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Abstract. We consider Schrédinger equations with variable coefficients, which
are long-range type perturbations of the flat Laplacian on R™. We characterize the
wave front set of solutions to Schrodinger equations in terms of the initial state. Then
it is shown that the singularities propagates along the classical flow, and results are
formulated in a semiclassical setting. Methods analogous to the long-range scattering
theory, in particular a modified free propagator, are employed.

1. Introduction.

Let H be a Schrodinger operator with variable coefficients:

1 ¢ n
H=—3 ;1 Ou; k()0 +V(z) on L*(R™),
e

where n > 1 is the space dimension. Throughout this paper, we always assume
a;i(x) and V(z) are real-valued C*°-class functions. Moreover, we assume:

AssumpPTION A.  For each x € R", (a;i(x)),x is a positive symmetric ma-
trix. There is g > 0 such that for any multi-index o € Z7%, there is C, such
that

|0 (aji(z) — djx)| < Calz)™*71, z e R,

oV (x SCa:rz_“_‘O‘l r € R".
02V ()| (z) ;

Then it is well-known that H is essentially self-adjoint on C5°(R"™), and we
denote the unique self-adjoint extension by the same symbol H. We let u(t) =
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e~ "y, be the solution to the time-dependent Schrodinger equation:

z%u(t) = Hu(t), u(0)=ug, wup<€ L*(R").

We study the microlocal singularity of u(¢). In particular, we characterize the wave
front set of u(t) in the nontrapping region, in terms of ug. In order to describe our
main result, we introduce several notations of the classical flow corresponding to
H. Let k(x, &) be the classical kinetic energy, and let p(x, §) be the full Hamiltonian
(modulo lower order terms):

k(l‘,g) = ajk(x)gjgkv p(x,f) = kj(gj,ﬁ) + V(I’), l‘,f € R".

N |

n
k=1

Let exp tH,; denote the Hamilton flow generated by a symbol ¢, i.e., if (z(¢), {(t)) =
exp tHy(zo,80), then (x(t),£(t)) is the solution to the Hamilton equation:

d 0q d _ Oq
a(t) = &(m(t)@(f))v oet) = —5-(2(t),£(t), teR

with 2(0) = zo, £(0) = &o.
DEFINITION 1. For (z¢,&) € R" x R", we denote (g(t),7(t)) =
exptHy(xo,&0). (zo, &) is called backward nontrapping if |g(t)] — oo as t — —oo.

For a € C*°(R?"), we denote the Weyl quantization by a(z, Dy):

a(x, Dy)u(x) = (27r)_"/ei(z_y)'5a<x2+y7§> u(y) dy d€,

where u € (R") (see, e.g., Hormander [10]). We recall (xg, &) ¢ WF(u), the
wave front set of u, if and only if there exists a € C§°(R*") such that a(zg, &) # 0
and

lan(z, Dy)ull = O(h™) as h — 0,

where ap(z, &) = a(z, h) (see, e.g., Martinez [14], Dimassi and Sjostand [5]).

THEOREM 1.1.  Suppose H satisfies Assumption A, and let u(t) = e~ "*Huy,

ug € L?(R™). Suppose, moreover, (xq,&o) is backward nontrapping, and let to > 0.
Then (xo,&) ¢ WF(u(to)) if and only if there exists a € C§°(R®") such that
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a(wo,&o) # 0 and

|(an o exptoH,)(z, Dy)ugll = O(h™°) as h — 0.

The main idea of the proof is very simple. Let a € C$°(R*") such that
a(xo,&o) # 0 and supported in a small neighborhood of (xg,&p). We note

llan(z, Dy )u(to)|| = ||e”°Hah(x, Dm)e*“oHuOH.

If we formally apply the semiclassical Egorov theorem, we learn that the principal
symbol of e”"Hah(ac,DgC)e_itoHuo is given by ay, o exptoH,, and we can obtain
an asymptotic expansion of the symbol, where all the terms are supported in
exp(—toHp)(supp ap). If this argument is justified, Theorem 1 follows immedi-
ately. However, in order to justify this argument in this framework, we need to
find a suitable symbol class, which might be time-dependent. Instead of introduc-
ing time-dependent symbol class, we employ a scattering theoretical technique,
which is an extension of the method used in [17].

Let W (t,€) be a solution to the momentum space Hamilton-Jacobi equation:
W (t,€) = p(%—vg(t, €),&), which is constructed in Section 2. We study

Q(t) — eiW(t,Dx)efitH

instead of e~®H itgelf. Let
(y(tv Zo, §0)7 77(t7 Zo, fo)) = €xXp th(an 50)

If (z0,&o) is backward nontrapping, then it is shown in Section 2 that

lim A~ 'n(—to; o, A
>\—1>I-‘,1:loc 77( 05,20, go)a

& (—to; o, &) =

z_(—to; x0,&0) := ,\ETOO (y(—to;xo, o) — 8;2/(—1?0,77(—150;330»)\50)0

exist. We will see that actually £_ and z_ are independent of t5. We will show:

THEOREM 1.2.  Suppose H satisfies Assumption A, and let u(t), (xo,&o),
to > 0 be as in Theorem 1.1. Then (x¢, &) € WF(u(to)) if and only if

(2—(—to; w0, &), &= (—to; o, &)) € WF (e (710 Da)yyy).
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Since the symbol of
etW(—to.Dz) (ah 0 exp toHp) (z, Dm)eﬂ'W(*tO’DI)

is essentially supported in a small neighborhood of (z_,&_), Theorem 1.1 follows
from Theorem 1.2 (see Subsection 3.4 for the detail). Theorem 1.2 is proved using
an Egorov-type theorem for Q(t)ay(z, D, )Q(t)~1. We note, at least formally,

d 8W , )
-0 D Q(t) — i W (t,Dy) H —itH

= —z’{eiW(tva)He—iW(tme) aavl/ (t,D )}Q( )

= —iL({)Q().

Namely, (¢) is the evolution operator generated by the time-dependent self-
adjoint operator L(t). The principal symbol of L(t) is given by

oo+ G t0.6) - Gree =p(o+ Greone) -o( Ge o)

by virtue of the Hamilton-Jacobi equation. This symbol is O((¢)1=#) if ¢ # 0,
and hence the speed of the propagation of singularity for L(t) is 0 away from
t = 0. However, at t = 0, L(0) has infinite propagation speed, and we observe a
jump of the singularity. This propagation of singularity is described by the flow:
t— (z_(t;z0,&0),&—(t; 20,&0)), and we can conclude Theorem 1.2.

