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§0. Introduction.

L. S. Charlap showed that there are two compact differentiable manifolds
M and N such that MXS?! is diffeomorphic to NxS*, while M and N are of
different homotopy type (see [1]).

On the other hand, considering a Riemannian analogue of the above problem,
we obtained the following result [3]:

Let M and N be connected complete Riemannian manifolds and S a connected
compact locally symmetric Riemannian manifold. If MXS is isometric to NXS,
then M is isometric to N.

Later on, H. Takagi obtained the following result [2]:

Let M and N be connected complete Riemannian manifolds and let S be a
connected complete Riemannian wmanifold which is simply connected or has the
irreducible restricted homogeneous holonomy group. If MXS is isometric to NX
S, then M is isometric to N.

The purpose of this paper is to give a complete answer to the above problem
in Riemannian case.

The main result is the following.

THEOREM. If MXS is isometric to NXS, then M is isometric to N, where
M, N and S are connected complete Riemannian manifolds.

In this paper, Riemannian manifolds are always supposed to be connected
and complete, and = means isometric.

We shall give a brief account of the idea of the proof. Let M, N and S be
Riemannian manifolds such that MXS is isometric to NxXS. Then M=X/I,
N=X/I, and S=Y /I, where X and Y are simply connected Riemannian mani-
folds and I, I, and I} are deck transformation groups of M, N and S, respec-
tively. If we could find an isometry g of X XY satisfying Conditions 1 and 2 in
Lemma 3, then our theorem would be proved. An isometry g of XXY which
is a natural lift of an isometry from MXS to NXS satisfies Condition 1 in
While if X and Y have the Euclidean parts in its de Rham decom-
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positions, then g does not always satisfy Condition 2 in However,
using Lemma 4] and Lemma 5 we can change g into ¢ which satisfies Conditions
1 and 2 in

[ am grateful to Professor M. Goto for helpful comments which led to the
improvements of the original manuscript.

§1. Basic lemmas.

In this section we shall refer to five lemmas for the proof of the theorem.
By the uniqueness of the de Rham decomposition of a simply connected
Riemannian manifold, we have the following lemma.

LEMMA 1. Let M, N and S be Riemannian manifolds. If MXS isisometric
to NXS, then the universal Riemannian covering manifold M of M is isometric
to N, the universal Riemannian covering manifold of N.

DEFINITION. An FPDA-group on a Riemannian manifold is a subgroup of the
isometry group of the manifold whose action on the manifold is free and properly
discontinuous.

LEMMA 2 ([3]). Let I’ and I'" be FPDA-groups on simply connected Rieman-
nian manifolds A and A’ respectively. Then A/I is isometric to A’/I" if and
only if there exists an isometry ¢ from A to A’ with I"=¢l'¢".

For isometries f,, ---, f, from Riemannian manifolds A,, ---, A, to Rieman-
nian manifolds B,, ---, B, respectively, we denote by f,X:--X f, the isometry
from A;X:--X A, to B;X---xX B, such that the image of (a,, -+, a,)=A; XX A,
is (filay), -+, fala,). We denote the identity map of a Riemannian manifold

A by id,. For FPDA-groups I' and 4 on Riemannian manifolds A and B res-
pectively, we denote by I'X A the group consisting of all the isometries on
AX B of the form y:<Aforsome yel and A= A4. Then I'X A is an FPDA-group
on AXB.

For an isometry we have the following fact which is essential for the proof
of Lemma 3

FACT. Let A, B, C and D be Riemannian manifolds and ¢ an isometry from
AXB onto CXD. If, for some points (a,, be) and (co, do)=¢(a, bs), ¢(A, by)=
(C, do), then there are isometries ¢, from A to C and ¢, from B to D such that
P=P1 X Ps.

PrROOF. By the assumption ¢(ay, B)=(co, D). So there are isometries ¢,
from A to C and ¢, from B to D such that ¢(a, by)=(¢,(a), b,) and ¢(a,, b)=
(co, Bo(b)) for any a= A and b€ B. Then ¢(a,, bo)=(4.(a,), ¢2(bs)) and dd(a, vy =
ddiay+dge, Hence ¢=(@:X@,).

The following lemma is essential in our proof of the theorem. In the fol-
lowing lemma, we regard a set consisting of one element as a zero-dimensional
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Riemannian manifold.

