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§1. Introduction.

In this paper, we consider the following wave equation in 3-dimensional
space R?®:
up—Au+V(ix, Hu=0, t>0, x= R,

If the potential V(x, t)=V(x) is time-independent and of compact support, then
it is well-known that the local energy of solutions to the equation above decays
exponentially as ¢—oo for initial data with compact support. ([5], etc.)
The aim of the present paper is to prove a similar result in case of time-
dependent potentials whose supports in x remain in a bounded region uniformly
in ¢.

The problem to be investigated here is closely related to an exterior
boundary-value problem with a moving obstacle. Roughly speaking, for zero
Dirichlet boundary-value problems, the exponential decay of local energy has
been verified by use of the energy method under the assumptions that the
moving obstacle is star-shaped for each fixed ¢ and that the lateral boundary
is time-like. ([2], [3] etc.) Our method employed here is also based on the
energy method and especially the principle of limiting absorption plays an
important role. This idea is due to Strauss where this principle was
applied to exterior problems with stationary (not necessarily star-shaped)
obstacles.

For another works on the decay of local energy for wave equations with
time-dependent coefficients, see also and etc. In [8], the author con-
sidered the wave equation with potential V(x, t) whose support in x expands
with time ¢ at a speed less than the sound speed. However, the assumptions
imposed on V{(x, t) there were more restrictive and complicated than those in
the present paper.

1.1. ASSUMPTIONS AND RESULTS. We shall formulate the results obtained
here more precisely with several assumptions. We consider the equation

(1.1 Uu—Au+V(ix, Hu=0, >0, x=R?
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(1.2) u(x, 0)=f(x), ulx, 0)=gx),

where it is assumed that the initial data f(x) and g(x) have compact support
and are of finite energy (fe HY(R?®), g= L R®), H'(R®) being the Sobolev space
of order one). We make the following assumptions on V{(x, t):

(A.1) V(x, t) is a non-negative and bounded function of class C' with bounded
derivatives;

(A.2) There exists a constant M such that the support of V(x, ) in x is
contained in {x: |x|ZM};

(A.3) Vix, ) (=0:;V(x, )=0(@"%) as t—co for some «, 0<a=1, uniformly in x.

Throughout the whole discussion, we use the constants M and « with the
meanings ascribed above.

We further define the local energy of solutions to equation in Bg=
{x:|x| <K}, 0<K=oco, at time T as follows:

A3 B K D= (| D Tu Ve, Tl dx

In particular, when K=oo, E(u, oo, T) denotes the total energy.

With the above assumptions and notations, the main result can be stated in
the following form:

THEOREM 1.1. Assume that V(x, t) satisfies (A.1)~(A.3). Let u=u(x,t) be
the solution to equation (1.1) with initial data (1.2) satisfying the assumptions
above. Then, for any K, K<co, there exist constants Cx and 8, >0, such that

E<u7 K’ T)écK eXp(—ﬁT)E<u, o0, 0)

for any T, where the constants Cx and 6 depend on the bound of supports of
initial data. ‘

The above result can be slightly generalized to a potential V(x, t) of the
following form.

(A.4) V(x,t) takes the form V(x, t)=U(x—p(t), t) with U(x, t) satisfying (A.1)
~(A.3), where p@)=(pi(t), p=(t), ps(t)) satisfies 0,p;t)=0(t"*) and
(0.)2p;(1)=0(t"*"#), 1<j<3, as t—oo for some B, f>0.

For a potential of the above form, we obtain the following result.