The study of microlocal singularities of solutions to Schrodinger equation goes
back at least to a work by Boutet de Monvel [2] (see also Lascar [13], Yamazaki
[25], Zelditch [26]). Investigation to characterize the wave front set of u(t) in terms
of the initial state ug for variable coefficients Schrédinger equation was started by
a work of Craig, Kappeler and Strauss [4]. They showed that the solution is mi-
crolocally smooth along a nontrapping geodesic if the initial state decays rapidly
in a conic neighborhood of —¢ = —lim;_,_, £(t). This property is called the mi-
crolocal smoothing property, and it was generalized and refined by Wunsch [23],
Nakamura [16] and Ito [11]. The microlocal smoothing property in the analytic
category was studied by Robbiano and Zuily [19], [20] and Martinez, Nakamura
and Sordoni [15]. Results in this paper may be considered as refinements of these
works, and the microlocal smoothing property (in the C°°-category) follows imme-
diately from Theorem 1.1. Similar characterization of wave front set for solutions
to Schrodinger equation is recently obtained by Hassel and Wunsch [8]. They con-
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sidered the problem in the framework of scattering metric, and the assumptions
and the proof are quite different from ours. In a previous paper, Nakamura [17]
considered the case of short-range perturbations, i.e., 4 > 1, and the results in
this paper are its generalizations.

On the other hand, the singularity of solutions to perturbed harmonic oscil-
lator Schrodinger equation was studied by Zelditch [26], Yajima [24], Kapitanski,
Rodnianskiand Yajima [12] and Doi [6], [7]. The idea of these papers, especially
those by Doi, is closely related to our proof.

Recently, Strichartz estimates for variable coefficient Schrédinger operator
were studied by several authors, e.g., Staffilani and Tataru [22], Robbiano and
Zuily [21], Burq, Gérard and Tzvetkov [3], Bouclet and Tzvetkov [1]. The
Strichartz estimate is another expression of the smoothing property of Schrédinger
equations, and there should be implicit relationship with our results. In partic-
ular, Bouclet and Tzvetkov used the Isozaki-Kitada modifier to treat long-range
perturbations, and it is analogous to our modified free propagator, though the
formulation and the construction are completely different.

The paper is organized as follows: In Section 2, we consider the classical
motions generated by the kinetic energy and the total Hamiltonian. In particular,
we construct a solution to the momentum space Hamilton-Jacobi equation and
show the existence of the modified classical wave operator. We prove Theorems 1.2
and then Theorem 1.1 in Section 3.

Throughout this paper, we use the following notation: S(m,g) denotes the
Hormander symbol class (cf. Hérmander [10], Chapter 18). For a compact set K C
R", Sk (m,g) denotes the same symbol class restricted to functions on K x R™.
For a symbol a(z,§), a(x, D,) denotes the Weyl quantization of a.

ACKNOWLEDGMENTS. The author would like to thank the referee for point-
ing out numerous errors in the first version, and for providing valuable suggestions.
He also thanks Kenji Yajima, André Martinez, Shin-ichi Doi and Ken-ichi Ito for
valuable discussions and comments.

2. Hamilton flows and solution to the Hamilton-Jacobi equation.

2.1. Properties of nontrapping geodesic flow.
Here we consider the Hamilton flow for the kinetic energy: k(z,§) =
% > ajr(x)€€k. We always suppose Assumption A is satisfied.

PROPOSITION 2.1.  Let (z9,&) € R* and suppose (z0,&o) is backward non-
trapping. Then there exists C' > 0 such that

|g(t)| Z Cil|t| - 07 t S 07
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where
(@(t),n(t)) = (9(t; w0, 0), 1(t; 20, &0)) = exptH(wo, o)

Moreover, C may be taken locally uniformly with respect to (zq, &)

PROOF. At first we recall the conservation of the energy:
k(g(t Zayk Mk (t) = k(zo, &o)-

By the uniform ellipticity of k(x, &), we learn that there exists C; > 0 such that
Cit <l <€,  teR

We compute

lior =25 (i ) -2 ( sl 00

Uw,8) =2 ai(@)(aze(x) - b50) €

7.k, 2
Oapm da
= D anml@) G @)k +2 Y0 B @) ()€,
7,k,4m j,k,/,m

By Assumption A, it is easy to see
U, &)] < Cla) &P,
and this implies

d2

IO = dk(wo, &) — C{H0)) 10",

We can choose R > 0 so large that
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4k(z9,&) — CR™MCE > ¢ > 0.

Since (z9,&o) is backward nontrapping, there exists to < 0 such that

d
y(t —|y(t
[5(to)| > R, dt|y( )] <0,

and hence

d2

@W(t)ﬁ >e, t<to.

Then by the convexity of |§(#)|?, we conclude

e(to —t)?

(1) > R* + 5 <t

and the assertion follows immediately. Since §(¢; zo,&o) depends continuously on
(t; z0,&o), the constants C' may be taken locally uniformly. O

PROPOSITION 2.2.  Suppose (x9,&) is backward nontrapping. Then
§— = lim 7(tz0,&0)
t——o0
exists.

PrOOF. By Proposition 2.1 and Assumption A, we learn

C0) = 5 SO are) G0 ()

k¢

=O0(lg®)~ ') = o~
as t — —oo. Hence
0 d
&= tm i) =& - [ L

exists. 0

By the above proof, we also observe
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€& —n@) <O, t— —oo,

and C can be taken locally uniformly in (z¢,&). Let 0 < 6; < 1, R > 0, and we
set

1
R-1<|z|<R+1, = <|f<2, m-§<—51|m||§}

Qps, = {(x,g) € R™ 5

be a neighborhood of {(z,—z/|z|) € R*" | |z| = R}. We fix 6; > 0. If R is
sufficiently large, we have

d

i)

=2 , .
— ;am(fe)%fk

=2x-&£+42 Z(ajk(l’) — (5jk)xj€k

Jik

< =281 [a] [ + buf] €] = —0u =] [¢]

for (z,€) € Qr,5, where g(t) = §(t;z,£). Hence, in particular, (z,§) is backward
nontrapping and

- )
G > |2 + le$| [t +elt]*  fort <0

Thus we have proved the following assertion:

PROPOSITION 2.3.  Let 0 < 61 < 1. There exist Ry > 0 and o > 0 such that
if R > Ry then

|g(t§$7£)| > ‘$|+52|t|7 t <0, (m,«f) EQR,51'

We note that since k(z, £) is homogeneous in &, the flow also has the following
homogeneity: for A\ > 0,

U(t;z, ) = (Mt @, §),
i(t;w, \) = Aij(At; 2, §).