LEMMA 3. Let A and B be Riemannian manifolds, let II, and II, be FPDA-
groups on A and let Il; be an FPDA-group on B. We assume that there are
decompositions A=A, X A,, B=B,X B, and an isometry ¢ of AXB satisfying the
following conditions.

Condition 1. ¢l X II3)¢p='=II, X II,.

Condition 2. For some isometries n4 and np from A, XA, and B, XB, to A
and B respectively, ¢o(naXnp)(A1X{as} X {b} X By)=AX {b} and ¢-(naXngs){ai}
X Ay X By X {bs})={a} X B for some a,€ A,, a,€ A,, b€ B,, b, B,, ac A and b= B.

Then :

(1) If the dimension of B, or the dimension of B, is equal to zero, then
there is an isometry ¢ of A with QI p~*=II,.

(2) If the dimension of B, and the dimension of B, are positive, then B/II
=B,/ A, X By/ Ay for some FPDA-groups A, and A, on B, and B, respectively.

PrROOF OF (1). First let the dimension of B, be equal to zero. Then B, is
isometric to B and, by Condition 2, the dimension of A, is equal to zero. Hence
Condition 2 is as follows; ¢(AX {b})=AX {b*} and ¢({a} X B)={a*} X B for some
a, a*€ A, band b*eB. So, by Fact, there are isometries ¢, of A and ¢5 of B
such that ¢=¢,Xds. By Condition 1, (X Pg) I, XII)(psX $p) =1, X 1T,
Hence (¢4l1,03") X (¢pll 195" ) =11, X II;. Therefore @l ¢z'=11,.

Next let the dimension of B, be equal to zero. Then B, is isometric to B. We
consider ¢ as an isometry of A,XA;XB and also we consider //, and II, as
FPDA-groups on A;X A4,. Then Condition 2 is as follows; ¢(A;X {ai®} XB)=A4,
XAy X b} and @¢({af®} X A X {b@})={a’} X {af’} X B for some a{?”, af’ <A,
ai®, aiP < A,, b® and b’ =B. Hence there is an isometry ¢; from A, to B
such that ¢(a{®, a,, b)=(a{?, ai®, ¢s(a;)). Let A; and A; be submanifolds of
A;X A, such that ¢(A; X {a®} X {pPH=AX {d®} and ¢({a{”} X {as”} X B)=A4;X
{p}. Then there are isometries ¢, and ¢, from A, and B to A; and A,
respectively, such that ¢(a;, a”, b”)=(¢i(a,), b?) and ¢(a{®, as”, b)=(P.(b), b™).
Since ¢(A, X {ai”} X B)=A;X A, X {b®}, there is an isometry ¢, from A,;XB to
A1><A2 such that ¢(a;, af”, b)=(go(a, b), bV). Let n=(¢,X¢ps)¢p;' and [l;=
nll,p~*. Then % is an isometry from A,X A, to A{XAj; and II; is an FPDA-
group on AjxA; Because ¢, XI1)¢=I1,xII;, (9Xidp)ed(II, X II5)p~*<(7
Xidg) =113} Il,. Moreover (3 Xidg)-¢(a;, as”, b)=(nXid)(@(a;, b), b)=(¢:(a,),
@:(b), b¥) and (ypXidp)edlaf”, a,, b)=(y Xidp)(a{®, ai®, Ps(as)) =(n(af”, ai?),
$s(as)), where a,€A,, a,€ A, and beB. If we show that there exists an isometry
¢ from A; XA, to A1X A; such that IT;=¢Il ¢, then p~'e¢ is an isometry of
A1X A, and Il,=(p ')l (p~'¢)~". Therefore it is sufficient to show the
following assertion : ; '

Let ¢ be an isometry from A;XA,XB to AjXA{XB, and II,, II, and II,
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FPDA-groups on A;X A,, AiX A; and B respectively. We assume the following
two conditions ;

(1 ¢(H1XH3)¢'1:H2><H3,

(2) There are isometries ¢;, ¢, and ¢, from A;, B and A, to Aj, A; and B,
respectively, such that ¢(a;, as®, b)=(p:(a,), ¢(b), b?) and ¢(a{®, a,, b¥)=(af?,
asP, ds(a,)) for some a{® € A, ai¥ € A, aP € A}, a’ € A}, b and bV < B, where
a,€ A, a,€ A, and be B are arbitrary. Then there is an isometry ¢ from A, X A,
to AiX Aj; such that I1,=¢Il,¢.

