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§1. Introduction.

By an analytic group and by an analytic subgroup of a Lie group, we
mean a connected Lie group and a connected Lie subgroup, respectively. An
analytic subgroup and the corresponding Lie algebra will be denoted by the
same capital script and capital Roman letter, respectively. For example, if
L is an analytic group and € an analytic subgroup of ., then L will denote
the Lie algebra of £ and G the subalgebra of L corresponding to &.

Let ¢ be an analytic group, and H a Cartan subalgebra of G. We shall
call 4 a Cartan subgroup of ¢. Any Cartan subgroup of ¢ is closed in 4.
For the closure of a subset # of a topological space, we adopt the notation
M. In this paper, we shall prove the following theorems :

THEOREM 5. Let L be an analytic group, and @ an analytic subgroup of
L. Then there exists a Cartan subgroup S of G such that G=9G. This
implies, in particulaf, if @ is non-closed, then so is 4.

THEOREM 6. Let @ be an analytic subgroup of GL(n, R). For any Cartan
subgroup 9 of G we have G=HQG.

REMARK. In and 6, we can replace G=4¢G by G=Z(4()G where
Z(%) is the center of 4. Indeed, since & is nilpotent, we have that 4 =Z{4)4.

Let L be a Lie algebra. A Cartan subalgebra of L is, by definition, the
eigenspace corresponding to 0 of any regular inner derivation of L. Also we
know that a subalgebra H of L is Cartan if and only if H is nilpotent and
coincides with its normalizer.

In [2], Gantmacher proved that for complex semisimple Lie algebras we
can define Cartan subalgebras using inner automorphisms rather than deri-
vations. We shall generalize the result of Gantmacher, and get a new
definition of Cartan subalgebras. Let £ be an analytic group. For ae.0,
we denote by Ada the (inner) automorphism of L induced by the inner
automorphism x—axa~! of the group L.

THEOREM 1. Let L be an analytic group, and let x be a regular element
of -L, i.e., the multiplicity of the eigenvalue one of Ad x is the smallest. Let
H be the eigenspace corresponding to the eigenvalue one of Ad x.
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(i) H is a Cartan subalgebra, and any Cartan subalgzbra of L can be
obtained in this manner.

(i1) If in particular L is a complex analytic group, then x< 4.

As a consequence of [Theorem 1|, we get

THEOREM 2. Let L be an analytic group, and G a dense analytic subgroup
of L.

(i) For any Cartan subalgebra H of L, the intersection HNG is a Cartan
subalgebra of G, and L=J9(G.

(ii) Let Hg be a Cartan subalgebra of G. Then there exists a Cartan sub-
algebra H of L such that

HG:H[-\G .

In this paper, we call two subalgebras of a Lie algebra (or two subgroups
of a group) being conjugated if they are conjugated to each other with respect
to inner automorphisms.

Let .£ be an analytic group. All maximal toral subgroups of .£ are con-
jugated to each other. The following results give relations between Cartan
subgroups and toral subgroups.

THEOREM 3. Let L be an analytic group.

(i) For any maximal toral subgroup I of L, there exists a Cartan subgroup
H with HDI.

(ii) Any Cartan subgroup of L contains some maximal toral subgroup Tq
of the radical R of L.

In order to prove we use a slight extension of a theorem in
Goto [5]:

THEOREM 4. Let G be an analytic group, and let f be a continuous one-one
homomorphism from &G into GL(n, R). Then we can find a closed subgroup
W=R* in the radical of G, and a closed connected normal subgroup 9, of &,
such that @ is a semi-direct product

e=q, wAN={1},

F(@V) is a toral group, f(9) is closed, and f(G) is an almost semi-direct product
of (V) and f(I0):

F@=Af@), FDINFT) is finite.

In this case, f(G) is diffeomorphic with the direct product space F(CV)X Il
cannot be extended to the general case. A counter-example
will be given in the end of the paper.
For the sake of completeness, some of the known results are reproved in
this paper.
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§2. Cartan subalgebras.

Let W be a vector space of dimension n over R (or C), and let ¢ be a
linear transformation of W. For a«=R (or C), we adopt the notation

W(io; a)={weW; (6—a)"w=0} .

