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The aim of this paper is to apply Boolean valued analysis developed in [5],
[6], [7], [8] to von Neumann algebras. Let $\mathcal{M}$ be a von Neumann algebra, $\mathcal{Z}$

its center, and $\mathcal{B}$ the complete Boolean algebra of all projections in Z. Then
$\mathcal{B}$-valued analysis gives a machinery to transfer theorems on factors into theo-
rems on von Neumann algebras whose centers are $\mathcal{Z}$ . Our machinery is a
kind of a dictionary which gives a translation of the notions on factors into the
notions on von Neumann algebras with the center $\mathcal{Z}$ . E. $g.$ , the translations of
type I, type $II_{1}$ , type $II_{\infty}$ and type III are exactly type I, type $II_{1}$ , type $II_{\infty}$ and
type III themselves. However, the translations of trace and weight become
generalized center valued trace and generalized center valued weight respec-
tively. This machinery immediately reduces many properties of center valued
traces or weights to properties of traces or weights on factors. In \S 5, we state
direct translations of Murray and von Neumann’s theorem on factors of type $II_{\infty}$

and Takesaki’s theorem on factors of type III in order to show how our machin-
ery works.

Our theory is closely related to von Neumann’s reduction theory. We prove
that every von Neumann algebra is a factor in a Boolean valued sense while
the reduction theory proves that every von Neumann algebra with a countability
condition is a direct integral of factors. Thus a systematic interpretation of
Boolean valued notion provides us with a machinery of automatic translations
of notions on factors into notions on von Neumann algebras with the center $\mathcal{Z}$ ,
while the reduction theory reduces many problems on von Neumann algebras to
problems on factors.

It is not difficult to eliminate $\mathcal{B}$-valued analysis in our machinery. In order
to do so, we have to introduce the following S-valued Hilbert space, where $\overline{\mathcal{Z}}$

is the unbounded extension of $\mathcal{Z}$ . If we express $\mathcal{Z}$ as $L^{\infty}(\Omega, \mu)$ , then $\overline{\mathcal{Z}}$ is the set
of all measurable functions. $\hat{\mathcal{H}}$ is called a $\overline{\mathcal{Z}}$-valued Hilbert space if $\hat{\mathcal{H}}$ is a $\overline{\mathcal{Z}}-$

module with the inner product satisfying the following properties:
1) $\zeta,$ $\eta\in\hat{\mathcal{H}}\Rightarrow(\zeta|\eta)\in\overline{\mathcal{Z}}$

2) Let $\zeta,$

$\eta,$
$\xi\in\hat{\mathcal{H}}$ and $f,$ $g\in\overline{\mathcal{Z}}$ . Then the following hold.

2.1) $(f\zeta|\eta)=f\cdot(\zeta|\eta)$ $a$ . $e$ .
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2.2) $(\zeta|\eta)=\overline{(\eta|\zeta)}a.e$ .
2.3) $(f\zeta+g\eta|\xi)=f\cdot(\zeta|\xi)+g\cdot(\eta|\xi)$ $a.e$ .

3) $(\zeta|\zeta)\geqq 0$ $a.e.$ , and

$\Vert\zeta\Vert=0$ $a.e.$ , iff $\zeta=0$ , where $\Vert\zeta\Vert=\sqrt{(\zeta|\zeta)}$ .
4) $\hat{\mathcal{H}}$ is complete in the following sense.

If
$j arrow\infty\lim_{iarrow\infty}\Vert\zeta_{i}-\zeta_{j}\Vert=0a.e.$

, then there exists $\zeta\in\hat{\mathcal{H}}$ such that $\lim_{iarrow\infty}\Vert\zeta_{i}-\zeta\Vert=0a$ . $e$ .

However, it is our belief that $\mathcal{B}$-valued analysis makes our machinery much
simpler. Besides, there is a possibility that some problem on von Neumann
algebras can be proved independent from set theory by our method, though we
have not found any good candidate of this sort of problems.

Let us summarize the basic facts on Boolean valued universe of sets here-
with.

Let $\mathcal{B}$ be a complete Boolean algebra. Then $V^{(\mathcal{B})}$ the universe of $\mathcal{B}$-valued
sets satisfies the following properties.

1. Let $u$ and $v$ be members of $V^{(\mathcal{B})}$ . Then $u\in v$ or $u=v$ has a truth value
in $\mathcal{B}$ . If the truth value of $u\in v$ or $u=v$ is $b\in \mathcal{B}$ , then we write $\ovalbox{\tt\small REJECT} u\in v\ovalbox{\tt\small REJECT}=b$ or
[ $u=v\ovalbox{\tt\small REJECT}=b$ respectively. We can assign truth values [ $\varphi\ovalbox{\tt\small REJECT}$ in $\mathcal{B}$ to all set theoretic
statement $\varphi$ . If [ $\varphi\ovalbox{\tt\small REJECT}=1$ , then we say $\varphi$ is true’ or $\varphi$ holds’. If [ $\varphi\ovalbox{\tt\small REJECT}=0$ , then
we say $\varphi$ is false’ or $\varphi$ does not hold’. If [ $\varphi J=b$ and $0<b<1$ , then $\varphi$ takes
an intermediate truth value and we say $\varphi$ holds as much as $b’$ .

2. $V^{(\mathcal{B})}$ is a model of ZFC. Let $\varphi$ be a theorem in modern mathematics
i.e., a theorem in ZFC. Then [ $\varphi I=1$ is also a theorem in ZFC i.e., [ $\varphi\ovalbox{\tt\small REJECT}=1$ is a
different theorem in modern mathematics. Therefore, this procedure provides
us with a machinery to produce a new theorem from an old theorem $\varphi$ .

3. Since $V^{(\mathcal{B})}$ satisfies ZFC, we can construct real numbers in $V^{(\mathcal{B})}$ by
Dedekind’s cuts.

If $\mathcal{B}$ is a measure algebra, then the real numbers in $V^{(\mathcal{B})}$ can be interpreted
as the real valued measurable functions. Therefore, the procedure in 2 in this
case provides us with a machinery to transform theorems on real numbers into
theorems on real valued measurable functions.

4. Let $\mathcal{B}$ be a complete Boolean algebra of projections on a Hilbert space
$\mathcal{H}$ . Let $x$ be a self-adjoint operator on $\mathcal{H}$ and $x= \int\lambda dE_{\lambda}$ its spectral decomposi-

tion. Then $x$ is said to be in $(\mathcal{B})$ if for every $\lambda,$ $E_{\lambda}$ is a member of $\mathcal{B}$ . Then
the real numbers in $V^{(\mathcal{B})}$ can be interpreted as the self-adjoint operators in $(\mathcal{B})$ .
In this case, the procedure in 2 provides us with a machinery to transform
theorems on real numbers into theorems on self-adjoint operators in $(\mathcal{B})$ .

5. Let $\mathcal{B}$ be a measure algebra. Then a sequence of real numbers in $V^{(\mathcal{B})}$
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corresponds to a sequence of measurable functions. A Cauchy sequence of real
numbers in $V^{(\mathcal{B})}$ corresponds to a sequence of measurable functions which forms
a pointwise Cauchy sequence almost everywhere (abbreviated by $a$ . $e.$).

The convergence of a sequence of real numbers in $V^{(\mathcal{B})}$ corresponds to a
pointwise convergence of a sequence of measurable functions $a.e$ .

\S 1. The construction of $\tilde{\mathcal{H}}$ from $\mathcal{H}$ .
Let $\mathcal{M}$ be a von Neumann algebra on a Hilbert space $\mathcal{H},$ $\mathcal{Z}_{0}$ a von Neumann

algebra included in its center, and $\mathcal{B}$ a complete Boolean algebra of all projec-
tions in $\mathcal{Z}_{0}$ .

We construct $V^{(\mathcal{B})}$ the $\mathcal{B}$-valued model of ZFC. Let $x$ be a self-adjoint

operator on $\mathcal{H}$ and $\int\lambda dE_{\lambda}$ its spectral decomposition. The operator $x$ is said to

be in $(\underline{B})$ if for every real $\lambda,$ $E_{\lambda}\in \mathcal{B}$ . The reals in $V^{(\mathcal{B})}$ is denoted by $R^{\mathcal{B}}$ .
$R^{\mathcal{B}}$ corresponds to the set of all self-adjoint operators in $(\mathcal{B})$ . A normal opera-
tor $x+iy$ is said to be in $(\mathcal{B})$ if both $x$ and $y$ are in $(\mathcal{B})$ . The complex num-
bers in $V^{(\mathcal{B})}$ is denoted by $C^{\mathcal{B}}$ . $C^{\mathcal{B}}$ corresponds to the set of all normal opera-
tors in $(\mathcal{B})$ . If $a$ is a complex number, $\check{a}$ is a member of $C^{\mathcal{B}}$ and corresponds to
$aI$ where $I$ is the identity operator.

Let $x$ be a normal operator in $(\mathcal{B})$ and $a$ be a real. Then $\Vert x\Vert\leqq a$ is equiv-
alent to $|x|\leqq\check{a}$ in $V^{(\mathcal{B})}$ , where $|x|$ is the absolute value of complex number
$x$ in $V^{(\mathcal{B})}$ and $\leqq$ is the order relation of reals in $V^{(\mathcal{B})}$ . Then $\mathcal{Z}_{0}$ corresponds
to the complex numbers in $V^{(\mathcal{B})}$ whose absolute value is less than some $\check{a}$ .

Let $\Omega$ be the spectrum of $\mathcal{Z}_{0}$ . As usual we define the topology of $\Omega$ as
the weak topology of the dual space of $\mathcal{Z}_{0}$ . Then $\Omega$ is compact. By Zorn’s
lemma, there exists a maximal subset $\{\zeta_{a}\}$ of $\mathcal{H}$ satisfying the following conditions:

1. $[\mathcal{Z}_{0}’\zeta_{a}]1[\mathcal{Z}_{0}’\zeta_{\beta}]$ if $\alpha\neq\beta$ , where $\mathcal{Z}_{0}’$ is the commutant of $\mathcal{Z}_{0}$ and $[\mathcal{Z}_{0}’\zeta_{a}]$

is the closed linear space generated by $\mathcal{Z}_{0}’\zeta_{\alpha}$ .
2. $\bigcup_{a}[\mathcal{Z}_{0}’\zeta_{a}]$ generates $\mathcal{H}$ .
Let $b_{a}$ be the projection to $[\mathcal{Z}_{0}’\zeta_{a}]$ . Then $b_{\alpha}\in \mathcal{B}$ and $\{b_{\alpha}\}$ is a partition of

unity in $\mathcal{B}$ . By Proposition 2.5-2.7 in [5], the properties of $V^{(\mathcal{B})}$ can be reduced
to the properties of $V^{(B_{\alpha})}$ , where $\mathcal{B}_{a}$ is the complete Boolean algebra of projec-
tions in $\mathcal{B}$ which are below $b_{\alpha}$ . Therefore, we can assume that without loss
of generality that there exists

$\zeta_{0}\in \mathcal{H}$ such that $[\mathcal{Z}_{0}’\zeta_{0}]=\mathcal{H}$ .

The set of all complex valued continuous functions on $\Omega$ is denoted by
$L_{\infty}(\Omega)$ . Then for every $f\in L_{\infty}(\Omega)$ there exists a unique $T_{f}$ in $\mathcal{Z}_{0}$ such that for
every $\omega\in\Omega$ ,

$\omega(T_{f})=f(\omega)$ .
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Furthermore, for $f\in L_{\infty}(\Omega)$ and for $\zeta,$ $\eta\in \mathcal{H},$ $(T_{f}\zeta|\eta)$ is a linear form of $f$

in $L_{\infty}(\Omega)$ . Therefore, there exists a Radon measure $\nu_{(,\eta}$ such that

$\int_{\Omega}f(\omega)d\nu_{\zeta,\eta}(\omega)=(T_{f}\zeta|\eta)$

Let $\nu$ be $\nu_{(_{0},\zeta_{0}}$ . Then $\nu$ is a bounded basic measure. Therefore, there exists a
measurable function $h_{(.\eta}$ with respect to $\nu$ such that

$d\nu_{\zeta.\eta}(\omega)=h_{\zeta,\eta}(\omega)d\nu(\omega)$ .
The measure algebra with respect to $\nu$ is nothing but $\mathcal{B}$ itself. Therefore, the
measurable functions correspond to $C^{\mathcal{B}}$ .