THEOREM 1.2. Assume that V(x,t) satisfies (A.4). Let u=u(x,t) be the
solution to equation (1.1) with initial data (1.2) satisfying the same assumptions
as tn Theorem 1.1. Let Bx(T) be the ball with radius K, K<oco, and center at
p(T). Let E(u, Bk(T), T) denote the local energy of the solution u in Bg(T)
at time T. Then,
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E(u, Bx(T), T)=Cx exp(—0T)E(u, o, 0).

is verified basically in the same way as in the proof of Theo-
rem 1.1, so we omit the detailed proof. We make a change of the variables
y=x—p(s) in proving the principle of limiting absorption (Proposition 2.1) and
the other part of proof is done by a way similar to that in [9]

1.2. NortATIONS. We list up basic notations used in this paper. For a
domain G, we denote by H™(G) (H(G)=L*G)) the usual Sobolev space of
order m over G, m being not necessarily an integer. When G is the ball with
radius K and center at the origin, we denote it by By and the norm in H™(Bg)
by | llm x. In particular, when K=o0, we drop the subscript K to denote the
norm ” ”m,K; H “m:“ “m,oo-

We use frequently the subscripts j, 1=j=3, and ¢ to denote xj;-derivatives
and t-derivatives of functions, respectively ; u;=(09/0x,)u, u,=(/0t)u. We further
use the symbol C to denote various (unessential) positive constants. When we
specify the dependence of such a constant on a parameter, say %k, we denote
it by C, or C(k).

1.3. FUNDAMENTAL IDENTITY. We conclude this section by stating the
fundamental identity due to Morawetz (Appendix 3, [4].

LEMMA 1.1. Let u=u(x,t) and V=V(x, t) be real-valued C*-function and
C'-function, respectively. Then,

(14) (U —Au+Vu){*+tHu,+2t(x - Vu)+2tu}
=Xt, W+V-Y()+Zw), r=|xl,

where

X(@, u)= % P+ Vu | *+ud+Vud)+2tu (u+(x - Vu))
+r-2<r2+tz)(%u2+<x -Vu>u) ,
) 1 .
Vit=x Jt( Tu |+ Vir—ud) = 5 -+ )}
—u i {(r*+1Hu,+2t(x -Vu)+2tu}, Y=(Y")_1,s,
1
Z(u):—~{2ZV+z‘(x V)4 —2—(r2+z‘2)Vt}u2 ,

x=(x1, X5, xs) being a position vector. Furthermore, X, u)=0 and satisfies the
estimate

(1.5) X, u)z%tQ{IVuIz+u%+Vu2+V-(r'2xu2>}
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§2. The principle of limiting absorption.

Throughout this section, we always assume that the potential V(x, t) satisfies

(A.1)~(A.3). We write V(x; s)=V(x, s) for fixed s, s>1, and consider the
following equation:

2.1) —AW+V(x; s W—Q+i) W=C, e R, 0<k<1.
Here we assume that G=G(x) is an L2%function and that

(2.2) supp GC Bg

for some R, R>M. Obviously, equation has a unique LZ2-solution for £>0.
PROPOSITION 2.1. Let W=W(x;{, s), {=A+ik, be the L*-solution to equation

(2.1) with G(x) satisfying (2.2). Then, for any K, K<oo, there exists a constant
Cx independent of 2, k and s such that

(2.3) Wlo, g SCx(14- 12D Gl

Estimate [(2.3) is well-known as a key estimate in the proof of the principle
of limiting absorption, but for the sake of completeness, we shall prove this

result. The proof is divided into two steps. The first step is to verify [2.3) for
the high frequencies (|4| >4, A being large enough) and the second one is to
verify it for the low frequencies (|2]=A).

LEMMA 2.1. There exists a constant A independent of s such that for 2,
2] >4

IWlo, k=Ck 1217 IGllo
with Cx independent of 2, & and s.

PROOF. We use the summation convention in the proof of this lemma and note
that integrations with no domains attached are taken over the whole space. Let
h(x)=14]x|%)-*»/2 §>0, and let X(x)=XP(x), X®(x), X®(x)) be a real-valued
smooth vector field such that the matrix with components {X{®+2}; r=1,s
is positive definite and that X?(x)=(1—|x|"%x,/|x| for |x| large enough.
To prove this lemma, we use two identities which are obtained by multiplying

by h(x)W and by X‘”Wﬂ-—é—%}")w. First, we multiply both sides of

by h(x)W, integrate the resulting identity over the whole space and take the

real part. Then, we have, integrating by parts and using the boundedness of
V, that

