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Abstract. On the setting of the upper half-spaceH of the Euclidean n-spaces,
we give a sharp norm estimate of the weighted harmonic Bergman projection on Lp

α

for 1 < p < ∞. Also, we obtain the norm estimate of the projection depending on
α > −1 when p is fixed.

1. Introduction.

For a fixed positive integer n ≥ 2, let H = Rn−1×R+ be the upper half-space
where R+ denotes the set of all positive real numbers. We write point z ∈ H as
z = (z′, zn) where z′ ∈ Rn−1 and zn > 0.

For α > −1 and 1 ≤ p < ∞, let bp
α denote the weighted harmonic Bergman

space consisting of all real-valued harmonic functions u on H such that

‖u‖Lp
α

:=
( ∫

H

|u(z)|p dVα(z)
)1/p

< ∞,

where dVα(z) = zα
n dz and dz is the Lebesgue measure on Rn. The space bp

α is a
closed subspace of Lp

α. In particular b2
α is a Hilbert space. Thus, there is a unique

orthogonal projection Πα of L2
α onto b2

α:

Παf(z) =
∫

H

f(w)Rα(z, w) dVα(w)

for every f ∈ L2
α and for each z ∈ H where Rα(z, w) is the weighted harmonic
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Bergman kernel. The projection Πα is called the weighted harmonic Bergman
projection.

Let Ds be the fractional differentiation of order s ≥ 0 and let Pz(w) be the
extended Poisson kernel on H, i.e.,

Pz(w) := P (z, w) =
2

nσn

zn + wn

|z − w|n z, w ∈ H (1.1)

where w = (w′,−wn) and σn is the volume of the unit ball in Rn. Then the
weighted harmonic Bergman kernel Rα(z, w) is given by

Rα(z, w) =
(−1)dαe+12α+1

Γ(α + 1)
Dα+1Pz(w) (1.2)

where Γ is the Gamma function and dαe is the smallest integer greater than or
equal to α. Also, it is well known

|Rα(z, w)| ≤ Cn,α

|z − w|n+α
(1.3)

for z, w ∈ H. Thus, we have

‖Rα(z, ·)‖Lq
α

. z(n+α)(1/q−1)
n (1.4)

for 1 < q < ∞. Thus, the weighted harmonic Bergman projection Πα is well
defined whenever f ∈ Lp

α for 1 ≤ p < ∞. Moreover, Πα is a bounded projection
of Lp

α onto bp
α for 1 < p < ∞ (See [1] and [2] for details).

Recently, Zhu [4] gave a sharp norm estimate of the Bergman projection on
Lp of the unit ball in Cn. In this paper we show that the result of Zhu continues
to hold on the setting of the weighted harmonic Bergman projection on Lp

α of the
unbounded domain H (Theorem 3.1). Additionally, we obtain the norm estimate
of Πα depending on α when p is fixed (Theorem 3.2).

Throughout the paper we use the same letter Ca to denote various positive
constants depending only on the constant a which may change at each occurrence.
For nonnegative quantities A and B, we often write A . B or B & A if A is
dominated by B times some positive constant. Also, we write A ≈ B if A . B

and B . A.

2. Auxiliary estimates.

In this section, we recall the definition of the weighted harmonic Bergman
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kernel Rα(z, w) and then we get the estimate of it on some local area.
The fractional derivative of v of order −s < 0 is defined by

D−sv(z) =
1

Γ(s)

∫ ∞

0

ts−1v(z′, zn + t) dt. (2.1)

Let D be the differentiation with respect to the last component. Then the frac-
tional derivative of u ∈ bp

α of order s > 0 is defined by

Dsu = D−(dse−s)Ddseu.

Also, D0 is the identity operator. If α is not an integer, we have from (1.2)

Rα(z, w) =
(−1)dαe+12α+1

Γ(α + 1)Γ(dαe − α)

∫ ∞

0

tdαe−α−1Ddαe+1Pz(w′, wn + t) dt (2.2)

for z, w ∈ H.
Note that for each j = 1, . . . , n− 1,

Dzj P (z, w) = −Dwj P (z, w)

and

DznP (z, w) = DwnP (z, w).