Now we are going to construct $\mathcal{B}$-valued Hilbert space $\tilde{\mathcal{H}}$ and $\mathcal{B}$-valued
von Neumann algebra $\tilde{\mathcal{M}}$ on $\tilde{\mathcal{H}}$ . Let $\tilde{\mathcal{H}}$ be the set of all $\langle f,\check{\zeta}\rangle$ where $f\in C^{\mathcal{B}}$

and $\zeta\in \mathcal{H}$ . $\langle f,\check{\zeta}\rangle$ is denoted by $f\check{\zeta}$ . We define the inner product $(f\check{\zeta}|g\check{\eta})$ by

$(f\check{\zeta}|g\check{\eta})=f\overline{g}h_{\zeta,\eta}$ .
Since $f,\overline{g},$ $h_{\zeta,\eta}$ are members of $C^{\mathcal{B}},$ $f\overline{g}h_{\zeta,\eta}$ i.e., the value of the inner product
is a complex number in $V^{(\mathcal{B})}$ . We define $f\check{\zeta}=0$ as an element of $\tilde{\mathcal{H}}$ if $(f\check{\zeta}|f\check{\zeta})$

$=0i$ . $e.,$ $|f|^{2}h_{\zeta\zeta}=0a$ . $e$ . Therefore, we have
$\ovalbox{\tt\small REJECT}\xi=0\ovalbox{\tt\small REJECT}=[(\check{\zeta}|\check{\zeta})=0\ovalbox{\tt\small REJECT}$

$=\{\omega|h_{\zeta,\zeta}(\omega)=0\}/\mathfrak{N}$ ,

where $\mathfrak{N}$ denote the ideal of all sets with measure $0$ . Let $A$ be a measurable
subset of $\Omega$ and $\chi_{A}$ its characteristic function. Then we have

$\chi_{A}(\omega)h_{\zeta,\zeta}(\omega)=0$ iff $A\subseteqq\{\omega|h_{(,\zeta}(\omega)=0\}$ .

Therefore we have
$\ovalbox{\tt\small REJECT}\check{\zeta}=0\ovalbox{\tt\small REJECT}=\{A|\chi_{A}(\omega)h_{\zeta,\zeta}(\omega)=0\}/\mathfrak{N}$ .

Let $b$ be $T_{\chi_{A}}$ . Then $b\in \mathcal{B}$ and

$b\zeta=0$ iff $\int_{\Omega}\chi_{A}(\omega)h_{\zeta,\zeta}(\omega)d\nu(\omega)=0$

iff $\chi_{A}(\omega)h_{\zeta,\zeta}(\omega)=0$ $a.e$ .
Therefore, we have

$[\check{\zeta}=0\ovalbox{\tt\small REJECT}=\{b|b\zeta=0\}$ .
We also have

$[f\check{\zeta}=0\ovalbox{\tt\small REJECT}=[f=0\ovalbox{\tt\small REJECT}\vee[\check{\zeta}=0\ovalbox{\tt\small REJECT}$ .
Now we would like to dePne $+on\tilde{\mathcal{H}}$ . Let $f\check{\zeta}$ and $g\check{\eta}$ be two members of

$\tilde{\mathcal{H}}$ . Define $h$ by $h=1+|f|+|g|$ . The $f/h$ and $g/h$ are bounded and measurable,
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therefore, $T_{f/h}$ and $T_{g/h}$ in the natural extension of $T$ to $L^{\infty}(\Omega, \nu)$ are in $\mathcal{Z}_{0}$ .
We define $\xi$ by

$\xi=T_{f/h}\zeta+T_{g/h}\eta$ .
Now $f\xi+g\check{\eta}$ is defined by

$f\check{\zeta}+gj=h\check{\xi}$ .

From the properties of $h_{C\cdot\eta}$ , it is easily seen that $\tilde{\mathcal{H}}$ is a prehilbert space in
$V^{(\mathcal{B})}$ . Now we are going to show that $\overline{\mathcal{H}}$ is indeed a Hilbert space in $V^{(\mathcal{B})}$ .

LEMMA. Let $\zeta\in \mathcal{H}$ and $f$ be measurable and

$\int_{\Omega}|f(\omega)|^{2}h_{\zeta,\zeta}(\omega)d\nu(\omega)<\infty$ .

Then there exists an $\eta\in \mathcal{H}$ such that

$f\check{\zeta}=\check{\eta}$ .
More precisely for every $\xi\in \mathcal{H}$ , the following holds

$f(\omega)h_{\zeta,\xi}(\omega)=h_{\eta\xi}(\omega)$ $a.e$ .

PROOF. Let $f_{n}(\omega)$ satisfy the following

$f_{n}(\omega)=\{\begin{array}{ll}f(\omega) if |f(\omega)|\leqq nn otherwise.\end{array}$

Let $\eta_{n}$ be $T_{f_{n}\zeta}$ . Then we have

$\Vert\eta_{n}-\eta_{m}\Vert^{2}=\int_{\Omega}|f_{n}(\omega)-f_{m}(\omega)|^{2}h_{\zeta.\zeta}(\omega)d\nu(\omega)arrow 0$

if $n,$ $marrow\infty$ . Therefore, there exists $\eta\in \mathcal{H}$ such that $\eta=\lim_{narrow\infty}\eta_{n}$ . Then we have

for every bounded measurable function $g$

$\int_{\Omega}g(\omega)h_{\eta\cdot\xi}(\omega)d\nu(\omega)=(T_{g}\eta|\xi)$

$= \lim_{narrow\infty}(T_{g}\eta_{n}|\xi)$

$= \lim_{narrow\infty}\int_{\Omega}g(\omega)f_{n}(\omega)h_{(,\xi}(\omega)d\nu(\omega)$

$= \int_{\Omega}g(\omega)f(\omega)h_{\zeta,\xi}(\omega)d\nu(\omega)$ .

The last equality holds by Lebesgue’s convergence theorem. Therefore, we have

$h_{\eta\xi}(\omega)=f(\omega)h_{\zeta.\xi}(\omega)$ $a$ . $e$ .

THEOREM 1. $\tilde{\mathcal{H}}$ is a Hilbert space in $V^{(\mathcal{B})}$ .
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PROOF. Let $\{f_{i}\check{\zeta}_{i}\}$ be a Cauchy sequence. We apply Schmidt’s orthogonali-
zation to $\{\check{\zeta}_{i}\}$ in $V^{(\mathcal{B})}$ . Let $\eta_{1}=\zeta_{1}$ . Since

$|h_{\zeta_{1}.\zeta_{2}}(\omega)|^{2}\leqq|h_{\zeta_{1}.\zeta_{1}}(\omega)||h_{\zeta_{2},\zeta_{2}}(\omega)|$ $a.e.$ ,

there exists a measurable function $f_{1.2}(\omega)$ such that

$h_{\zeta_{1}.\zeta_{1}}(\omega)=f_{1.2}(\omega)h_{(1^{\zeta_{1}}},(\omega)$ $a.e$ .
We define $\eta_{2}$ by the following equation

$\eta_{2}=\frac{\zeta_{2}-f_{1,2}\eta_{1}}{1+|f_{1.2}|}$

where $g\eta$ is an abbreviation of $T_{g}\eta$ for any bounded measurable function $g$ .
In general, there exists a measurable function $f_{i,n}(\omega)(i<n)$ satisfying

$h_{\eta i^{\zeta_{n}}}.(\omega)=f_{i.n}(\omega)h_{\eta i,\eta i}(\omega)$ $a$ . $e$ .

We define $\eta_{n}$ by the following equation

$\eta_{n}=\frac{\zeta_{n}-f_{1,n}\eta_{1}-\cdot.\cdot.\cdot.-f_{n- 1.n}.\eta_{n-1}}{1+|f_{1,n}|++|f_{n-1n}|}$

Then $h_{\eta i,\eta_{j}}(\omega)=0a$ . $e$ . for $i\neq j$ and $\zeta_{n}$ can be expressed by the following form

$\zeta_{n^{=\Sigma g_{i}\eta_{i}}}^{n}$ .
$i=1$

Therefore, the Cauchy sequence $\{f_{i}\check{\zeta}_{i}\}$ in YZ can be expressed as $\sum_{i=1}^{n}f_{i}^{n}\check{\eta}_{i}$ , where

we may assume that $f_{i}^{n}(\omega)=0$ whenever $h_{\eta i,\eta i}(\omega)=0$ . Now $\sum_{i=1}^{n}f_{i}^{n}\check{\eta}_{i}$ is a Cauchy

sequence implies

$\ovalbox{\tt\small REJECT}\forall\epsilon>0\exists N\forall m,$ $n>N \Vert\sum_{i=1}^{m}f_{i}^{m}\check{\eta}_{i}-\sum_{i=1}^{n}f_{i}^{n}\eta_{i}\Vert^{2}<\epsilon\ovalbox{\tt\small REJECT}=1$ .

Therefore, we have

$\bigwedge_{\epsilon>0}.\bigwedge_{mNn>N}\{\omega|\sum_{i=1}^{m}|f_{i}^{m}(\omega)-f_{i}^{n}(\omega)|^{2}h_{\eta i,\eta i}(\omega)<\epsilon\}/\mathfrak{N}=1$ .

Since $\bigwedge_{\epsilon>0},$ $N \vee,\bigwedge_{m,n>N}$ are countable operations, we have

$\forall\epsilon>0\exists N\forall n,$ $m>N \sum_{i=1}^{m}|f_{i}^{m}(\omega)-f_{i}^{n}(\omega)|^{2}h_{\eta_{i},\eta i}(\omega)<\epsilon$ $a.e$ .

Since $f_{i}^{n}(\omega)=0$ whenever $h_{\eta t’\eta t}(\omega)=0$ , we have $\{f_{i}^{n}(\omega)\}$ is a Cauchy sequence
$a.e.$ , for a fixed $i$ . Therefore, there exists a measurable function $f_{i}(\omega)$ such

that $\lim_{narrow\infty}f_{i}^{n}(\omega)=f_{i}(\omega)a$ . $e$ . Since $\sum_{i=1}^{n}f_{i}^{n}\check{\eta}_{i}$ is a Cauchy sequence in $\tilde{\mathcal{H}},$
$\Vert\sum_{i=1}^{n}f_{i}^{n}\check{\eta}_{i}\Vert^{2}$
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is a Cauchy sequence of reals in $V^{(\mathcal{B})}$ . Therefore, there exists a non-negative
measurable function $g(\omega)$ such that

$\lim_{narrow\infty}\sum_{i=1}^{n}|f_{i}^{n}(\omega)|^{2}h_{\eta t\cdot\eta\iota}(\omega)=g^{2}(\omega)$ $a.e$ .

Now we have for every $n,$ $m$ with $n<m$

$\sum_{2\Rightarrow n+1}^{m}|f_{i}^{m}(\omega)|^{2}h_{\eta i\eta l}(\omega)\leqq\Vert\sum_{i=1}^{m}f_{i}^{m}\check{\eta}_{i}-\sum_{i=1}^{n}f_{i}^{n}\check{\eta}_{i}\Vert^{2}$

where the right hand side of inequality is a real in $V^{(\mathcal{B})}$ and it expresses a
measurable function. Therefore, we have

lim $sup\sum^{m}$
$|f_{i}^{m}(\omega)|^{2}h_{\eta i\cdot\eta t}(\omega)=0$ $a$ . $e$ .

$narrow\infty m>ni=n+1$

and

$g^{2}( \omega)=\sum_{l=1}^{\infty}|f_{i}(\omega)|^{2}h_{\eta i\eta i}(\omega)$ $a.e$ .

Now there exists $\xi_{n}\in \mathcal{H}$ such that

$\underline{1}n\Sigma f_{i}\check{\eta}_{i}=\xi_{n}$ .
$1+gi=1$

For $j\geqq i$, we have

$\Vert\xi_{j}-\xi_{i}\Vert^{2}=\int_{\Omega}\frac{1}{(1+g(\omega))^{2}}\sum_{k=i+1}^{j}|f_{k}(\omega)|^{2}h_{\eta k,\eta k}(\omega)d\nu(\omega)$ .