@) a{acorw = a1 w12 G, 1610
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for |2] large enough, where the constants C;, j=1, 2, are independent of 2, &
and s. Secondly, we multiply both sides of by XDPW,+ %X}DW, integrate

over the whole space and take the real part. Integrating by parts yields
{R (> 7 1 &) . 2 1 o) 2
XPW T y— 5 APV (x; )W =AW | }dx
) 1. .
:Re(G, ADPW 1+ ij(-”W)—ZZfs Im(W, 19W)),

where (, ) denotes the scalar product in L*R®). By the definition of X(x), a
short calculation shows that Re X,ﬁ”WkI/_ngCh(x)IVWIZ. Furthermore, by the

boundedness of X(x) and of its derivatives and by the fact that X{{,=0(| x| ~©®*®),
we have

(2.5) Sh(X)lVledxéclg(l GI*+h(x) W |Hdx+Co| A &|W o[ VW ..

On the other hand, as is easily shown, 2|2[«[[W|:=Z|(G, W)| and |VW|2i<
221§+ (G, W)|. Therefore, |2{&|W [ |VW [, =C{IZ] (G, W)|+[GIF for |A]
large enough. Hence, it follows from that

26) Jrcorew rax a0l a iw rdx+cmlcis

for any » small enough. Thus, combining with [2.4), we see that there
exists a constant 4 independent of s for which the desired estimate holds.

LEMMA 2.2. Let A be as in Lemma 2.1. Then, there exists a constant Cg
independent of A, k and s such that for (2| =4

IWlo, « =CxlIGllo .

ProoF. The proof is done by contradiction. A similar proof can be found
in Wilcox [11]. Assume that there exist three sequences {s,}, {{.}, {n=2An+ikn,
and {G,}, supp G,C Bpg, such that G, converges to 0 in the L%norm as n—oo
and that |[W,(,, salle, k=1, where W,({,, s,) is the solution to equation
with G=G,. We may assume that s,—co and {,—21, for some A, |4, =<4, as
n—oco and that K> R for R in (2.2). (The case in which the sequence {s,} is
convergent to some finite value is dealt with similarly.)

We write

(2-7) _AWn+ V(x 5 sn)Wn'_’(xn‘{"iﬁ:n)ZWn:Gn .

Let M<R<R,<R;<K and let p(x), p=0, be a smooth function such that p(x)
=11in [x|=<R; and p(x)=0 in |x|>K. We multiply both sides of by
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p(x)Wn and integrate the resulting identity over the whole space. Then, inte-
grating by parts yields

2.8) Jomvwairax=c

for C independent of n. Furthermore, the elliptic estimate applied to the domain
D={x: R<|x|=R, shows that {W,} forms a bounded set in H*D). Hence,
the trace W,|s of W, to X={x:|x|=R,} is well-defined, and {W,|s} and
{(@/0v)W .}, (0/0v)W, being the exterior normal derivative on 2, are also bounded
sets in H*?* %) and in HY*%2), respectively. Let [,=13(x, y)=@r)|x—y|™*
-exp(i¢,| x—y|) be the Green function for the operator —A—_{%. We apply the
Green formula to W, and [, in the region {x:|x|=R,}. Then, we have

29) Waln)=|_(La(x, 3)0/W )= Wa)0/d) o(x, 9} dS,

for |x| >R, This relation combined with [2.8) shows that for any bounded
domain £, {W,} forms a bounded set in H*(Z) and hence {W,} becomes a
precompact set in L% Bg). Moreover, we note that {V(x; s,)} also forms a
precompact set in L2(R?®), which follows from (A.1) and (A.2) at once. Thus,
we see that there exist subsequences of {s,} and {{,} (denoted by the same
symbols) such that W,=W,(,, s.) converges to some W,, |Wl, x=1, strongly
in L*Q) for any bounded domain £ and that V(x; s,) also converges to some
non-negative bounded function V,(x) with compact support in the L?*norm. We
also see from expression that W, satisfies the out-going radiation condition
at infinity. Hence, W, is an out-going solution of the equation

—AW o+ V()W — 23W,=0.