Thus we learn the following property concerning the high energy asymptotics of
the geodesic flow:
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PROPOSITION 2.4.

(i) Suppose (x9,&o) is backward nontrapping. Then for any t < 0, A >0,
‘g(ta Zo, AEO)‘ > C’71)\|t| - C?

and

£ (x0,&) = ,\ETDO A7t 20, Ao)

exists. £_ is independent of t < 0 which appears in the previous formula.
(ii) Let 0 < 6y < 1. Then there exist Ry > 0 and 63 > 0 such that if R > Ry
then

9(t; 2, ) = || + ot [€]
fort <0 and
(2,8) €e{(z,) e R*" | R—1<|z| <R+ 1,z-£< —6 x| [¢]}.
In particular,

(@8 = lim AT, (@.) € Qna,

converges uniformly in Qg s, .

2.2. High energy asymptotics of the Hamilton flow.
Now we consider the Hamilton flow:

(y(t; 2, &), n(t; 2, &) = exptHy(z,§).

We recall (y(t),n(t)) satisfies the Hamilton equation:

%yj(t) = Z ajk(y(t)) me(t),
k=1

n

G0 = =3 > FEG) mOnl) - 560,

J,k=1

At first we prepare an a priori estimate:
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PROPOSITION 2.5.  Let T > 0. Then there exists C' > 0 such that
ly(t; 2,8 + [n(t; 2,8 < C((x) +(§)), —-T<t<T.
In particular, if |x| < v|€| with some v > 0, then
ly(t; 2z, ) < C(E),  In(t;@,§)| < C'(g)

for =T <t <T, with C' > 0.

Proor. We note
p(@,€) = k(z,6) + V(z) < er({x)? + (€)%)
with some ¢; > 0. Then by the conservation of energy, we learn

In(t; 2, &) < cav/k(y,m) = cav/p(y,m) — V(y) < e3((€) + (v)).

Hence we have

‘iy@;x,g)‘ < ca(() + {w).

By using the Duhamel formula, we obtain
t
ly(t)] < e |x] +/ (= ey(€)ds < ea((@) + (£))
0
if 0 <t <T. Then we also have

In(®)] < es({6) + (y(1)) < es((x) + (£))-

The case —T <t < 0 is similar, and we omit the detail.

If we denote
A t
yrte,g) =y| 1w AE ),

Mty z, &) = /l\n(f\;x,M),
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for A > 0, then (y*(¢),n*(t)) satisfies
Z a]k nlw

d A aakg )\ 1 0V
Z 3:173 k e A2 333 (v )

with the initial condition: y*(0) = x, n*(0) = £. By the continuity of the solutions
to ODE’s in the coefficients, we learn

PO =G, ) ) as A— 4o,
locally uniformly in ¢t € R. In particular, if (z,€) is nontrapping, then for any

R >0, |y*t)| > R for t < 0 and A > 0. In fact, we have the following stronger
assertion:

PROPOSITION 2.6.  Suppose (x,£) is backward nontrapping, and let to < 0.
Then there exist C > 0 and A\g > 0 such that

)| > C7Ht - O, for Mo <t<0,A> ),

where y*(t) = y*(t;x,€). Moreover, C can be taken locally uniformly with respect
to (z,€).

PrROOF. The proof is analogous to that of Proposition 2.1. By Proposi-
tion 2.5, we have

[y ()] < aAé] for Mo <t <0,

if A is sufficiently large (so that |z| < G A|¢]). As in the proof of Proposition 2.1,
we have

dt2 \y )7 = 4™ (1), 0 (1) + U (1), n(1)),

where

P(,€) =

l\.')\»—~

1

> ajn(z) & &+ %V(IL
k=

J
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U(w.8) = U0,8) = 5V (@) — 55 S asela) ;g (o).
7,k

These imply

d2

@lyk(t)I2 > dk(z,€) — OX7F = C(y(t)) "

Then, by noting the above remark that y*(t) — #(t) as A — +oo, the same

argument as in the proof of Proposition 2.1 applies, and we conclude the assertion.
O

COROLLARY 2.7.  Let (x,€), to, C and Ao be as in Proposition 2.6. Then
ly(t; 2, M) > CTH At = C fortg <t <0, A > Xo.

As well as Proposition 2.4, we also have the following proposition:

PROPOSITION 2.8. Let 0 < §; < 1 and tg < 0. Then there exist Ry > 0,
b9 > 0 and \g > 0 such that if R > Rg then

ly(t; z, )| > || + 02 [t |€], to <t <0,

Jor (2,8) € {(z,§) [R—1 <|a| <R+ 1,[¢] = AR,z - & < =0z ]}

PROPOSITION 2.9.  Suppose (x,£) is backward nontrapping. Then for any
to < 0, there exists C > 0 such that

[n(t;2, M) — it 2, AE)| < CATH|t>,
ly(t; 2, 0) — G(t; 2, AE)| < CANTH [P0
fort € [to,—1/A] and A > 1.
PrOOF. It suffices to show the equivalent assertion:
(& 2, €) —ijts 2, €)| < CAT2[eP,

[y (2, &) — Gt 2,8 < CA2 [P+

for t € [Atg, —1]. By the Hamilton equation, we have
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G0 =) =5 S (G - G ) - 5 o),
k.0 J J J
L0~ 50) = X (k) 0k — a(i) ).