Therefore, $\{\xi_{i}\}$ is a Cauchy sequence in $\mathcal{H}$ and there exists $\xi\in \mathcal{H}$ such that
$\lim_{iarrow\infty}\xi_{i}=\xi$ . Then for every bounded measurable function $g_{0}(\omega)$ and for every

$\zeta\in \mathcal{H}$ , we have

$\int_{\Omega}g_{0}(\omega)h_{\xi.\zeta}(\omega)d\nu(\omega)=(T_{g_{0}}\xi|\zeta)$

$= \lim_{narrow\infty}(T_{g_{0}}\xi_{n}|\zeta)$

$= \lim_{narrow\infty}\int_{\Omega}\frac{g_{0}(\omega)}{1+g(\omega)}\sum_{i=1}^{n}f_{i}(\omega)h_{\eta i^{\zeta}},(\omega)d\nu(\omega)$ .
Since

$\frac{1}{1+g(\omega)}|\sum_{i=1}^{n}f_{i}(\omega)h_{\eta i^{\zeta}}.(\omega)|\leqq\frac{1}{(1+g(\omega))^{2}}\sum_{i=1}^{n}|f_{i}(\omega)|^{2}h_{\eta t’\eta i}(\omega)+h_{\zeta.\zeta}(\omega)$ ,

we have by Lebesgue’s convergence theorem

$\int_{\Omega}g_{0}(\omega)h_{\xi.\zeta}(\omega)d\nu(\omega)=\int_{\Omega}\frac{g_{0}(\omega)}{1+g(\omega)}\sum_{i=1}f_{i}(\omega)h_{\eta i^{\zeta}}.(\omega)d\nu(\omega)$ .

Therefore, we have
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$h_{\xi,\zeta}( \omega)=\frac{1}{1+g(\omega)}\sum_{i=1}^{\infty}f_{i}(\omega)h_{\eta\iota^{\zeta}},(\omega)$ $a.e$ .
Therefore, we have

$h_{\xi-\xi_{n},\xi-\xi_{n}}( \omega)=\frac{1}{(1+g(\omega))^{2}}\sum_{i=n+1}|f_{i}(\omega)|^{2}h_{\eta i\cdot\eta i}(\omega)$ $a$ . $e$ .

Therefore, $\check{\xi}_{n}$ converges to $\check{\xi}$ in $V^{(\mathcal{B})}$ . This shows that $\sum_{i=1}^{n}f_{i}\check{\eta}_{i}$ converges to

\langle $1+g$) $\check{\xi}$ . Now consider the inequality

$\Vert\sum_{i=1}^{m}f_{i}^{m}\check{\eta}_{i}-\sum_{i=1}^{\infty}f_{i}\check{\eta}_{i}\Vert\leqq\sum_{i=1}^{n}\Vert f_{i}^{m}-f_{i}\Vert\Vert\check{\eta}_{i}\Vert$

$+ \Vert\sum_{i=n+1}^{m}f_{i}^{m}\check{\eta}_{i}\Vert+\Vert\sum_{i=n+1}f_{i}\check{\eta}_{i}\Vert^{2}$ .

For every $\epsilon>0$ , there exists $n$ such that the second term and the third term in
the right hand side of the inequality is less than 1/3 $\epsilon$ . After such $n$ is fixed,
we can take some $m\geqq n$ such that the first term in the right-hand side of the
inequality is also less than 1/3 $\epsilon$ . This completes the proof,

REMARK. Let $\check{\zeta}_{1},\check{\zeta}_{2},$ $arrow 0$ . Then $\lim_{iarrow\infty}h_{\zeta_{i}.\zeta_{i}}(\omega)=0a.e$ . Let

$g( \omega)=\frac{1}{1+\sup_{i}h_{\zeta_{i},\zeta_{i}}(\omega)}$ .

Then $g$ is positive, bounded, measurable and $\lim_{iarrow\infty}T_{g}\zeta_{i}=0$ . In general let $\lim_{iarrow\infty}\check{\zeta}_{i}$

$=\check{\zeta}$ . Then there exists a positive bounded measurable function $g$ such that
$\lim_{arrow\infty}T_{g}\zeta_{i}=T_{g}\zeta$ .

REMARK. Our construction of $\tilde{\mathcal{H}}$ depends on the choice of $\{\zeta_{\alpha}\}$ such that
$\{b_{\alpha}\}$ , the projections to the space $[\mathcal{Z}_{0}’\zeta_{a}]$ , becomes a partition of unity in $\mathcal{B}$ .
Now take another choice of $\{\eta_{\beta}\}$ . Let $\{b_{\beta}’\}$ be the partition of unity obtained
from $\{\eta_{\beta}\}$ . Then $\{b_{\alpha}b_{\beta}’\}$ is again a partition of unity and $[\mathcal{Z}_{0}’b_{\beta}’\zeta_{\alpha}]=[\mathcal{Z}_{0}’b_{\alpha}\eta_{\beta}]$ .
Therefore, we may assume that $[\mathcal{Z}_{0}’\zeta]=[\mathcal{Z}_{0}’\eta]=\mathcal{H}$ . Now $\mu$ and $\nu$ are basic
measures on $\Omega$ obtained from $\zeta$ and $\eta$ respectively. Then there exist positive
measurable functions such that $d\mu(\omega)=h_{1}(\omega)d\nu(\omega)$ and $d\nu(\omega)=h_{2}(\omega)d\mu(\omega)$ and
$h_{1}(\omega)h_{2}(\omega)=1$ . Let $\overline{\mathcal{H}}_{1}$ and $\overline{\mathcal{H}}_{2}$ be Hilbert spaces in $V^{(\mathcal{B})}$ obtained from $\mu$ and
$\nu$ respectively. Then the isomorphism between $\tilde{\mathcal{H}}_{1}$ and $\tilde{\mathcal{H}}_{2}$ is obtained by
assignment of $\sqrt{h_{2}}\check{\zeta}$ in $\tilde{\mathcal{H}}_{2}$ to $\check{\zeta}$ in $\overline{\mathcal{H}}_{1}$ . Since $\sqrt{h_{2}}$ is a positive real in $V^{(\mathcal{B})}$ ,
$\tilde{\mathcal{H}}_{1}$ and $\overline{\mathcal{H}}_{2}$ are the same up to a positive constant multiplication.

\S 2. The construction of $\tilde{\mathcal{M}}$ from $\mathcal{M}$ .
Let $\mathcal{H},$ $\mathcal{M},$ $\mathcal{Z}_{0},$ $\mathcal{B},$

$\Omega$ , and $\tilde{\mathcal{H}}$ be the same as in \S 1. We are going to con-
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struct a von Neumann algebra $\tilde{\mathcal{M}}$ on $\tilde{\mathcal{H}}$ in $V^{(\mathcal{B})}$ which corresponds to $\mathcal{M}$ .
Let $x\in \mathcal{Z}_{0}’$ . We define $\tilde{x};\tilde{\mathcal{H}}arrow\tilde{\mathcal{H}}$ by the equation $\tilde{x}(f\check{\eta})=f(x(\eta))^{\vee}$ . Since

$b\zeta=b\eta$ implies $bx(\zeta)=bx(\eta)$ for every $b$ in $\mathcal{B}$ , we have

$\ovalbox{\tt\small REJECT}\check{\zeta}=\check{\eta}\ovalbox{\tt\small REJECT}\leqq\ovalbox{\tt\small REJECT}\tilde{x}(\check{\zeta})=\tilde{x}(\check{\eta})\ovalbox{\tt\small REJECT}$ .

Therefore, $\tilde{x}$ is a function in $V^{(\mathcal{B})}$ .
PROPOSITION 1. If $\Vert x\Vert=M$, then 1 $\tilde{x}\Vert\leqq\check{M}$.
PROOF. Let $g(\omega)$ be a non-negative measurable function on $\Omega$ . Then we

have

$\int_{\Omega}g^{2}(\omega)h_{x(,x(}(\omega)d\nu(\omega)=(xT_{g}\zeta|xT_{g}\zeta)$

$\leqq M^{2}\int_{\Omega}g^{2}(\omega)h_{\zeta.\zeta}(\omega)d\nu(\omega)$ .

Therefore, we have $h_{x\zeta.x\zeta}(\omega)\leqq M^{2}h_{(,(}(\omega)a.e$ . This implies $\Vert\tilde{x}\Vert\leqq\check{M}$ in $V^{(\mathcal{B})}$ .
PROPOSITION 2. $\Vert x\Vert=M$ iff $M= \inf\{K|\Vert\tilde{x}\Vert\leqq\check{K}\}$ .
PROOF. Suppose $\Vert\tilde{x}\Vert\leqq\check{K}$ . Then we have

$h_{x\zeta.x\zeta}(\omega)\leqq K^{2}h_{\zeta,\zeta}(\omega)$ $a.e$ .

Therefore, we have $\Vert x\zeta\Vert\leqq K\Vert\zeta\Vert$ . The proposition immediately follows from this
and the previous proposition.

PROPOSITION 3. Let $\hat{x}$ be a bounded linear operator on $\tilde{\mathcal{H}}$ in $V^{(\mathcal{B})}$ and $\Vert_{i}t\Vert$

$\leqq\check{M}$. Then there exists $y\in \mathcal{Z}_{0}’$ such that $\Vert y\Vert\leqq M$ and $;t=\tilde{y}$ .
PROOF. Let $\zeta\in \mathcal{H}$ . Since $:t(\check{\zeta})\in\tilde{\mathcal{H}},\hat{x}(\check{\zeta})$ is of the form $f\check{\eta}$ . Then we have

$|f(\omega)|^{2}h_{\eta\eta}(\omega)\leqq M^{2}h_{\zeta.\zeta}(\omega)$ $a.e$ .
Therefore, there exists $\xi\in \mathcal{H}$ such that $f\check{\eta}=\check{\xi}$ . We define $y$ by $y(\zeta)=\xi$ . Then
the proposition is obvious.

PROPOSITION 4. Let 2 be a bounded linear operat0r of $\ovalbox{\tt\small REJECT}$ in $V^{(\mathcal{B})}$ . Then
there exist $y\in \mathcal{Z}_{0}’$ and $f\in C^{\mathcal{B}}$ such that $R=f\tilde{y}$ .

PROOF. Let $;\phi=\hat{x}/(1+\Vert_{i}t\Vert)$ . Then there exists $y\in \mathcal{Z}_{0}’$ such that $ff=\tilde{y}$ . Then
$R=(1+\Vert\hat{x}\Vert)\tilde{y}$ , where $1+\Vert k\Vert\in C^{\mathcal{B}}$ .

PROPOSITION 5. $(\tilde{x})^{*}=x^{*}$ , where $*in$ the left-hand szde of the equality is
the adjoint in $\tilde{\mathcal{H}}$ and $*in$ the right-hand stde of the equality is the adjoint in $\mathcal{H}$ .

PROOF. $(\tilde{x}\check{\zeta}|i)$ is $h_{x\zeta,\eta}(\omega)$ . Since we have

$h_{x\zeta.\eta}=\overline{h_{\eta x\zeta}}=\overline{h_{x^{*}\eta^{(}}.}=h_{(.x^{r}\eta}$ ,

we have $(\tilde{x}\check{\zeta}|\check{\eta})=(\check{\zeta}|\tilde{x}^{*}\check{\eta})$ .
PROPOSITION 6. $x\geqq 0$ iff $\tilde{x}\geqq 0$ .
PROOF. Let $x\geqq 0$ and $f\geqq 0$ . Then we have
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$(T_{f}x\zeta|\zeta)=(xT_{\sqrt{}\overline{f}}\zeta|T_{\sqrt{}\overline{f}}\zeta)\geqq 0$ .
Therefore, we have

$\int_{\Omega}f(\omega)h_{x\zeta.\zeta}(\omega)d\nu(\omega)\geqq 0$ .
Hence, we have $h_{x\zeta,\zeta}(\omega)\geqq 0a.e.,$ $i.e.,\tilde{x}\geqq 0$ . Conversely suppose $\tilde{x}\geqq 0$ . Then we
have $(\tilde{x}\check{\zeta}|\check{\zeta})=h_{x\zeta.\zeta}\geqq 0$ . Hence, we have $(x\zeta|\zeta)\geqq 0$ and $x\geqq 0$ .

Now we define $\ovalbox{\tt\small REJECT}$ in $V^{(\mathcal{B})}$ by the following equation.

$\tilde{\mathcal{M}}=$ { $f\tilde{x}|x\in \mathcal{M}$ and $f\in C^{\mathcal{B}}$ }.

PROPOSITION 7. $\tilde{\mathcal{M}}’=(\tilde{\mathcal{M}})’$ .
PROOF. We may assume that every member $f\tilde{x}$ in $\tilde{\mathcal{M}}$ satisfies $[f=0\ovalbox{\tt\small REJECT}=$

[ $f\tilde{x}=0\ovalbox{\tt\small REJECT}$ . Now let $f\tilde{x},$ $g\tilde{y}$ in SZZ. Then we have

$(f\tilde{x})(g\tilde{y})=(g\tilde{y})(f\tilde{x})$ if $xy=yx$ .

