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Introduction.

In our previous work [1, 2, 3 in collaboration with S.S. Abhyankar] we in-
troduced the concept of approximate root which has been equivalently defined
as follows (cf. [7).

DEFINITION. Let #=y~! and R[y]JCR((#)). Let f(y) be a monic polynomial.
Let d be a unit in R and a factor of degf(y). Then the d-th root of f(y)
exists in R((#)) and let it be 8D +q, - DL ... La,,4+a-,0+ . The
d-th approximate root, g4(y), of f(y) is defined to be

y<n/d)+aly<n/d>-1_|_ _|_an/d .

The central theorem proved in [1, 2] (cf. [2. §7]) is the following:
THEOREM. Let f(y, x) be a monic irreducible polynomial in y with coefficients
in K((x)), where K is an algebraically closed field of char p. Let d, be a

characteristic g.c.d. with pYd, Let ga.y) be the d,th approximate root of
f(y). Then

ordr ga,(y(T), T=12,/d,

where x=T" and y(T) is a solution of f(y) in K({(T)).

The embedding theorem of affine lines [3, 6] follows from the above theorem.
Later on S. S. Abhyankar has given a simplified version of [1, 2] in [4] and we
published a generalized version of the above theorem in [7]. In our generalized
version, we drop the irreducible restriction on the polynomial f(y) and replace
the field K((x)) by any field with a real discrete valuation.

H. Hironaka has used the concept of approximate roots in his work on the
resolution of singularities (cf. [5]). We have used a stronger version of the
above theorem in our work ([8]) on the Jacobian conjecture, in fact, a part of
Theorem 2 has been announced in [8]. In this article besides dropping the ir-
reducible restriction on the polynomial f(y) we prove the above theorem for any
non-archimedean valued field. Moreover, we establish a strong property of the

*) The author was partially supported by N.S.F. at Purdue University.
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gq-expression of f(y) (cf. Theorems 1 and 2 in §3).

It is in fact shorter and simpler to prove the general theorems. Only a
fraction of work as comparing with [1, 2, 4] is required. Conceptually, the
proof of the present article is easier than [7]. The cumbersome method of
Newton polygon is gotten rid of. The present method only involves some count-
ing principles. Due to the non-availability of a suitable reference, we include
all necessary materials in the present article to make it self-contained. For the
applications, the reader is referred to [3, 4, 7, 8]. We want to thank Laura
Zeman for typing this manuscript.

§1. Preliminaries.

Let K be any non-archimedean valued field, i.e. K is a field together with
a mapv: K—GCR, the non-negative real numbers such that v(z;-z;)=uv(z;) v(zy),
v(zy+1)=<max (v(zy), v(rs) for all 7, 7, in K and v(z)=0<=7=0.

By a disc D we mean a closed disc, i.e. D={z: v(c—7*)=r,} for some t*€ K
and some »;=G. The number r, is the radius of D, in symbol »(D). Note that
it follows from the non-archimedean property of the value v every element in
D can serve as a center of D.

Let f(v) be a polynomial in K[y] which splits completely over K. We in-
troduce the concept of the tree of discs D(f) of f(y) as follows. Let

f@)=a l(y—7o)
and D; be the minimal disc which contains all z;’s. We define

D, ep(f).

Successively let us define D,;.,€9(f). Let us consider the partition of ;s in
D;;.. by the following equivalence relation

Ti~vTj &= Q(Ti—‘fj) < T’(Du...z) .
Let the partition be
{7-'1: Tty Tn} lej...l: }nj Elj‘..lm .

For each E,j..» we pick the minimal disc D,,.;n» Which contains all z;’s in
Eyj.im. We define

D;j...lmeg)(f) .

It is easy to see that there are only finite members in D(f).
Let B(y) be any polynomial which splits completely over K with

B(y)=bII(y—17).
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Let D be any disc in K. We introduce the multiplicity of B(y) in D, in symbol
I(B, D), as follows

/(B, D)=the number of z¥'s in D.

