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1. Introduction.

Let E be a real Banach space, n a positive integer, 4, R", and U an open
subset of EXR™ containing (0, 4,). We denote points of U by (x, A). Let T:U
—F be a compact linear map and G:U—E a compact map with G=o(||x|)
uniformly on bounded domain of A. In [1], Alexander studied bifurcation of
nonlinear equations of the form:

x=TADx+G(x, A)

for 1 near 2, He constructed a topological invariant, which is an element of
the stable homotopy group of spheres, and proved that the non-vanishing of this
invariant implies global bifurcation from (0, 4,).

In this paper, we assume further that » is even and T, G are equivariant
for a linear S'-action on E which is free on E—0. We construct a topological
invariant % which lies in the homotopy group of the infinite general linear
group over C. Then Alexander’s condition for bifurcation is expressed in terms
of w} as follows:

w} is not divisible by 2 n=8k-+2,
b, n=4k, k is odd,
b./2 n=4Fk, k is even,

where b, denotes the denominator of B,/4%k for the k-th Bernoulli number B,.
Our main result is

THEOREM 1. If w% is not zero, then (0, X)) is a bifurcation point.

The proof of this theorem is based on results in Becker and Schultz [3], con-
cerning equivariant homotopy theory.

We give two applications in §4. First, complex nonlinear eigenvalue prob-
lems are considered under the condition that the nonlinear term commutes with
scalar multiplication by any complex number with norm one. It is shown that
wy 1s nonzero for each characteristic value. Therefore, by our main theorem,
we can say that bifurcation occurs from all characteristic values. It is known
that the same conclusion holds under the quite different condition that the non-
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linear term is complex analytic. See Dancer and Schwartz [1I]. The general
complex nonlinear eigenvalue problem was studied by Ize [9]. He proved that
global bifurcation occurs from characteristic values of odd multiplicity.

The second application treats parametrized autonomous differential systems

dx
bdt_:f(x’ A)

defined on an open set of R™, where n is a positive even integer and A is a real
parameter. We assume that f is equivariant for a linear S'-action on R™ which
is free on R"—0. Then, it is proved that bifurcation of periodic orbits from a
stationary point occurs under a different condition from those of Alexander and
Yorke and Chow, Mallet-Paret and Yorke [4]

2. The main theorem.

Let S* be the group of complex numbers with norm one. Let X be a
topological space with an S'-action. A subset A of X is said to be S'-invariant
if a(A)=A for any a«<S'. For another Y with an S'-action, a continuous map
f:X=Y is S*-equivariant if it commutes with any a<S*. Let X and Y be metric
spaces. A continuous map f: X—Y is compact if it maps every bounded subset
of X into a compact subset of Y.

Now let E be a real Banach space with an S'-action x—a-x, a=S?, which
is linear and free, that is, a-x is linear with respect to x and a-x+#x for any
a#1, x#0. Let S*acton EXR"™ by (x, )—(a-x, 2), where n is a positive even

integer. Let U be an S'-invariant open neighborhood of (0, 4,) in EXR". We
consider a nonlinear equation :

2.1) x=TAx+GC(x, 2)

defined in U, where

1) T(Ax and G(x, ) are compact maps from U to E,
iy T(A)x is linear with respect to x, S'-equivariant and the map
(2.2) A—T(2) is continuous with respect to the operator norm,
ii) G(x, D=o(|x|)) uniformly for A near A,
iv) G is S'-equivariant.

The point (0, 2,) is called a bifurcation point if it is an accumulation point
of the set of solutions (x, A) of with x#0.
If we define a bounded linear operator J: E—E by Jx=+/—1.x and an S*-

invariant norm || i by |||xlIJ:SS1[|a-xl[, then we obtain a complex Banach space

(E, J, Il ID denoted also by E. Furthermore, from Mostow [10, p.31], the action
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«-x coincides with scalar multiplication. Note that assumption (2.2) ii) implies
that T'(1) is a complex linear operator of E.