Now the proposition is obvious.
PROPOSITION 8. $\ovalbox{\tt\small REJECT}$ is a von Neumann algebra on $\tilde{\mathcal{H}}$ .
PROOF. By Proposition 5, $\tilde{\mathcal{M}}$ is a $*$-algebra. We also have $(\tilde{\mathcal{M}})’’=\tilde{\mathcal{M}}$ by

Proposition 7.
We define $(\mathcal{M}_{+})^{\sim}$ in $V^{(\mathcal{B})}$ by the following equation.

$(\mathcal{M}_{+})^{\sim}=$ { $f\tilde{x}|x\in \mathcal{M}_{+}$ and $f\geqq 0$}.

PROPOSITION 9. $(\mathcal{M}_{+})^{\sim}=\tilde{\mathcal{M}}_{+}$ .
PROOF. $(\mathcal{M}_{+})^{\sim}\subseteqq\tilde{\mathcal{M}}_{+}$ follows from Proposition 6. Suppose $f\tilde{x}\in\tilde{\mathcal{M}}_{+}$ . Without

loss of generality, we may assume $f\geqq 0$ and [ $f=0I=\ovalbox{\tt\small REJECT}\tilde{x}=0J$ . Then $x\in \mathcal{M}_{+}$ fol-
lows from Proposition 6.

PROPOSITION 10. Let $\hat{\mathcal{M}}$ be a von Neumann algebra on $\tilde{\mathcal{H}}$ . Then there exists
a von Neumann algebra $\mathcal{M}$ on $\mathcal{H}$ such that $\hat{\mathcal{M}}=\ovalbox{\tt\small REJECT}$ .

PROOF. Let $\mathcal{M}=\{x|\tilde{x}\in\hat{\mathcal{M}}\}$ . Then $\hat{\mathcal{M}}=\tilde{\mathcal{M}}$ .
PROPOSITION 11. If $\mathcal{Z}_{0}$ is the center of $\mathcal{M}$ , then $\tilde{\mathcal{M}}$ is a factor.
PROOF. This is obvious since the center of $\tilde{\mathcal{M}}$ is $C^{\mathcal{B}}$ .
PROPOSITION 12. If $P$ is a projection in $\mathcal{M}$ , then $p$ is a projection in $\tilde{\mathcal{M}}$ .

If $p$ is a projection in JZI, then there exests a projection $P$ in $\mathcal{M}$ such that $p=p$ .
PROOF. The first part is obvious. For the second part, we have $x$ in $\mathcal{M}$

with $\tilde{x}=\hat{p}$ by Proposition 3. Since $(\tilde{x})^{*}=\tilde{x}$ and $\tilde{x}\cdot\tilde{x}=\tilde{x},$ $x$ is a projection.
In the same way as in Proposition 12, we can show that a unitary operator

in $\tilde{\mathcal{M}}$ is nothing but $\tilde{u}$ where $u$ is a unitary operator in $\mathcal{M}$ .
Let $P$ and $q$ be two projections in $\mathcal{M}$ . If $P\sim q$ , then there exists $u\in \mathcal{M}$

such that $p=u^{*}u$ and $q=uu^{*}$ . Then obviously $\tilde{p}\sim\tilde{q}$ . On the other hand, sup-
pose $\tilde{p}\sim\tilde{q}$ . Then there exists $\text{\^{u}}\in\ovalbox{\tt\small REJECT}$ such that $\text{\^{u}}^{*}\text{\^{u}}=\tilde{p}$ and $\text{\^{u}}\text{\^{u}}^{*}=\tilde{q}$ . Since $\Vert\text{\^{u}}\Vert$

$\leqq 1,$ \^u must be of the form $\tilde{u}$ . From this immediately follows $P\sim q$ . Therefore,
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the relation $\sim$ has the same meaning in $\mathcal{M}$ and $\tilde{\mathcal{M}}i.e.,$ $\sim$ is absolute.
Let $P$ and $q$ be still projections in $\mathcal{M}$ . Since $P\leqq q$ is equivalent to $pq=p,$ $p$

$\leqq q$ is equivalent to $\tilde{p}\leqq\tilde{q}$ in $\tilde{\mathcal{M}}i$ . $e.,$ $P\leqq q$ is absolute. Therefore, $p\sim<q$ is also
absolute.

PROPOSITION 13. Let $P$ be a projection in $\mathcal{M}$ . $P$ is finite in $\mathcal{M}$ iff $\beta$ is
fimte in $\ovalbox{\tt\small REJECT}$ .

PROOF. ‘
$\beta$ is finite in $\tilde{\mathcal{M}}$

’ is an abbreviation of [ $\beta$ is finite in $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}=1$ . Now
we have

[ $\tilde{p}$ is finite in $\ovalbox{\tt\small REJECT} J=1$ iff $\ovalbox{\tt\small REJECT}\forall\hat{q}\in\ovalbox{\tt\small REJECT}(\tilde{p}\sim\hat{q}\leqq\tilde{p}arrow\tilde{p}=\hat{q})I=1$

iff $\forall q\in \mathcal{M}([\tilde{p}\sim\tilde{q}\leqq\tilde{p}arrow p=\tilde{q}I=1)$ .
Since [ $\tilde{p}\sim\tilde{p}\leqq\tilde{p}\ovalbox{\tt\small REJECT}=1,$ $\forall q\in \mathcal{M}([\tilde{p}\sim\tilde{q}\leqq\tilde{p}\ovalbox{\tt\small REJECT}\leqq[\tilde{p}=\tilde{q}\ovalbox{\tt\small REJECT})$ is equivalent to

$\forall q\in \mathcal{M}$ ( $\ovalbox{\tt\small REJECT}\beta\sim \mathcal{G}\leqq\beta\ovalbox{\tt\small REJECT}=1$ implies $[\beta=\tilde{q}\ovalbox{\tt\small REJECT}=1$ ), $i.e.$ , $\forall q\in \mathcal{M}(p\sim q\leqq parrow p=q)$ .

In the same way, we can prove the following proposition. From now on, $P$

and $q$ ranges over projections.
PROPOSITION 14. $P$ is purely infinite in $\mathcal{M}$ iff $\tilde{p}$ is purely infinite in $\tilde{\mathcal{M}}$ .

$p$ is abelian in $\mathcal{M}$ iff $\tilde{p}$ is abelian in St.
REMARK. ‘

$P$ is infinite in $\mathcal{M}$
’ is not equivalent to ’

$\tilde{p}$ is infinite in $\tilde{\mathcal{M}}’$ .
More precisely

‘
$P$ is infinite in $\mathcal{M}$

’ iff 7 ‘
$P$ is finite in $\mathcal{M}$

’

iff 7( $[\beta$ is finite in $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}=1$ )

iff $\ovalbox{\tt\small REJECT}\beta$ is infinite in $\tilde{\mathcal{M}}\ovalbox{\tt\small REJECT}>0$ .
Now let $b\in \mathcal{B}$ . Then $\ovalbox{\tt\small REJECT}\tilde{b}=1\ovalbox{\tt\small REJECT}=b$ . Let $\mathcal{Z}_{0}$ be the center of $\mathcal{M}$ . Then $\tilde{\mathcal{M}}$ is
infinite’ is equivalent to $\mathcal{M}$ is properly infinite’. This is shown automatically
as follows.

$\mathcal{M}$ is infinite’ iff [1 is infinite in fiit] $=1$

iff $\forall b\in \mathcal{B}$ ( $b\leqq[1$ is infinite in $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ )

iff $\forall b\in \mathcal{B}$ ( $\ovalbox{\tt\small REJECT}\tilde{b}=1arrow 1$ is infinite in $\tilde{\mathcal{M}}\ovalbox{\tt\small REJECT}=1$ )

iff $\forall b\in \mathcal{B}$ ( $\ovalbox{\tt\small REJECT}\tilde{b}=1arrow 5$ is infinite in $\tilde{\mathcal{M}}\ovalbox{\tt\small REJECT}=1$ )

iff $\forall b\in \mathcal{B}$ ( $[5$ is finite in $\tilde{\mathcal{M}}arrow\tilde{b}=0\ovalbox{\tt\small REJECT}=1$ )

iff $\forall b\in \mathcal{B}$ ( $\ovalbox{\tt\small REJECT} 5$ is finite in $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}=1arrow[5=0\ovalbox{\tt\small REJECT}=1$ )

iff $\forall b\in \mathcal{B}$ ( $b$ is finite in $\mathcal{M}arrow b=0$)

iff $\mathcal{M}$ is properly infinite.

Here we used the fact that if [5 is finite in fill] $=b_{0}$ and $b_{0}\leqq\ovalbox{\tt\small REJECT}\tilde{b}=0\ovalbox{\tt\small REJECT}$ , then $\ovalbox{\tt\small REJECT}\tilde{b}_{1}$

is finite in Sli $\ovalbox{\tt\small REJECT}=1$ and [ $\tilde{b}_{1}=0\ovalbox{\tt\small REJECT}=1$ , where $b_{1}=b(1-b_{0})$ .
Now let $\mathcal{Z}$ be the center of $\mathcal{M}$ . Then $\mathcal{Z}_{0}\subseteqq \mathcal{Z}$ and $\tilde{\mathcal{Z}}$ is the center of $\ovalbox{\tt\small REJECT}$ .
PROPOSITION 15. $\ovalbox{\tt\small REJECT}$ is of type I in $V^{(\mathcal{B})}$ iff $\mathcal{M}$ is of type $I$ .
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PROOF. First we assume that $\ovalbox{\tt\small REJECT}$ is of type I. Let $p\neq 0$ . Then $[p\neq 0\ovalbox{\tt\small REJECT}>0$ .
Let $b=\ovalbox{\tt\small REJECT}\beta\neq 0\ovalbox{\tt\small REJECT}$ and $p_{0}=p+(1-b)$ . Then [ $\beta_{0}\neq 0J=1$ . Therefore, we have

$\ovalbox{\tt\small REJECT}\exists\hat{q}\in\tilde{\mathcal{M}}(\hat{q}\neq 0\wedge$ ( $\hat{q}$ is $abelian$ ) $\wedge\hat{q}\leqq\beta_{0}\ovalbox{\tt\small REJECT}=I$ ,
and

$q\in\ovalbox{\tt\small REJECT}[\tilde{q}\neq 0\wedge$ ( $\tilde{q}$ is abelian) $\wedge\tilde{q}\leqq\tilde{p}_{0}\ovalbox{\tt\small REJECT}=I$ .

From this follows that there exists $q\in \mathcal{M}$ satisfying

[q#OA ( $\tilde{q}$ is $abelian$ ) $\Lambda\tilde{q}\leqq p_{0}\ovalbox{\tt\small REJECT}\Lambda b>0$ .
Let $b_{0}=[q\neq 0A$ ( $q$ is $abelian$ ) $\wedge\tilde{q}\leqq\tilde{p}_{0}\ovalbox{\tt\small REJECT}$ Ab and $q_{0}=b_{0}q$ . Then $q_{0}\neq 0$ and $q_{0}$ is
abelian and $q_{0}\leqq p$ . This proves that $\mathcal{M}$ is of type I. Now let us assume that
$\mathcal{M}$ is of type I. In order to prove that $\ovalbox{\tt\small REJECT}$ is of type I, it suffices to show that
for every $p\in \mathcal{Z}$ ,

[ $P\neq 0arrow\exists\hat{q}\in\tilde{\mathcal{M}}(\hat{q}\neq 0\wedge$ ( $\hat{q}$ is $abelian$) $\wedge\hat{q}\leqq\beta\ovalbox{\tt\small REJECT}=1$ .

Let $b=\ovalbox{\tt\small REJECT}\beta\neq 0\ovalbox{\tt\small REJECT}$ and $p_{1}=p+(1-b)$ . Then [ $\tilde{p}_{1}\neq 0\ovalbox{\tt\small REJECT}=1$ and it suffices to show

$\ovalbox{\tt\small REJECT}\exists\hat{q}\in\tilde{\mathcal{M}}(\hat{q}\neq 0\wedge$ ( $\hat{q}$ is $abelian$ ) $\wedge\hat{q}\leqq\tilde{p}_{1}\ovalbox{\tt\small REJECT}=1$ .
Now let $b_{1}>0$ . Then $b_{1}p_{1}\neq 0$ . Since $\mathcal{M}$ is of type I, there exists $q\in \mathcal{M}$ such
that $q\neq 0$ and $q$ is abelian and $q\leqq b_{1}p_{1}$ . This implies

[ $\tilde{q}\neq 0\wedge$ ( $\tilde{q}$ is $abelian$ ) $\Lambda\tilde{q}\leqq\tilde{p}_{1}\ovalbox{\tt\small REJECT}\wedge b_{1}>0$ .
This completes the proof.

