J. Math. Soc. Japan
Vol. 35, No. 3, 1983

Topological types of isolated singularities defined
by weighted homogeneous polynomials

By Etsuo YOSHINAGA

(Received Aug. 24, 1981)
(Revised March 12, 1982)

§1. Introduction and Theorem.

It is well-known that the weights of a weighted homogeneous polynomial
with an isolated singularity determines the topological type of the germ of the
singularity ([4]). Is the converse true? Namely, does the topological type of
the germ of isolated singularity defined by a weighted homogeneous polynomial
determine the weights of the polynomial?

In what follows, we shall assume that the weights of weighted homogeneous
polynomials are greater than zero and less than or equal to 1/2, without loss of
generality ([6]).

The above problem in the case of plane curves was treated in and it
was proved affirmatively. It is well-known that the problem in the case of
three variables is also affirmative ([5]).

Now, let f(zy, zs, -+, z,) be a weighted homogeneous polynomial of type
(ry, 79, =+, r) With an isolated singularity and let »;,=a;/b; be irreducible frac-
tions. Then, J. Milnor and P. Orlik ([2]) proved that the characteristic polyno-
mial 4,() of the Milnor fibration of the polynomial f(z;, 2., -, 2.) is determined
by

.. n 1
divisor 4,(t)=1I (—A,,,—l) ,
i a;

=1

where 4, means the divisor (t°—1), (see p. 386 [3]).

Lé Diing Trang proved that the characteristic polynomial 4,(¢) is a topological
invariant ([17).

Our main result in this paper is the following

THEOREM. Let f(zy, 2z, -+, 2,) (vesp. g(zi, zs, -, 2,)) be a wez’gﬁted homo-
geneous polynomial of type (ry, rs, -+, vy) (resp.(ky, Ry -+, ky)) with an isolated
singularity and let r;=a;/b; (resp. ky=c;/d;) be irreducible fractions. Then, 4,(t)
=d,(t) if and only if the following two conditions are satisfied:

(1) {2, by, bs, -+, b} =12, dy, ds, -+, da}.

(2) For any be {2, by, by, -+, by},



432 E. YosHINAGA

I (1- )=, (1-1)

where the product over an empty set is assumed to be one.

COROLLARY. Let f(zy, zs, ***, 2n), 8(21, 25, -+*, 2Zn) be polynomials of Brieskorn-
Pham type, namely a;=c;=10G=1, 2, ---, n) in the theorem. Then, the following
three assertions are equivalent:

(1) The germs {f(z)=0} and {g(z)=0} at the origin are of the same topol-
ogical type.

2) d,0)=4d,@).

(3) Let by=b,< -+ =b, and d\=d,=< -+ =d,, then by=d; for i=1, 2, ---, n.

The author wishes to thank the referee for useful suggestions.

§2. Proof of Theorem.

LEMMA. Let n;, q; be integers such that 25n,<n,< - <ny, 25¢,<G¢< -+
<qi. Let ¢;, vj be integers and m;, p; be positive rational numbers. Then, if

) T 070 A, (= D)= T (s gy + (= 1)),

k !
ZCiE er mod 2,
i=1 Jj=1

we have k=l, n;=q;, m;=p; and c¢;=r; mod 2 for i=1, 2, ---, k.
PrROOF. We shall prove the lemma by the induction. Firstly, we shall prove
the following

(1) nlqu, mlzpl and C1=74 mOd 2.
Proof of (1). Using the formula:

Ao dy=(a, b) Ao,

where (a, b) and [a, b] are the greatest common divisor and the least common
multiple of a, b respectively, we can express both sides of (*¥) as a linear com-
bination

o dg tasdp,+ o tasdg,  (Bi<Pa< o <B).

This expression is unique. By the left side expression of (%), we have B,=n;
and a;=(—1)2*"*%m, By the right side expression, we get B,=¢, a;=
(—=1)re++7ip,. Thus, we have:

M= (_l)iEICi m1:(—'1)i§1” b1

This implies the assertion (1).
Secondly, we shall prove the following (2) under the hypothesis of the in-
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duction: n;=gq;, m;=p; and c¢;=r; mod 2 for i<i,—1.
(2) niy=gqi, mi;=ps, and ¢y =r;, mod 2.
Proof of (2). By the hypothesis of the induction, the coefficient of 4, in

_ﬁ;(mi/lni—{—(——l)ci) equals the coefficient of 4, in f[l(p,-/lqj—l—(~1)’f) for each
1= j=

a<ng, (0r g;)). So, by the assumption of the lemma, we get n;,=g,

k
Now, the terms of the divisor A=;, in H(mi/lni‘*‘(—l)ci) is

O dn+(—D0+ 2 (=Dmym,
(wl)“mio/lnio"t‘"zo [nzl»nzz:'",ﬂzq]—ﬂto
niERg, ng, <nq,<m<ngglng

o miq(nily nig: Tty niq)Ani();
where a= 2 ¢, a;= 3 ¢i, I={is, 72, -+, 7} and the integer (ny, ngy, -, n4,)
ni*"io i¢7

is the greatest common divisor of the integers nj, niy, -+, 14,

There is the same sum in the terms of AinZAnio in IlIl (p3dg;4(—=1)9)
7=
corresponding to the second sum in the above terms. Hence, we have:
(=1*miy TL (midn+(—1)=(=1)Pps, TL (pide;+(—1))
T"ilnio Pilpio