On the other hand, the Rellich uniqueness theorem shows that such a solution
must be zero, which contradicts W,+#0. Here we should note that the unique-
ness theorem for 4,=0 follows from the non-negativity of V,(x). Thus, the
proof is completed.

[Proposition 2.1] is readily verified by combining Lemmas 2.1 and

§3. A priori estimate.

Throughout this section, we again assume that the potential V(x, t) satisfies
(A.1)~(A.3) and derive an a priori estimate (Theorem 3.I) which plays an
important role in proving [Theorem 1.I. The derivation of such an estimate is
based on the principle of limiting absorption.

We fix s, s=1, and write V(x, t; s)=V{(x, t+s), =0, and V(x;s)=V(x, s)
(=V(x, 0;5s)). We consider the equation
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3.1 Up—Au+Vix, t; s)u=0,

(3.2) u(x, 0; s)=f(x;s), udlx,0;s)=g(x;s).

Here we assume that the initial data are of finite energy and have compact
support which is contained in Bg, R> M. Furthermore, without loss of general-
ity, we may assume that the initial data are real-valued and hence the solution
u 1s also real-valued.

As an auxiliary equation, we also consider the equation

(3.3) Ve—Av+V(x ; sHv=0

with the same initial data as in [3.2). is a wave equation with time-
independent potential and, as is well-known, the local energy decays exponentially.

We use the notation E(u, K, T ; s) to denote the local energy of solutions
to [(3.1) in Bg at time T ;

1
(34) E(u, K, T; 8)2733 {lu (D4 Vu(T)|*+V(x, T ; )lu(T)|*dx .
K
LEMMA 3.1. Let v=uv(x, t; s) be the solution to equation (3.3) with initial
data (3.2) satisfying the assumptions stated above. Then, there exists a constant
C independent of s and T such that

[ 1018 wdt=CE®, o0, 0 9).

Proor. Let ¢(), ¢=0, be a smooth function such that ¢()=0 for —co<t<1
and ¢()=1 for t=2. We set =¢v for the solution v. Then, ¥ satisfies the

equation
ﬁtt“‘A'D‘]“ V(x 5 S)ﬁ: h

with zero initial data, where h=h(x, t; s)=2¢,v;,+¢,v. By assumption, the
initial data are supported in Bi. Hence, by a domain of dependence argument,
it follows that the support of A in x is contained in Bg,..

We now define the functions W=W(x; A+ix, s) and H=H(x; A+ik, s),
0<k<1, as follows:

W:Sw IAHOL(x 15 5)dE,

—co

H:S“’ QAL (x 1 5t

Then, the support of H is also contained in Bg,, and W satisfies the equation

(3.5) —AW+V(x ; s)W—QA+ik)*W=H.
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Since the total energy is conserved for equation the Poincaré inequality
shows that |H|2<CE(v, oo, 0; s) with C independent of A, # and s.

We now apply [Proposition 2.1 to equation and obtain, using the Parseval
relation, that

" el wdt=@ry | |Wx s 24in, 9t xdASCEw, o0, 05 5)

for C independent of s. Hence, the integral of ||v|2 » over the interval (2, T)
is majorized by CE(v, co, 0; s). On the other hand, by the Poincaré inequality
and by the conservation law of total energy, we have that the integral of
lvl2 % over (0, 2) is also majorized by CE(v, oo, 0; s) with another C independ-
ent of s. Thus, the proof is completed.
Next, we set w=w(x, t; s)=u(x, t; s)—v(x, t; s), where ¥ and v are solu-
tions to equations and respectively. Then, w satisfies the equation
w—Aw+V(x; s)w=F,
(3.6)
w(x, 0; $)=w,x, 0; s)=0,
where F=F(x, t; s)=(V(x; s)—V(x, t; s))u. Let O<7’<%a, « being as in (A. 3).
We fix T so that 1<7T<s" and define F=F(x, t;s) as F=F for 0<t<T and
F=0 for t>T. We denote by w=1(x, t; s) the solution to equation (3.6) with
F replaced by F. Then,

3.7 w=w for 0=t=T.