Therefore, we can show that for multi-indices β = (β1, . . . , βn) and γ =
(γ1, . . . , γn),

Dβ
z Dγ

wP (z, w) = (−1)γ1+···+γn−1Dβ1+γ1
z1

· · ·Dβn+γn
zn

P (z, w)

= (−1)γ1+···+γn−1
fβ,γ(z − w)

|z − w|n+2|β|+2|γ| , (2.3)

where fβ,γ is a homogeneous polynomial of degree 1 + |β|+ |γ|.
Fix e = (0, 1) for the rest of this paper. Then (2.3) gives that for each

nonnegative integer k

fk+1(e) =
(−1)k+12Γ(n + k)

nσnΓ(n− 1)
6= 0, (2.4)
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where fk+1(e) = f(0,··· ,0),(0,··· ,0,k+1)(e). Thus there exists 0 < ε < 1 such that
C−1 ≥ fk+1(e)fk+1(z) ≥ C for some constant C > 0 and every z ∈ B(e, ε) where
B(e, ε) is the open ball in Rn centered at e with radius ε. For w ∈ H ∪ {0},
let Γε(w) = {z ∈ H | (zn + wn) > ε|z′ − w′|}. Because fk+1 is a homogeneous
polynomial of degree k + 2, there exists ε0 > 0 such that

C−1zk+2
n ≥ fk+1(e)fk+1(z) ≥ Czk+2

n (2.5)

for every z ∈ Γε0(0). Note that z − w ∈ Γε0(0) for w ∈ H and z ∈ Γε0(w). Thus
(2.5) implies that

fk+1(e)Dk+1Pz(w) =
fk+1(e)fk+1(z − w)
|z − w|n+2+2k

≥ C
(zn + wn)k+2

|z − w|n+2+2k

≥ C

(zn + wn)n+k
, (2.6)

for every z ∈ Γε0(w). Then Rα(z, w) can be estimated as the following.

Lemma 2.1. Given α > −1 and w ∈ H, there exists a constant C = Cn,α >

0 such that

Rα(z, w) ≥ C

(zn + wn)n+α

for every z ∈ Γε0(w).

Proof. Let w ∈ H. Note that Γε0(w) ⊂ Γε0(w + (0, t)) for every t > 0.
If α is not an integer, (2.2), (2.4) and (2.6) imply

Rα(z, w)

=
2α+1

Γ(α + 1)Γ(dαe − α)

∫ ∞

0

tdαe−α−1(−1)dαe+1Ddαe+1Pz(w′, wn + t)dt

=
nσn2αΓ(n− 1)

Γ(α + 1)Γ(n + dαe)Γ(dαe − α)

∫ ∞

0

tdαe−α−1fdαe+1(e)Ddαe+1Pz(w′, wn + t)dt

≥ Cn2α

Γ(α + 1)Γ(n + dαe)Γ(dαe − α)

∫ ∞

0

tdαe−α−1

(zn + wn + t)n+dαe dt
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for every z ∈ Γε0(w). Since

∫ ∞

0

tdαe−α−1

(zn + wn + t)n+dαe dt =
1

(zn + wn)n+α

∫ 1

0

sn+α−1(1− s)dαe−α−1ds

=
Γ(n + α)Γ(dαe − α)

Γ(n + dαe)
1

(zn + wn)n+α
,

we have

Rα(z, w) ≥ Cn,α

(zn + wn)n+α

for every z ∈ Γε0(w).
If α is an integer, (1.2), (2.4) and (2.6) give us that

Rα(z, w) =
Cn2α

Γ(α + 1)Γ(n + α)
fα+1(e)Dα+1Pz(w)

≥ Cn,α

(zn + wn)n+α

for every z ∈ Γε0(w). The proof is complete. ¤

The following lemma is Proposition 3.1 in [1]. However we calculate the
constant exactly to use it in this paper.

Lemma 2.2. Given a+b > −1 and b < 0, there exists a constant C = Cn > 0
such that

∫

H

wa+b
n

|z − w|n+a
dw = C

Γ(a+1
2 )Γ(−b)Γ(a + b + 1)
Γ(a + 1)Γ(n+a

2 )
zb
n (2.7)

for every z ∈ H.

Proof. Integration in polar coordinates and change of variable yield

∫

H

wa+b
n

|z − w|n+a
dw =

∫ ∞

0

∫

Rn−1

wa+b
n

(|z′ − w′|2 + (zn + wn)2)(n+a)/2
dw′dwn

= (n− 1)σn−1

∫ ∞

0

∫ ∞

0

rn−2wa+b
n

(r2 + (zn + wn)2)(n+a)/2
dr dwn
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= (n− 1)σn−1

( ∫ ∞

0

ta+b

(zn + t)a+1
dt

)( ∫ ∞

0

rn−2

(r2 + 1)(n+a)/2
dr

)

:= (n− 1)σn−1I1 · I2.

Since −b > 0 and a + b + 1 > 0, using change of variable again, we have

I1 = zb
n

∫ 1

0

s−b−1(1− s)a+bds =
Γ(−b)Γ(a + b + 1)

Γ(a + 1)
zb
n.

Similarly, we get

I2 =
1
2

∫ 1

0

s
a−1
2 (1− s)

n−3
2 ds =

Γ
(

n−1
2

)
Γ
(

a+1
2

)

2Γ
(

n+a
2

)

because (a + 1)/2 > 0. Combining these estimates, we obtain (2.7) as desired. ¤

3. Main result.

Now we are ready to prove the main theorem.

