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A nonnegative locally Hélder continuous function P(z) on 0<|z|<1 will be
referred to as a density on 0<|z|<1. After Bouligand we say that the Picard
principle is valid for P if the dimension of the half module of nonnegative solu-
tions of the equation Au(z)=P(2)u(z) on 0<|z|=<1 with boundary values 0 on
[z|=1 is 1. For tests of Picard principle for rotation free densities, i.e. densities
P(2) satisfying P(z)=P(|z|) on 0<|z| <1, it was shown in that the Picard
principle is valid for a rotation free density P(2) if and only if a(P)=0, where
a(P), referred to as the singularity index of P, is the quantity in [0, 1) associated
with P. Moreover for complete characterization of a(P)=0 in terms of ep, it
was shown in that a(P)=0 if and only if
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where ¢p, referred to as the P-unit, is a unique bounded solution of

dZ

"g;’z" e(r)+ %5}* e(r)=P(r)e(r)

on 0<r<1 with e¢(1)=1. The principal part for the proof of the condition (1)
was in analysis of solutions of a Riccati type equation

— A atatr=e Py

on 0<t<co. The purpose of this paper is to prove the condition (1) only by
using a comparison principle given in the following section.

§1. Comparison principle.

Let P(z) be a rotation free density on 0<|z|=1. Consider the ordinary
differential operators : :
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for C* function e(r) on 0<r<p with 0<p=1. Then we have the following
comparison principle for the proof of which we refer to p. 417 in [3]:

LEMMA. If a bounded C*® function e(r) satisfies Lne(r)<0 on 0<r<p for
some n and e(p)=0, then e(r)=0 on 0<r=p.

§2. Fundamental inequalities.

There exists a unique bounded solution e,(r, p) (n=0, 1, 2) of L,e(r)=0 on
0<r<p with e(p)=1 and hence 0<e,(r, p)=1 on 0<r=p. As for the unique
existence of e,(7, p), we refer to [2]. By the unique existence of e.(r, p), we
infer that

_ en(r, o) _

(2) en<r; P)— en(‘o’ 0_) (n—oy 1: 2)
on 0<r=p for any ¢ with p<¢=1. In particular we set e¢,(r)=e,(r, 1). We
will show that the limit

T en+1(7) _
3 an(P)~1}g}——en(T) (n=0, 1)
exists and satisfies the inequality 0=e«,(P)<1, and that the following relation
is valid :

@) a(P)za(P)zal(P)’.

Although the existence of (3) is shown in §1.2 of [2] and the relation (4) can
be derived off hand from Theorem 1 in [2], we give here direct and simpler
proofs of these facts based on the comparison principle. By the fact that

Lo y=—"2P")=0 (n=0,1,2)
o P
and
2n+1
Lyiie,(r, p)=— "rj en(r, p)=0 (n=0, 1),

we may apply Lemmalto 7"/ p™—e,(r, p) and e,(r, p)—e,+:(7, p). Then we have
that

n

®) eulr, p)= ; (=0, 1, 2)
and

(6) ensi(r, p)Sen(r, p)  (n=0, 1)
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on 0<r=p. From (2), (5) and (6) it follows that the functions e,(r, p)/r™ and
en+:(7, p)/ex(r, p) are decreasing as r—0. Then we have that

) %—Zi—g-’} (n=0, 1, 2)
and
® ene1(r, p) - ea(r, p) (1=0, 1)

enti(r, p) ~ ex(r, p)

on 0<r=p. By the monotonousness of e,.:(r, p)/e.(r, p) the limit

i Enra(r) _
an(P)_lTl_l};l en(7’> (7’1—0, 1)
exists and 0=a,(P)<1. In particular ep(r)=e,(r) is referred to as the P-unit
and a(P)=a,(P) is referred to as the singularity index of P at z=0.
To show a relation between a(P) and «,(P) we observe that

id _2eu(r,p)(en(r,p) _
© Lunleatr, )= (20— 0) =0, D),

(10) Ll( eo(r)esy(r) )_ 2eo(r)es(r) (1 ( ex(r) &) )( ) er) ))

ex(r) /T er) P \e(r)  en)/Ne(r)  efr)
and
e \_ 12e(r)* rei(r)  ex(r) \e
1L Ll o)™ "o Costry ~ o)) °

In view of (7) and (9) we may apply Lemmal to e,..(r, p)—(7/p)e.(r, p). Then
we have that

eni(r, P)%—;—en(ﬂ p)  (n=0, 1)

on 0<r=p. From this and (2) it follows that re,(r, p)/e,+:(r, p) is decreasing
as r—0 and hence

enra(r)  ep(r) _ 1 _
(12) ) ey =7 70D

on 0<r=l. By virtue of and we may also apply to
ei(r)—eo(r)ex(r)/e(r) and e,(r)—e,(r)*/e,(r)®. Thus we have that

e(r) S elr) o ( ex(r) )

eo(r) ~ ei(r) — Neo(r)

on 0<7r=<1 and hence

(13) a(P)zay(P)za(P)’.
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§3. P-unit criterion.

In the preceding section we have that the singularity index a(P) is 0 if
and only if a,;(P)=0. In this section we estimate the function e,(r)/e,(r) which
determines the value a,(P). Since every e,(r) is a solution of L,e(r)=0, we
have that

( ex(r)  ei(r) ':i_l(_%(f) 61(72>

er)  er) e

r\ey(r) e r)

o(r) 1)\ exr) (r)
—( Zz(;) - 21(:) X ZZ(:) T 21(:) )

<3 1 < exr)  eir) )_ 2ei(r) ( ex(r) e{(r)>

=t r\ern) e/ e \ed @)

on 0<r=1. Hence we have that

ex(r)  ei(r) er) ( ex(r)  ei(r)
o~ ot =2 o )

(e o)

on 0<r=<1l. Then the integral representation Si(eé(r)/ez(r)—e{(r)/el(r))dr of

log (e,(r)/ex(r)) can be estimated in the following way :

Mo e

égiﬂ 3—1’(35-@)’_ el(r) )—7’2< exr)  el(r) )')d?’
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_ 3S1 er) —_Sl exr) (er) el(r)> dr
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Thus we have that

o) _ Sl_,egﬁr)
08 1) = rrei(r) 7
on 0<7=1 and hence, as a lower estimation of e,(r)/e,(r), we obtain
exr) - _oft el
(14) ey(7) :exp< 3Sr r?ei(r) dr 1)

on 0<r=1.
In order to obtain an upper estimation of e,(r)/e,(r) we consider the function

E(r):exp(——g1 ex(r) dr)

r r2e|(r)

on 0<r<1. Then e, (r)E(r) satisfies

Lot Er)=—(- 270 Y PrenE).

re((r)

In view of this we may apply to e,(r)E(r)—ey(r) and hence we obtain

15) ex(r) <exp(—Sl ex(7) d)

er) = r riei(r) r

on 0<r=<1. Now we summarize [13), (14) and [I5) in the following
THEOREM. The Picard principle is valid for P if and only if

co ,

Sl _en)

]":
o r2el(r)

This theorem is rewritten in terms of ep(r) as follows:
COROLLARY ([1]). The Picard principle is valid for P if and only if

Sl 1 dr=co,

0 T(T}% log ep(r) +1>

In fact from (7), (8) and it follows that

eir) _ ex(r) 1
ex(r) = ep(r) 7

1/ ex(r)
7( ep(r)

+%)§

on 0<r=<l.
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