k

These imply

d B L X L i
‘dt(’lk—n)‘ e (|17 I = Al TR = gl AT,
d, \ - A = T N

%(y —9)| < aln =il +alt] ly* =1,

for t < —1 with some ¢; > 0 (cf. Lemma A.1 in Appendix). If ¢ < —T < 0, we
have

‘(77A - ﬁ)‘ < er (Tt — il + T2yt — gl + 2720,

d
‘dt(y* - g)‘ <alnt =i+ eyt - g,

Thus, for t < —T, |n* — 7| and |y — §| are majorized by a solution to
—Z' > e (TTH ' Z + Tt 2Y + A2t ),
—Y' > Z 4T M"Y

with

Z(=T) = [ (1) = a(-T)

, Y(=T) 2 [y (=T) = §(-T)|.
If we set

Y (t) = cod 2P, Z(t) = esA TRt H,
then the differential inequalities are satisfied if

es(2—p) > cr(esTH 4 T ™" +1);

co(3—p) > cres + e T™H.
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In other words, if

c3((2—p) —aT™) 2 cieeT™H + ey
c2((3—p) —aT™H) > cyes.

We choose T so large that
(2—p) —aT™M) P xET (B —p) —aT™") 1 <1,

and set c3 = ((3—p)—c1T~H)cy te. If ¢y is sufficiently large, the above inequalities
are satisfied.

Since |y (=T) —§(=T)|, [nM(=T) —7(=T)| = O(A=2) as A — +oo, the initial
condition is also satisfied if ¢o is taken sufficiently large. Thus we conclude the
assertion for ¢t € [Atg, —T]. The estimate for t € [-T, —1] is obvious. O

Proposition 2.9 together with Proposition 2.2 implies, in particular,

. —1 . _ : —1~(4. —
)\EI}-IOOA n(tax7A£) - )\ETOOA n(tha)‘f) - g—(x7€)

2.3. Construction of a solution to the Hamilton-Jacobi equation.
In order to construct a solution to the momentum space Hamilton-Jacobi
equation, we prepare one more lemma about the classical flow:

PROPOSITION 2.10. Let 61 > 0 and tg < 0. There exist Ry > 0, ¢g > 0 and
C > 0 such that

0
’amn(t;m,f)' < CRTH,

2 n(t,) - 5)' <R

Jortg <t <0,

with R > Ry and A\ > coR. Moreover, for any o, 8 € Z7, there is Cog > 0 such
that
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(4)(&) o

(2)(2) w0 -0 < custer

for (z,€) € Q and t € [to,0].

< Cogp [t ()17,

PROOF. We set A = |¢] and consider

P56 = w56
Mt 2, €) = in(f\r AE)-

Then it suffices to show the above estimates for n* and y* with |¢| = 1,
A > coR and t € [Mo,0].

We mimic the argument of Hormander [9] Lemma 3.7. Let s denote the
variable z; or &, j = 1,...,n. By the Hamilton equation, we have

dy 5‘y 5‘7)
( J) Z&w s kJrZ ak(y 8751C (2.1)

on d%a Yy,
<J)__Zaxa§f ’?57
kym T
aaké’ g ) ) i L 5%
Z axj Tk 55 Z axkaxj ) os - (22

Then |9y /0s| and |On*/ds| are majorized by the solution to

d
Yz A(R+6It) 1Y + 12,

d
——Z > (R+6t)"2HY + e (R+6)t) 112 +

¥ SR+ gt~

A
with Y(0) >0 and Z(0) > 1if s =¢;, Y(0) > 1 and Z(0) > 0 if s = x;. Here we
suppose R > Ry and 6 = d2 in Proposition 2.8. Note we consider the inequality
int <0.
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We set
Y =c(R—06t), Z=c3(1—(R=6t)""), My<t<O0

with 0 < ¢/ < p. Then the differential inequalities for the majorants are satisfied
if

20 > c1eaR7H + cqes, (23)

. R— 68Xt \°
e > R=(=) <c102 +cic3 + cic <>\0> ), (2.4)

and R~* < 1/2 so that Z > 0. We note

R — S)t
‘0 <yt + ol

A

R
NLI

since A > ¢gR. Now we choose ¢3/c3 = > 2¢1 /5, and choose Ry so that

. (2, 1/p ~er 1/(u—p)
Ro > max{ 20, (220) 7 (o st o))

then the above conditions are satisfied. Thus we learn

8%)'\ 87]A C2
_7J < _ _ 9 < =
0| <calr-b.|G0) <2
for R > Ry, A > ¢oR and t € [y, 0], provided
< —_7 < =,
Polsar  [Fo|<g

We now consider the case s = ;. Then we may set c; = R~! and we have

3y;»‘
dxy,

on}
a;(t)‘ SR
k Y

(t)’“‘zr

We integrate the equation (2.2) again to obtain
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877;‘
Dy,

‘@ ° —1—p ‘@ ’ —1—p
) < 7 (R—or) dr + R (R—0r) dr
t t

+ = /O(R — 5r)1_”dr

2
(Cl N 01>R—1—u La (R - 5t> R-1-n
Koo 0 A

if t € [Mtp,0] and A > coR. Similarly, if s = £, we may set ca = 27y and we have

i

0
- (t)] < 2(R - b1), <t>\ <2

By integrating the equation (2.2), we conclude

87}3\
—J < C'R™H.
Ok

(t) — djk

For higher derivatives, we prove the estimates by induction. It suffices to
show

|020¢ (1 (t52,6) — 2)| < Caglt],
|050¢ (n(t:2,€) = )] < Cap
for t € [Atg,0]. We suppose these hold for |a + 3| < k, and let
V() = 02000 (,€) —w), Z() = 0200 (5 ,€) — €)
with |a+ ] = k. Then by the induction hypothesis, we can show Y and Z satisfy

Y' =AY + A12Z + Aus,
7' = AnY + A9 Z + Agz + N2 (A3, Y + Asg),
Y(0) = Z(0) =0,

where
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A =0((717"), A =0(D), Az = O((t)™"),
Asr = O(()27H), An =O0({t)717"), A =0((t)"'7"),
A =0(()7™"), A =0({t)'™"),

which itself is proved by induction. Then for t € [Atg, —1], we have

Y| <er((O) MY+ 2]+ (6)7H),
|Z'| < ex(@) Y[+ ()7 2+ () 7H).
These imply Y and Z are majorized by M (t) and M, respectively, with sufficiently

large M (the proof is analogous to the above argument). By integrating the
differential equation again, we conclude the assertion for | + 8| = k. O

We note the above proof for the derivatives works for (g (¢; z, &), 7(t; x,€)) (t <
0) if (z,€) is backward nontrapping. In particular, we learn that &g@?@fﬁ(?f; z,§)

is integrable with respect to ¢ in (—o0, 0], and hence we conclude agafﬁ(t;x,g)
converges as t — —oo, and the estimate is locally uniform. Thus we have

COROLLARY 2.11.  Suppose (x,&) is backward nontrapping. Then
(,8) — & (2,)

is a C* map, and 7(t;z,§) converges to §_(x,&) locally uniformly with all the
derivatives as t — —o0.