Then W=W(o; a)+(c—a)"W (direct sum of vector spaces.)

We first recall the classical definition of Cartan subalgebras. Let L bea
Lie algebra of dimension n (over R or C). For any X in L, the space
L,=L(ad X; 0) forms a subalgebra of L, and denoting Li=(ad X)"L we have

L: L0+ L* 5 LoﬂL*: {O} b
[X, L*]:[Lo, L*]:L* .

For a subalgebra S of L, let n(S) denote the normalizer of S: n(S)={XeL;
[X, S1cS}. Then we have n(L,)=L, Indeed, if Y= L, normalizes L, i.e.
[Y, LcCL,, then [Y, L JCL:NL,={0} and [Y, X]=0, whence Y=L, and
Y=0.

PrOPOSITION 1. Let X, be in L and

L(): L(ad XO; O) y L*:(ad Xo)nL .
Then the map
¢: LyXLy2(X, YV)—exp(ad V) (X, +X)eL

s a diffeomorphism from a suitable neighborhood of (0,0) in LyX Ly onto a
neighborhood of X, in L.
PrROOF. For a real parameter ¢

exp (ad (¢Y))- (Xo+t X)= X+ t(X—(ad X)Y)+0(¢%),

where 0(1%) is a power series of t starting with a term of #%2 Since

X+Y—X—(ad X,)Y is a non-singular linear transformation of L, the map ¢

is a local diffeomorphism at (0, 0). Q.E.D.
For X in L we put

A(X)=dim L(ad X; 0),

and call the minimum value of A(X) the rank of L: rank L=I. An element
X of L is said to be regular if A(X)=I[. For a regular X, the subalgebra
L(ad X; 0) is called Cartan. A Cartan subalgebra is nilpotent. Conversely,
if a subalgebra H of L is nilpotent and n(H)=H, then H is known to be a
Cartan subalgebra.

For X in L let ¢(¢, X) denote the characteristic polynomial of ad X:
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c(t, X)=the determinant of ({—ad X)
=t (XD e (X8,

where ¢;(X) are polynomial functions of X and ¢;#0. Then X is regular if
and only if ¢, (X)#0. Let L., denote the set of all regular elements of L.
Since ¢;=0 defines an algebraic set in L, the set L. is open and dense in
L, and if in particular L is a Lie algebra over C then we have that L, is
connected, because the topological codimension of L— L, is at least two.

ProrosSITION 2 (C. Chevalley). All Cartan subalgebras of a complex Lie
algebra L are conjugated to each other.

PrROOF. Let X, be a regular element in L. By [Proposition I}, any element
in a suitable neighborhood of X, can be written in a form

X=exp(ad V)X, X,el(ad X,; 0),

where we can suppose that X is regular, and so is X,.

Since L(ad X,; 0) is a nilpotent Lie algebra, we have that L(ad X,; 0)
DL(ad X,; 0). Because X, is regular, this implies that L(ad X,; 0)=L(ad X,; 0).
Hence

L(ad X; 0)=exp(ad Y)L(ad X;; 0)=exp(ad Y)L(ad X;; 0).

Thus there exists a neighborhood U of X, in L.g such that L(ad X; 0) is
conjugated with L{ad X,; 0) for all XeU. Since L. is open and connected,
we have the proposition. Q.E.D.

§3. A definition of Cartan subalgebras.

In order to establish [Theorem 1, we follow a method due to Gantmacher
and Matsushima [8].

Let £ be an analytic group of dimension n. In a similar way as in §2,
we define

pw(x)=dim L(Ad x; 1) for xeL;

call x (or Ad x) regular if p(x) attains the minimum at x; denote by Lieg
the set of all regular elements in £ ; then _£—_L.g iS an analytic subset,
and L..g is open and dense in £ ; if in particular .£ is a complex analytic
group then L..g is connected.