Theorem 3.1. For any α > −1, the weighted harmonic Bergman projection
has the following norm estimation:

‖Πα‖ ≈ max
{

1
p− 1

, p

}
,

where ‖Πα‖ is the norm of Πα on Lp
α for 1 < p < ∞.

Proof. We first estimate the lower bound. For some 0 < c1 < ε0 satisfying
1− c1 − c1ε0 > 0, let f0 = χB(e,c1). Note that

‖f0‖p
Lp

α
= Vα(B(e, c1)) ≥ Cn,α(1 + c1)(n+α). (3.1)

Take some constant ε1 satisfying ε1 > ε0/(1− c1 − c1ε0). Since

1 + c1ε1

ε1(1− c1)
<

1
ε0

and
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|w′|
c1

< 1 <
wn

1− c1
for w ∈ B(e, c1),

we see that for z ∈ Γε1(e) and w ∈ B(e, c1),

|z′ − w′| < zn + 1
ε1

+
c1

1− c1
wn

<
zn

ε1
+

1
ε1

wn

1− c1
+

c1

1− c1
wn

=
zn

ε1
+

1 + c1ε1

ε1(1− c1)
wn

<
zn + wn

ε0
.

Therefore, we obtain Γε1(e) ⊂ Γε0(w) for w ∈ B(e, c1). Thus, applying Lemma
2.1, we have

∫

B(e,c1)

Rα(z, w) dVα(w) ≥ Cn,α

∫

B(e,c1)

dVα(w)
(zn + wn)n+α

(3.2)

for z ∈ Γε1(e). Since zn + wn ≤ 2(|z|+ 1) for w ∈ B(e, c1), we have by (3.2)

‖Παf0‖p
Lp

α
=

∫

H

∣∣∣∣
∫

B(e,c1)

Rα(z, w) dVα(w)
∣∣∣∣
p

dVα(z)

≥ Cp
n,α

∫

Γε1 (e)

( ∫

B(e,c1)

dVα(w)
(zn + wn)n+α

)p

dVα(z)

≥ Cp
n,αVα(B(e, c1))p

∫

Γε1 (e)

dVα(z)
(1 + |z|n+α)p

. (3.3)

Using integration in polar coordinates, we get

∫

Γε1 (e)

dVα(z)
(1 + |z|n+α)p

≥
∫

Γε1 (0)∩{z∈H||z|=1}
ζα
n dσ(ζ)

∫ ∞

c1

rn−1+α(1 + rn+α)−p dr

= Cn,α
(1 + cn+α

1 )1−p

(n + α)(p− 1)
.



232 H. Koo, K. Nam and H. Yi

Thus, by (3.3) and (3.1), we have

‖Παf0‖p
Lp

α
≥ Cp

n,α

(n + α)(p− 1)
‖f0‖p

Lp
α
.

Note that for 1 < p ≤ 2,

(
1

p− 1

) 1
p

=
(

1
p− 1

)(
1

p− 1

) 1
p−1

≥ C

p− 1
.

Consequently, we have

sup
‖f‖L

p
α

=1

‖Παf‖Lp
α
≥ ‖Παf0‖Lp

α

‖f0‖Lp
α

≥ Cn,α

p− 1
for 1 < p ≤ 2. (3.4)

Also, by the duality and (3.4), we have

sup
‖f‖L

p
α

=1

‖Παf‖Lp
α
≥ Cn,αp for p > 2. (3.5)

In fact, with 1/p+1/q = 1, the duality property of the weighted harmonic Bergman
space(See [2]) and (3.4) imply

sup
‖f‖L

p
α

=1

‖Παf‖Lp
α
≥ sup
‖f‖L

p
α

=1

∣∣∣∣
〈

Παf,
f0

‖f0‖Lq
α

〉∣∣∣∣

= sup
‖f‖L

p
α

=1

∣∣∣∣
〈

f, Πα
f0

‖f0‖Lq
α

〉∣∣∣∣

=
‖Παf0‖Lq

α

‖f0‖Lq
α

≥ Cn,α

q − 1

≥ Cn,α p

for p > 2. Therefore, we have from (3.4) and (3.5),

‖Πα‖ ≥ Cn,α max
{

1
p− 1

, p

}
.
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Now, let’s estimate upper bound. (1.3) and Hölder’s inequality imply

|Παf(z)|p ≤ Cp
n,α

( ∫

H

|f(w)|wα
n

|z − w|n+α
dw

)p

≤ Cp
n,α

( ∫

H

w
α−α+1

p
n

|z − w|n+α
dw

)p/q ∫

H

|f(w)|pwα+ α+1
q

n

|z − w|n+α
dw

= Cp
n,α

(
Cn,αΓ

(
α + 1

p

)
Γ
(

α + 1
q

))p/q

z
−α+1

q
n

∫

H

|f(w)|pwα+ α+1
q

n

|z − w|n+α
dw

where the last equality holds by Lemma 2.2. Thus by Fubini’s theorem and Lemma
2.2, we have