Now suppose that /—T(4) is invertible for A near A,, except possibly A=A4,.
Then the restriction of the map /—7(2) to a small sphere around A, determines
an element wr of the homotopy group #,-(GL.(E)), where GL.(E) denotes the
topological group of invertible complex linear operators of the form “/-+compact”.
We define an element w§ of the homotopy group z,-(GL¢), where GLC:ILan

GL(C™): the infinite general linear group, as follows. If E is infinite dimen-
sional, wt is the image of wy under the isomorphism induced from the homotopy
equivalence GL.(E)—GL¢ given by Elworthy and Tromba [6, Theorem 1.3]. If
E is finite dimensional w} is the stabilization of the image of w; under the
natural isomorphism 7,_1(G L(E))—r,-(GL(C?)), where d is the dimension of E.
It is well known that 7,_;(GL¢) is isomorphic to the group of integers. We now
state the main theorem.

THEOREM 1. If w} is not zero, then (0, A,) is a bifurcation point.

REMARK. Let 7: GLc—G Ly be the natural inclusion. Then w$ is mapped
to Alexander’s invariant 7§ by the homomorphism ix: 7,-1(G L¢)—=my-1(G Lg).
Alexander’s condition for bifurcation is that J(r§)+0, where J is the J-homomor-

phism from n«(GLg) to mi: the stable homotopy group of spheres. This condi-
tion is equivalent to the one that

w% is not divisible by 2 n=8k+2,
b n=4k, k is odd,
be/2 n=4Fk, k is even.

Here the number b, is the denominator of B,/4k for the k-th Bernoulli number.
For the definition of Bernoulli numbers, see [1, p. 38].

3. Proof of Theorem 1.

For the proof, it is enough to consider the case where E is infinite dimen-
sional. The reason is as follows. Suppose that E is finite dimensional. Choose
an infinite dimensional Banach space E’. Denote by P: EQE’—FE the projection,
J: E-E@E’ the inclusion and by I’ the identity on E’. Then the solution set
(I—T—G)"'(0) may be identified with the set (/PI'—J-TP—J-G+P) %0, 0) by
x—(x, 0) and it is easily shown that wy=w%.r.p. Therefore we need consider
only the infinite dimensional case.

We prepare several lemmas. The following one generalizes Lemma 3.2 in
Geba [7]. Since the proof is quite analogous, we omit it.

LEMMA 1. Let X be a closed bounded subset of E and A a compact metric
space. Let f: XX A—E be a continuous map such that the map I—f: XX A—E
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defined by (I—f)(x, )=x—f(x, A) is compact. Then the set f(XXA) is closed
in E.

Let @ and b be positive numbers. Denote by S the sphere of radius ain E
and by S”°! the sphere of radius b in R® Then SXS*! is an S'-invariant
subset of EXR™ If X is a topological space with an S*-action and Y is another
one, then we denote by F(X, Y)s: the set of S'-equivariant maps from X to Y.
Put

Feg.,={feFSXS*", E—0)s | I—f: SxS*!'— E is compact},

where the map I—f is defined by ({—f)(x, )=x—f(x, ). We say two elements
fo, f1 of Fg , are homotopic if there exists an FeF(SXS*'X[0, 1], E—0)g
such that F(x, 4, 0)=fox, 4), F(x, 4, )=f.(x, ) and the map [—F: SXS*1x
[0, 1J—FE defined by (I—F)(x, A, t)=x—F(x, A, t) is compact. We denote by
[Sx St E—0]%: the set of all homotopy classes of elements of Fg, .

Let I" denote the set of all finite dimensional subspaces of the complex Banach
space E. For L&l denote by S(L) the sphere of radius a of L. For L, MeI’
with LCM, we define a map

ora: [S(L)XS™, L—=0]s1 —> [S(M)X S™"!, M—0]s1,

where [, Js: denotes S'-homotopy classes of S*-equivariant maps, as follows.
Choose a subspace N of M such that M=LPN. For feF(S(L)XS*, L—0)g,
define a map fe F(LXS™ !, L) by

FCe, D=lxlfx/lixll, A x=0,
=0 x=0.

Furthermore, define a map oy, x(f)EF(SM)XS* !, M—0)s1 as to be the re-
striction of the map fBIy to S(M)XS*"!, where @ denotes direct product of
maps and Iy is the identity of N. Then we obtain a map oz, 5 F(S(L)XS*},
L—0)g1—F(S(M)x 8", M—0)s1. Clearly o, x, ~ induces a map

oru n: [S(L)XS* 1, L—0]s1—>[SWM)X S, M—0]s1.

