J. Math. Soc. Japan
Vol. 34, No. 1, 1982
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§j1. Introduction and preliminaries.

Unbounded derivations have recently become one of the most important
branches of the theory of C*-algebras. Several authors obtained general results
concerning the relation between closed *-derivations and strongly continuous
one-parameter groups of *-automorphisms (cf. [3], [10D.

S. Sakai ([11, Proposition 1.17]) proved that a non-zero closed derivation o
in C(T) (T : the unit circle) commuting with the rotation group {f.::cz of T is
a scalar multiple of the infinitesimal generator of {f:};cr-

In this paper we present a similar result for closed *-derivations commuting
with the left translation group on, arbitrary compact groups.

A linear map 0 in a C*-algebra A is said to be a derivation if it satisfies
the following condition :

(i) the domain D(J) of & is a dense subalgebra of A and o(fg)=0(f)g-+fo(g)
(f, g D()). A derivation ¢ is said to be a *-derivation if it satisfies:

(i) feD(@) = f*€D(6) and o(f*)=0a(f)*

Throughout this paper, G will denote a compact group. Let C(G) be the
C*-algebra of all complex-valued continuous functions on G. Suppose that {g;}.cr
is a continuous one-parameter subgroup of G. We define {r;}.cr by the equa-
tion 7. (f)(x)=f(xg:) (f€C(G), xG, teR). Then {r}:cr is a strongly con-
tinuous one-parameter group of *-automorphisms of C(G). Let 0 be the infinite-
simal generator of {r.}:;cz- Then it is well-known that § is a closed *-deriva-
tion in C(G) with domain D(J) which is a dense *-subalgebra of C(G). Further
we define the left translation group {L.}.es by the equation L,(f)(x)=f(u"'x)
(feC(G), u, x€G). Then it is clear that L,z,=7t,L,, L,(D(0))=D() and L,0
=6L, (ueG, teR).

Our goal in this paper is to prove that the converse is true, that is, we
have the following theorem.

THEOREM. Let G be a compact group. Suppose that 6 is a closed *-deriva-
tion in C(G) commuting with the left translation group {L.}ueq, that is, L,(D(0))
=D(6), L,0=0L, (ueG). Then there exists a continuous one-parameter subgroup
{g:}ier 0f G such that ¢ is the infinitesimal generator of the strongly continuous
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one-parameter group of *-automorphisms {z:}icr of C(G) defined by v,(f)(x)=
flxgy) (feC(G), xeG, teR).

In this theorem we have restricted our attention now to the left translation
group of G. Naturally, we have the analogous result in case of the right trans-
lation group of G.

Our method for proving the theorem is based on the Tannaka’s duality
theorem for arbitrary compact groups and the representative algebras which
generalize the algebra of all trigonometric polynomials on the unit circle.

The author has learned from Prof. S. Sakai that F. Goodman has recently
obtained results in a more general setting. We believe, however, that our method
as well as the result has its own interest for further discussion.

§2. Domains of the closed linear operators commuting with the
left translation group.

In this section we characterize the domain of a closed linear operator in
C(G) commuting with the left translation group. In the proof of [11, Proposi-
tion 1.17] the subalgebra R(T) of all trigonometric polynomials in C(T) (T : the
unit circle) is very useful. At first we consider the subalgebra R(G) in C(G)
which corresponds to R(T).

If {U, H} is a continuous irreducible unitary representation, then H is neces-
sarily finite-dimensional, and so U is expressed as an element of C(G)RQM.,.(C)
for some ne N, where M, (C) is the C*-algebra of all nxXn complex matrices.
We will denote by G the dual object of G, that is, the set of all equivalence
classes of irreducible unitary representations of G. Further, for every 1€G we
choose a representative element {U?%, H*} and put N;={x(€G)—U*(x)&|9):
& n=H*}. Then the set N; is independent of the choice of the representative
element {U#, H?}. Further the set N; is a finite-dimensional linear subspace
of C(G) stable under the left and right translations of G. A function f in C(G)
is called a representative function (or a trigonometric polynomial) on G if it is

a finite linear combination of functions in UAN 1- We define R(G) as the set
G

of all representative functions on G. R(G) is called the representative algebra
of G. We remark that R(G) is a dense *-subalgebra of C(G). Further, if we
choose an orthonormal basis {e}}¥? of H? and define the functions
{f®} 1,151, jsac> by the equation f{P=(U?*(x)el|ed) (x=G), then we have

&y Scf%)(t)m) dvt)=] d@ 73 i=q,

0 otherwise,

and {VdQ)f ¥} 1e8.4,j-1.2.ac1> iS a complete orthonormal system in LG, v)
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where v is the normalized Haar measure on G (cf. [7], [14], etc.).

