Figure 14-1. Figure 14-2.

*) Theorem 3 and Theorem 4 below are also obtained in [20] by a different method.
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as shown in Figure 14-1 (case 1) or Figure 14-2 (case 2), for some » and s
with p=r=0, g=s=0.

In the case 1, p and r are relatively prime since a is a single loop.
Similarly, ¢ and s are relatively prime.

Now by theorem 2, we have a presentation of the fundamental group for
M:

i (M)=<a, b: a?b?=1, a®™(a"b*)"=1) ¢))

for some m and n with (m, n)=1.

We prove the theorem by the induction on p-+gq.

If M is not a homology sphere, then M is not a counterexample to Poincaré
conjecture. So we first examine the homology sphere condition for M. Since
H.(M) is the abelianization of =,(M), the homology sphere condition is

p pmitrn
q sn T
or,
(ps—gr)n—pgm==+1. 2)

From this it follows that (p, ¢)=1 and (m, n)=1.
First assume p=0. Then by the homology sphere condition we have
g=1. Then by repeating the band operation as shown in Figure 15,

Figure 15.

the graph is changed to the one in Figure 16. Hence
. (M)=<a, b: a*=1, b=1),

for some u. But by the homology sphere condition u==+1. In this case M
is obviously a sphere.
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au
o

Figure 16.

Next assume p=1. Then we consider the graph of the loop ¢. Since
f=ab? the graph is as shown in Figure 17-1 (case 1.1) or Figure 13-2 (case
1.2). Then we change the system {a, b} of meridian loops to {a, b’} as shown
in Figure 17-2, Then #=ab'?"!. By the induction hypothesis M is not a
counterexample to Poincaré conjecture. Similarly for the case 1.2.

O—0O)

Figure 17-1. Figure 17-2.

Since the cases ¢=0 and ¢g=1 can be treated similarly, we next assume
»=2 and ¢=2.
Let

G={a, b: a?=1, b*=1, (a"b*)"=1).

Then by comparing it with the presentation (1), there is an epimorphism
7.(M)—G. Hence if G is non-trivial so is =,(M).
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Now G is generated by A=a" and B=b* since (p, r)=1 and (¢, s)=1, and
we have
G=<{A, B: A*=1, B=1, (AB)"=1).

But this group is well-known to be non-trivial if p=2, ¢=2 and n=2 or n=0.
(See e.g. [9]).
Now the only remaining case is n=1. In this case by the homology
sphere condition we have
ps—gr—pgm==+1
or,
s r_ 1
¢ b g
From this it follows that —1<m<1 and hence that m=0.
Then (1) becomes
. (M)=<a, b: a?b?=1, a"b*=1).

Since p+g>r+s and the second relation is obtained from some loop d’ such
that {c, d’} constitutes the system of meridian loops, by the induction hypo-
thesis M is not a counterexample to Poincaré conjecture. In the case 2, the
proof is the same as in the case 1.2. This completes the proof of the theorem.

REMARK. In the theorem 1, if ps—qr==+1, then M is obtained by a
surgery along the torus knot of type (2, ¢).

If r=s=m=1, then M is homeomorphic to the Brieskorn manifold of type
(9, g, n).

THEOREM 4. If &(a, b) is of the form aPb%ab*, then the manifold M cannot
be a counterexample to Poincaré conjecture.

PROOF. By the free symmetricity of the word a?b%a'b*, we must have
p=I or g==E.

So without loss of generality we can assume g=£k>0. There are two
cases where p/>0 and where p/<0. Without loss of generality we only treat
the case where p>[>0 (case 1) and the case where p>0>[ (case 2).

It is easily proved that, in the case 1, if the graph of ¢ is of Type ],
then the graph is as in Figure 18-1 (case 1.1) and if the graph is of Type I,
then the graph is as in Figure 18-2 (case 1.2).

Similarly in the case 2, the graph of ¢ is one of the forms as shown in
Figure 19-1 (case 2.1) and Figure 19-2 (case 2.2).

In the case 1.2, we have ¢g=k=1 and we change the system of meridian
loops from {a, b} to {a’, b} where a’ is the loop shown in Figure 20. Then,
the graph becomes the case 1.1 type or the case 1.2 type with p+! decreased,
or the case of theorem 3.