Let v be an isometry from A;XA,XB to A;XBX A, such that v(a,, a,, b)=
(ay, b, a,) for a;€A;, a,€ A, and beB. Then, by Fact, ¢gov'=¢,X ¢, X, that
is ¢=(4:X ¢, X ¢s)ev. Hence each isometry of @({ids,x4,} XII5)¢~* is of the form
id4, X 0 Xidp, where ¢ is some isometry of A;. So, by the condition, ¢({id4,x 45}
X I )¢~ I, ¥ {idg}. Similarly ¢~ ({iday wa,} X I 5)pC 11, X {idg}. Therefore 11,
X {idg} =X {ids))N ST ; X {ids})p™Y) - (¢({iduyxa,} X IT5)p™") and IT,X {idg} =
(@~ X {idsh)NUT X {idp})) - (¢~ ({id 4, xa} X IT5)p). Let Pp=(gy X go)(id 4, X Ps).
Since each isometry of ¢~ (11, X {idg})¢ (Il X {idp}) is of the form o xid4,Xids
for some isometry o of A, (PpXidg)(¢=(II,X {idg})d NI X {idp}))(¢pXidg) 1=
ST, x {ids} )N X {idp}))p~* =TT N {ids})NGUT , X {ids})¢~2.  Similarly (¢
Xidp)(@~({iday, x4y} X I 5)p)(p X idp) ™! = p({id 4, 4,} X [I5)¢p~".  Hence (¢pxidp)(11,X
{idg} )¢ Xidg)*=1II,X {idg}. Therefore ¢II,¢p-*=1I,.

PROOF OF (2). By the same way as the proof of (1), it is sufficient to prove
the existence of /A, and A, in the following situation:

Let ¢ be an isometry from A;X A;XB;X B, to A{X A;X B{XB;, and I1,, I,
Il, and II, FPDA-groups on A;X A, B;XB, A;XA; and BjXBj respectively.
We assume the following two conditions ;

(1) ¢(”1><H3)¢_1:H2><H4,

(2) There are isometries ¢,, ¢, ¢s and ¢, from A,, B,, B, and A, to A,
A;, Bl and Bj;, respectively, such that ¢(a,, as®, b{”, b.)=(¢:(a,), ¢2(bs), b{¥, b5P)
and @(af”, a,, by, bi¥)=(a{?, as?, ¢s(b,), P.a,)) for some a®<A;, a4, ai® =
A, aP € A, b® B, b{P €Bj, bi® € B, and b € B}, where a,€ A,, a,€ A,, b, B,
and b,= B, are arbitrary.

Let v be an isometry from A, XA,XB;XB, to A;XB,XB;XA, such that
v(a,, as, by, by)=(ay, by, by, a;) for a,€A,, a, A,, b= B, and b,=B,. Then, by
Fact, @ov'=0¢; X @ X s X P, that is ¢=(¢;X@.XPsXP,)ov. By the condition,
for o€1l,, there are g,€1l, and o,1I, such that ids,«4,X 0=¢""=(0;Xidp;xpy)°
(dugeayX0)ep.  Hence  ve(idaya, X 0)v™ =($71X $77)004o(hs X $)) X (673X
Pit)eoo(Ps X dy). So, by Fact, (¢1_1X¢§1)°02°(¢1X¢2):id/41><2'2 and (¢3'X
Pi')ea4°(PaX ) =71Xidy, for some isometry 7, and 7, of B, and B, respectively.
Hence P7le(02Xidpxp,)°¢ and @7'e(idsyxay X 04)°@ are in {id4,xa4,} X II5. There-
fore  {ida ua,} XI5 = (({idayua,} X )N~ (1T, X {idB'le’z} )6) - ({id 4y wap} X I 5) N
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@' ({idayxa5}t X I1,)¢) and each element of ({ida,ca,} XITING ;X {idp;«5,} )9
and ({id4;xa,} X )NG ({idayuay} X 11 )¢ are of the form idu,x4,Xids, X7, and
id4, x4, X 71 Xidp,, respectively, where 7, and z, are isometries of B; and B, re-
spectively. Let A,=({z: z is an isometry of B, such that id,, 4, XTXidg, is in
({ida,xa,) X )N ({idayxay} X IT )P} and A,={z: = is an isometry of B, such
that id, x4, Xidp, X7 is in ({ida,xa,} X I ING I, X {idp; x5} )¢}. Then (B;X By)/
IT,=B,/A; X B,/ A,.