PROPOSITION 3. Let x be in L. We put

L'=L(Ad x; 1), L*=(Ad x—1)"L,
and get L=L'4-L* L'NL*={0},
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CLY LYJjcL*, [LY L¥]cL*, (Adx—1)L*=L*,
Furthermore, the map
¢: L'XL*>(X, V)—exp Y-exp X-x-exp(—Y)

s a diffeomorphism from a suitable neighborhood of (0,0) in L*XL* onto a
neighborhood of x in L.
PROOF. About the first part see e.g. Goto-Grosshans [6] Next we write

exptY-exptX-x-exp(—tY)=exp f(t)-x for teR,
and get
f()=(Y+X—Ad x-Y)t+0(t%.

On the other hand, the map X+Y— X+(1—Ad x)Y is a non-singular linear
transformation. Q.E.D.

Next, we choose a neighborhood U of 0 in L so small that for every
eigenvalue 7 of ad X (X U), the absolute value of 7 is less than 2z. Then
we have

Lad X; O)=L(Ad(exp X); 1)

and A(X)=p(exp X). Hence the minimum of u(x), x€ L, coincides with rank L.

PROPOSITION 4. Let £ be an analytic group and let L..g denote the set of
all regular elements in L. For x& L eq, let L(x) denote the analytic subgroup
of L corresponding to the Lie algebra L(Ad=x; 1). Then for any x € Lieg,
there is a neighborhood <V(x) of x such that V(x)C Lreg and for any yeV(x),
L(y) is conjugated with L£(x). Furthermore the set {xE Lyieg; L(x)2x} is open
and closed 1n Lreg.

PROOF. Let x be in L, We put

L'=L(Ad x; 1), L*=(Ad x—1)"L.

By [Proposition 3, there exists a neighborhood < of x, W C L, such that
any y in <V is of the form

y=ax'a? (x'eL(x)x, acsexp L¥),

where we can suppose that (Ad x’—1)": L*— L is one-one. Since (Ad x")L'=1L",
we have that L(Ad x’; 1)=L'. Hence

L(Ady; D=(Ada)L(Ad x"; 1)=(Ad a)L?,
and
L(WM=aL(x)a™*.
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On the other hand, £(x)=>x if and only if £(x)=>x’. Hence y=ax’a!

e L(y)=aL(x)a™? if and only if xe_£(x). Q.E.D.
THEOREM 1. Let .L be an analytic group, and let x be a regular element
of .L. Then

(i) L(Adx; 1) isa Cartan subalgebra, and conversely any Cartan subalgebra
can be obtained in this way.

(ii) If in particular £ is a complex analytic group, then x<exp L(Ad x; 1).

PrROOF. First suppose that L is complex. For a regular element X in L,
sufficiently close to 0, we have that L(Ad(exp X); )=L(ad X; 0)is a Cartan
subalgebra and _L(exp X)=exp X. Because . is connected, we have
L(x)=x for all x€_L g, and all £(x) are conjugated, by Since
a Cartan subalgebra is nilpotent, and the exponential map of a nilpotent Lie
group is surjective, we have

L(x)=exp L(Ad x; 1).

Next, we shall consider the general case. Let L¢ denote the complexi-
fication of L. Then Ad x is regular and L°(Ad x; 1) is a Cartan subalgebra
of L¢. Hence L(Ad x; 1)=L¢Ad x; 1)nL is a Cartan subalgebra of L. Also
for any Cartan subalgebra H of L, we can find a regular element X< H,
arbitrary close to 0. Then H=L(Ad (exp X); 1). Q.E.D.

COROLLARY. Let L be a complex analytic group. For any x in L, there
exist X and Y in L with x=exp X-exp Y.

REMARK. The algebraic group version of the results in this section has
been done in C. Chevalley, Theorie des Groupes de Lie III, Paris, Hermann,
1955,

§4. Cartan subgroups of a dense analytic group.

Let _£ be an analytic group, and let € be a dense analytic subgroup of
L. Then [G, G]=[L, L], see e.g. Goto [4], and in particular

(ad X)LCG  for XelL,

whence we have (Ad x—1)LCG for all xe£. We define p(x)=dim L(Ad x; 1)
and g¢'(x)=dim G(Ad x; 1) for x_£, and we get

px)=p(x)—m (m=dim L—dim G).