Next we treat the case 1.1. In this case the reverse development of ¢
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Figure 18-1. Figure 18-2.

Figure 19-1. Figure 19-2.

Figure 20.
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must be as shown in Figure 21, for some ¢t (0<¢<g).

Figure 21.

Then by Homma’s theorem we have
mi(M)=La, b: a?b%a'b?=1, (a?-bH)™b™=1).
The homology sphere condition is
(p+Dt—2(p—Dg)m+(pg+Ig)n=-+1.

From this it follows that (p, [)=1 and (g, f)=1.
Similarly to the proof of theorem 1, let

G=(a, b: a?P*'=1, p=1, (a?-b)"=1).

There is an epimorphism z,(M)—G.

Now p+I=2. So if ¢g=2 and m+#=+1, then G is non-trivial and so is
7(M). Let g=1. Then by some band operation the relation aPbalb=1
reduces to a’?"'ba’'"'b=1. Repeating this process we have that M is not a
counterexample to Poincaré conjecture. Next let m=-=+1. We can assume
m=1. Then,

m(M)=La, b: a?bla'b?=1, a?"lpt*"i=1),

The second relation is obtained from some loop d’ such that {c, d’} constitutes
the system of meridian loops. So by the theorem 3 we have that M is not
a counterexample to Poincaré conjecture. This proves the theorem 4 for the
case 1.

In the case 2.2, we have ¢g=1 or p=—[=1. But if p=—I=1, then the
homology sphere condition is never satisfied. If g=1, then, as in 1.2, by a
suitable choice of meridian loop a’, the relation a?ba'b=1 reduces to
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a’?'ba’*-b=1. Repeating this process we have finally the relation ba’'-?b=1
or (a’"Y)P-p2=1. So by the previous theorem M is not a counterexample to
Poincaré conjecture.

In the case 2.1, we can assume p+I>0. (Otherwise, change the orienta-
tions of a and b.) Then the reverse development of ¢ is as shown in Figure
22, for some ¢t (0=t =¢).

Figure 22.

Then by Homma’s theorem, we have
i (M)=<a, b: a?b?a'b?=1, (a? bH)™p1"=1) .
The homology sphere condition is

{(p+Dt—2¢(p—D}y m+(p+Dgn==1.

Now let

G={a, b: a?*=1, b?=1, (a?~ b )™=1),
and
G'=<a, b: a?"'=1, b'™*1"=], (a?b9)*=1).

G is non-trivial if p+I[=2, ¢=2 and m=2. In this case =,(M) is non-
trivial since there is an epimorphism #,(M)—G. Similarly G’ is non-trivial
if p—I1=2 and |tm-+qgn|=2, and also in this case x,(M) is non-trivial. But
always we have

p—l=p+|ll=2.

So the remaining cases are
(i) p+i=1 and |tm+gn|=1
(i) g¢=1 and |tm+gn|=1
(ii) m=1 and |tm+tqn|=1.
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In either case |tm-+qn|=1 and so, by the homology sphere condition,
(p+D(tm~+qn)—2q(p—Dm=+(p+1)—2q(p—)m==+1.

So in the case (i) we have
2q(p—Dm=0 or 2.

But 2¢(p—[0)m=+2 is impossible since p—I=2. So 2¢(p—I)m=0 and we have
m=0 since ¢=0 and p—I=0. Then the second relation of (3) becomes b=1,

and hence by the preceding theorem M is not a counterexample to Poincaré
conjecture.

In the case (ii) we must have

_ x@p+DH=x1
=T20—h @

Since m is an integer and p>0>/, (4) is possible only when m=0 and p+[/=1.
But this case was already treated.

In the case (iii) we also have p-+I=1.

This completes the proof of theorem 4.

THEOREM 5. If &(a, b) is of the length <9, then M is not a counterexample
to Poincaré conjecture.

PrOOF. If &(a, b) is of the length =5, then &(a, b) is of the form a?b? or
aPb?tb*. So by the theorems 3 and 4, M is not a counterexample to Poincaré
conjecture.

Next suppose that &(a, b) is of the length 6 or 7 and not of the form
a?b? or aPbla'b*. Then the graph of ¢ must be one of the forms as shown
in Figure 23. In each case we change the system of meridian loops from
{a, b} to {a’, b}. Then the length of &(a’, b) is less than that of #(a, b). So
M is not a counterexample to Poincaré conjecture.