Concerning a group consisting of isometries of a Euclidean space, we have
the following.

LEMMA 4. Let V be an n-dimensional real vector space with a Euclidean metric
and I a group consisting of isometries of V. For veV, let V, be the linear
subspace spanned by {ov—v: o<lIl}, Vo=V, and V, the orthogonal complement

eV
of Vo Let us choose an orthonormal basis {ey, -+, e} of V such that e; 1=i=k)

are in Vo and e; (k+1=j=<n) are in V,, where k=dimension of V., Then, by
the canonical coordinate with respect to ey, -+, e,, any element o<II has the
following form,

: A 0 3
k
LT
: 0 I | 0
L R N B
0 0 1

where A is a (k, k)-orthogonal matrix, I, is the identity matrix of (n—k, n—k)-
type and § is a k-dimensional rveal vector. Hence for a linear map ¢ of the fol-
lowing form,

! I 0 0
k k
R+
: 0 T 0
n
0 0 1

we have ¢eo-¢p '=c for any o<lIl, where I, is the identity matrix of (k, k)-type
and T is a non-singular matrix.
PrROOF. For veV and o<1l we write

cv=A(o)w+alo),
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where a(o)eV and A(s) is an orthogonal transformation of the vector space V.
Denoting the origin by O, we have

a(e)sVoeCV,.
Also by o(¢’v—0v)=(co"w—v—(cv—2)+al(a)EV,, for o, ¢’ll, we have
ocV,=V, and A(c)V,=V,.
Since A(g) is orthogonal, it follows

Ale)V =V,
Next for ¢l and weV,,

(Ale)—NDw=(cw—w)—ale)sV ,NV,={0},
and we have
A(o)=identity on V,.

The last assertion is obvious.

Let IT be an FPDA-group on a Riemannian manifold A and d a distance
function on A. A geodesic from a to b is called, by definition, minimal if its
length is equal to d(a, b). In this paper a geodesic is always parametrized by
the arc length from the starting point. For a fixed a,= A, we consider the set
£2(a,) consisting of all minimal geodesics each of which issues from a, and ends
at o(a,) for some o<Il—{id}, where id is the identity. Since I7 acts on A prop-
erly discontinuously, the subset {o(a,): o =II—{id} and d(a, o(a,)=<r} of A is
a finite set where r is a positive number. So any subset of {d(a,, o(a.)): c=Il—
{id}} has a minimal element because any element of the set is positive. So we
have the following lemma.

LEMMA 5. Let I, and Il, be FPDA-groups on a Riemannian manifold A.

For ac A, let
Q(a)= {

¢ : ¢ 1s a minimal geodesic segment from a to a(a) }

for some o< Il,—{id}
and
0.0 { ¢ : ¢ is a minimal geodesic segment from a to o(a) }
a)=
* for some a<Il,— {id}

Then there are the shortest elements in any subset of $£2,(a) and in any subset of
Q.(a). Further, if there is an isometry ¢ of A with @I, *=II,, then ¢(£2,(a))
=02,(¢(a)) holds, where ((c)))=¢(c()) for c=4(a).

§2. Proof of Theorem.

Let M, N and S be Riemannian manifolds such that MXS is isometric to
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NxS. By Lemma 1, the universal Riemannian covering manifold of M is iso-
metric to the one of N. So let X be the universal Riemannian covering manifold
of M and N, and let Y be the one of S. Let [}, I, and I be the deck trans-
formation groups of M, N and S respectively. Then I} and [, are subgroups
of the isometry group of X, I is a subgroup of the isometry group of Y, and
I xT; and I, XTI} are regarded naturally as the deck transformation groups of
MxS and NXS respectively. By Lemma 2 and by the assumption, there is an
isometry g of XXY such that g(I1xXIy)g*=I,xI,. To prove the theorem, it
is sufficient to prove the theorem for a Riemannian manifold S which is never
isometric to the Riemannian direct product of any two Riemannian manifolds of
positive dimension. So we assume that S is never isometric to the Riemannian
direct product of any two Riemannian manifolds of positive dimension. If an
isometry g of X XY satisfies Conditions 1 and 2 in [Lemma 3, then by the above
assumption, it is the case (1) in Lemma 3. Therefore by Lemma 2, M is isometric
to N.