We introduce the quasi-multiplicity of B(y) in D, in symbol *(8, D), for Dy;..22
DDD,j.1m where Dyj.; and D, ., are successive members of 9(f) as follows

[*(B, D)=the number of <¥’s in D,;., with v(z5¥—D)<r(D;..).

We define the tree of radii of f(y) as {r(D): DeD(f)} and the tree of
multiplicities of f(v) as {I{(f, D): DeD(f)}.

Let us fix a representative set {t;: =G} of the value group of G in K
where v(t;)=0. We define the leading coefficient of a nonzero element =K as
follows. Let (V, M) be the valuation ring of v, i.e.

V={reK:v(n=l},
M={reK: v(r)<1}.

Let £ be the canonical map from V to V/M. Given any nonzero element €K
with v(z)=1/0 we define the leading coefficient of , in symbol .L(z), as £(¢57).

We introduce the general elements or the m-elements of K as follows. Let z
be a symbol. We extend the value v to K(x) by assigning the value 1 to = and
extend £ accordingly. A general element or a zm-element ¢ is an element in
K[r=] of the following form

o=1t+7xl;

where €K and 6 may or may not be the value of z. The disc D in K cen-
tered at = with radius 0 is the associate disc of ¢ and ¢ is a general element
for D. We have the following useful algebraic lemmas.
LEMMA 1.1. Let f(y) be a polynomial which factors completely over K with
f=all(y—7y).

Let o=t+nrt; be a general element and L(f(0)) the leading coefficient of f(o).
Then we have

(D) LG @)=bIILlo—7), 0+bsV/M,
(2) deg, L(o—zy)=1 iff ;€D the disc associated with o,
(3) degr L(6—7))=0  iff ;< D,

@) L(o—r)=L(c—7;) and deg, L(c—71;)=1
iff vizi—z;)<o and 7;€D.
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PrROOF. Routine.
LEMMA 1.2. Let o and o* be two general elements for disc D and D¥*, re-
spectively. Suppose that DCD*, Then we have for any '€ K the following

1) vle*—)zulo—)=uv(o*—1') ((D)/r(D*)),
@) veD*= v(o*—7)=v(e—1"),

@) ve—t)=r(D*)= vio*—7")=v(c—1"),

) 'eD=v(lo—7")=v(e*—7") (D)/r(D*).
PROOF. Routine.

LEMMA 1.3. Let o be a general element for a disc D. Let the following chain
be maximal in D(f), i.e. no more members of D(f) can be inserted in between

(1) Du;Du&l; ;Dw;D

with o's as general element for D;’s. Then for any polynomial B(y) which splits
completely over K we have

) y(ﬁ(du))tﬁlﬂ(r(Di)/r(Di—l))”‘ﬂ'Di’(f(D)/r(Dw))"“"D>

<v(BloNSuBo) IT_((D)/r(Di- )P0 (D) r(Du) PP

Proor. Clearly it suffices to prove for the case u=w and B(y) is linear and
monic. Our lemma follows from Lemma 1.2 Q.E.D.

§2. The approximate roots and the quasi-approximate roots
of a polynomial.

Let f(y) be a monic polynomial of degree n. Let d be a factor of n and
d+#0 in K. Recall the following definition of the d-th approximate root of f(y)

from [7].

DEFINITION 2.1. Let f=y~' and K[y]CK((8)). Then the d-th root of f(y)
exists in K((#)) and let it be - /D 4q,0- D . Lgq, 4+ a_0+ ---. Then
the d-th approximate root, g4(y), of f(y) is defined to be

y(n/d>+a1y<n/d)—1+ +an/d .

To clarify the significance of the d-th approximate root of f(y), we give the
following definitions.

DEFINITION 2.2. A system of discs U={U,, ---, U} is said to be complete

for f(y)= f{(y—n) iff the following conditions are satisfied:

O U:NU;=0 for i#7j,
@ f,Up=1 for j=1, -+, s,
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®) RS, Up=n.
A complete system of discs U={U,, ---, U} is said to be coherent iff there ex-
ists a system of =n-elements {o,, -:-, o} satisfying

(1) o, is a general element for Uj;,

@) u(fle)=2 for j=1, -, s.