PROPOSITION 16. $\ovalbox{\tt\small REJECT}$ iS of type $II$ in $V^{(\mathcal{B})}$ iff $\mathcal{M}$ is of type $II$.
PROOF. $\mathcal{M}$ is of type II iff $\mathcal{M}$ satisfies $C_{1}$ and $C_{2}$ , where $C_{1}$ is $\forall p\in \mathcal{M}(p$ is

$abelianarrow p=0)$ and $C_{2}$ is $\forall p\in \mathcal{Z}$ ( $p\neq 0arrow\exists q\in \mathcal{M}$ ( $q\neq 0\Lambda$ ( $q$ is $finite$ ) $\Lambda q\leqq p$)). In the
same way as in Proposition 15, we can prove that $\tilde{\mathcal{M}}$ satisfies $C_{2}$ in $V^{(\mathcal{B})}$ iff
$\mathcal{M}$ satisfies $C_{2}$ . Now we are going to show that $C_{1}$ is also absolute. First we
have

$\ovalbox{\tt\small REJECT}\forall p\in\ovalbox{\tt\small REJECT}$ ( $p$ is $abelianarrow P=0$) $\ovalbox{\tt\small REJECT}=1$

iff $\forall p\in \mathcal{M}\ovalbox{\tt\small REJECT}\tilde{p}$ is $abelianarrow p=0\ovalbox{\tt\small REJECT}=1$

iff $\forall p\in \mathcal{M}$ ( $[\beta$ is $abelian\ovalbox{\tt\small REJECT}\leqq\ovalbox{\tt\small REJECT} p=0\ovalbox{\tt\small REJECT}$ ).

Now assume that $\mathcal{M}$ satisfies $C_{1}$ . Let $b=\ovalbox{\tt\small REJECT} p$ is $abelian\ovalbox{\tt\small REJECT}$ . Then $bP$ is abelian.
Hence, we have $bp=0i$ . $e.,$

$b\leqq\ovalbox{\tt\small REJECT} P=0\ovalbox{\tt\small REJECT}$ . Therefore, $\ovalbox{\tt\small REJECT}$ satisfies $C_{1}$ in $V^{(\mathcal{B})}$ . Now
assume that $\tilde{\mathcal{M}}$ satisfies $C_{1}$ in $V^{(\mathcal{B})}$ and $p\in \mathcal{M}$ is abelian. Then $1=\ovalbox{\tt\small REJECT}\beta$ is $abelian\ovalbox{\tt\small REJECT}$

$\leqq\ovalbox{\tt\small REJECT} p=0\ovalbox{\tt\small REJECT}$ . Therefore, $p=0$ and $\mathcal{M}$ satisfies $C_{1}$ .
COROLLARY. $\tilde{\mathcal{M}}$ is of type $II_{1}$ in $V^{(\mathcal{B})}$ iff $\mathcal{M}$ is of tyPe $II_{1}$ . $\ovalbox{\tt\small REJECT}$ is of tyPe

$II_{\infty}$ in $V^{(\mathcal{B})}$ iff $\mathcal{M}$ is of type $II_{\infty}$ .
PROOF. The first part is immediate from Propositions 13 and 16. In order

to prove the second part, it suffices to show that $\forall p\in \mathcal{Z}$ ( $p$ is $finitearrow p=0$ ) is
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absolute. Let us call this properry by $C$ . Then $\ovalbox{\tt\small REJECT}$ satisfies C’ is equivalent to
$\forall p\in \mathcal{Z}$ ( $[p$ is $finite\ovalbox{\tt\small REJECT}\leqq\ovalbox{\tt\small REJECT} P=0\ovalbox{\tt\small REJECT}$ ). Now assume that $\mathcal{M}$ satisfies $C$ and $\ovalbox{\tt\small REJECT}\beta$ is $finite\ovalbox{\tt\small REJECT}$

$>0$ . Let $b=[p$ is $finite\ovalbox{\tt\small REJECT}$ and $p_{1}=bp$ . Then $\ovalbox{\tt\small REJECT} p_{1}$ is $finite\ovalbox{\tt\small REJECT}=1$ . Therefore, $p_{1}$ is
finite and $p_{1}=0i$ . $e.,$ [ $P=0\ovalbox{\tt\small REJECT}\geqq b$ . Hence, $\tilde{\mathcal{M}}$ satisfies $C$ . Now assume that $\tilde{\mathcal{M}}$

satisfies $C$ and $p$ is finite. Then [ $\beta$ is $finite\ovalbox{\tt\small REJECT}=1$ and [ $\beta=0\ovalbox{\tt\small REJECT}=1$ . Therefore,
$p=0$ and $\mathcal{M}$ satisfies $C$ .

PROPOSITION 17. $\tilde{\mathcal{M}}$ is of type III in $V^{(\mathcal{B})}$ iff $\mathcal{M}$ is of type III.
PROOF. This is immediate from Proposition 14.

\S 3. The construction of $\mathcal{H}$ from $\hat{\mathcal{H}}$ .
Let $\hat{\mathcal{H}}$ be a Hilbert space in $V^{(\mathcal{B})}$ , where $\mathcal{B}$ is a complete Boolean algebra

of all projections in an abelian von Neumann algebra $\mathcal{Z}$ . We are going to show
that $\hat{\mathcal{H}}$ is of the form $\overline{\mathcal{H}}i$ . $e.$ , there exists a Hilbert space $\mathcal{H}$ such that $\mathcal{Z}$ is a
von Neumann algebra on $\mathcal{H}$ and $\hat{\mathcal{H}}$ is isomorphic to $\overline{\mathcal{H}}$ in $V^{(\mathcal{B})}$ .

By taking an adequate partition $\{b_{a}\}$ of unity in $\mathcal{B}$ , we can assume that
there exist compact spaces $\Omega_{\alpha}$ and positive Radon measures $\mu_{\alpha}$ on $\Omega_{\alpha}$ such that
$\Omega_{\alpha}$ is the spectrum of $\mathcal{Z}_{\alpha}=b_{\alpha}\mathcal{Z},$

$\mu_{\alpha}$ is a basic measure of $\Omega_{a},$ $\mu_{\alpha}(\Omega_{\alpha})=1$ , and
$\mathcal{Z}_{\alpha}$ can be identiPed as $L^{\infty}(\Omega_{\alpha}, \mu_{\alpha})$ . So we now assume that $\mu$ is a positive
Radon measure on a compact space $\Omega,$ $\mu(\Omega)=1$ , and $\mathcal{Z}$ can be identified as
$L^{\infty}(\Omega, \mu)$ . Let $\zeta,$ $\eta\in\hat{\mathcal{H}}$ . Then $(\xi|\mu)$ in $V^{(\mathcal{B})}$ can be identified as a measurable
function on $\Omega$ . This function is denoted by $(\zeta|\eta)(\omega)$ . Let $\Vert\zeta\Vert(\omega)=\sqrt{(\zeta|\zeta)(\omega)}$ .
Now let

$\mathcal{H}=\{\zeta\in\hat{\mathcal{H}}|\int_{\Omega}\Vert\zeta\Vert^{2}(\omega)d\mu(\omega)<\infty\}$ .

For $\zeta,$
$\eta\in \mathcal{H}$ and $\alpha\in C$, we dePne $\alpha\zeta=\check{\alpha}\zeta$ and $( \zeta|\eta)=\int_{\Omega}(\zeta|\eta)(\omega)d\mu(\omega)$ . Then

$\mathcal{H}$ becomes a prehilbert space. We show that $\mathcal{H}$ is complete. The proof goes
in the same way as in the proof of Riesz-Fischer’s theorem. Obviously we
have $\Vert\zeta+\eta\Vert(\omega)\leqq\Vert\zeta\Vert(\omega)+\Vert\eta\Vert(\omega)a$ . $e$ . for every $\zeta,$

$\eta\in \mathcal{H}$ . Let $\{\zeta_{i}\}$ be a Cauchy
sequence in $\mathcal{H}$ . It suffices to show that a subsequence converges. Therefore,
we may assume that $\Vert\zeta_{i}-\zeta_{i+1}\Vert<2^{-i}$ . Let $\sigma_{k}(\omega)=\Vert\zeta_{1}-\zeta_{2}\Vert(\omega)+\cdots+\Vert\zeta_{k-1}-\zeta_{k}\Vert(\omega)$

and $\Vert\sigma_{k}\Vert^{2}=\int_{\Omega}\sigma_{k}^{2}(\omega)d\mu(\omega)$ . Then $\Vert\sigma_{k}\Vert\leqq 1$ . Let $\sigma(\omega)=\lim_{karrow\infty}\sigma_{k}(\omega)$ . Since $\{\sigma_{k}(\omega)\}$

is an increasing sequence, we have

$\Vert\sigma\Vert=\lim_{karrow\infty}\Vert\sigma_{k}\Vert\leqq 1$ and $\sigma(\omega)<\infty$ $a.e$ .

Therefore,
$j arrow\infty\lim_{iarrow\infty}\Vert\zeta_{i}-\zeta_{j}\Vert(\omega)=0a$

. $e$ . and $\{\zeta_{i}\}$ is a Cauchy sequence in $\hat{\mathcal{H}}$ . Hence,

there exists $\zeta$ in $\hat{\mathcal{H}}$ such that $\lim_{iarrow\infty}\zeta_{i}=\zeta$ in $\hat{\mathcal{H}}$ . Then $\lim_{iarrow\infty}\Vert\zeta_{i}\Vert(\omega)=\Vert\zeta\Vert(\omega)a$ . $e$ .
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Since $\Vert\zeta\Vert(\omega)\leqq\sigma(\omega)+\Vert\zeta_{1}\Vert(\omega)$ , we have $\Vert\zeta\Vert=\lim_{iarrow\infty}\Vert\zeta_{i}\Vert<\infty$ and $\zeta\in \mathcal{H}$ . Hence we
have $\lim_{iarrow\infty}\Vert\zeta-\zeta_{i}\Vert=0$ .

Now let $\hat{x}\in \mathcal{L}(\hat{\mathcal{H}})$ in $V^{(\mathcal{B})}$ and $\Vert\hat{x}\Vert_{\mathcal{B}}\leqq\check{M}$, where $\Vert\Vert_{\mathcal{B}}$ is the norm in $V^{(\mathcal{B})}$

and $M$ is a positive real number. Then for every $\zeta\in \mathcal{H}$ , we have
$\Vert\hat{x}(\zeta)\Vert_{\mathcal{B}}^{2}(\omega)\leqq M^{2}\Vert\zeta\Vert^{2}(\omega)$ $a.e$ .

Therefore, $\hat{x}(\zeta)\in \mathcal{H}$ . Now we define $x$ by

$x(\zeta)=\hat{x}(\zeta)$ .
Then $x\in X(\mathcal{H})$ and $\Vert x\Vert\leqq M$. Especially every member of $\mathcal{Z}$ is a member of
$X(\mathcal{H})$ . Suppose $\{z_{i}\}$ is a subset of $\mathcal{Z},$ $z\in \mathcal{L}(\mathcal{H})$ and $\lim_{iarrow\infty}z_{i}=z$ in the strong

topology of $\mathcal{L}(\mathcal{H})$ . Let $\zeta_{0}\in \mathcal{H}$ satisfy $\Vert\zeta_{0}\Vert_{\mathcal{B}}=\check{1}$ . Moreover let $g(\omega)\geqq 0$ and $g$

$\in L^{\infty}(\Omega, \mu)$ . We dePne $\zeta=\sqrt{g}\zeta_{0}$ and $F(g)=(z\zeta|\zeta)$ . Then

$|F(g)|=|(z\zeta|\zeta)|\leqq\Vert z\Vert\Vert\zeta\Vert\Vert\zeta\Vert=\Vert z\Vert\Vert g\Vert_{1}$ .
Also we have

$F(g)= \lim_{iarrow\infty}(z_{i}\zeta|\zeta)=\lim_{iarrow\infty}\int Ji(\omega)g(\omega)d\mu(\omega)$ ,

where $f_{t}(\omega)=(z_{i}\zeta_{0}|\zeta_{0})(\omega)$ . Now we extend the definition of $F$ over $L^{1}(\Omega, \mu)$ by
the linearity. Then $F$ is a linear functional on $L^{1}(\Omega, \mu)$ and $\Vert F\Vert_{\infty}\leqq\Vert z\Vert$ . There-
fore, $F\in L^{\infty}(\Omega, \mu)$ and there exists $f\in L^{\infty}(\Omega, \mu)$ such that

$F(g)= \int_{\Omega}f(\omega)g(\omega)d\mu(\omega)$ .