Now we consider for tg <t < 0 the map:
. _pS
A E =7 tv _Rmvg .

Proposition 2.10 implies H% — I|| = O(R™*) uniformly for [¢| > coR. We choose

R so large that % is invertible for |£] > ¢oR. It is also easy to see that |A — &| =
O(R™"(¢]) for |¢| > coR, and hence RanA D {¢ € R™ | [{| > 4R} with some

¢4 > 0. Then we set
() = A, )™ 2 {¢] ¢l > R} — R,

ie.,
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Rl _
(-migggp o) =« mrldzan

By Proposition 2.10, we learn

0

‘((%)ac(t,f)‘ <Ol teto, 0], [¢] > iR, (2.5)

Then we set

t
Wa(t,€) = / Ply(s.€).€)ds — RIE|, [¢] > esRR,

where

o) = (5B 59

It is well-known that Wy (t,&) satisfies the Hamilton-Jacobi equation (cf. Reed-
Simon [18], Section XI.9):

0

awl(t,f) = p(

oW,
23

(ta 6)75)7 |£‘ > C4R.

By the construction we have

A, LG8
85W1(ta§) - y<t1 _R|C(t7£)| ) C(t7§)> 3
and
|02W1(t, )| < Cal€)?71, tefto,0], €] > csR. (2.6)

We use a partition of unity to construct W (¢, ) so that

Wl(tvf)v |§| ZC4R+]—7
W(t, &) = - Hep?
R|E| + €] < ecaR.

2 )

Clearly W satisfies (2.6) as well.
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2.4. Modified free motion and asymptotic trajectories.
PROPOSITION 2.12.  Suppose (xg,&o) is backward nontrapping, and let tg <
0. Then there exists a neighborhood U of (xo,&y) in R*™ such that

5— ($, f) = )\EI_POO A_l’l’](to; x, )‘g)v

exist for (x,&) € U. £_(x,€) and z_(x,&) are independent of to < 0. Moreover,
the convergence is uniform in U with its derivatives, and

S_t (0,8) = (20,6)
18 a local diffeomorphism.

REMARK 2.13.  We have already seen {_ depends only on (a;x(z)), and is
independent of V(x). As we will see in the proof, z_ is also independent of V(x),
though W (t,¢) does depend on V ().

ProoF. The convergence of £_ is already shown in Proposition 2.9 and its
remark. At first, we show

AMtyw, &) =y (tw, &) — Wt 2, €))

converges as A — oo, where WA (t,&) = A" W (t/\, A€) and t = M.
For (z,¢) near (z9,&), we choose (* € R™ such that

™\t z, &) = n (t;— éi,c )

and we set

o= (engye). worn(o-agye)

for s € [t,0]. Note that ¢* is a function of x, £ and t = Mg, and 9,0¢¢* is uniformly
bounded by virtue of Proposition 2.10 and discussion after it. We also set

a(s) = y*(s;2,€) — v'\(s),
b(s) = 0 (s;2,€) — w(s).



Propagation of singularities for Schrodinger equations 197

We note

ac+Ri <l|z|+ R, b(t)=0.

la(0)] = "

a and b satisfy differential equations:

d 3?’\ Bp’\ A
als) =

where p*(z, &) = %Zj,k ajr ()€€ + A2V (). Since A > |s/tol, these imply

la’(s)] < ex{s) ™ la(s)| + cilb(s)], (2.7)
['(5)] < ex(s) "> [als)] + er(s) " [b(s)] (2.8)

for s € [t,0] with some ¢; > 0. We note a(s) = O((s)) and b(s) = O(1) by
Proposition 2.5. Hence by (2.8), we have

/ts b (u)du

Then we substitute this to (2.7) to obtain

[b(s)| = < ea(s) M = O0((s) 7).

0
la(s)| = |a(0) - / o (u)du

<ol + R+ cs(s) ™ = O((s)' 7).

Repeating these, we have |b(s)| = O((s)2#) and then |a(s)| = O({s)}~2#) provided
2u < 1. Iterating this procedure, we arrive at |a(s)| < C and [b(s)| < C(s)~17H.
Moreover, we also have

0/ (s)] < eals) .

We recall that y*(s; z, &) — (s;x,€) as A — oo for each s, and n*(¢; x, &) converges
to €_(x,&) as A — oo since t = Aty with ¢g < 0. By the uniform continuity of
the inverse of A(t,-), ¢* converges to ¢ as A — oo, where ( is given by £_ (z,8) =
5_(7RC~/|5|,5). Hence, in particular, v*(s) converges to 7(s; 7R5/|§|,§) for each
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s. Then by the dominated convergence theorem, we learn

— jim o+ RS- / " P i) o)

A—o00 |C)“ ds

N Y
_g;+R|§|—/_OOds(y(s,x,g)—y(s,—Rm,C)>ds.