The common number A is called the accuracy of U={U,, -+, Us}.

REMARK 1. It follows from that the coherent condition is in-
dependent of the choice of the general elements {o, --*, o).

REMARK 2. If the field K is algebraically closed, i.e. the value group G\ {0}
is divisible, then any A€G can be used as accuracy to determine a unique
coherent complete system of discs U.

DerFiNITION 2.3. Let U={U,, ---, U} be a coherent complete system of discs

for f(y)= 1:'[1(y—z-i). Let d be a factor of n. Suppose that

dlif,U;  for j=1,--,s.

A monic polynomial g(y) of degree (n/d) is said to be a quasi-approximate root
of f(y) with respect to U iff

dl(gr U]):Z(f, U]) for ]_—:1, e, 8.

If d#0 in V/M, we prove that the d-th approximate root is a d-th quasi-
approximate root of f(y), thus guaranteeing the existence of the quasi-approximate
roots. We shall prove the following preliminary lemmas.

LEMMA 2.1. Let B(y) be a polynomial which factors completely over K. Let

DeD(f)={Di;..} where f(y)= f[l(y—fi). Let r* be the number with

(B, D)=r*i(f, D).
Then we can construct a chain starting with D
D=D¥DD¥:+,D - DDID -
with
(1) Diea(f),
(2) the chain is maximal i.e. no more disc in D(f) can be added,
@) LB, DH=IX(B, DD=r*i(f, DY).

PrOOF. Let {E;} be the members of 9(f) which are directly included in
D=D%, i.e. no member of 9(f) is properly between D and E,. It follows from
the definitions that
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l(f; D;':):El(f, EJ) )
B, DH=Z1%B, EN=2UB, Eyp.

Then we may choose one of the E,'s as D%,,. Clearly we can continue this
procedure . Q.E.D.
LEMMA 2.2. Let B(y) be a polynomial which factors completely over K. Let

U={U,, ---, Us} be a coherent complete system of discs for f(y)zllz'[l(y—z'i).
Suppose that there are two chains (1) and (2) in D(f)\JU

(1) D,DDys1D - DDyDDysy D+ DD,=Uy,

(2) D,=D¥{D - DDhK=U;,
with both chains maximal with respect to the end discs. Let o% be a general point
for D¥ and r, q be numbers with 0=r=q. If we have

@) UB, DH=IXPB, DH=r(f, DY) Vu<li=w*,

@) v(BlasnN=uv(f(o5))?,
then we have the following

®) v(BleD=u(f(aD)"

with the equality only if all inequalities in (3) and (4) are equalities and r=q.
Moreover, let D be a disc satisfying

(6) Dy=2DDDysy
with ¢ a general point for it. Suppose that we have
(7 UB, DI=rif, D),
@) UB, Dpz=rlf, Dy VYu<j=v,
) UB, D)zri(f, D) (=ri(f, Dps1)) .
Then we have
(10) w(BlaN=u(f (o))

with the equality only if all inequalities in (3), (4), (7), (8), (9) are equalities and
r=q.

PRrROOF. Let o; be a general point for D; for j=u-1, ---, w. The coherent
condition on U states

D u(f(edN=v(f(0w)).
It follows straightforward from that

(12) v EEN=u o) T ¢DD/rDE)Po,
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13) wf@)=utf (et I (D)D) s
We deduce at once from (11), (12), (13)

a9 11 ¢O/rDr) s mo= 1§ ¢(D)/r(D;- )20
implies

(15) v(potNZe(fot) I1_ (DD )smo

=u(et) 11 _((DD/rDE) e
It then follows from (13), (11), (4), (15), (3), (14)
16) w(f (o) I (r(D))/r(D;-)tes-»

=p(f(ow))?
=p(f(o¥))"
=v(Blok)

zv(B(a?) _jI;l*tH(r(D’}‘)/y(Dis_l))up,D»t_,
=u(8ot) T ((DD/rDy_yier2o

=w(fa) IT (HD)/r(Dyy S 2.