AR Pi*Pi,

where = X r..

qitaq
This impligs (——l)c‘mioz(—l)f"’p,-0 since m;=p;, n;=q;, ¢;=r;(mod 2) for <3,
by the hypothesis of the induction. So, the assertion (2) is proved. This
completes the proof of the lemma.
Now, we shall prove the theorem.
PROOF OF THEOREM. Let

{bl, "'yb‘ﬂ}:{nly Tty nk}; n1<"'<nk
and let ¢;=#{j|b;=n}.
Then

II (_1“ Abj—l):mi/lni’!‘(_l)ci

bj=ni\Qa;
1 b; o
where mi—n—i{bgi(a—j—l)—(—l) }
Thus,
divisor 4,(t)= I:Il(mi/lnfl-(—l)”)-

Noting that m;=0 if and only if n;=2 and c¢;=even, the theorem follows
immediately the above lemma.
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PrROOF OF COROLLARY.
(1)= (2). This was proved by Lé Dlng Trang [1].
(2) = (3). Let us put: r;=1/b; and k;=1/d; in the theorem. So, we have:

IT(1—bp)=II (1—dy)
bi=b d;=b

for any be {2, by, -+, b,} by the theorem.
Here, let 5=3, then the above equation implies

${i|bi=b} =4{i|d:=0b}.
These imply
${i|b;=2}=4{/|d:=2}.

Thus, the assertion (3) is proved.
(3)=(1). This was proved by M. Oka [4].
This completes the proof of the corollary.

§3. Examples.

It is clear that the topology (not the topological type) of S\ {f(zy, z.)=0}
does not determine the weights of the weighted homogeneous polynomial f(z;, z,)
where S? is a three dimensional sphere of an ¢ radius (¢ small enough) centered
at the origin. On the other hand, we can determine the weights of a weighted
homogeneous polynomial f(z,, z,, z;) knowing only the topology of S\ {f(z:, 2.,
z;)=0} ([5D).

By the next two examples, we can see that the topology (not the topological
type) of the isolated singularity defined by a weighted homogeneous polynomial
does not determine the weights of the polynomial for each n(=4), in general.
So, we know that the case of three variables is the only exceptional case.

ExAMPLE 1. Let f(zy, -+, zZn, Wy, Wy)=23+ --- +22+wi+ wi?, a weighted
homogeneous polynomial of type (1/2,---,1/2,1/3,1/2p) with an isolated
singularity at the origin. Let n=0, even and (3, p)=1.

Then, we have:

divisor 4,(t)=(As—1) (A,,—1)

=Agp— Ayp—As+1,
SO

Y| (l‘)'_ (Z‘;m,— tw—,{—,ﬁpil.

T e-nEr-1) T £+l
Hence, 4;1)=1. By Theorem 85 in [2] K;,=S.n{f(z, w)=0} is a
topological sphere. Thus all K, for all p, (3, p)=1 are homeomorphic each other

though f(z, w) are of the different weighted homogeneous types for all p.




Topological types of isolated singularities 435

The topological types of the germs of isolated singularities defined by f(z, w)
are of the different types for all p, by [1] since the characteristic polynomials
4,(t) are different each other.

ExXAMPLE 2. Let f(zy, -+, 2n, w1, We)=2}+ -+ +2z2+wi+w? a weighted
homogeneous polynomial of type (1/2, ---, 1/2, 1/3, 1/p) with an isolated singu-
larity at the origin. Let n=1, odd and (2, p)=(3, p)=1.

Then, we have:

divisor 4,(#)=(A4,—1) (4;—1) (A,—1)

= A(;p‘_ A3p'—‘ AZp— A6+ Ap+ A3+ Ag“—l
SO
(=D —-D?—1)(t*?—1)
—-DE*—-DEP -1 —1)

_ HDER D).
T EDEE+D

Hence, 4,(1)=1 and K, is a topological shere for n=3. Thus, all K, for
all p, (2, p)=(3, p)=1 are homeomorphic each other, though weighted homo-
geneous polynomials f(z, w) are of the different types for all p.

The topological types of isolated singularities defined by f(z, w) are of the
different types.

Our last example is the following

ExampLE 3. Let us put:

Af(t):

flx, v, z, w)y=x*+y2+22+w"® of type (1/2,1/2,1, 2, 1/13),
glx, v, z, wy=x*+y*z+22w+yw* of type (1/2, 3/13, 4/13, 5/13).

Each one is a weighted homogeneous polynomial with an isolated singularity
at the origin. A polynomial f(x, y, z, w) is of Brieskorn-Pham type and a poly-
nomial g(x, y, z, w) is not so.

Now, we have:

divisor 4,(#)=(A4,—1)(A;,—1)
:Azg_‘Al:}-‘AZ_*_l ’

divisor Ag(t):(/lf-l)(—é—/113—1>(—i—/113—1)(-é Alg—l)
o A DfE-L-

= D{(E 5+ A1}
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:(Az_l)(Ala_l)
:AZG_A13’—A2+1 .

So, the characteristic polynomials

E—1)e—1) 941

d;)y=4d,(t)= t—10e3—-1) t+1 °

Hence, 4,(1)=4,(1)=1 and K, K, are topological spheres by Theorem 85 in

2]

L1
(2]
3]

(4]
A

£6]
[7]
£8]
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