Note the right hand side is independent of the potential V(x).
Next we consider the convergence of the derivatives. As in the proof of Propo-
sition 2.10, for any o, 8 € Z7, we have

|0, 0207 (512, €)| < Cs) ™71, Ao <5 <0.
Hence, by the dominated convergence theorem, we have
NT03 0 n(tos 2, AE) = 950¢m (Mo; 2, €)

0

=00l — [ 0,000 (550, )ds
Mo

0
— oo~ [ o.omofi(sia s = 0006 (2.6)

as A — oo (cf. Corollary 2.11).
For z(t;x,£), we prove the convergence by induction. Let a(s) and b(s) be as
above, and consider agaga(s) and 6§6§3b(s). We suppose

020 a(s)] < €, |029b(s)| < Cs)™1 7", s € [~ Ao, 0]

for | + 8| < k as our induction hypothesis. Let |a + 3] = k, and set
A(s) = 838?(1(5) and B(s) = 838?1)(3). Then by inductive computations (from
the differential equation for a(s) and b(s)) that we can show (as in the proof of
Proposition 2.10), A(s) and B(s) satisfy

[A'(s)] < er(s)™ THA(s) + e Bs)| + en{s) T,
|B'(s)] < ex{s) "2 A(s)] + ex ()T M B(s)| + eafs) 2N
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for s € [Ato,0]. Note we use a priori estimates: A(s) = O((s)), B(s) = O(1),
which follow from Proposition 2.10. Since A(0) is bounded and B(Aty) = 0, we
can use the same argument as above (for a(s) and b(s)) to conclude A(s) = O(1)
and B(s) = O(({s)~'7#), and the induction step is proved. Moreover, we have
A'(s) = O({s)~17#), and the convergence of 8385’82’\@@,5) = agafa(t) is proved
similarly.

Finally, we prove that S_ : (x,£) — (2—,&_) is a local diffeomorphism. By
the intertwining property of the classical wave operators, we have

S_exp(TH,) = exp(THp,)S—

for T < 0, where pg = %|§ |2 is the free Hamiltonian. If |T| is sufficiently large,
exp(TH,) maps (z,§) to (z/,&’) such that |z'| >> 0 and 2’ - &' < —d|z’| |¢'| with
some 0 > 0. We show S_ is diffeomorphic in a neighborhood of (2/,¢’) if |2| is
sufficiently large.

We use the above argument for the trajectory starting from (z/,¢’). Let € > 0
be a small constant, which we will specify later. Let 0 < p/ < p. If |2/| is
sufficiently large, then A(s) and B(s) above (with a new initial condition) satisfy

|A'(s)| < eer(s) T A(s)] + ea| B(s)| + eea(s) 1 H

B/ (3)] < eas) > ALs)| + eer(s) 7 Bls) |+ eer(5) 2

for s € [Atg,0]. Then, by carrying out the same argument as above, we learn
|A(t) — A(0)| < cg¢e. In particular, since 2*(0) = = + R(*/[¢?|, we have

|0, (2M(t) — 2)| < ese,  |0e2M(t)] < s,
where t = Aty. We recall, again by Proposition 2.10, we have
|00 (1)] < e, |Oe(n*(t) — €)] < ese
if |a’| is sufficiently large. Now if ¢ is sufficiently small (depending only on c3),
(@, €)= (1), n ()

has the Jacobian bounded from below by, for example, 1/2. We now fix ¢ > 0, and
choose T'(and hence (2/,¢’)) accordingly. This Jacobian converges to that of S_
as A — 00, and hence it is bounded from below by 1/2. Thus we learn that S_ is
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diffeomorphic in a neighborhood of (2/,&’) by the inverse function theorem. Since
exp(TH,) and exp(T'Hp,) are diffeomorphic, this implies S_ is diffeomorphic in a
neighborhood of (z,¢). O

Note the above argument works for the scattering with exp tHy also. In fact,
the proof is simpler by virtue of the scaling property. For example, (2*(s),n*(s))
is independent of A, the convergence follows immediately from the integrability of
the derivative.

3. Proof of main theorems.

3.1. Asymptotic motion and solutions to transport equations.
We denote

Z(ta xag) = y(ta 1'75) - afW(ta W(ta%f)),
PAGERIES z(f\;x,/\§>, Mt z, &) = in(i;x,Aﬁ),
and also

St (x,8) = (2(t;2,6),n(t; 2, 8)),
SP (2,8 = (M2, ), (2, 6)).

S; (resp. S}') is the Hamilton flow generated by

(O M t;2,€) = A720(t/ N, 2, \E), resp.) with the initial condition:

z(0;z,8) = :r:—l—Ri

Gk n(0;z,8) =¢

(22(0;2,€) = = + RE/IE], (052, 8) = &, resp.).

By virtue of the Hamilton-Jacobi equation, we have

for sufficiently large |€|.
Let fo(z,&) be a C§°-function supported in a small neighborhood of (z¢ +
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EO/|£O‘7§O) € Set
fOA(x7§) f0<x7 >~
)\

Then the solution to

9
ot

flts-) = —{6,f}, with f(0;2,8) = f3(,€)
is given by
flt;2,6) = fo o S; (x,€)  fort € [to,0].
Similarly, the solution to
S P = (O PY with P(02,6) = fo(e.6)
is given by
fAt,€) = foo (S7)Hx,€&) fort € [Mo,0].
It is easy to see fA(t;x,&) = f(t/\; 2, AE). By Proposition 2.12, we learn

S-(@,6) = lm_S(@,8)

exists, and that all the derivatives converge locally uniformly (cf. the proof of
Proposition 2.12). In particular, we have

f@= lm fltoA9) = lm ka8

A——+oo

= foo (8-)"'(=,8) € C5°(R*™)

exists and it is independent of ¢ € [tg,0). The convergence is locally uniform along
with its derivatives.

3.2. Proof of Theorem 1.2.
At first we consider



202 S. NAKAMURA
v(t) = eWED) e=itH gy for t € [tg, 0]

with vg € L2(R™). v(t) satisfies the evolution equation:

a _ iW(t,Dy) 3W - —itH
dtv(t) =e e —(t,D;) —iH ;e Vo

= —4 eiW(t,Dw)HefiW(t,Dw) ow (t D, ) ( )
ot
Namely, v(t) is a solution to a Schrédinger equation with the time-dependent
Hamiltonian:

ow

Lt — iW(t7Dm)H —’iW(t,Dm)
t)=c ‘ ot

— (& Dy).

The next lemma is basic in the following analysis.

LEMMA 3.1.  Let v,p > 0 and suppose a € S({x)"(£)?, dx?/(x)* + d&?/(£)?).
Let

Q _ eiW(t,Dz)a(x’ Dr)efiW(t,Dx).