The inequality (5) follows by observing 0=<r=q. Clearly the inequality (5) is an
equality only if the inequalities in (3), (4) are equalities and r=g.
For the second part of our lemma, it follows from (8), (9) and that

17 y(ﬁ(a))§Q(ﬁ(0t))j§+l(r(01)/ D22 (r(D)/r(D )T Dot

A8 v (@)=l ()R IL(r(D)/r(Dy-))H S22 (H(D)r( DY Poso

It follows from our assumption 0<r=q and (16) that we have the following

41

(19) y(f(ﬂﬁ))“jl} (r(D,)/r(D;_ ) 2P

=u+1

2u(8o1) IT (D)D) 20

The inequality (10) follows from (17), (18), (19) by observing
(20) r(Dor)/ (D) =r(D)/r(Dy) .
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Clearly the inequality (10) is an equality only if all inequalities in (3), (4), (7),
(8), (9) are equalities and r=g. Q.E.D.

LEMMA 2.3. Let B(y) be a polynomial which factors completely over K. Let
U={Uy, -, Us} be a coherent complete system of discs for f(y)= f[l(y——ri) with

accuracy A. Let a;'s be general elements for Us and o a general element for a

disc D which properly contains some member of U. If for some fixed positive
integer j we have

(1) deg Bly)=1/d)n,

@) vBleN="=v(f(a))'® for i=1, -, s,
then we always have

Q) v(Bla)=uv(f(o))'* with the equality only

if the inequality in (1) is an equality. Furthermore a strict inequality for (1) and
(B, Unz=(1/d)f, U;) itmply the inequality in (2) in a strict inequality.

PrROOF. We divide the proof of (3) into several cases.

Case 1. Let us assume that

@ B, D)<A/DIS, D).

Let D} be the largest member of 9(f)\JU which is contained in D. Then we
have

®) (B, DH=UB, D)<A/A)ISf, D)y=1/d)I(f, D).
If D¥=U,=vU, then we have
10) w(Bla¥N=u(f(ad)'*.

Otherwise, let D¥e9(f). It then follows from that there are two
maximal chains of the following form

6 DD,
(7) Dy=DfD - DD%=U; (DDhir)
with the following conditions satisfied (with U;=D}., if U;e€D(f)):
@ UB, DH=I*B, DHLA/DUS, DY) i=u+l, -, w*—1,
) UB, DE)=1(B, Di)=1*(B, Dips) <(L/DUS, Des)=1/)(f, D).

We apply by setting r=1/d<j/d=q and noting that our conditions

2), 8), (9 are equivalent to the conditions (3), (4) in We thus
conclude

(10) w(Ble¥N=u(f(a¥))'e.
On the other hand, it follows from that
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(A1) (Ble¥)=u(Be)F(DE)/r(D) AP,

(12) w(f(a¥))*=u(f (o)) *(r(DE)/r(D))V/ DS D,
We conclude from (4), (10), (11), (12)

(13) w(Blon<u(f(a))'®.

Case 2. Let us consider the possibility that

14 UB, D)=1/Dif, D),

(15) D>DD,, the maximal disc in D(f).

Then we have the following

I(B, D)=deg B(y)=(1/d)n=1/D)I(f, D).
In light of (14) we conclude
(17) UB, D)=deg B(y)=1/d)yn=(1/d)if, D).

The arguments in the case (1) can be repeated verbatim with the strict in-
equalities in (4), (5), (8), (9), (10) replaced by the inequalities to conclude

(18) v(BloN=u(f(a))'?.

Note that in the case the inequality in (1) must be an equality.
Case 3. We shall consider the final possibility that

(19) «B, Dy=1/dif, D),
(20) DED,9(f).

Certainly we may extend (20) to a maximal chain
(2l) DyDDyiiD - DDyD Dy D - DDy=U;
satisfying the following conditions (22), (23) and (24):

(22) UB, D)=/, D),
(23) UB, Dp=(1/d)If, D) Yu<j=v,
(24) D,2DDD,y, .