PROPOSITION 2.1. Let G be a compact group. Suppose that T is a closed
linear operator in C(G) with dense domain D(T) and that T commutes with the
left translation group {Ly}uece, that is, L, (D(T)=D(T) and L, T=TL, (ucsG).
Then the domain D(T) of T contains the representative algebra R(G) of G.
Further, for every A= G, the space N, is stable under T, more precisely, if U=
{fisti =12, n (EC(CYQML(C)) is an irreducible unitary representation of G, then
there exists a matrix A={A}i jo1,2..n (€M (C)) such that

2.2) T(fi)= é}lzkjfik G, j=1,2, -, n).

ProoF. To prove the proposition, it suffices to show that for every irre-
ducible unitary representation U=/{f;;}: j=1,2,..n, the coordinate functions f;;
belong to D(T) and that there exists a matrix 4 satisfying the relation [2.2).
Let U={f;}4 j=1.2...n De such a representation of G. For every f, ¢=C(G), we
define the convolution F(¢: f) by the equation

@2.3) F(g: f):Sng(t)Lt( ).

The right-hand side of is the Bochner integral of a continuous map of G
into the Banach space C(G). Hence we have F(¢: f)eC(G).

Now we consider in case ¢=f;; and f=fp, (G, j, p, ¢=1, 2, ---, n). By the
orthogonality relation

@4 [ fesOfOdoO="b030e (@ B 7 =12, m)

and by the equation

(25> Lt(faﬁ)(s):faﬂ(t_ls>: Téfar(tﬁl)fl’ﬁ<s) (a: ‘8:1: 2; e, N, S, t&G) )

we obtain the following relation

(2.6) F(fij:qu)Zijfiq (Z, j, p’ q:]_’ 2’ XTI n)

Next, we consider F(¢: f) for ¢=f;; (7, =1, 2, ---, n) and for every f in
C(G). We have

LF(fiy: =L ful® L )drt0)
= Fu®Lu a0 = filsT DL

= 2 Fal D O L0
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=3 s (fai ), (520),
and so
F(fi: D=2 Ffay: DOfue G j=L2 -, n).
Denoting the scalar product in L*G, v) by ( | )iz, We have

F(fri: He)=(f|fis)rz -

Thus we have the following equation for every f<C(G),
2.7 F(fi;: ]():ké1 (fIfirdezearfen G j=12, -, n).
For every feD(T), we define |[f|[r by the equation

(f(t) T(f)(ﬂ)
0 f®

As T is closed, D(T) is a complex Banach space with respect to the norm || ||r-
Next we consider F(¢: f) for f€D(T) and ¢=C(G). Since the map ¢t (€G)—
@) L.(f) (eD(T)) is continuous with respect to the norm {| [l on D(T), F(¢: f)
belongs to D(T). Since the operator T is a bounded linear operator of the
Banach space (D(T), || llz) into the Banach space (C(G), || |luis.), We have

iif IIIT:s%%p

(| s0LNB)=| sOTLNdO= $OLT(dx00).
Hence the following equation holds for every f€D(T) and for every ¢=C(G),

2.8) TF($: f)=F(¢: T(f)).

Specially, for every feD(T) the function F(f;;:f) belongs to D(T) and we
have the equation

(2.9) TFE(fiy: N=F(fi;: T(f) G 5=12, -, n).

Next, using the above relation, we show that the functions {fi;}: j=12..n
belong to D(T). The orthogonality relations imply that the functions
{fij} s j=1,2,...n are linearly independent in L%*G, v) and so in C(G). Choose a as
an arbitrary number in {1, 2, ---, n}. We suppose that there exist linear com-

binations {g,} p-1.2..» Of functions f,i, fas, **, fan Such that
(2'10) gp:q=21 Cpr"qED(T) (p:ly 2» Tt n)

and that
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(2.11) det ((Cp)p. got. 2.0 n) 70 .