We shall construct such an isometry g Let X, and Y, be the Euclidean
parts, and X’ and Y’ the non-Euclidean parts of the de Rham decompositions of
X and Y, respectively. Then X,XY, is the Euclidean part and X’'XY’ is the
non-Euclidean part of XXY. Identifying an isometry of X XY with an isometry
of (XoXY )X (X’'XY"’), an isometry ¢ of XXY is ¢,X ¢’ where o, is an isometry
of X,XY, and ¢’ is an isometry of X’ XY’. We call ¢, the Euclidean component
of 0. Let g=g,Xg’ and

I'*={o, : g, is the Euclidean component of some o<1},

for 7=1, 2, 3. Then by the assumption, go(/¥xXI¥)g7*=1"%xI¥ holds.

Let X'=A,X -+ XAs;and Y'=A,4;X -+ X As4; be the de Rham decompositions
of X’ and Y’ respectively. Then there are a permutation = of {1, ---, s+¢} and
isometries ¢; from A; to A,y (=1, ---, s+t) such that

g’(al, tty sy Aty 00y as+t):(¢z-l(1)(ar—l(1)), Tty ¢r—1(s+w(a:—1(s+c>>) .
Let
’___ r___
= II A Xe= II A,
15iss 15455
1st(D ss s+1S7(3) S8+t
Yi= 1II A, Yi= II A
s+15iss+t S+185S8+E
s+lsr() S8+t 1s7(i) S8
Then

X' =X XX; and Y’'=Y{xY},
and these decompositions satisfy Condition 2 in for the isometry g’
of X’XY’. So if there is an isometry g, of X,XY, which satisfies Condition 2
in as well as an equality Foe0o°F7'=g°0,°g5" for any g, xI%,
then the theorem holds. In fact, the isometry §=g,Xg’ of XXY satisfies Con-
ditions 1 and 2 in We shall construct such an isometry &, in the
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following manner.

We can consider X, and Y, as vector spaces V, and V, for some fixed origins
respectively. Let W, and W, be vector spaces whose underlying spaces are X,
and Y,, and whose origins are the images of the origins of V, and V, under g,
respectively. Then g, is a linear isometry from V=V +V, to W=W,+W,. If
there are a basis {e,, ---, ¢,} of V and a linear isometry g, from V to W satisfy-
ing the following conditions,

0) Zoe00°87'=g0°00°87" for any o,el'txI%,
(%) (1) each e¢; is in V, or V,,
(2) each g(e;) is in W, or W,,

then g, satisfies Conditions 1 and 2 in

Next we shall construct such a basis and such a linear map. By the method
of we obtain linear subspaces V,, V, of V for I'*xI'*, and linear
subspaces W, W, of W for I'¥xI'%. Since g XI'Ngit=T*xT% gVy=
Weow and goVe)=W, If we choose a basis {2, ---, &,} of V, such that, for
each ; with 1=</<m=dim V,,

(1) &, isin V, or V,,

(2) go&;) is in W, or W,,
then it is easy to choose a basis of V, such that it satisfies the above condition.
Let {e;, ---, ex} be such a basis of V,, let V'’ be the orthogonal complement of
Vo in V and let W’ be the orthogonal complement of W, in W. Since {ey, -+, e}
is a basis of V, such that for each 7 (1=</<k), e¢; is in V,or V,, we can choose
an orthonormal basis {es.s, ---, €.} of V'’ such that ¢; is in V,; or V, for each
i (k+1=i<n). Similarly we can choose an orthonormal basis {f ., -+, fa} Of
W’ such that f; is in W; or W, for each 7/ (k+1=<:/<n). We define a linear
isometry g, from V to W as follows,

{ go]vozgm
Zoles)=f; ((=k+1, -, n).

Then by Lemma 4, g, satisfies (0) of (x). So the basis {ey, :--, ¢,} and the
isometry g, satisfy the condition ().