Also we have $\Vert f-f_{i}\Vert_{\infty}\leqq\Vert z-z_{i}\Vert$ and $\lim_{iarrow\infty}f_{i}=f$ in $L^{\infty}(\Omega, \mu)$ . Then we have

$(z \zeta|\eta)=\lim_{tarrow\infty}(z_{i}\zeta|\eta)$

$= \lim_{iarrow\infty}\int_{\Omega}f_{i}(\omega)(\zeta|\eta)(\omega)d\mu(\omega)$

$= \int_{\Omega}f(\omega)(\zeta|\eta)(\omega)d\mu(\omega)$ .

Therefore, $z=T_{f}$ and $z\in \mathcal{Z}$ .
Let $x\in \mathcal{L}(\mathcal{H})$ be a member of $\mathcal{Z}’$ in $\mathcal{L}(\mathcal{H})$ . Then for every $z\in \mathcal{Z}$ and for

every $\zeta\in \mathcal{H}$

$xz\zeta=zx\zeta$ .
This implies that $x$ can be considered as an operator in $\mathcal{L}(\hat{\mathcal{H}})$ in $V^{(\mathcal{B})}$ .

Let $\eta\in \mathcal{H}$ . Then there exists $\{b_{n}\}$ in $\mathcal{B}$ such that $b_{n}arrow 1$ and $\Vert b_{n}\eta\Vert(\omega)\leqq n$ .
Then there exists $\hat{x}$ in $\mathcal{L}(\hat{\mathcal{H}})$ in $V^{(\mathcal{B})}$ such that $\hat{x}(\zeta_{0})=b_{n}\eta$ and for every $\zeta\perp\zeta_{0}$ ,
$\hat{x}(\zeta)=0$ , where $\zeta_{0}\in \mathcal{H}$ satisPes $\Vert\zeta_{0}\Vert(\omega)=1$ . Then $\Vert x\Vert_{\mathcal{B}}=\Vert b_{n}\eta\Vert\leqq n$ . Therefore, $\hat{x}$
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is represented by an operator in $\mathcal{Z}’$ in $X(\mathcal{H})$ . Since $\lim_{narrow\infty}b_{n}\eta=\eta$ in $\mathcal{H}$ , we have

$[\mathcal{Z}’\zeta_{0}]=\mathcal{H}$ .
Now we construct the basic measure $\nu$ and $h_{\zeta.\eta}$ from $\mathcal{Z},$ $\mathcal{Z}’,$ $\zeta_{0}$ , and $\mathcal{H}$ .

We are going to show that $\nu=\mu$ and $h_{\zeta,\eta}(\omega)=(\zeta|\eta)(\omega)i$ . $e.,\tilde{\mathcal{H}}=\hat{\mathcal{H}}$ . For every
$f\in L^{\infty}(\Omega, \mu)$ , we have

$(T_{f}\zeta|\eta)(\omega)=f(\omega)(\zeta|\eta)(\omega)$ $a.e$ .
Therefore, we have

$\nu_{\zeta.\eta}(f)=(T_{f}\zeta|\eta)=\int_{\Omega}(T_{f}\zeta|\eta)(\omega)d\mu(\omega)$

$= \int_{\Omega}f(\omega)(\zeta|\eta)(\omega)d\mu(\omega)$ .

Especially we have $\nu(f)=\int_{\Omega}f(\omega)d\mu(\omega)$ and $\mu=\nu$ . Therefore, we have

$\nu_{\zeta,\eta}(f)=\int_{\Omega}f(\omega)h_{\zeta.\eta}(\omega)d\mu(\omega)=\int_{\Omega}f(\omega)h_{\zeta.\eta}(\omega)d\mu(\omega)$ .
Therefore, we have $h_{C\eta}(\omega)=(\zeta|\eta)(\omega)$ $a$ . $e$ .

THEOREM 2. Let $\{x_{i}\}$ in $\mathcal{Z}’$ . Then $\lim_{iarrow\infty}x_{i}=0$ in the strong topology of
$\mathcal{L}(\mathcal{H})$ iff there exists $M$ such that $\Vert\tilde{x}_{i}\Vert_{\mathcal{B}}\leqq\check{M}$ for every $i$ and $\lim_{iarrow\infty}\tilde{x}_{i}=0$ in the

strong topology of $\mathcal{L}(\tilde{\mathcal{H}})$ .
PROOF. Suppose $\lim_{arrow\infty}\tilde{x}_{i}=0$ . For every $\zeta\in \mathcal{H}$ , we have

$\lim_{iarrow\infty}\Vert\tilde{x}_{i}\zeta\Vert(\omega)=0$
$a$ . $e$ .

$IfI\Vert x_{i}\Vert_{\mathcal{B}}\leqq\check{M}$ for every $i$, then $\lim_{iarrow\infty}\int_{\Omega}\Vert x_{i}\zeta\Vert(\omega)d\mu(\omega)=0i$ . $e.$ , $\lim_{iarrow\infty}\Vert x_{i}\zeta\Vert=0$ . Con-

versely let $\lim_{iarrow\infty}x_{i}=0$ . Then there exists a bound $M$ for all $\Vert x_{i}\Vert i$ . $e.,$
$\Vert\tilde{x}_{i}\Vert_{\mathcal{B}}\leqq\check{M}$.

It suffices to show that $\lim_{iarrow\infty}\tilde{x}_{i}\zeta=0$ for all $\zeta$ with $(\zeta|\zeta)(\omega)=1a$ . $e$ . Let $g\geqq 0$ and

$g\in L^{1}(\Omega, \mu)$ and $\eta=\sqrt{g}\zeta$ . Then $\eta\in \mathcal{H}$ and we have

$|1x_{i}\eta\Vert^{2}\leqq\Vert x_{i}\Vert^{2}\Vert\eta\Vert^{2}=\Vert x_{i}\Vert^{2}\Vert g\Vert_{1}$ .

Let $F_{i}(g)= \int_{\Omega}g(\omega)\Vert\tilde{x}_{i}\zeta\Vert^{2}(\omega)d\mu(\omega)$ . Then $\Vert F_{i}\Vert_{\infty}\leqq\Vert x_{i}\Vert^{2}$ . Therefore, $\lim_{iarrow\infty}F_{i}=0$ in

$L^{\infty}(\Omega, \mu)$ . Therefore, $\lim_{iarrow\infty}\Vert\tilde{x}_{i}\zeta\Vert^{2}(\omega)=0a$ . $e$ . $i$ . $e.,\lim_{iarrow\infty}\tilde{x}_{i}\zeta=0$ in $\tilde{\mathcal{H}}$ .
REMARK. Let $\hat{\mathcal{M}}$ be a von Neumann algebra on $\hat{\mathcal{H}}$ in $V^{(\mathcal{B})}$ . Though $\mathcal{H}$

depends on the choice of $\{b_{a}\}$ , $\{\mu_{\alpha}\}$ , it is easily seen that $\mathcal{M}$ on $\mathcal{H}$ correspond-

ing to $\hat{\mathcal{M}}$ is uniquely determined up to isomorphism.
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\S 4. Traces and weights.

First we have to consider $[0, \infty]$ in $V^{(\mathcal{B})}$ which is denoted by $[0, \infty]^{\mathcal{B}}$ . If
we treat $\mathcal{B}$ as a measure algebra, then a member of $[0, \infty]^{\mathcal{B}}$ is naturally rep-
resented by a measurable function from $\Omega$ into $[0, \infty]$ . If we treat $\mathcal{B}$ as a
complete Boolean algebra of projections, then a member of $[0, \infty]^{\mathcal{B}}$ is naturally
represented by a resolution of the identity $E(\lambda)$ where $-\infty<\lambda\leqq+\infty$ . More
precisely $E(\lambda)$ satisfy the following conditions.

1. For every $\lambda\in(-\infty, +\infty$], $E(\lambda)$ is a member of $\mathcal{B}$ .
2. $E(\lambda)=0$ if $\lambda<0$ .
3. $E(+\infty)=1$ .
4. $\lambda_{1}<\lambda_{2}\Rightarrow E(\lambda_{1})\leqq E(\lambda_{2})$ .
5. $\lim_{\lambdaarrow\lambda_{0}+0}E(\lambda)=E(\lambda_{0})$ , where the limit denotes the limit in the strong

topology.
When we consider $\mathcal{B}$ as a measure algebra, we choose a partition of unity

$\{b_{\alpha}\}$ in $\mathcal{B}$ and consider $\mathcal{B}_{\alpha}=b_{a}\mathcal{B}$ as a measure algebra on $(\Omega_{a}, \mu_{\alpha})$ . In this
case, our measure space $\Omega$ is the sum of all $\Omega_{a}i$ . $e.$ , a measurable set in $\Omega$ is
of the form $\bigcup_{\alpha}A_{a}$ , where $A_{\alpha}$ is a measurable set in $\Omega_{\alpha}$ , a set with measure

zero in $\Omega$ is of the form $\bigcup_{a}N_{\alpha}$ , where $N_{\alpha}$ is a set with measure zero in $\Omega_{\alpha}$ ,

and the measure $\mu$ on $\Omega$ is defined by $\mu(\bigcup_{a}A_{\alpha})=\sum_{\alpha}\mu_{a}(A_{\alpha})$ . This measure space
$\Omega$ has a disadvantage that there exists a measurable set $A$ in $\Omega$ such that $\mu(A)$

$=\infty$ but $A$ is not the sum of countable measurable sets with a finite measure.
However, this does not give us much difficulty since the notions we mainly use
are pointwise convergence $a$ . $e.,$ $L^{\infty}(\Omega, \mu)$ etc. and the integration is used locally
$i$ . $e.$ , in some $\Omega_{\alpha}$ . The representation $(\Omega, \mu)$ depends on the choice of $(\Omega_{a}, \mu_{a})$ .
However, we can always go to the representation using resolutions of the iden-
tity and our theory is independent of the choice of $(\Omega, \mu)$ . We denote $[0, \infty]^{\mathcal{B}}$

by $\hat{\mathcal{Z}}_{0+}$ as is commonly used. Also we denote $C^{\mathcal{B}}$ by $\overline{\mathcal{Z}}_{0}$ , which is represented
by the measurable functions. $(0, \infty)^{\mathcal{B}}$ is denoted by $\overline{\mathcal{Z}}_{0}^{>0}$ , which is represented
by the measurable function into $(0, \infty)$ . $[0, \infty)^{\mathcal{B}}$ is denoted by $\overline{\mathcal{Z}}_{0+}$ .

Now let $\hat{\tau}$ be a trace on $\tilde{\mathcal{M}}$ in $V^{(\mathcal{B})}$ . Then the following conditions hold.
1) $x,$ $y\in \mathcal{M}_{+}=\doteqdot\hat{\tau}(\tilde{x}+\tilde{y})=\hat{\tau}(\tilde{x})+\hat{\tau}(\tilde{y})$

2) $f\in\overline{\mathcal{Z}}_{0+},$ $x\in \mathcal{M}_{+}\Rightarrow\hat{\tau}(f\tilde{x})=f_{\hat{T}}(\tilde{x})$

3) $x\in \mathcal{M}\Rightarrow\hat{\tau}(\tilde{x}^{*}\tilde{x})=\hat{\tau}(\tilde{x}\tilde{x}^{*})$ .
We define $T:\mathcal{M}_{+}arrow\hat{\mathcal{Z}}_{0+}$ by the following equation

$T(x)=\hat{\tau}(\tilde{x})$ .

Then $T$ satisfies the following conditions.
1) $x,$ $y\in \mathcal{M}_{+}\Rightarrow T(x+y)=T(x)+T(y)$
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2) $a\in \mathcal{Z}_{0+},$ $x\in \mathcal{M}_{+}\Rightarrow T(ax)=aT(x)$

3) $x\in \mathcal{M}\Rightarrow T(x^{*}x)=T(xx^{*})$ .
A mapping $T:\mathcal{M}_{+}arrow\hat{\mathcal{Z}}_{0+}$ is said to be a generalized $\mathcal{Z}_{0}$-valued trace on $\mathcal{M}$ if
these three conditions are satisfied.