Note that if (1) is a strict inequality then we may demand (22) to be a strict
inequality. As in the case (1) we construct a second maximal chain

(25) Dy=D}(>D - DDH=U; (DD§iy)
with the following conditions satisfied :

26) (B, DYH=IXB, DD=(1/DUS, DY),

@7) KB, DE)=IX(B, D=/ DS, D% .
states
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(28) u(Blo)=u(f(a))'?.

Note that the equality can happen in (28) oaly if (1) is an equality.

For the last part of our lemma, we observe that U;D D, the maximal disc
in 9(f) by (1) and the new inequality. Our proof follows case (3) verbatim
with D replaced by U,.

§3. Two fundamental theorems.

Our first theorem establishes the existence of the quasi-approximate roots
by showing the approximate roots are the quasi-approximate roots. Our second
theorem establishes a strong property of the g-adic expansion of f(y) in terms
of a quasi-approximate root g.

THEOREM 1. Let U={U,, ---, Us} be a coherent complete system of discs for
fN=TI(y—z:). Let d be a positive integer which is not zeroin V/M. Suppose

i=1
that for i=1, ---, s we have

Q) dlif, U

and the d-th approximate root gq(y) of f(y) factors completely over K. Then the
polynomial gq.(y) is a d-th quasi-approximate root of f(y).
First, we prove the following technical lemma.

LEMMA 3.1. We shall use the assumptions of Theorem 1. Let o be a general
point for a disc D2U; for some i. If in the following equation

flo)=ga(a)*+h(0)

we have

D vh(eN=u(f(a)),

(2) I(h, D)<(@—=1/DIf, D),
then we have

@) wh(e)N<u(f(o)).

Proor. It follows from (1) that we have

@ v(galo)*=uv(f(a)).
It follows from that

(5) deg. L(f(eN=I/, D),

(6) deg. L(h(0))=I(h, D).

In view of (2) we conclude that (4) must be an equality. Let us assume the
lemma is false, i.e. (1) is an equality. Then we shall deduce a contradiction.
Since both (1) and (4) are assumed to be equalities then we have the follow-
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ing equation of the leading coefficients with a, b nonzeroes in V/M:

(7)) L(f(o)=a-L(gi(e)*+bL(h(a)).
We claim

@ L(f(oN=af*@)*.

Note that in view of (2), (5), (6), (7), (8) the polynomial b.L(h(s)), which is of
degree <(d—1/d)deg. .L(f(0)), would be expressible as the difference of the
d-th powers of two polynomials of degree (1/d)deg, -L(f(s)). This is clearly
impossible. Here we use the fact that d is nonzero in V/M.

We are left to prove (8). Let {E;} be the set of maximal members of
9(f)JU which are properly contained in D. It is easy to see that every E;D
some U; and the following

O LS, Ey=_% Kf,UD.
Thus we have
ali(f, Ej .

Then (8) follows from Lemma 1.1. Q.E.D.
PrROOF OF THEOREM 1. We have the following equations
@) =g+,
(3) degh(y)<(d—1/d)n.

It suffices to show that for any ¢ with associate disc D2U; we have the fol-
lowing

@ v(h(a)<u(f(o)).
Note that it then follows from (2) that

G) L(f(e)=L(g(a)?).

In the case that value group G is discrete we may take D to be the minimal
disc 2U;. Otherwise we let D run through all discs 2U;. Then
establishes that the numbers of roots of f(y) and g(y)* in U; are equal.

We separate the proof of the inequality (4) into several cases.

Case 1. D2D, the maximal disc in 9(f). Let ¢* be a general element for
D* the minimal disc which contains all roots of f(y)gs(y). Then we have

® v(f(e*)=ulga(e?)=nr(D¥).

It follows from (2) and the strong triangle inequality
M vh(a*N=u(f(a®)).