Furthermore, for ¢<0, we extend % and £ as #=0 and F=0, respectively, and
define P=P(x; A+ik, s) and Q=Q(x, A+1ik, s), 0<k<1, as follows:

P=|" etrrona(x, 15 9)dt,
Q:S ei(1+ilc)tﬁ<(x’ t:s)dt.
Then, P satisfies the equation

(3.8) —AP+V(x; $)P—Q+ik)*P=Q.

LEMMA 3.2. Let 0<7<%a and let 1<T<s'. Let Q be as above. Then, ()

is supported in By, and

1QUE=Cs™| Tt wdt, v=2a—3r>0,

for C independent of 2, £ and s.
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PROOF. The first assertion follows from (A.2) at once. The second one
follows from (A.3) by use of the Schwarz inequality.

LEMMA 3.3. Let 7, T and v be as in Lemma 3.2. Let w=w(x,t;s) be the
solution to equation (3.6). Then, there exists a constant C independent of s and
T such that

[ 1wls war=cs huls et

PrROOF. We apply [Proposition 2.1 to equation [3.8). Then, the Parseval
relation combined with and Cemma 3.2 yields the desired estimate.

As an immediate consequence of Lemmas 3.1l and B.3, we obtain the follow-
ing result.

LEMMA 34. Let 7 be as in Lemma 3.2. Let u=u(x, t;s) be the solution to
equation (3.1) with initial data (3.2). If s is taken large enough, s=s;, then
there exists a constant C independent of s, s=sy, and T, 1<T <s', such that

[ 1uls wdt=CE, o0, 05 5).

Now, we can state the main estimate in this section.
THEOREM 3.1. Assume that the potential V(x, t) satisfies (A.1)~(A.3). Let

0<7<—§—a. Let u=u(x, t;s) be the solution to equation (3.1) with initial data

(3.2) whose supports are contained in Br, R>M. If s is taken large enough,
S=S,, then, for 1<T <s7,

E(u %T, T; S)éCT‘lE(u, 0, 0;s),

where C is independent of s, s=s,, and T.

PROOF. We may assume that the solution u is a real-valued C*function.
Indeed, all solutions of finite energy can be obtained as a limit of such solutions
in the energy norm. For the proof, we use identity with V=V(x, t; s).
We integrate over R3*x(0, T) and obtain

T
3.9 SX(T, u)dx:SX(O, u)dx—SOSZ(u)dxdt.
For the first term on the right side, we use the Poincaré inequality to obtain

that SX(O, u)dx<CE(u, o0, 0;s). If s is taken large enough, it then follows

from (A.3) and that the second term is majorized by CT E(u, <o, 0; s)
for 1<T <s” with C independent of s.
On the other hand, for the left side, we use to obtain
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1 2 1 .
SX(T, wdrz 5T E(u 5T, T; s),

which completes the proof.

§4. Proof of Theorem 1.1.

In this section, we shall prove by use of the method due to
Morawetz [6].

We fix T so large that T>s,, S, being as in [Theorem 31, and define the
sequence {S:}%o by S,=kT. How large T must be chosen is determined by
below. We may assume that the initial data in are supported in By
by taking M large enough, if necessary.

LEMMA 4.1. Let u=u(x, t) be the solution to equation (1.1) with initial data
(1.2) which are supported in By. Then, u may be written as u=R,+F, where
Fo=Fyx,t) is the free space solution, [ 1Fy=0, with the same initial data as u
and Fo=0 in | x| <t—M, while Ry=Ry(x, t) is a solution to (1.1) for t>2M and

has support in By at t=2M. Furthermore, according to the notation (1.3), we
have

(4.1) E(Ry, 0, H=COE(u, 0, 0).

ProoF. It is clear from Huygens' principle that Fy=0 in |x|<t—M and
hence F,=0 in |x| <M for t>2M, which implies that F, is a solution of equa-
tion for +>2M. Therefore, R, is also a solution for {>2M. Furthermore,
by a domain of dependence argument, we know that R, has support of at most
|x|<3M at t=2M. Finally we shall prove [4I) We write E(R,, oo, 1)<
2(E(u, co, )y--E(F,, oo, t)). By the inequality

Jlx1=1 P, 017 x =4[ 19R, 1%

and by the equation []F,=0, we have (d/dH)E(F,, oo, )S<CE(F,, oo, t) and
hence E(F,, co, )ZCH)E(u, oo, 0). Similarly, we obtain the same estimate for
E(u, oo, t). This proves and the proof is complete.