Then @ € OPSk ((t§)”(€)P,dx?/(t&)* + d&€?/(€)?) with any K CC R". Let
g(t; 2, &) = o(Q) be the Weyl symbol of Q. Then the principal symbol of Q is
given by a(x + 0:W (t,§),€) and

+

pa do? d§2>
()2 (©?2)

glt:2.€) — ala + 0 (1,6),6) € Sie (161219
where the remainder is locally bounded in t with respect to the seminorms of the

symbol class.

PrROOF. The proof is standard pseudodifferential operator calculus, but we
sketch it for the completeness. Since the Weyl quantization has the same symbol
representation in the Fourier space as in the configuration space, we may write

Au = Z(a(z, Dy)a) = (27)~ // i) < €;n>u(n)dndx

for u € .7(R™). By direct computations, we have
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eiW(t,&)Ae—iW(t,g)u(g)

_ (2" / / W (L~ W () —ife—n)-a (m § ;77>u(n) i di
— (2m)" / / ei(én)(mW(h&m))a(x, T)u(n) i da

= (2m)™" // e"iEmy (x + W (t,&,m), 77)u(n) dndz,

where

1
Wit &) = /0 QW (1, 5 + (1 — s)1y) ds.

We easily see

a 96877% f+ 1=latAl 1+|a+8|
|00, W (¢,€,m)| < Cap( > &—mn) 7

for any o, 3 € Z7, and W(t,&,€) = 0cW(t,§). Moreover, if |a| > 2, by the
definition of W (¢, ¢) and Proposition 2.10, we have

|02 (£,€)| < Ca (€)1 4|t ()21, (3.1)
and hence
0202 (t,&,m)|
~Ja+8| 1-|a+8|
<ca((531) e (S5) T g

IN

(SN v

if a+ 0 # 0. We also note
= + . 1
6| 2 0SS ) it n = Slelln

with some § > 0. If £ - < $1¢| ||, we have | + n|? < 3¢ — n|?, and hence
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—la+8
a Yy £+ «
0205 (£,€,m)] gcaﬁ§0;5<2n> (& —m)let”

where a 4+ 8 # 0. Combining these, we can show

o . +
a° afa;;a(x LWL ED), 52”) ‘

< Cam<t(f—;n> >V|a <542”7>p|6+7|<5 — p)lVIFleltlatb49]

forx € K CC R" and &, € R™. Then by the asymptotic expansion formula
for the simplified symbol, we learn that the principal symbol is given by a(x +
0cW (t,€),&). Moreover, we have

1000, g(t;2,€)| < Cap(te)~121(€)?~ VPl for z € K, € R™,

and the other claims follow from the asymptotic expansion formula. O

By Lemma 3.1, we learn that the principal symbol of L(¢) is given by ¢(t; x, £),
and the remainder symbol r(¢; x, £) satisfies

|020¢ (82, §)] < Cap (€)™ 72717E) T 4 (1) 71y =2~191)

for x € K CC R", t € [tp,0]. Note that the subprincipal symbol vanishes by
virtue of the Weyl calculus.

In order to prove Theorem 1.2, we characterize the wave front set of ug in
terms of u(ty) = e~ Hyg with g < 0. Let a € C§°(R?") such that a(zg,&) # 0
and supported in a small neighborhood of (zg,&p), and set

a*z, &) = a(m, i)

We also set

A)‘(t) _ eiW(t,Dm)efitHa/\(x’Dl_)eitHefz'W(t’Dm)

for t € [ty,0]. A satisfies the Heisenberg equation:
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d .
AN = —i[L(1), A1), (3.2)

We now construct an asymptotic solution of (3.1) with the initial condition:
AN0) = W OP Nz, D,y )e W OP) = @Mz, D).

We note that the principal symbol of @*(x, £) is give by a(z—RE, €/)), and a*(x, €)
is supported in a neighborhood of (z + Réo, o) modulo O(A~N)-terms with any
N > 0, where we denote & = &/€).

We note that if A*(t) is a pseudodifferential operator, the principal symbol
of the right hand side of (3.2) is given by —{/, a*}, where a*(¢;-,-) is the symbol
of AM(t). Then by the computation in Subsection 3.1, we learn that a* o S; ! is
an approximate solution to the transport equation. Actually, we can construct an
asymptotic solution to (3.2):

PROPOSITION 3.2.  Let a € C§°(R?") supported in a sufficiently small neigh-
borhood of (xg,&). Then there exists Y (t;-,-) € CS°(R*™) such that

(i) We write G*t) = *(t;z, D). Then
G)\(O) _ eiW(07Dm)aA(x’Dm)e—iW(O,Dz)
modulo O(A™°)-terms.

(ii) Y (t;-,-) is supported in Si[supp a*].

1) For any o, € , there 1s Cop > 0 such that

iii) F BeZy, th s Cog > 0 h th

02079 (b3, €)| < Caph™Pl, t€[t,0], 2,6 € R", A>> 0.

iv) The principal symbol of ¥ is given by a* o S;t, i.e.
(iv) principal sy f Yt is g y P e,

0307 (W (t:,€) = a* 0. 87 (2, 9)) | < CapA™ 77

fort € [to,0], x,& € R", A > 0.
(v) Fort € [to,0],

HGA [L(t), Gt )}H =0(\"™) as A\ — +o0.
L(L2(R™))
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We postpone the proof of Proposition 3.2 to the next subsection, and we
complete the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. By Proposition 3.2 and the construction of L(t),
we have

H % (eitHefiW(t,Dw)GA(t)eiW(t,Dz)efitH) H < OxAN

with any N as A — +oco. This implies

z’toHe—iW(to,Dm)G)\(to)eiW(to,Dm)e—itgH

He (')

_ efiW(O,DI)G)\(O)eiW(O,Dz)uoH < CN)\iN
By the condition (i) of Proposition 3.2, we have
’||G’\(t0)eiw(t°*Dz)u(t0)|| - Ha/\(:c,Dx)uoH’ < OnA Y, (3.3)

where u(t) = e "*Huy. We note that 1* (to; x, €) is supported in Sy, [supp a*], and
the principal symbol is given by a* o 3;01. Hence, in particular,