. n
Putting C=(cpe)p q¢=1,2,..n and C'=(bgy)g,y=1,2,..n, W€ have Elbﬁrgr:faﬁ (B=

1,2, .-+, n). Hence we obtain (fa;)j=1,2...ED(T). Therefore to prove that
(fi9)i je1,2...a S D(T), it suffices to prove that for every a<(l, 2, ---, n), there
exist coefficients (Cpq)p,g=1,2,...» satisfying [2.10) and (2.11). For hy, hs, =+, hy in
C(G), we define D(h,, h,, -+, h,) by the equation

D(h,, hy, -, hyp)=det (((hi|f1j)L2<G>)i,j=1,2,..., n)
= 2 sgn 0(h1lfla(n)m((;)(hzlfm(z))m(a) (hn‘fla(n))L2(G) .

gES,

It is clear that the map D is continuous and that D(T)XD(T)X -+ X D(T) is
dense in C(G)XC(G)X --- XC(G). Since D(fu, fiz =+ f1n)=1/n)*+#0, there
exist functions Ay, fs, -, hg in D(T) such that D(hy, ks, =+, An)#0. Thus we
have

FU@:EQ=§¥ﬁﬂﬁQmeMEDUU (p=1, 2, -, n).

Puttlng Cpq:(ﬁplflq)LZ(G) (pr Q:L 2) Tty n) and gp:qgl cquaq (p:]-: 2} Tty n>7

we have (gp)p=12...ED(T) and det((¢pg)p. g=1,2... n)F0. Hence we obtain
(fi)i j=1.2...o.ED(T). Moreover we have for every 7, j=1, 2, ---, n,

T(fij):nTF(fil : f1j):nF(fi13 T(flj»:nqzn-_ll(T(ijHflq)LZ(G)fiq-
Putting 2,,=(T(f1)|f1dr2» (g, 7=1, 2, ---, m), we obtain
T(f)= B daifia G j=12 =, n).

This completes the proof.

DEFINITION 2.2. Let E be a Banach space and let T be a closed densely
defined linear operator on E with the domain D(T) of 7. A linear subspace
D, of D(T) is said to be a core for T if {(x, Tx): x=D,} is dense in the graph
{(x, Tx): x€D(T)} of T.

We recall that if T is a closed linear operator, then T is completely deter-
mined by a core for T.

Next we show that R(G) is a core for every closed densely defined linear
operator in C(G) commuting with the left translation group of G. To prove
this we need the following lemma.

LEMMA 23. Let G be a compact group and let D be a dense linear subspace
of C(G) which is closed under the *-operation. Then there exists a family of
functions {¢,},er in D subordinate to a directed set I' satisfying the following
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conditions:
(2.12) $¢,=0  (rel)
(2.13) SG¢,<r)du(t>=1 el

(2.14) if N(e) is an arbitrary open neighborhood of the identity
¢ of G, we have gg\N(e)qu(t)dv(z‘)—ﬂ.

PrRoOOF. Let {Nye¢)}.r be a fundamental system of open neighborhood of e.
Define an order on V by the inclusion, that is, v’ <v if and only if Ny (e)E N, (e).
Then V is a directed set. Put /=V XN and define an order on I'=V XN by
recognizing (v/, n’)=<(v, n) equivalent to Ny(¢)S N, (¢) and n’<n. Then [ is also
a directed set. For every veV there exists a function ¢,=C(G) such that

@.15) Dy=0
(2.16) [ =1
(2.17) ¢o(G\Ny(e))={0}.

In fact, by Urysohn’s lemma, we can get a function ¢,=C(G) such that 0=¢y,
¢o(e)=1 and ¢y(G\Nye))=1{0}. Then we have SGg[;{)(t)dv(t)>O. We obtain a

function ¢, satisfying conditions (2.15)-(2.17) by multiplying ¢, by a suitable
positive real number. Since D is a dense *-subspace of C(G), for every veV
and for every ¢>0 there exists a function ¢, .=D such that ¢, .=d¢, . and that
@0, e—(¢ote)llunis. <e/2. Then we have the following inequalities; 0=¢y, .,

1—¢/2< | g1.0dx0<1+3¢/2 and ogSG\N L Dd0=3e/2. 1 we take <

as 0<e<1/3, and put
1

¢v, e ’)—,—d*q%) )
ROIIO
then we have the following properties :
(2.18) Ov, €D,
(2.19) 0=6o.,
(2.20) [ g0 0av=1,

(2.21) ) O, (D)dy(t)<2¢.

SG\Nv(e
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Setting @ s, ny=00 1/n, We oObtain a family {@,},er satisfying conditions [2.12}-
(2.14). This completes the proof.

PROPOSITION 2.4. Let G be a compact group. Suppose that T is a closed
densely defined linear operator in C(G) commuting with the left translation group
{Ly}uee of G. Then R(G) is a core for T.

PrOOF. We use the notations as in the proof of [Proposition 2.1. By equa-
tion we have for every ¢=R(G) and for every f=C(G)

(2.22) F(¢: f)eR(G).