LEMMA 4.2. Let {Si} %0 be the sequence defined above. Let R, and F, be as
above. Then, we can construct {R;}5, and {F,}%., with the following properties:

(a) Rk_lsz’JFFk f07’ t>Sk;

(b) Fp=Fy(x,t) is the free space solution with the same initial data as R.-, at
t=S, and F,=0 in |x|<t—S,—M;

() Ri=Ru(x,t) is a solution of equation (1.1) for t>Sg+2M and has support
n BgM at t:SK+2M,

(d) If we use the notation (34), the total energy of R at time Sp+2M,
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E(Ry, o0, 0; S,+2M), is estimated as
E<Rk3 oo, 0; Sk+2M)
S2{E(Ry-1, 3M, T ; Sp -1 +2M)+E(R -1, 5SM, T—2M; Sp_1-+2M)} ;

(&) E(Ry, 00, 0; Sp+2M)=C(k, T)E(Ry-1, , 0; Sp-1+2M) for some C(k, T)
depending on k and T.

PrROOF. We prove this lemma by induction on k. First we consider the
case k=1. Let F, be the free space solution with the same initial data as R,
at t=S, (=T). We continue F; as R, for t<S;. Then, [JF;=0 in the domain
exterior to {(x, ): |x| =M, 0<t<S;}. We apply Huygens’ principle to F; in
this domain. Let (x, ) be a point with |x|<¢t—S;—M. Then, the backward
cone with vertex (x, 1), {(v, s): | y—x|=t—s}, does not intersect {(x, #): |x| =M,
0<t<S,} and intersect the plane t=2M outside the sphere |x|=T—M. On the
other hand, if T is taken so large that T >4M, then R,=0 there, since R, has
support in By by LCemma 4.0. Thus, from Huygens’' principle, we may con-
clude that F,=0 in |x|<t—S;—M. Therefore, F;=0 in |x| <M for t>S;+2M.
This implies that R, is a solution of equation for ¢t>S,4+2M, since R, is a
solution for ¢{>2M. We also see by a domain of dependence argument that R,
has support of at most |x|<3M at t=S,+2M. Thus, we can construct R, and
F, with the required properties (a)~(c). We shall prove (d) and (e) for these
R, and F,. Property (e) follows from (d) by using the same argument as
was proved. For the proof of (d), we write

E(R;, 0, 0; Si+2M)=E(R,, 3M, 0; S;+2M)
=2{E(Ro, 3M, T ; 2M)+E(F,, 3M, 0; S,:+2M)}.

Here we introduce the new notation E.(u, K, t; s) to denote
Edu, K 5 9= Aluits, 15 91+ |Tux, £5 9/ dx.
K

Since F,=0 in |x| <M at t=S,4+2M, it follows that
E(Fy, 3M, 0; S;+2M)=E(Fy, 3M, 0; S;+2M).

Hence, by the usual energy method applied to the free space equation, we see
that

E(F, 3M, 0; S;+2M)XE(R,, 5M, 0; SOZE(R,, 5M, T—2M; 2M).
This proves (d) for k=1. For the construction of R, and F, with general &,

we follow the same method as above. Thus, we can construct R, and F, with
the required properties (a)~(e) inductively.
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Now, we shall determine how large T must be taken. Let 7 be as before
and let %2(T) be an integer such that for any k, 2> k(T), T<S}.; (=(k—1)"T7).
We want to apply to the terms on the right side of (d) in
4.2. To do this, we have to check that all the assumptions in are
satisfied. First, by (c) in R,_, has support in By and hence the
condition on initial data in is satisfied. Furthermore, by the defini-
tion of 2(T), T—2M<T<(S,.1+2M)" for k>k(T). Thus, if T is taken so
large that T>max(12M, s,), s, being as in [Theorem 31, then S,>s, and

5M<%(T—2M). Hence, shows that for k> k(T)

4.2) E(Ry, 0, 0; S +2M)SCyTE(Ry-1, 0, 0; Sp-1+2M)
with Cj independent of %k, > k(T). We now fix T as follows:
4.3) T>max(12M, s, Cy)

so that

4.3") 0=—log CyT'>0.