Now suppose that (i) &(a, b) is of the length 8 or 9, (ii) #(a, b) is not of
the form a®b? or a?b?a'b®, and (iii) the method used in the previous case does
not apply. Then the graph of ¢ must be one of the forms as shown in
Figure 24. In each case we examine all the possibility of pasting a* to a-
and b* to b~ to obtain the simple loop ¢. This is shown in Figure 25. (¢(a, b)
is written under each graph.)

By considering the abelianization of &(a, b) we see that except for cases
3-3, 3-4, 3-6, 4-1, 4-2, a homology sphere cannot be obtained.

Next we show that by a change of meridian system, 3-4 is reduced to
4-1, and 4-2 is reduced to 3-3. This is shown in Figure 26 and 27.

Moreover by a change of meridian system, 4-1 and 3-6 are reduced to
the case of a?b?a'b*. This is shown in Figure 28 and 29.
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(iii) (iv)
Figure 23.

Hence it remains only the case 3-3.
In this case we consider the reverse development of ¢. This is shown
in Figure 30. Therefore,

m,(M)=<a, b: a’ba~'b2a =1, (ba*ba " )" (b~'a " )"=1).

The homology sphere condition is 2m—n==+1. ‘
Now, in this group we add the relations a*=1 and b*=1. Then we have

G=<a, b: a*=b*=(a"by’=(b"'a"H)™*"=1>.

So there is an epimorphism z,(M)—G.
If we put a~'b=f"?, then

G=<b, f: b=f*=(bf)=(b"f)"*"=1>.
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(i) (ii)

(iii) (iv)

Figure 24.

a*b'a b *a"'b?
1-1.

Figure 25.
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ab*aba-*b'a"b ab>'a b 'aba"b
2-2. 2-3.

abab*abad ab la"'a 'b"'ab?

24, 2-5.
Figure 25.
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athaba®h-? abtabta’b?

3.9. 3-3.
Figure 25.
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ab-‘a-‘ba’ba=b? ablaba?bab?

4-2. 4-3.
Figure 25.
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Figure 26.

Figure 27.

This group is non-trivial if |m+n|=3 by [3], [8] In this case =,(M) is also
non-trivial.

The remaining case is |m—+n|<2. We can assume m=0. So there are
two cases (i) m=0, n=1, (ii) m=1, n=1, on account of the homology sphere
condition 2m—n==1.

If m=0 and n=1, then M is a sphere, for it can be reduced to the canonical
form by some changes of meridian system.

If m=1 and n=1, then



Simple cases of Poincaré conjecture 395

ISI?IQ {6 7
+ -
a 12f (g b

a’2b%a’ p?

Figure 28.

111014\
a’+13)
12

a14b2a/b2

3-6.
Figure 29.

r(M)=<a, b: a’ba~b"%a"'b=1, ba'ba~b"'a"'=1).

From a’ba='b-%a~'b=1 it follows that a®*ba~'b~'=b"'ab and from ba‘ba-b"'a'=1

it follows that a®ba=*b"*=a"*b~*a. So we have b 'a ‘b=a"ba.

=b"'ab™?, and y=ab'. Then x’=3?% and a=y~'x, b=yx .
Hence

Let x=ab'a

T(M)={x, y: *=y*=(y"1x)".

This is non-trivial and the proof of theorem 5 is complete.
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o

Figure 30.

REMARK. The length 10 case remains open. Indeed, if we apply the
method used to prove theorem 5 to the length 10 case, we see that the
theorem holds except the following fundamental groups. We are unable to
prove that they are non-trivial.

[ a*tabtab =1
(1) (ab—1a2b—-1)9t+2(ab2)13l+3:1 ,

a®btabtab*=1

(ii)
(ab—labZab—1)2t+l(ab)9t+4:1 s
a%ba?bia~b?*=1

(iii)
(b~2aba)(ab®)®* =1, (t+0)
a*b?a~ba-1?=1

(iv)
(a3ba)8t+3(02b2)—195—7:1 ,

where t=Z.

Note added in proof. Recently we obtain the non-triviality of the above
four classes of fundamental groups by using representations to PGL(2, C).
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