We trivially have
@& (h, D¥)=deg h(y)<(d—1/d)n=(d—1/d)I(f, D*).
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Thus it follows from that
©)  vh(e®)<u(f(e®),
(10) L(f(a*)=-L(g(a®)?).
It follows from and (10) that
D*2D, & L(f(c*)) is a power of a linear polynomial
& L(g(g*)) is a power of the same linear polynomial
— the distance of any two roots of f(y)ga(y)<r(D*).
We must have D*=D,. It follows from and (9) that
(1D u(f(e®)=u(f (N (Dy)/r(D))!</ P?
>v(h(c™))
Zv(h(a))((Dy)/r(D)) P2 .
We thus conclude

(12) v(h(a)<u(f(0).

Case 2. DED,€2(f). Inductively we assume that for any D% D,;=D(f)
with a general element o, the following

(13) w(h(eN<u(f(a).
Let D, be the smallest disc in 9(f) which contains D properly and satisfies
(14) Uh, DH<(@—1/d)(f, D).

Note that the maximal disc D; in D(f) satisfies (14) thus guarantees the ex-
istence of D,. It follows from and (14) that we may construct two
maximal chains as follows:

(15) DyDDy1 D+ DDyDDy D - DD, =U;,
(16) Dy=D}¥>D - DD%=U;
with
(A7) Uh, DH=B, DH<A—=1/DUS, DY) Vulisw*,
(18) Dy=2DDCo1,
(19) I(h, Dp=(d—1/d)I(f, D;) Yu<j=v.
Let o% be a general element for D¥. We claim
20) v(h(eD=uv(f(e?) Vulizw*.

Note that if i=wu then (20) follows from (13). Inductively we assume the in-
equality (20) is true for some 7 we shall prove it for /+1. Note that it follows
from (20) and (17) that
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21 v(h(at)<u(f(eD=uv(ge(eD?,

(22) L(fle))=L(gleD?).
It then follows from Lemma 1.1 that

23) Uf; Dr)=I*f, Dt)=1*(ge% D¥so).
We copy the proof for case (1) as follows. Let o* be a general element for D*
the smallest disc which contains all root z* of f(y)g4(y) satisfying

24 =¥, 0)<r(DY), D*DD%4,

where 7 is any element in D%*.,. Then it follows from (21) and
(23) that

(25) v(f(a*N=v(f(@NT(D*)/r(DE)"/ Pisr
=0(g(a)(r(D¥)/r(D¥)"2a’ Pisp
=v(ga(eD)?).
It follows from (2) and the strong triangle inequality
26) u(h(a®)=u(f(a%)).
It trivially follows from (17)
@7) I(h, D¥)=*h, DY )<d—1/DIf, Di+)=(d—1/d)If, D¥).
The rest of the proof of case (1) can be copied almost verbatim to show
(28) D*=D%44,
29) wv(h(ot+D)=v(h(e*)=v(f(e®)=uv(f(67F+1) .

We establish our claim (20).
Note that our conditions (17), (20), (18), (14), (19) fulfill the requirement (3),
@), 6), (7, 8) of for r=(d—1/d), ¢g=1. Thus if we have

@0) Uh, D)yz=(d—1/d)U(f, D)

then the requirement (9) of is also fulfilled and our theorem follows
from the conclusion (10) of We shall assume the opposite of (30), i. e.

31) Uh, D)<(@—-1/d)I(f, D).
Let the following chain be the maximal one in 9D(fgq?)
32) D,=E,D--DE;D--DE;=D
with &; a general element for E;. It suffices to prove inductively the following :
B3 uvh(@N<u(f@)) =1, -, 4q.
Note that if we have
@4) Uh, Eun)2(d—1/DIS, Eisy)
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then the proof used to handle (30) can be copied verbatim to settle this case.
We hence assume for some 7

@5) Uh, Eir)<(d—1/DIf, Ei+d),
36) u(h(aN<u(f(54) (=u(ga(@)?) .
It then trivially follows (cf. Lemmas and I.2)
@7 L(f(@N=L(ga(@)Y,
@8 Uf, Eir)=Uga?, Eisv),
B9 v(f(Gu))=v(ge(di+)NZu(h(Fir) -
It then follows from that
(40) v(h(5:0))<v(f(Fi+1) . Q.E.D.