Since R(G) is a dense *-subalgebra of C(G), we can choose a net {¢;},er in
R(G) satisfying the conditions (2.12)-(2.14). Now we show that for every fe
C(G) F(¢;: f) converges to f in the sense of the uniform norm on C(G). In
fact, for every y=I, we have

1Py A= l=sup|{ 8,0 LN6)d0—1(5)

=sup| | 3017 9)—f () doi)]

For every £>0, there exists an open neighborhood N(e¢) of the identity ¢ of G
such that |f(t 's)—f(s)|<e (t=N(e), s€G). Then we have

Sme;%(t) {f@ts)—f(s)} dv(l‘)( <sgN<e) Bt dv(t) <.

sup
SEG
On the other hand, condition (2.14) implies

SG\N(e)¢T<t>{f(t—ls)_f(s)} d)J(t)'

sup
SEG

=2 flunic |, $rO0) —>0.
Thus we have for every f=C(G)
(2.23) 1E @y )= fllunie. —> 0.
By [2.8) and [2.23), for every f=D(T) we have
ITF(@y: )=T flanie. =1 F(@y : TH—=T fllunis. —> 0.
Consequently, by we have the proposition. This completes the proof.

§3. Proof of Theorem.

In this final section we complete the proof of the theorem by using Tan-
naka’s duality theorem.
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At first we consider the following general fact. Let £ be a compact Haus-
dorff space and let d be a *-derivation in C(£2) whose domain D(J) contains 1.
For every natural number n, we define d, by

fu flz"'_fln ,5(_](11) 5(f12)"'5(f1n) ;
5 for ot fan |l 0Ufe) O(fa) o O(fen)

for f,;=D@) ¢, j=1,2, -, n). Then D(d,) is a dense *-subalgebra of C(£2)
QRM,(C). If o is closed, then d, is also closed. The family {0,}.ey has the
following fundamental properties :

(3.1) if A=M,(C), then 10QA<D(0,) and 0(1o&QA)=0; and if AcGL(n:C)
and F=(fi)i, j=1,2,.n ED(@5), then (1oQA)7F (1,0 A)€ D(5,) and
02(1oQA) 7 F (1oQA)=(1o@A) 7 0n(F) (12K A) ;

(3.2) if keN and F,€D@,,), Fo€D0y,), -, Fx=D(G,,), then
FiDFe® - @F 2 ED0nytnyroiny) a0 Onysngtein, (FADFD - DF)
=00, (F)@0n,(F)D - @0, (F) ;

(3.3) if F=(fip)1,j=1.2...n € D(05). then F=(f1))1,1o1,2.n € D(0,) and 8,(F)=06,(F);

(3.4) if n, meN and FeD(,), @=D(0,), then FROP=D(0,,) and

Now we return to the proof of the theorem. Let G be a compact group.
Suppose that d: D(@0)—C(G) is a closed *-derivation commuting with the left
translation group {L.}ueq that is, L,(D(©)=D() and L,0=0L, (usG). To
prove the theorem, by Propositions 2.1 and it suffices to show that there
exists a continuous one-parameter subgroup {g.}:cz of G having the following
properties : if we set 7,(f)(x)=f(xg.) (f€C(G), xG, tER), and if we define §
as the infinitesimal generator of the strongly continuous one-parameter group
{z¢}1er of *-automorphisms of C(G), we have 6(f)=6(f) for every f<R(G).

We denote by G the set of all continuous matricial representations of G.
For DG, we denote by d(D) the degree of D. If UG is an irreducible uni-
tary representation with d(U)=mn, then by [Proposition 2.1, U belongs to D(,)
and there exists a matrix AU)eM,(C) such that 6,(U)=UAU). Further, if
V&G is a unitary representation with d(V)=n, then V is decomposed into a
direct sum of irreducible unitary representations U,, U,, -+, U, of G, that is,
V(x)=U(x)BUL(x)D - BU (x) (x€G) (cf. [7] [14], etc.). Then we have
VeD(@0,) and
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5n(V):5d(Ul)(Ul)@5d<U2>(Uz>@ @5d<vk>(Uk)
=(U:BUB - QU AU )DAU YD -+ QAU )

=V(AUYDAUID - BAU ).