Now let $T$ be a generalized $\mathcal{Z}_{0}$-valued trace on $\mathcal{M}$ . Then we define $\hat{\tau}$ on
$\tilde{\mathcal{M}}_{+}$ by the following equation

$f(f\tilde{x})=fT(x)$ for $f\in\overline{\mathcal{Z}}_{0+}$ and $x\in \mathcal{M}_{+}$ .
If $f\tilde{x}=g\tilde{y}$ , then $\frac{f}{h}x=\frac{g}{h}y$ , where $h=1+f+g$ . Since $\frac{f}{h}$ and $\frac{g}{h}$ are members

of $\mathcal{Z}_{0+}$ , we have $\frac{f}{h}T(x)=\frac{g}{h}T(y)$ and $fT(x)=gT(y)$ . This together with con-

dition 2) on $T$ guarantees that $\hat{\tau}$ is a function from $\tilde{\mathcal{M}}_{+}$ into $[0, \infty]^{\mathcal{B}}$ in $V^{(\mathcal{B})}$ .
Therefore, the traces on $\tilde{\mathcal{M}}$ in $V^{(\mathcal{B})}$ correspond to the generalized $\mathcal{Z}_{0}$-valued
traces on $\mathcal{M}$ .

Now suppose that $\hat{\tau}$ is faithful $i$ . $e.$ , [ $\hat{\tau}(\tilde{x}^{*}\tilde{x})=0arrow\tilde{x}=0\ovalbox{\tt\small REJECT}=1$ and $T(x^{*}x)=0$ .
Then $\ovalbox{\tt\small REJECT}_{\hat{T}}(\tilde{x}^{*}\tilde{x})=0\ovalbox{\tt\small REJECT}=1$ . Therefore, [ $\tilde{x}=0\ovalbox{\tt\small REJECT}=1i$ . $e.,$ $x=0$ . Hence $T$ is faithful.
On the other hand, suppose that $T$ is faithful and $\ovalbox{\tt\small REJECT}_{\hat{T}}(\tilde{x}^{*}\tilde{x})=0\ovalbox{\tt\small REJECT}=b$ . Then $\ovalbox{\tt\small REJECT}_{\hat{T}}(\tilde{y}^{*}\tilde{y})$

$=0\ovalbox{\tt\small REJECT}=1i$ . $e.,$ $T(y^{*}y)=0$ , where $y=bx$ . Therefore, $y=0i$ . $e.,$
$\ovalbox{\tt\small REJECT} b\tilde{x}=0\ovalbox{\tt\small REJECT}=1$ and

$\ovalbox{\tt\small REJECT}\tilde{x}=0\ovalbox{\tt\small REJECT}\geqq b$ . Therefore, [ $\hat{\tau}(\tilde{x}^{*}\tilde{x})=0arrow\tilde{x}=0\ovalbox{\tt\small REJECT}=1$ and $\hat{\tau}$ is faithful. Therefore, the
faithfulness of $T$ and the faithfulness of $\hat{\tau}$ are equivalent.

Now we are going to prove that the normality of $T$ and the normality of
$\hat{\tau}$ are equivalent.

LEMMA. Let $x;Iarrow \mathcal{M}_{+}$ . Then $y= \sup_{i\in I}x(i)$ in $\mathcal{M}_{+}$ iff $\tilde{y}=\sup_{i\in I}\tilde{x}(i)$ in $\tilde{\mathcal{M}}_{+}$ .
PROOF. First let $y= \sup_{i\in I}x(i)$ in $\mathcal{M}_{+}$ . Then we have $\tilde{y}\geqq\sup_{i\in I}\tilde{x}(i)$ in $\tilde{\mathcal{M}}_{+}$ .

Suppose that for every $i\in I,$ $(x(i))^{\sim}\leqq f\tilde{z}\leqq\tilde{y}$ , where $f\geqq 0$ and $z\geqq 0$ . Then we have

$0\leqq\Vert f\tilde{z}\Vert_{\mathcal{B}}\leqq\Vert y\Vert$ $a$ . $e$ .
Therefore, there exists $z_{1}\in \mathcal{M}$ such that $\tilde{z}_{1}=f\cdot\tilde{z}$ . Hence, we have $\sup_{i\in I}x(i)\leqq z_{1}$

$\leqq y$ and $y=z_{1}$ . Now let $\tilde{y}=\sup_{i\in I}\tilde{x}(i)$ in $\ovalbox{\tt\small REJECT}_{+}$ . Then we have $\sup_{i\in I}x(i)\leqq y$ in $\mathcal{M}_{+}$ .

Since $\sup_{i\in I}x(j)=z$ implies $\tilde{z}=\sup_{i\in I}\tilde{x}(j)$ , we have $\tilde{y}=\tilde{z}i$ . $e.,$ $y=z$ .

Now let $\hat{\tau}$ be normal in $V^{(\mathcal{B})}$ and $y=\sup_{i\in I}x(i)$ in $\mathcal{M}_{+}$ . Then $\tilde{y}=\sup_{i\in I}\tilde{x}(i)$ and

$\hat{\tau}(\tilde{y})=\sup_{i\in I}\hat{\tau}(\tilde{x}(i))$ . Since $\sup_{i\in I}\hat{\tau}(\tilde{x}(i))$ is decided by the order relation on $[0, \infty]^{\mathcal{B}}$

and $\sup_{i\in I}T(x(i))$ is decided by the order relation on $\hat{\mathcal{Z}}_{+}$ and the order relation of
$[0, \infty]^{\mathcal{B}}$ corresponds to the order relation on $\hat{\mathcal{Z}}_{+},$

$\sup_{i\in I}T(x(i))$ corresponds to

$\sup_{i\in I}\hat{\tau}(\tilde{x}(i))$ . Therefore, we have $T(y)= \sup_{i\in I}T(x(i))i$ . $e.,$ $T$ is normal. Now let $T$

be normal and $\hat{x}$ : $\hat{I}arrow\ovalbox{\tt\small REJECT}_{+}$ and $\hat{y}=\sup_{i\in I}\hat{x}(i)$ in $\tilde{\mathcal{M}}_{+}$ . Then we dePne $J=\{i|i\in \mathcal{D}(\hat{I})\}$
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and we may assume that $\hat{x}$ : $\check{J}arrow \mathcal{M}_{+}$ and $\hat{y_{i\in J}}--\sup\hat{x}(i)$ . Let $\hat{y}=f\tilde{y}$ , where $f\geqq 0$ .
There exists $y_{0}\in \mathcal{M}_{+}$ such that $\tilde{y}_{0}=\frac{1}{1+f}\hat{y}$ . Since for every $i\in J,$ $0 \leqq\frac{1}{1+f}\hat{x}(i)$

$\leqq\tilde{y}$ , there exists $x_{i}\in \mathcal{M}_{+}$ such that $\frac{1}{1+f}\hat{x}(i)=\tilde{x}_{i}$ . Then it suffices to show

$\hat{\tau}(\tilde{y}_{0})=\sup_{i\in J}\hat{\tau}(x_{i})$ . However, this follows from $T(y_{0})= \sup_{i\in J}T(x_{i})$ and the proof of

the normality of $\hat{\tau}$ is established.
Now we are going to show that semi-finiteness of $\hat{\tau}$ and the semiPniteness

of $T$ are equivalent. First for every $x\in \mathcal{M}$ we define the $\mathcal{Z}_{0}$-support of $x$ ,

denoted by $z(x)$ , to be the smallest $b$ in $\mathcal{B}$ satisfying $bx=x$ . Obviously $z(x)=$

[ $\tilde{x}\neq 0\ovalbox{\tt\small REJECT}$ . Let $S=\{y\in \mathcal{M}_{+}|T(y)\in \mathcal{Z}_{0+}\}$ . The semi-finiteness of $T$ is defined to be

$\forall x\in \mathcal{M}_{+}z(x)=\sup\{z(y)|y\in S\wedge y\leqq x\}$ .
Now $\hat{\tau}$ is semi-finite’ is equivalent to

[ $\forall\hat{x}\in\tilde{\mathcal{M}}_{+}$ ( $\hat{x}\neq 0arrow\exists\hat{y}\in\tilde{\mathcal{M}}_{+}(\hat{y}\neq 0\wedge\hat{\tau}(\hat{y})<\infty$ A $\hat{y}\leqq\hat{x}$ )) $\ovalbox{\tt\small REJECT}=1$ ,

$i$ . $e.$ , for every $\hat{x}\in\ovalbox{\tt\small REJECT}_{+}$ ,

[ $\hat{x}\neq 0arrow\exists\hat{y}\in\tilde{\mathcal{M}}_{+}$ ( $\hat{y}\neq 0\bigwedge_{\hat{T}}(\hat{y})<\infty$ A $\hat{y}\leqq\hat{x}$ ) $\ovalbox{\tt\small REJECT}=1$ .
Let $\hat{x}=f\tilde{x},$ $f\geqq 0$ , and [ $f=0\ovalbox{\tt\small REJECT}=\ovalbox{\tt\small REJECT}\tilde{x}=0\ovalbox{\tt\small REJECT}$ . If $\tilde{x}\neq 0$ and there exists $\hat{y}$ with $\hat{y}\neq 0\wedge$

$\hat{\tau}(\hat{y})<\infty\wedge\hat{y}\leqq\tilde{x},$ $thenf\hat{y}\neq 0\wedge\hat{\tau}(f\hat{y})<\infty\wedge f\hat{y}\leqq f\tilde{x}since\tilde{x}\neq 0arrow f\neq 0$ . Conversely if

$\hat{x}\neq 0$ and there exists $\hat{y}$ with $\hat{y}\neq 0\bigwedge_{\hat{T}}(\hat{y})<\infty\wedge\hat{y}\leqq\hat{x}$ , then $\frac{1}{f}\hat{y}\neq 0\bigwedge_{\hat{T}}(\frac{1}{f}\hat{y})<\infty\wedge$

$\frac{1}{f}\hat{y}\leqq\tilde{x}$ since $\tilde{x}\neq 0arrow f\neq 0$ . Therefore, $\hat{\tau}$ is semi-finite’ is equivalent to the state-

ment that for every $x\in \mathcal{M}_{+}$ ,

[ $\tilde{x}\neq 0arrow\exists\hat{y}\in\ovalbox{\tt\small REJECT}_{+}$ ( $\hat{y}\neq 0\bigwedge_{\hat{T}}(\hat{y})<\infty$ A $\hat{y}\leqq\tilde{x}$ ) $\ovalbox{\tt\small REJECT}=1$

$i$ . $e.$ ,
$z(x)\leqq[\exists\hat{y}\in\ovalbox{\tt\small REJECT}_{+}$ ( $\hat{y}\neq 0\wedge\hat{\tau}(\hat{y})<\infty$ A $\hat{y}\leqq\tilde{x}$ ) $\ovalbox{\tt\small REJECT}$ .

Since $\ovalbox{\tt\small REJECT}\hat{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT}\leqq z(x),$ $\leqq$ can be replaced by $=$ . Since for every $\hat{y}\in\ovalbox{\tt\small REJECT}_{+},$ $0\leqq\hat{y}\leqq\tilde{x}$

implies that ; is of the form $\tilde{y}$ , the semi-finiteness of $\hat{\tau}$ can be expressed by
the following form. For every $x\in \mathcal{M}_{+}$ ,

$z(x)=_{y\in}_{\Re_{+}}[\tilde{y}\neq 0\Lambda\hat{\tau}(\tilde{y})<\infty\wedge\tilde{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT}$

$=_{y\in\ovalbox{\tt\small REJECT}_{+}n}V_{\omega}[\tilde{y}\neq 0\wedge\hat{\tau}(\tilde{y})<n\wedge\tilde{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT}$ .

Now if $y\in S$ , then $n<\omega[\hat{\tau}(\tilde{y})<n\ovalbox{\tt\small REJECT}=1$ . On the other hand, if $\ovalbox{\tt\small REJECT}\tilde{y}\neq 0\Lambda\hat{\tau}(\tilde{y})<n\wedge\tilde{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT}$

$=b$ , then [ $(by)^{\sim}\neq 0\ovalbox{\tt\small REJECT}=b$ and $\ovalbox{\tt\small REJECT}_{\hat{T}}((by)^{\sim})<n\wedge(by)^{\sim}\leqq\tilde{x}\ovalbox{\tt\small REJECT}=1$ . Therefore, the semi-
finiteness of $\hat{\tau}$ is equivalent to the statement that for every $x\in \mathcal{M}_{+}$



Von Neumann algebras and Boolean valued analysis 19

$z(x)=[\tilde{y}\neq 0\wedge\tilde{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT} y\in S$

Since [ $\tilde{y}\neq 0\wedge\tilde{y}\leqq\tilde{x}\ovalbox{\tt\small REJECT}=b$ iff [ $(by)^{\sim}\neq 0\ovalbox{\tt\small REJECT}=b$ and $[(by)^{\sim}\leqq\tilde{x}\ovalbox{\tt\small REJECT}=1$ ,

$z(x)=\vee$ { $[\tilde{y}\neq 0\ovalbox{\tt\small REJECT}|y\in S$ and $y\leqq x$ }

$= \sup$ {$z(y)|y\in S$ and $y\leqq x$ }.