This map does not depend on the choice of N. This is verified as follows. Let
N’ be another one. Then an element z of S(M) is expressed as z=x;,+y,=
x2-+ys., Wwhere x;, x,€L, y;€N and y,eN’. For ¢t with 0=:=1, put x,=tx,+
(1—18)xs, y,=ty;+(1—1t)y, and define a map o,(f)=F(S(M)XS" !, M—0)s: by

o)z, D=F(xs, D+..

Then o.(f) gives a homotopy between FBI x| s «sn-1 and FBI x| scarwsn-1.
Hence ¢% y.v=0% u. n.. Therefore if we put o, w=0% u. n, it is well defined.
We have also a map
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o [S(LYXS™ Y, L—0]s1 —> [SXS* !, E—0]%:
induced from f—7@®Iy|sxsn-1, where E=L@PN. Put a=lir;1 oL
Le
LEMMA 2. o: lixr} [S(LYXS™ !, L—0]si—[SXS*!, E—0]%: is injective.
Le

Proor. Let f and g be two elements of F(S(L)XS""!, L—0)s:. Suppose
that o.([f])=01([g]), where [ ] denotes the homotopy class. Then if we choose
an N with E= LGN, there exists a homotopy A F(SXS*1x[0, 1], E—0)s: be-
tween fPDIy|sxsn-1 and FBIy|sxsn-1 with I—h: SXS"1X[0, 1J-E compact.
Let ¢ be the distance between the set A(SXS™*X[0, 1]) and the origin of E.
¢ is positive, since by h(SxS* 1% [0, 1]) is closed in E. Using the well
known approximation lemma for compact maps ([7, Lemma 3.1]), there exist an
Mel with LCM and a compact map K: SXS*"*X[0, 1]J—=M which is an e&-
approximation of /—h. Then the map /—K is an s-approximation of h. Put

W 2, 0=| _ aU—Kax, 2,0,

Then A’ is an S*-equivariant e-approximation of . This implies that [A%| s xsn-1]
=|:hi|sw)xsn—1] in [S(M)XS"“, M—Ojsl, where 220,1 and h,;:h( y s Z), ;;—"—'
h'(, ,17). Since

[ho l S(M)xSn—lj:[f@[MnN | sunxsn-1]=0p, M(l:f:') ’
Lh: ] S(M)xsn—ljz[g@fm\zv | sanxsn-1]=0p, M(Eg]) ’
Cholsapxsn-1]=[htl sanxsn-1],

this implies that o, »([f])=0.,x([g]). This completes the proof. qg.e.d.

For a continuous map f: S* '—=GL.(E), define a map ¢(f): SXS*" '-E—0
by ¢(f)(x, A=f(Ax. Then it is not difficult to verify that I—¢(f) is compact.
Hence ¢(f) is an element of F(SXS"!, E—0)%:. ¢ induces a map from the
homotopy set [S™ !, GL(E)] to [SxS* !, E—0]%. We denote it by the same
letter ¢.

LEMMA 3. The map ¢:[S* Y, GL(E)]=[SXS™?!, E—0]% is injective.

ProOF. For L&T, denote by GL(L) the general linear group of L and by
Fs1(L) the topological space of S*'-equivariant maps from S(L) to L—0 with the
uniform topology. For another M<l' with LCM, define a map

oty [S", Fsi(L)] —> [S"7, Fsa(M)]

by all,,M{[f:l):[(f@INIS(M)]; where M=L@PN and the map fi SPASF(L, L)g
is defined by FQx)=|xllf ) (x/llxh) for x+0, f()0)=0. We also define maps

ol y:[S", GL(L)]—[S", GL(M)]
and
o1:[S*, GL(L)Y] —> [S"7}, GLLE)]
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by ol x({TH=[TPBIy] and o}([(TH=[THDFy.] where M=LEON, E=LPN".
These maps are well defined by the same reason as that for oz . It is easy
to see that {[S™!, Fai(L)], o}, 4} and {[S™!, GL(L)], o} x} form inductive
systems. Now we have the following commutative diagram:

. 9 C_
lim [S", GL(L)]—=1lim [S""", Fa(L)]—=1lim [S(L)X 5", L—0]s:

o? o

[S™ 1, GL(E)] ¢ [(SxS* 1, E~0]%:,

where ¢' is the map induced from the natural inclusion G L(L)—Fsi(L), o*=
lLin} o7 and ¢ is the limit of the bijective maps [ S, Fs1(L)1-[S(L)XS*!, L—0]s:
<

which are defined in the same way as ¢. It is easy to see that ¢ is bijective.
According to Elworthy and Tromba [6, Theorem 1.37, ¢% is a bijection. ¢ is in-
jective by Therefore the proof of the lemma is completed if we show
that ¢' is injective. This is done by using results in Becker and Schultz [3].
For a positive integer m, let Fs:(C™) denote the topological space of S'-equivariant
maps from the unit sphere of C™ to C™—0, where the S'-action is given by
scalar multiplication. In [3], it is shown that the map n*(GLC)—m*(ligl Fsi(C™))

induced by the inclusion is injective (Theorem 11.1) and that the pairs (GLg,
GL(C™)) and (lim Fgi(C™), Fs:(C™)) are 2m and (2m—2)-connected respectively

(p. 25). These implies that the spaces GL(C™) and Fs:(C™) are arcwise con-
nected and that the map 7,_(GL(C™)—n,_(Fsi(C™)) is injective for m suffi-
ciently large. The spaces GL(C™) and Fg:(C™) are simple, since they have the
homotopy type of arcwise connected topological semi-groups. Therefore the
homotopy sets [S™ !, GL(C™)] and [S"!, Fsi(C™)] may be identified with the
homotopy groups 7,-:(GL(C™)) and 7,_,(Fs1(C™)) respectively ([8, Lemma 16.117).
Hence the map [S™!, GL(C™)]-[S""!, Fsi(C™)] is injective if m is sufficiently
large. This implies that the map [S™!, GL(L)]—[S™?, Fs:(L)] is injective if
the dimension of L is sufficiently large. This shows that ¢' is injective. Thus
the proof is completed. q.e.d.

Now we prove [Theorem 1. We assume that 1,=0 without loss of generality.
Suppose that (0, 0) is not a bifurcation point. Then there exists a small positive
number b such that

x—=TX)x—G(x, H)+0 for 0<|lxll=b, 12]=b.

Furthermore by assumption (2.2) iii), we see that there exists a number a with
0<a=b such that
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x—=TQx—tG(x, H)+=0  for ||xll=a, |A|=b, 0=t=1.
These imply that
U-=TQI=U-TQA—-G(, ]=U—-T0)—G(, 0] in [SXS**, E—0]%.

We prove that
LI-TO)—G(, 0)]1=L1]

as follows. By and the approximation lemma, there exist an L=/ and
an S'-equivariant compact map K: S— L such that [J—K-p]=[I—T0)—G( , 0)],
where p:SXS"!—S is the projection. Both the homotopy classes [ 1| gzyxgn-1]
and [I—Kep|swyxsn-1] in [S(LYXS™*?, L—0]s: are mapped to the unit element
of the homotopy group n,_i(Fsi(L)) under the bijection [S(L)XS™"!, L—0]g1—
Ta-1(Fs1(L)) given in the proof of Lemma3 Hence[[|swyxsn-1]=[I—Keplsczr«sn-1].
Since

UL([IIS(L)xSn‘lj):[I] and UL([I_K°1)lS(L)xSn—l:I):[I’—K"p],

this shows that [/]=[/—K-p]. Thus the desired result is proved.
Let i: 7m,-1«(GLJE)—[S"*, GL/E)] be the natural identification. Then, since

(pei)(wr)=[I—TA)] and ($=i)0)=[1],

the above arguments show that (@ei)(wr)=($-:)(0). Therefore, by
wr=0. Hence w$=0. This contradicts the assumption and we completes the
proof of [Theorem 1l

4. Applications.

We give two applications of in this section. Let E be a complex
Banach space and U an open set of EXC. We consider a nonlinear equation

4.1) x=TDx+G(x, A)
defined in U, where T and G satisfy the following:

i) T(A)x is a compact operator from EXC to E. T(A) depends
analytically on A. There exists 2,=C such that I—T(4,) is
4.2) invertible.
ii) G:U—E is a compact map with G(x, )=o(||x|) uniformly
on bounded A.
iii) a(U)=U and G(ax, )=aG(x, ) for any a=St.

It is well known that every bifurcation point is a characteristic value, that is,
I—T(2,) is not invertible. Suppose that A, is a characteristic value. Then, by
the argument similar to Ize [9, p. 89-917, w} is equal to a positive integer called
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the multiplicity of A4, Therefore we obtain the following:

THEOREM 2. A parameter value is a bifurcation point if and only if it isa
characteristic value.