[ (to; 2,€)| > € >0 (34)
for |z — z_ (0, &0)| < 6, [€ — A—(z0,&0)| < dA and A > Owith some d,e > 0.
Now we suppose (zg,&) ¢ WF(up). Then by choosing a supported in a
sufficiently small neighborhood of (z¢, &), we may suppose
la*(x, Dy)uol| = O(A™>°) as A\ — +oo.
Then by (3.3) we have
|G (to)e™ to-P= ()| = O(A—) (35)
and this implies

(2 (w0, €0), &~ (w0, &0)) ¢ WE ("W 0Ly (ty))

by virtue of (3.4).
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Conversely, if (z_(x0,&0),&(20,&)) ¢ WEF(eWV(to:Do)y(ty)) then also by
taking a supported in a sufficiently small neighborhood of (zg,&p), we have
(3.5) since ¥ (to;+,-) is supported in Sy, [supp a*] modulo O(A~°)-terms, and
it is very close to S_[supp a’] if A is large. Then again by (3.3), we have
lla*(z, D2)ug|| = O(A~>°), and hence (g, &) ¢ WF(ug). O

3.3. Proof of Proposition 3.2.
We note

R+ 6[t¢] < [0:W (t, € < R+ C[t]

for t € [to, 0], £ € R"™ with some §,C > 0. Using this and (3.1), for any o, § € Z7
and K CC R"™, we have

050 €(t:2,€)| < Caprc ((8) 1717112171 4 (1)~ ()= 17)

for ¢ € [tp,0], x € K and £ € R™.
Let ay € C5°(R?") such that

eiW(O’Dx)a)‘(x, Dz)e*iW(O’Dl) = (a(} o So_l)(x, D,)
modulo O(A~%°)-terms. It is easy to see that the principal symbol of a} is a*(x, £),

and that a) € S(1,dz? + A\~2d¢?). We may suppose supp aj = supp a”. We now
set

olt;,€) = ag o S (x,€).
Then as we observed in Subsection 3.1, 1)* satisfies
0
We set
0 .

Then by the asymptotic expansion formula, ro € S(A™1, da? + A72d¢?), and ry is
supported essentially (i.e., modulo O(A~%°)-terms) in S;[supp a*]. Next we solve
the transport equation:
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o (15,6) + (L1} (2, €) = ~rol62,6)

with the initial condition 1(0;2,£) = 0. It is easy to show that ¥i(¢,-,-) €
S(ATL, dz? + A72d€?) and it is bounded in t € [tg,0]. Moreover, 9; is supported

in S [supp a*].
We set

Tl(t;wvf) = %1#1(157%5) +Z[L(t)7wl(taanr)} + TO(t;xv‘DI)v

then ry(t;-,-) € S(A™2,d2z? + A\~2d¢?) and supp 71(t; -, -) C S¢[supp a?] essentially

for t € [to,0]. We iterate this procedure to obtain v; € S(A™7, dz? + A~2d&?) such
that supp v¥;(t;-,-) C Si[supp a’] essentially for ¢ € [to,0]. Then we set

WMt 2,8 ~ > i(tir,€) € S(1,da” + A 2dE?)
j=0
in the sense of the asymptotic sum as A — +oco. By the construction of the

asymptotic sum, we may suppose supp ¥ (; -, -) C S¢[supp a’] essentially for ¢ €
[to, 0]. Now it is straightforward to check 1 satisfies the required properties. O

3.4. Proof of Theorem 1.1.
We denote

Ti(x, &) = (x — 9eW(t,£), €)
so that
Sy =T, oexptHp.
We also denote
b (2, €) = a* o exp(—tH,)(z, §).
Then, in order to prove Theorem 1.1, it suffices to show
|62 (2, Dy )u(to)|| = O(A™™°)  as A — +oo

if and only if (x9,&) ¢ WF (ug), where u(t) = e~ ug, a is supported in a small
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neighborhood of (z,&y) and t; < 0. We note
b} = a’olexptH, ' =ato S o Ty,
namely,
b (,€) = (a* 0 S 1) (= W (¢,€),€).
By direct computations as in the proof of Lemma 3.1, we can show

eiW(t’Dm)bi‘(x, Dz)e*iw(t’Dw) = ct)‘(x, D,)

where ¢} € C§°(R") modulo O(A~>), and as an h-pseudodifferential oper-
ator (with h = A~1), the principal symbol is given by (a* o S;1)(z,&) =
(ao (S) " H(z,&/N). Moreover, if we write & (z,£) = ¢ (x, A), then & is sup-
ported in an arbitrarily small neighborhood of S_[supp a] if A is sufficiently large,
and the principal symbol is a o (S3,) 1. We can also show (as in Lemma 3.1) that

& is bounded in C§°(R*") as A — oo. Since

Hb?0 (z, Dy)u(to) H = Hé;\(x, th)eiW(t’D”)u(toﬂ

b

now Theorem 1.1 follows from Theorem 1.2 combined with the standard charac-
terization of the wave front set in terms of h-pseudodifferential operators. O

A. Appendix.

LEMMA A.1.  Suppose n >2, f € C*(R™) and suppose
|0:/(2)| < C(x)?, we R,
with some C >0, 3 € R. Then
(@) = F)] < 5Cmax((2)?, ()| — yl.

The same estimate holds forn =1 ifx -y > 0.

PROOF. The claim is obvious if 3 > 0 or n = 1, and we suppose n > 2 and
B <0. Let [z| > |y| > 0 and let S = {z € R" | |2| = |y|}be the sphere of radius
ly| with the center at the origin. Let ¢ be the (straight) line segment connecting
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z and y. If £ and S intersect only at y, then we can use the standard argument of

show

(@) — fy)| = /é VF(2)| dz] < C)Plz -yl

If ¢ and S intersect at y and ', we denote the line segments connecting y and ¥/,
and y' and z, by ¢ and ¢”, respectively. Then |z — y| = |[¢| = [¢'| + |¢”"|. We note
the length of the shortest geodesic connecting y and y’ on S (which we denote by
~1) is equal to or less than (7/2)|¢|. We set v = 1 + £, which is a piecewise
C'-path connecting y and x, and

v v
Iy] < §|€’\ + 10" < §|x—y|

Since + is contained in {z||z] > |y|}, we have

(1]

(2]

(3]
[4]
(5]

(6]

[7]
(8]
(9]
[10]

(11]

£@) = F)| < [ 195G 1] < 500k ). 0

Y
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