This proves the equivalence between the semi-finiteness of $\hat{\tau}$ and the semi-finite-
ness of $T$ .

A generalized $\mathcal{Z}$-valued trace $T$ on $\mathcal{M}$ is said to be finite if $T$ is a mapping
from $\mathcal{M}_{+}$ into $\overline{\mathcal{Z}}_{0+}$ . Then $\hat{\tau}$ is finite’ is equivalent to the finiteness of $T$ . If
$\hat{\tau}$ or $T$ is finite, then $\hat{\tau}$ or $T$ can be extended uniquely to a positive linear func-
tional on $\tilde{\mathcal{M}}$ or $\mathcal{M}$ respectively. If $\hat{\tau}$ is finite and faithful, then $\hat{\tau}(1)>0$ . Let

$f=\hat{\tau}(1)$ . Now by rewriting $\frac{1}{f}\hat{\tau}$ by $\hat{\tau}$ , if necessary, we may assume that $\hat{\tau}(1)=1$

$i$ . $e.,$ $T(1)=1$ . $\hat{\tau}$ (or $T$ ) satisfying $\hat{\tau}(1)=1$ (or $T(1)=1$ ) is said to be canonical. For
canonical trace, $|\hat{\tau}(\tilde{x})|\leqq(\Vert x\Vert)^{\vee}$ for every $x\in \mathcal{M}$ . Therefore, $T(x)$ belongs to $\mathcal{Z}$

$i.e.,$ $T:\mathcal{M}arrow \mathcal{Z}$ .
Now let us assume that $\mathcal{Z}_{0}$ is the center of $\mathcal{M}i$ . $e.,$ $\mathcal{Z}_{0}=\mathcal{Z}$ . In this case, a

finite canonical faithful trace $\hat{\tau}$ on $\tilde{\mathcal{M}}$ corresponds to a canonical center valued
trace $T$ on $\mathcal{M}$ . The uniqueness and normality of a canonical center valued
trace follows from the uniqueness and normality of a finite canonical faithful
trace on a factor. The existence of the canonical center valued trace on $\mathcal{M}$ is
equivalent to the finiteness of $\mathcal{M}$ , since for every factor, the existence of finite
faithful trace on $\mathcal{M}$ is equivalent to the finiteness of $\mathcal{M}$ .

If $\mathcal{Z}_{0}$ is the center of $\mathcal{M}$ , then a generalized $\mathcal{Z}_{0}$-valued trace on $\mathcal{M}$ is called
a generalized center-valued trace on $\mathcal{M}$ . Since the semi-finiteness of $\mathcal{M}$ is
equivalent to the existence of a faithful semi-finite normal trace on $\mathcal{M}$ , the semi-
finiteness is equivalent to the existence of a faithful semi-finite normal generalized
$\mathcal{Z}_{0}$-valued $trace$ .

Since any semi-finite normal faithful traces on a semi-finite factor are pro-
portional, a faithful semi-finite normal generalized center valued trace is unique
up to a multiplication by $\overline{\mathcal{Z}}>0$ in the sense that if $T_{1}$ and $T_{2}$ are two such
generalized center valued traces then there exists $f\in\overline{\mathcal{Z}}>0$ such that

$T_{1}(x)=f\cdot T_{2}(x)$ for $x\in \mathcal{M}_{+}$ .

DEFINITION. A map $H:\mathcal{M}_{+}arrow\hat{\mathcal{Z}}_{0+}$ is said to be a generalized $\mathcal{Z}_{0}$-valued
weight if it satisfies the following conditions.

1) $H(x+y)=H(x)+H(y)$ for $x,$ $y\in \mathcal{M}_{+}$

2) $H(ax)=aH(x)$ for $a\in \mathcal{Z}_{0+},$ $x\in \mathcal{M}_{+}$ .
$H$ is said to be faithful, if for every $x\in \mathcal{M}_{+},$ $H(x)=0$ implies $x=0$ . $H$ is said
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to be normal if $H( \sup_{l}x_{i})=\sup_{i}H(x_{i})$ for any bounded increasing net $\{x_{i}\}$ in
$\mathcal{M}_{+}$ . $H$ is said to be semi-finite if $S’’=\mathcal{M}$ where $S=\{y\in \mathcal{M}_{+}|H(y)\in \mathcal{Z}_{0+}\}$ . In
the same way as in the case of traces, a weight $\hat{\varphi}$ on $fii7_{+}$ in $V^{(\mathcal{B})}$ corresponds
to a generalized $\mathcal{Z}_{0}$-valued weight $H$ on $\mathcal{M}_{+}$ . The faithfulness, normality, and
semi-finiteness of $\hat{\varphi}$ is also equivalent to the faithfulness, normality, and semi-
finiteness of $H$ respectively. Since there exists a normal semi-finite faithful
weight on every von Neumann algebra, there exists a normal semi-Pnite faithful
generalized $\mathcal{Z}_{0}$-valued weight on every von Neumann algebra whose center
includes $\mathcal{Z}_{0}$ . If $\mathcal{Z}_{0}$ is the center, then a generalized $\mathcal{Z}_{0}$-valued weight is called
as a generalized center valued weight.

\S 5. Two examples of direct translations.

Let $\mathcal{M}_{1}$ and $\mathcal{M}_{2}$ be two von Neumann algebras whose centers include $\mathcal{Z}_{0}$ .
Let $\mathcal{B}$ be the complete Boolean algebra of all projections in $\mathcal{Z}_{0}$ . Then we can
build $\tilde{\mathcal{M}}_{1}$ and $\tilde{\mathcal{M}}_{2}$ in $V^{(\mathcal{B})}$ corresponding to $\mathcal{M}_{1}$ and $\mathcal{M}_{2}$ respectively. Then
$\ovalbox{\tt\small REJECT}_{1}\overline{\otimes}\ovalbox{\tt\small REJECT}_{2}$ is a von Neumann algebra in $V^{(\mathcal{B})}$ . Therefore, we have a von Neu-
mann algebra $\mathcal{M}$ such that St in $V^{(\mathcal{B})}$ is isomorphic to $\ovalbox{\tt\small REJECT}_{1}\overline{\otimes}\ovalbox{\tt\small REJECT}_{2}$ . Obviously
the center of $\mathcal{M}$ include $\mathcal{Z}_{0}$ . Let $x_{1}\in \mathcal{M}_{1}$ and $x_{2}\in \mathcal{M}_{2}$ . Then $\tilde{x}_{1}\otimes\tilde{x}_{2}\in\tilde{\mathcal{M}}_{1}\overline{\otimes}\ovalbox{\tt\small REJECT}_{2}$

and $\Vert\tilde{x}_{1}\otimes\tilde{x}_{2}\Vert_{\mathcal{B}}\leqq(\Vert x_{1}\Vert\cdot\Vert x_{2}\Vert)^{\vee}$ . Therefore, there exists a unique $x\in \mathcal{M}$ such that
$\tilde{x}=\tilde{x}_{1}\otimes\tilde{x}_{2}$ . We denote $\mathcal{M}$ by $\mathcal{M}_{1}\otimes_{\mathcal{Z}_{0}}\mathcal{M}_{2}-$ and the $x$ constructed in this way by
$x_{1}\otimes_{\mathcal{Z}_{0}}x_{2}$ . Then we have the following properties.

1) (a $x_{1}+by_{1}$ ) $\otimes_{\mathcal{Z}_{0}}x_{2}=a(x_{1}\otimes_{\mathcal{Z}_{0}}x_{2})+b(y_{1}\otimes_{\mathcal{Z}_{0}}x_{2})$

2) $x_{1}\otimes_{\mathcal{Z}_{0}}(ax_{2}+by_{2})=ax_{1}\otimes_{\mathcal{Z}_{0}}x_{2}+bx_{1}\otimes_{\mathcal{Z}_{0}}y_{2}$

3) $(x_{1}\otimes_{\mathcal{Z}_{0}}x_{2})(y_{1}\otimes_{\mathcal{Z}_{0}}y_{2})=x_{1}y_{1}\otimes_{\mathcal{Z}_{0}}x_{2}y_{2}$

4) $(x_{1}\otimes_{\mathcal{Z}_{0}}x_{2})^{*}=x_{1}^{*}\otimes_{\mathcal{Z}_{0}}x_{2}^{*}$

5) $\Vert x_{1}\otimes_{\mathcal{Z}_{0}}x_{2}\Vert\leqq\Vert x_{1}\Vert\cdot\Vert x_{2}\Vert$

6) $x_{1}\otimes_{\mathcal{Z}_{0}}x_{2}=0$ iff $\exists b_{1},$ $b_{2}\in \mathcal{B}$ ( $b_{1}\cdot b_{2}=0,$ $b_{1}x_{1}=x_{1}$ , and $b_{2}x_{2}=x_{2}$ )

where $a,$ $b\in \mathcal{Z}_{0},$ $x_{1},$ $y_{1}\in \mathcal{M}_{1}$ , and $x_{2},$ $y_{2}\in \mathcal{M}_{2}$ . Obviously the set $\{x_{1}\otimes_{\mathcal{Z}_{0}}x_{2}|x_{1}\in$

$\mathcal{M}_{1}$ and $x_{2}\in \mathcal{M}_{2}$ } generates $\mathcal{M}_{1}\overline{\otimes}_{\mathcal{Z}_{0}}\mathcal{M}_{2}$ .
Since every factor of type $II_{\infty}$ is obtained as $\mathcal{M}_{1}\overline{\otimes}\mathcal{M}_{2}$ , where $\mathcal{M}_{1}$ is a

factor of type $II_{1}$ and $\mathcal{M}_{2}$ is a factor of type $I_{\infty}$ , we immediately get the fol-
lowing theorem.

THEOREM. Every von Neumann algebra of type $II_{\infty}$ with the center $\mathcal{Z}$ is
obtained as $\mathcal{M}_{1}\overline{\otimes}_{\mathcal{Z}}\mathcal{M}_{2}$ , where $\mathcal{M}_{1}$ is a von Neumann algebra of type $II_{1}$ with
the center $\mathcal{Z}$ and $\mathcal{M}_{2}$ is of the form of $\mathcal{Z}’$ in some $\mathcal{L}(\mathcal{H}),$ $\mathcal{Z}\subseteqq \mathcal{L}(\mathcal{H})$ , and $\mathcal{Z}’$ is
pr0perly infinite.

Now let $\mathfrak{N}$ be a von Neumann algebra, $\mathcal{Z}$ an abelian von Neumann algebra,
and $U$ a function on $\overline{\mathcal{Z}}^{>0}$ whose value is always a unitary operator. Then
$\mathfrak{N}\cross U\mathcal{Z}$ denotes the von Neumann algebra generated by $\mathfrak{N}\cup\{U(f)|f\in\overline{\mathcal{Z}}^{>0}\}$ .
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Then our machinery provides us with the following theorem from a special case
of Takesaki’s theorem in [4].

THEOREM. Every von Neumann algebra of type III with the center $\mathcal{Z}$ is of
the form $\mathfrak{N}\cross\sigma^{\mathcal{Z}}$ satisfying the following conditions:

1) $\mathfrak{N}$ is a von Neumann algebra of type $II_{\infty}$ whose center includes $\mathcal{Z}$ .
2) $f\in\overline{\mathcal{Z}}>0\Rightarrow U(f)\mathfrak{N}U^{*}(f)=\mathfrak{N}$ .
3) $b\in \mathcal{B},$ $f,$ $g\in\overline{\mathcal{Z}}>0bf=bg\Rightarrow bU(f)=bU(g)$ .
4) $f_{1},$ $f_{2},$

$f \in\overline{\mathcal{Z}}>0\lim_{iarrow\infty}f_{i}=f$ $a.e$ .

$\Rightarrow\lim_{iarrow\infty}U(f_{i})=U(f)$ in the strong topolOgy.

5) There exists a $\hat{\mathcal{Z}}_{+}$-valued faithful normal trace $T$ on $\mathfrak{N}$ such that
$T(U(f)xU^{*}(f))=fT(x)$ .

6) $U(f_{1}, f_{2})=U(f_{1})U(f_{2})$ .
Furthermore, the composttion is uniquely determined.
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