Next, we apply our main theorem to Hopf bifurcation problem. We fix a
free linear S'-action on R", where n is a positive even integer. Let U be an
S'-invariant open neighborhood of 0 in R™. Consider a parametrized autonomous
differential system :

dx
4.3 ~Et*:f(x, A)

for x€U and 1 in some real interval A. Here f: U X A—R" is a continuous map
such that

i) f(0, »=0,

ii) f is differentiable in x at (0, 2) and L(A)=f,(0, A)
(4.4) is continuous in 4,

iii) f is S'-equivariant in x.

Let R™ denote the n/2-dimensional complex vector space defined in § 2. Then
the assumption (4.4) iii) implies that L(A) is complex linear.

Now we assume that for any 1€ 4 and any initial value x<U, the system
has a unique solution H(x, A, t) for ¢ in some real interval. Suppose that
for A, 4, L(2,) is invertible and that, as a complex linear operator on R”, L(2,)
has an eigenvalue +/—18 with 8=+0, f=R. Put

M(B)={~—1mpB | m is an integer, +/—1mp is an eigenvalue of L(4,)}.

Let p denote the number of elements of M(8) counted with multiplicity. Cover
each element z of M(B) by a disc D, which contains no eigenvalue of L(4,)
except z. We denote by M;(B) the set of eigenvalues of L(4) which lie in the
union of the disc D,, ze M(B). If 2 is sufficiently close to A,, then

(4.5) Mi(B)y={ad D+~ —=1p:) | i=1,2, -+, p},

where «a;(2), B:(4) are real valued continuous functions. We assume that a;(1)#0
for any 4#2,. Note that a;(4,)=0 and that j3,(4,)/8 is an integer. Define u, to
be the number of integers 7 such that

a(Ayte): ,Bi(zo) >0,

where ¢ is an arbitrary sufficiently small positive number.

THEOREM 3. Under the above assumptions, if ur—u-+#0, then (4, 2z/|8]) is
a bifurcation point, i.e., for every ¢>0 there exist (x., A)€UX A and t.>0 such
that ||x.l|<e, x.#0, |(A, t)— o, 27/ B|)| <e and x. lies on a closed orbit of the
equation dx/dt=f(x, 2.) with period t..



Equivariant function spaces 51

ProOOF. By Alexander and Yorke [2, Lemma 3.1], H is written as H(x, 4, t)=
exp{tL(A)} x+G(x, A, t), where G is S'-equivariant in x, G(x, A, t)=o(||x[|). Put
T, t)=exp{tL(A)}. From the assumption, I-—TY(4, t) is invertible for (4, t) near
(4o, 2/|B1). Therefore wt is defined and it is easy to see that % is mapped
to the integer u,—u_ under the isomorphism z,-,(GL¢)—Z. Thus by [Theoreml
1, the conclusion of this theorem holds. g.e.d.

In case where f is not necessarily S'-equivariant, a sufficient condition for
global Hopf bifurcation was obtained by Alexander and Yorke [2] Let ».(».)
be the number of conjugate pairs of eigenvalues of L(A) crossing the imaginary
axis from left to right (from right to left) as A increases past A,. They proved
that global bifurcation of periodic orbits occurs if »,—7r_ is odd. Later Chow,
Mallet-Paret and Yorke obtained an improvement of this result which states
that global bifurcation of periodic orbits occurs if simply »,—»_+0. The follow-
ing example shows that our theorem gives new information about occurrence of
Hopf bifurcation, in case where r,—r_=0.

EXAMPLE.

dz

Tt“:(l+«/:1)z+2 aijuztw’z* !

»H—E—:(—Z—«/:i)w+2 bi,»klziwjé"w‘ ,
where z, w, a;j,, and b;j,; are complex numbers and only finite members of
a;jr and b, are nonzero. The sum is taken over non-negative integers i, 7, &
and [ such that ;+;—k—[=1, i+ j+k-+[>1. In this case, the map given in the
right-hand side of the equation is S'-equivariant for scalar multiplication. We
put 4,=0, §=1. Then, since r,=r_=1, this example does not satisfy the suffi-

cient conditions for bifurcation of and [4]. But u.=2 and u_-=0. Thus
us—u_+0. Therefore it follows from our theorem that local bifurcation of
periodic orbits from the stationary point (z, w)=(0, 0) occurs.
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