Let x be a regular element of .£. By [Proposition 4] there exists a neigh-
borhood <V of x such that for any ye<y,

LAdy; D)=(Ada)L(Ad x; 1) for some aes.l.
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Since ¢ is dense in £, we can pick yewng. Obviously, y is a regular
element of ¢. Hence L(Ad y; 1) is a Cartan subalgebra of L, G(Ady; 1) is
a Cartan subalgebra of G, and we have

LAdy; DNG=G(Ad y; 1).
Hence
GAd x; D=(Ada HL(Ad y; DNG

=(Ad a™)(L(Ad y; DNG)
=(AdaHG(Ad y; 1

is a Cartan subalgebra of G.

Conversely suppose that y is a regular element of ¢. Since rank G
=rank L—m, we have p(y)=rank L and y is regular in £. Hence L(Ad y; 1)
is a Cartan subalgebra of L.

Next, for any Cartan subalgebra H of L we have L=H+[L, L1=H+[G, G]
=H+G, whence £=43G.

Thus we have the following theorem.

THEOREM 2. Let £ be an analytic group, and G a dense analytic subgroup
of L.

(i) For any Cartan subalgebra H of L, the intersection HN\G is a Cartan
subalgebra of G, and L=%G.

(ii) Let Hgz be a Cartan subalgebra of G. Then there exists a Cartan
subalgebra H of L such that He=HNG.

§5. Maximal toral subgroups.

Let £ be an analytic group. All maximal compact subgroups of .. are
connected and conjugated to each other. Let X be a compact analytic group.
All maximal toral subgroups of & are conjugated to each other. Hence all
maximal toral subgroups of .£ are conjugated to each other.

THEOREM 3 (i). Let L be an analytic group, and 4 a maximal toral sub-
group of L. Then there exists a Cartan subalgebra H of L with HOT.

PrOOF. We set

Li={XeL; [X Y]=0 for all YeT}.

We pick Y,=T such that exp RY, is a dense one-parameter subgroup of I
Then L,=L(adY,; 0). Let H be a Cartan subalgebra of L, Since T is
central in L, we have that HDOT. We shall prove that H is a Cartan sub-
algebra of L. Since H is nilpotent, it suffices to show that H coincides with
the normalizer n(H).
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We put Ly=(ad Y,)4™ZL, and
L=L+ Ly, LonLy={0}, [Y,, Lixl=[Lo, Ls]=Lx.

Let X=Y+Z (YeL,, Z Ly) be in n(H). Then [X, HIC[Y, H]+[Z, HICH
CL, where [Y,H]CL, and [Z, HJCL,. Hence we have [Z, H]=0 and
LY, H]JcH. Therefore YeH and Z= Lo\ Lyx={0}. Q.E.D.

§6. Cartan subalgebras of an algebraic Lie algebra.

Let L be a subalgebra of the Lie algebra gl(n, R). If there is an algebraic
group in GL(n, R), whose Lie algebra is L, we call L algebraic. Let L be
an algebraic Lie algebra, R the radical of L, and let N be the nil-radical of
L, i.e. N is the set of all nilpotent matrices in R. Then we can find a
maximal semisimple subalgebra S and an abelian algebraic subalgebra A
composed of semisimple matrices such that

L=S+A+N, (direct sum of vector spaces)
R=A+N, (S, A]={0}.

S+ A is called a reductive part of L. Let C be a reductive (=completely
reducible) subalgebra of L. Then there exists an inner automorphism o of
L such that ¢CCS+A. If in particular L is a nilpotent Lie algebra, then A
is uniquely determined and L=A+N is a direct sum of ideals. On these
results see e.g. Borel [1].

Although the following proposition is known by Iwahori-Satake [7], we
shall give a proof here, for the sake of completeness.

PROPOSITION 5. Let L be an algebraic Lie algebra, and R the radical of
L. Then any Cartan subalgebra of L contains a reductive part of R.

PrROOF. Let X, be a regular element of L. We put

Ly=L(ad X,; 0), Le=(ad X,)4mLL
and
L:L0+L*7 LomL*Z{O} ’ [Xo, L*]:[LO’ L*]:L*.