Furthermore, we set k,=~k(T) for T fixed above.
Now, we shall prove with the aid of
PrROOF OF THEOREM 1.1. According to we may write

u:i()FjJar for t>S,,
2

where F;=01in | x| <t—S;—M, j=0, 1, ---, n, while R, is a solution of equation
for t>S,-+2M. We may assume that K<M. Let S,..>t>S,.+2M. Then,
u=R,=R,., in Bx at time ¢t and hence we may write

E(u, K, t)Y=E(R,-y, K, t—S,-1—2M; S,_,+2M).
We may assume that n, n>k,, is taken so large that
T<t—Sp-1—2M<3T <(Sp-1+2M) .
Hence, by [Theorem 3.1,
(4.4) Eu, K, ) SCxgE(Ry-1, 00, 0; S +2M) .
We apply to the right side of k-times repeatedly until n—k—1=Fk,

and obtain
E(u, K, t)=Cg exp(—0R)E(R, >, 0; Sy, +2M),

where @ is defined by (4.3’). Furthermore, we see from and (e) in
that E(Ry,, o0, 0; Sg,+2M)<C(ko)E(u, 00, 0). Thus, if Saye>1>Sa
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+2M and if n—k—1=F,, then

E(u, K, )=Ck exp(—0k)E(u, o0, 0)

for Cg independent of k. For given ¢ (large enough), we take a maximal
integer k2 so as to satisfy the two conditions above. Then, as is easily seen,
kE=C(T). This completes the proof.

As an immediate consequence of [Theorem 1.I, we obtain the following
result.

THEOREM 4.1. Under the same assumptions as in Theorem 1.1, the total
energy E(u, oo, t) is bounded in t;

E(u, oo, )<CE(u, o, 0),

where C depends on the bound of support of initial data.

§5. Concluding remark.

can be generalized to a wider class of potentials by use of a
Lorentz transformation. We consider the potential V(x, t) which takes the form

(G.1) V(x, )y=U(x—(a/b)}t, t)

with U(x, t) satisfying (A.1)~(A.3), where a=(a,, a,, a;) is a constant vector
such that

(5.2) la|<b, |a|*=(a?+a3+a?).

We define the moving ball Bx(t) as Bx({t)={x; |x—(a/b}t| <K}, K<co, and
denote by E(u, Bk(t), t) the local energy in Bg(¢) at time ¢, which is given by
with V=U(x—(a/b)t, t). Then, we have the following result.

THEOREM b5.1. Assume that the potential V(x, t) takes the form (5.1) with
(5.2). Let u=ulx, t) be a solution to (1.1) with V of the form (5.1). Furthermore,
assume that the initial data (1.2) are of compact support and of finite energy.
Then, E(u, Bx(t), t) decays exponentially as t—oo,

For the proof, we use a Lorentz transformation. Let / be the time-like
line parameterized as x=(a/b)t. We make a Lorentz transformation L: (x, t)
—(y, ) which preserves the sense of time and which maps / into the r-axis in
the (y, 7) coordinates. Let v(y, z) be the representation of u(x, ¢) in terms of
the (y, 7) coordinates. Similarly, we denote by W(y, z) the representation of
the potential V(x, t). Then, v satisfies the equation with V=W(y, 7).
Furthermore, we see from [5.1) that W(y, 7) satisfies (A.1)~(A.3) in the (y, 7)
coordinates. Hence, the local energy of v decays exponentially as z—co, Using
this fact, we can verify in a way similar to that in Cooper and
Strauss [3], so we omit the detailed proof of this theorem.
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Finally, we note that is also extended to a wider class of

potentials by use of a Lorentz transformation.
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