Thus, by putting AV)=AWU,)D AUND - BAWU,), we have 6,(V)=VAV).
Moreover, if D is an arbitrary element in G with d(D)=n, then there exists a
matrix PEGL(n : C) and a unitary representation V&G such that D(x)=P-1V(x)P
(x=G) (cf.[8], etc.). Then we have D€ D(8,) and 6,(D)=P15,(V)P=P*VAV)P
=(P*VP)PAV)P)=DP*A(V)P). Hence by putting A(D)=P*AV)P, we

have 0,(D)=DA(D). It is clear that the map 4: D(eG)—AD) (e Q M () is

uniquely determined by the equation 6,(D)=DA(D) (DeG).
Next we show that for every (=R, the map D (€G)—exp (tA(D))

(e g G L(n:C)) has the following properties;
(3.5) if DeG with d(D)=n and P€GL(n:C), then
exp ¢ A(P*DP))=P texp tA(D))P;

(3.6) if k=N and Dy, D,, -+, Dy €G, then exp (A(D,BDE - BDy))
=exp (tA(D.))Dexp (A(D))D -+ Dexp ¢A(D4);

(3.7) if DG, then exp (tA(D))=exp (t A(D));
(3.8) if D, D,=G, then exp (tA(D,QD,))=exp (t A(D)Rexp (t A(D,)).
In fact, the properties (3.1)-(3.4) of the family of *-derivations {0,}.ey e€nsure

that the map D (€G)—A(D) (e QMH(C)) has the following properties;

(3.9) if DeG with d(D)=n and PEGL(n:C), then A(P'DP)=P-'A(D)P;

(3.10) if k=N and Dy, D,, ---, D,&G, then A(D.DD,D - BD,)
=AD)YDAD)D - DA, ;

(3.11) if DeG, then AD)=A(D);

(3.12) if D,=G with d(D))=n; (i=1, 2), then A(D,QD,)
:/1<D1)®In2+InI®A(D2)

On the other hand, the above properties (3.9)-(3.12) of the map A ensure
the properties (3.5)-(3.8) of the map D (€G)—exp ¢tAD)) (e QGL(n, ). By

Tannaka’s duality theorem ((15]) for every t=R, there uniquely exists an ele-
ment g; of G such that

(3.13) exp (tA(D)=D(g,) for every DeG.
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For every A€(G, we choose a representative element {U?, H?}. Setting H=

@Hi and ](x):@U‘(x) (xeG). J is continuous for the weak operator
pistes =G

topology on the operator algebra B(f{). For every x=G such that x+#e, there
exists an element A€G such that U*(x)# 42 (cf.[7]etc.). Thus J is a faithful
representation. For every A< G, by [Proposition 2.1, there exists a linear operator
AU € B(H* such that 8qqnU?) =U*AU?*).  Since AU*+ AU =
Oawb(UA*UMN=04w1n1qwa)=0, AWU?) is skew-hermitian. On the other hand,
by (3.13) we have exp (tAU*)=U?*(g.) for every A=G and for every t=R. We
define a linear subspace D, of H by DOZ{E:;@L& 1 &,eH* A< L), L is a finite

subset of G}. Further, we define a one-parameter family of linear operators of
Dy into Dy by Uu&=U@EN=B exp AU for every &= @& Do
(S

Then we have the following relations ﬁO:idDO, U,..=0,0, (s,teR) and
@ tEIﬁ Nu=E|Pu & nED,, t€R). Thus there exists a one-parameter group
{U.} 1er of unitary operators on H such that U,&=U, for every €D, and for
every t=R. Moreover {U;}:cr is continuous for the weak operator topology.
On the other hand, H; is stable under {U;}:cr and the restriction U, , is equal
to U*(g:) (1€, teR), and this implies that J(g,)=U, (t€R). Since {U}cr is
a one-parameter group and J is faithful, {g.};cz is a one-parameter subgroup
of G. Further since G is compact, G is homeomorphic to the image J(G) of J.
Therefore the weak continuity of {U;}:cr implies the continuity of {g:}:cz

Now we define {z;}:cr by the equation z.(f )}(x)=f(xg.) (f€C(G), x€G, t€R).
It is clear that {r;}:cz is a strongly continuous one-parameter group of *-auto-
morphisms of C(G) commuting with {L,}.cs. Then the infinitesimal generator
6 of {r:}:cr commutes with {L,}.cq. By [Proposition 2.1, R(G) is contained in
D()ND(5). For every 2=G, we have

e UM R=lim (U (xg)~UH(x)

—U(x) 135)1% Ug)—T s}

=U () AUH=00nUx)  (x€G6).

Therefore we obtain 6(f)=06(f) for every f=R(G). Hence by [Proposition 2.4,
we have 6=4. This completes the proof.
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Added in Proof.

After having finished this paper, independently, the author received from
Prof. F. M. Goodman his recent preprint, “Translation invariant closed *-deriva-
tions”, in which we found the results cited in the introduction. The author is

grateful to Prof. S. Sakai for pointing him about Goodman’s results and to Prof.
F.M. Goodman for sending him the preprint.
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