Since R is invariant under ad X,
R=R,+ Ry, RiNRx={0}, [ Xo, R«]=Rx,

where R,=RL, and Ry=RNLx. Both L, and R are algebraic, and so is
R,.

Let N be the nil-radical of L. We put P=RX,+R. Then Pis a solvable
Lie algebra and the commutator subalgebra [P, P] is composed of nilpotent
matrices. Hence R«C[P, PJCN.
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Let R,=A-+N, be the decomposition of the nilpotent algebraic Lie algebra
R, into the reductive part A and the nil-radical N,. Then N,CN and

R=A+N,+Ry=A+N.
Hence A is a reductive part of R, and ACL,. Q.E.D.

§7. Maximal toral subgroups of the radical.

THEOREM 3 (ii). Let L be an analytic group, R the radical, and I a
Cartan subgroup, of L. Then 9 contains some maximal toral subgroup of R.

ProoF. (a) First suppose that £ is an analytic subgroup of GL(n, R).

For an analytic subgroup S of GL(n, R), let A(S) denote the identity
component of the smallest algebraic group containing S. The Lie algebra
of A(S) will be denoted by A(S)Cgl(n, R).

By Goto [3], A(H) is a Cartan subalgebra of A(L),

AL)y=AH)+[L, L], H=LNAH),

and A(R) is the radical of A(L). By A(H) contains a reductive
part A of A(R). Let g be a maximal compact subgroup of ®. Then & is a
toral group, and there exists a=A(R) such that aTa'CA. Hence
H=LNAH)D(Ad )T, i.e. H£DaTa"'. Since R is a normal subgroup of
A(R), the group aTa™! is maximal toral in R.

(b) General case.

Let L be a Lie algebra, and H a Cartan subalgebra of L. Let ad L
={ad X; XeL} and Hi={adY; YeH}. It is straightforward to see that H,
is a Cartan subalgebra of ad L. :

Let I be a maximal toral subgroup of R. Let ¢ denote the adjoint
representation of .£:

Loax—p(x)=Ad xeAd(L).

Then ¢(I) being a toral subgroup of the radical of Ad(L), there exists a
maximal toral subgroup 4, of the radical of Ad (L) such that ¢(g)Cg,.

Let 4 be a Cartan subgroup of .£. Then ¢(H) is a Cartan subgroup of
Ad(L) and by (a) there exists a maximal toral subgroup, say ¢(a)T,p(a™?)
=@(ad,a™), of the radical of Ad(L) with ¢(aT,a")Ce(%), where asR.
Hence H contains the Lie algebra (Ad a)T of the group aTa Q.E.D.

§8. A remark on linear Lie groups.

In [5], the author proved the following theorem,
THEOREM 4. Let @ be an analytic group, and let f be a continuous one-one
homomorphism from &G into GL(n, R). Then we can find a closed subgroup
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Y =R, and a closed connected normal subgroup I, of 2, such that @ is a semi-
direct product
g=va, wnI={l},

F(V) is a toral group, f(71) is closed, and f(G) is an almost semi-direct product
of f(<V) and f(71):
Ff@=fV)f@),  [VINf@)  is finite.

In this case, (G) is diffeomorphic with the direct product space f(CV)XJ.

Here we shall add some remark to the theorem.

THEOREM 4. In Theorvem 4-, we can suppose that &V is in the radical of &.

Proor. Let ¢’ and R denote the commutator subgroup and the radical
of g, respectively. Then f(g’) is closed in GL(n, R) and coincides with the
commutator subgroup of f(G); f(@) is closed if and only if f(R) is closed,
see Goto [4]. Let R, be the radical of ¢’. Then R,=G’'"\R. Since f(R,)
is closed, we can pick a maximal analytic subgroup ¥ of R, such that
MDOR, and f(M) is closed. By the proof in [5], there is a closed subgroup
c=R* of ® such that R=V M, IN\HM={1}. Let S be a maximal semi-
simple analytic subgroup of €. Then =S is a maximal analytic subgroup
of ¢ with respect to the properties 7702’ and f(71) is closed. Then ¢/JI=R*
by the proof in [5] again. On the other hand,

Q/N=VRN/N=Y /Y T

and YN\ is discrete. Hence <V N\J1={1}. Q.E.D.