‖Παf‖p
Lp

α

≤ Cp
n,α

(
Cn,αΓ

(
α + 1

p

)
Γ
(

α + 1
q

))p/q ∫

H

|f(w)|pwα+ α+1
q

n

∫

H

z
α−α+1

q
n dz

|z − w|n+α
dw

= Cp
n,α

(
Cn,αΓ

(
α + 1

p

)
Γ
(

α + 1
q

))p/q+1 ∫

H

|f(w)|p dVα(w).

So we obtain

‖Παf‖Lp
α
≤ Cn,αΓ

(
α + 1

p

)
Γ
(

α + 1
q

)
‖f‖Lp

α
. (3.6)

In case p → ∞, we know Γ
(

α+1
q

) ≈ Cα and Γ
(

α+1
p

) ≈ p. Also, if p → 1, then
Γ
(

α+1
p

) ≈ Cα and Γ
(

α+1
q

) ≈ 1
p−1 . Thus (3.6) means that

‖Πα‖ ≤ Cn,α max
{

1
p− 1

, p

}

as desired. The proof is complete. ¤

When p is fixed, the same argument of the proof of Theorem 3.1 gives us the
following.

Theorem 3.2. Let 1 < p < ∞. Then there exists a constant C = Cn,p > 0
such that
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‖Πα‖ ≤ C

α + 1

as α → −1+.

Proof. Note that ‖Πα‖ ≥ 1.
If α is an integer, we have form (1.2)

|Rα(z, w)| ≤ Cn2αΓ(n + α)
Γ(α + 1)

1
|z − w|n+α

.

If α is not an integer, we have from (2.2),

|Rα(z, w)| ≤ 2α+1

Γ(α + 1)Γ(dαe − α)

∫ ∞

0

tdαe−α−1|Ddαe+1Pz(w′, wn + t)| dt

≤ Cn2αΓ(n + dαe)
Γ(α + 1)Γ(dαe − α)

∫ ∞

0

tdαe−α−1

(|z − w|+ t)n+dαe dt

=
Cn2αΓ(n + dαe)

Γ(α + 1)Γ(dαe − α)
1

|z − w|n+α

∫ ∞

0

tdαe−α−1

(1 + t)n+dαe dt

=
Cn2αΓ(n + α)

Γ(α + 1)
1

|z − w|n+α
.

Thus we have

|Rα(z, w)| ≤ Cn2αΓ(n + α)
Γ(α + 1)

1
|z − w|n+α

(3.7)

for α > −1. Then Hölder’s inequality give us that

|Παf(z)|p ≤
( ∫

H

|f(w)||Rα(z, w)| dVα(w)
)p

≤
(

Cn2αΓ(n + α)
Γ(α + 1)

)p( ∫

H

w
α−α+1

p
n

|z − w|n+α
dw

)p/q ∫

H

|f(w)|pwα+ α+1
q

n

|z − w|n+α
dw

=
(

Cn2αΓ(n + α)
Γ(α + 1)

)p(CnΓ
(

α+1
2

)
Γ
(

α+1
p

)
Γ
(

α+1
q

)

Γ(α + 1)Γ
(

n+α
2

)
)p/q

× z
−α+1

q
n

∫

H

|f(w)|pwα+ α+1
q

n

|z − w|n+α
dw
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where the last equality holds by Lemma 2.2. So we have

‖Παf‖p
Lp

α
≤

(
Cn2αΓ(n + α)

Γ(α + 1)

)p(CnΓ
(

α+1
2

)
Γ
(

α+1
p

)
Γ
(

α+1
q

)

Γ(α + 1)Γ
(

n+α
2

)
)p/q

×
∫

H

|f(w)|pwα+ α+1
q

n

∫

H

z
α−α+1

q
n

|z − w|n+α
dz dw

=
(

Cn2αΓ(n + α)
Γ(α + 1)

)p(CnΓ
(

α+1
2

)
Γ
(

α+1
p

)
Γ
(

α+1
q

)

Γ(α + 1)Γ
(

n+α
2

)
)p/q+1

‖f‖p
Lp

α
.

Consequently,

‖Παf‖Lp
α
≤

Cn2αΓ(n + α)Γ
(

α+1
2

)
Γ
(

α+1
p

)
Γ
(

α+1
q

)

Γ(α + 1)2Γ
(

n+α
2

) ‖f‖Lp
α

≤ Cn,p

α + 1
‖f‖Lp

α

as α → −1+. The proof is complete. ¤
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