THEOREM 2. We use the assumptions of Theorem 1. Let o;'s be general
elements for Uj;'s and g(y) be a d-th quasi-approximate root of f(y). Let a;(y) be
the polynomials of degrees less than (n/d) and defined by the following equation :

M) =80+ 2 (g

Let o be a general element for D which properly contains some member of U.
Then we have for all i, j

@) vlao)<u(fl@)'*,

3 ugla)H)=u(f(o),

@) vlafo))=uv(f(e)?,

G) lay, U=/, Us) = vlafo)<u(f(e))?,
©6) uv(glodH=u(f(e))"?.

ProoF. By a finite field extension of K we may assume that a,(y)’s factor
completely over K. Note that the value v may be extended accordingly. It
follows from that (4) implies (2) and (5). Moreover, (2) trivially
implies (3). It thus suffices to prove (4) and (6).

Let D be any disc which contains some U,. Note that DNU,;#0 implies

DU, or DcU,. 1t then follows DDU; We thus conclude
(7 Ug, D)= X g, Up=/dS, D).
U;cD
Let the following chain be maximal in 9(f)
® D,DD;D--DD,DU;.

It follows from (7) that the chain (8) is maximal in 9(g). It follows from
that
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©)  ulgle))=r(DptePv ,i:Iz (r(Dy/r(D;-1)) & P2 (r(Us)/r(Dy)) & U2,

(10) (f(a))=r(Dy+s:P ﬁ (H(D)/P(D )29+ (r(U ) /(D)) SV

Then (6) follows from (7), (9), (10). We are left to prove (4).

Let ¢ be the largest integer =d+1 such that (4) is satisfied for all 1I=7<e
and 1=</<s. Note the integer ¢ is at least 1. Suppose e¢#d-1 and rewrite (1)
as follows

1) fG)=g0)*+ 5 a(Ng)*+alng)**+h().

Note the following trivial fact
(12) deg h(y)<(d—e/d)n.

Let o* be a general element of a disc D* which contains U,eU. Clearly it
suffices to prove

(13) v(h(e*)=u(f(a™)).

Note that (11) and (13) with o*=0¢; imply
(14) w(oloi)glo)? )=u(f(a2).

It follows from (6) and (14) that
(15) wlalo)=u(f(o))*?

and this contradicts the choice of e.
Let us observe the following fact

(16) IU(h, D} <(d—e/d)(f, D*)= v(h(e*)=u(f(c¥)).
Note that it follows from that for 1=<j<e
A7) wae®)gle®*H=u(f(a*)
and it follows from and (6) that
(18) v(g(a®))=u(f(c*)).
Thus if (16) is false, then we must have
(19) v(h(e*)=v(a.lo*)g(c*)*"*),
(20)  L(h(e*)=L(aelc*)g(a*)*"*).
While the z-degrees of the two sides of (20) are given by
@D Uh, D¥)<(d—e/d)f, D¥)=(d—e)l(g, D*)=Ua.g*"*, D¥).
This is clearly impossible. We thus have (16).

We divide the proof of (13) into several cases.
Case 1. D*DD, the maximal disc in 9(f). Clearly we have by (12)
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I(h, D¥)=deg h(y)<(d—e/d)n=I(f, D*).
Then (13) follows from (16).
Case 2. D*%ED,. We construct the following maximal chain of discs
(22) D,D - DDyDDyD - DD, =U;
satisfying the following requirements
(23) Dy D*D Dy,
24 Uh, DY<(d—e/d)S, Du),
(25) I(h, Djy=(d—e/d)I(f, D)) Yu<j=v.

Note that D, satisfies (24) thus guarantees the existence of the chain (22). It
follows from Lemma 2.1 that we can construct the following maximal chain (26)
satisfying (27)

(26) D,=D%>-.-DD%=U;,

27 IU(h, DHE¥(h, DH<(d—e/dD)I(f, DF) Yu<lisw*.
it then follows from (16) that

28) ulh(oD)=u(f(03) -

Note that the requirements of are fulfilled with r=(d—e/d), g=1.
Then (13) follows from Q.E.D.
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