Lastly we shall find out a basis {&,, ---, &,} of V, such that, for each
(1=i{=m; m is the dimension of V,),

(1) é;isin V,0r V,,

(2) go(@;) is in W, or W,.
Let (x, y) be a point of X XY whose Euclidean component with respect to the
de Rham decomposition (X, XY ) X(X'XY’) is v. Let (x/, y)=g(x, ). By the
method in we obtain 2,(x, v) and Q.(x’, ') for II,=I' %1} and Il,=
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I, X< T} respectively. Then g(2,(x, y))=2,(x’, v') because g(I1x[)gt=IxTs.
By Lemma 5, we can carry out the following method.

Let ¢, be one of the shortest elements of 2,(x, y). Then ¢, is a minimal
geodesic from (x, y) to (yi(x), rs(v)) for some y,=[l; and 7,1, If neither 7,
nor 7, is the identity, then a minimal geodesic from (x, y) to (yy(x), y) is in
£,(x, y) and whose length is smaller than c¢,, a contradiction. Hence 7, or 7,
is the identity, i.e. ¢,(0) is tangent to XX {y} or {x}XY. Next we consider
the subset Q2" of £.(x, y) consisting of all elements whose initial vectors are
not contained in the linear subspace spanned by ¢,(0). Let ¢, be one of the
shortest elements of Q{”. Then, similarly to c,, ¢,(0) is tangent to XX {y} or
{x}xY. When we have chosen c;, -, ¢, let crs; be one of the shortest ele-
ments of 2, where 2 is the subset of 2,(x, ¥) consisting of all elements
whose initial vectors are not contained in the linear subspace spanned by ¢,(0),
o+, ¢3-1(0) and ¢x(0). Then similarly to c¢i, ¢,4+,(0) is tangent to XX {y} or {x}
XY. Let T (x, y) and TQ,x’, y’) be the linear subspaces spanned by {¢(0);
cei(x, y)} and {d0); d=2,(x’, y")} respectively. Let d;=g(c;) for 1=1, -, [,
where / is the dimension of T$,(x, y). Then, because g is an isometry, di, -,
d; are ones which are chosen by the above method, i.e. d; is an element of
Q,(x’, ¥) whose length is minimum in 2,(x’, y’) and so on. Hence for /=1, -,
I, d;(0) is tangent to XX {y’} or {x’} XY at (x’, ") and {d,(0), ---, d,(0)} is a
basis of TQ,(x’, v’).

For a differentiable manifold A and a point a= A, let T ;A denote the tangent
space to A at a. Then T, ,,(XXY) is naturally identified with T (X, XY )+
T,(X’XY’) where p is the component of the non-Euclidean part of (x, y). Let
T (s, y be the projection from T (; ,,(XXY) to TyXoXY,) and 74,4 the pro-
jection from T z/, ,(XXY) to T, w(XoXY,) with respect to the above identifica-
tions. The tangent space at a point of a vector space is naturally identified
with the original vector space, so T(X,XY,) and T, w(XoXY,) are naturally
identified with ¥V and W respectively. Then, under this identification,

(1) for E&€T(XoXY,), dgé=gd,

(2) an element & of T, X,XY,) tangents to X, or Y, if and only if & is
contained in V, or V, respectively,

(3) an element n of T, w(X,XY,) tangents to X, or Y, if and only if »
is contained in W, or W, respectively,

4) Vo=@ pT(x, y) and W w=nr@, 3 T2:(x", ¥').

Let £,=7(z,4,¢40) and 7,=% (5 4, d4(0) for i=1, ---, [. Then 7,=dg,(&,) because
dg(¢0)=d;0). Let {€ip -+, &4, ) be a maximal subset of {§,, ---, &} such that
i, -, &4, are linearly independent. Then {7, ---, %¢,} is so because of 7;=
dgo&:). We denote &;=£;, and f;=p,, for j=1, -, m. Since Vo=, T(x,
y) and W w=m, ynT2:(x", ¥), {&, -+, &n} is a basis of V, and {f;, ---, fn}
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is a basis of W, . By the fact that, for i=1, .-, [, ¢4(0) is tangent to XX {y}
or {x} XY and d,0) is tangent to XX {y} or {x} XY, & isin V, or V, and f;
is in W, or W, for j=1, .-+, m. This completes the proof.
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