§9. Proof of Theorem 5.

THEOREM 5. Let L be an analytic group, and @ an analytic subgroup of
L. Then there exists a Cartan subgroup % of G such that G=39G. This
implies, in particular, that if G is not closed, there is a Cartan subgroup of @
which s not closed in .L.

PROOF. Suppose that ¢ is not closed in .£. By Malcev, there exists a
one-dimensional analytic subgroup ¥ of ¢ such that ¢=¢, see Goto [4].
Since X is a toral group, there exists a Cartan subgroup 4, of £ with
4, DX, by [Theorem 3(i). By Mheorem 2, H=H,NG is a Cartan subalgebra
of G, and HDX. Hence £¢DO¥¢=3. Q.E.D.

COROLLARY. Let .L be an analytic group, and G a solvable analytic sub-
group of L. If G is non-closed, then all the Cartan subgroups of G are non-
closed 1n L.

PrOOF. By Iwahori-Satake [7], all the Cartan subgroups of ¢ are con-



Cartan subgroups 261

jugated to each other. Q.E.D.

§ 10. Proof of Theorem 6.

THEOREM 6. Let @ be a non-closed analytic subgroup of GL(n, R), and 4
a Cartan subgroup of G. Then 4 is not closed in GL(n, R) and ¢=J3(G.

PROOF. By there exists a vector subgroup <V in the radical
of ¢ such that ¢=<y¢g. The toral group <V is in the radical of £=¢. For
the Cartan subalgebra H of G, we can find a Cartan subalgebra H; of L
such that H=H,NG, by Then by (ii), 4, contains a
maximal toral subgroup I of the radical of £. Hence we can find a€.L
with aVa'CT, and aVa'C.%. Therefore

HGDaV a1 e=Y3G=gG. Q.E.D.

§11. An example.

Let ¢ be the universal covering group of SL(2, R). The center £ of ¢
is an infinite cyclic group. Let z be a generator of £. Let 9 denote the
toral group of dimension two, and ¢ an element of 9 generating a dense
subgroup. In the direct product group €X g, let 9 denote the discrete central
subgroup generated by (z, 1) and we put £=(¢XT)/9. Then we have a
continuous one-one homomorphism ¢: ¢— £ such that «(@)=.r.

The Lie algebra of ¢ is identified with

sl2, R)©={X<gl2, R); trace X=0},
0 —1

1 0
The Cartan subgroup ¢(4%,) is non-closed and ¢(4,) is closed in .

1 0
and H,=R ( ) and H2:R<O ) are Cartan subalgebras of si(2, R).
—1

Appendix. Added June 20, 1979.

After this paper was submitted to the Journal, the author found out that
it can be improved by introducing the notion of “standard Cartan subgroups”,
of which he will explain briefly here.

Since then the author again found another notion “gm-tori of an analytic
group”, which is more convenient than standard Cartan subgroups for our
purposes, and using this as one of the principal tools established the main
results in

Immersions of Lie groups, J. Math. Soc. Japan, forthcoming.

The proofs of the following results can be obtained easily by studying
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the methods in the above paper.

PROPOSITION 1. Let @ be an analytic group.

(1) There exists a Cartan subgroup 9 containing a given maximal torus of
q.

(ii) If, in particular, @ is faithfully representable, then the choice of %X
containing some maximal torus is unique up to inner automorphism.

DEFINITION. Let G be a Lie algebra of finite dimension over R. A
Cartan subalgebra H of G is said to be standard if the analytic subgroup of
Ad(G) corresponding to H*={ad X; X=H} contains a maximal torus of
Ad(G). The Cartan subgroup corresponding to a standard Cartan subalgebra
is called standard.

PROPOSITION 2. (i) The choice of standard Cartan subalgebras is unique
up to inner automorphisms.

(ii) Let @ be an analytic group, and 4 a standard Cartan subgroup. Then
9 contains the center and a maximal torus of Q.

(iil) If @ is faithfully representable, then a Cartan subgroup containing a
maximal torus is standard.

THEOREM 5A. In Theorem 5, if I is a standard Cartan subgroup, then
G=9G.
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