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Introduction.

The purpose of this paper is to study the invariant spherical distributions
on the reductive symmetric space $M\cong GL(n, C)/GL(n, R)$ , and prove the Fourier
inversion formula (the expansion of the $\delta$-function by invariant spherical dis-
tributions on $M$) by using the same method as in the case of semisimple Lie
groups, in particular by using the gap relations.

In more detail, the content of this paper is as follows. In the first place,

we give the Weyl integral formula for general semi-simple symmetric spaces in
\S 1 and \S 2. From \S 3, we restrict ourselves to the space $GL(n, C)/GL(n, R)$ .
We define Harish-Chandra transforms on $\mathfrak{g}I(n, C)/\mathfrak{g}\mathfrak{l}(n, R)$ and on $M\cong GL(n, C)/$

$GL(n, R)$ and prove the gap relations of these transforms in \S 3 and \S 4. Let $A$

be a global Cartan subspace of $M$. Put $\mathfrak{g}=\mathfrak{g}\mathfrak{l}(n, C)$ . Let $U(\mathfrak{g})$ be the universal
enveloping algebra of $\mathfrak{g}$ and $\mathfrak{Z}$ be the center of $U(\mathfrak{g})$ . The radial component of
any element $D\in \mathfrak{Z}$ on $A$ under the transformation of $GL(n, R)$ is given in Prop-
osition 5.3. After establishing this proposition, we define invariant spherical
distributions on $M$.

The Fourier inversion formula for semi-simple Lie groups $G$ can be regarded
as the expansion of $\delta$-function on $G$ by characters of irreducible unitary repre-
sentations of $G$ . These characters are invariant eigendistributions on $G$ . Hence
the inversion formula is the expansion of $\delta$-function by invariant eigendistribu-
tions on $G$ . We will discuss harmonic analysis on $M$ from this point of view.

Let $M’$ be the set of all q-regular elements in $M$ (cf. \S 1). The conditions
that an analytic function on $M’$ can be extended to an invariant spherical dis-
tribution on $M$ are given in \S 6. And in \S 7 we construct the tempered invariant
spherical distributions which contribute to the inversion formula for $M$. It is
remarkable that these invariant spherical distributions are fairly different from
the characters of representations of semi-simple Lie groups. In \S 8, we give the
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expansion of $\delta$-function on $M$ by the invariant spherical distributions (Theorem

8.7).
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Prof. M. Okuzumi for their constant encouragement.

\S 1. Cartan subspaces for semi-simple symmetric spaces.

Let $G$ be a connected semi-simple Lie group, and $\sigma$ be an involutive auto-
morphism of $G$ . Put $G_{\sigma}=\{x\in G;\sigma(x)=x\}$ . Let $\varphi$ be the mapping of $G$ into
$G$ defined by $\varphi(x)=x\sigma(x)^{-1}$ for $x\in G$ . Then $G/G_{\sigma}$ and $\varphi(G)$ are diffeomorphic
by this mapping. Put $M=\varphi(G)$ , $H=G_{\sigma}$ . The pair $(G, H)$ is called a semi-
simple symmetric pair.

Let $\mathfrak{g}$ and $\mathfrak{h}$ be the Lie algebras of $G$ and $H$ respectively. The automor-
phism of $\mathfrak{g}$ induced by the automorphism $\sigma$ of $G$ is denoted by the same
letter $\sigma$ . Put $q=\{X\in \mathfrak{g};\sigma(X)=-X\}$ . Then $\mathfrak{g}=\mathfrak{h}+q$ (direct sum). For a sub-
space $\mathfrak{a}$ of $\mathfrak{g}$ , its complexification is denoted by $\mathfrak{a}_{c}$ . For a subset $\mathfrak{a}$ of $\mathfrak{g}$ and a
subset $A$ of $G$ , let $N_{A}(\mathfrak{a})$ be the normalizer of $\mathfrak{a}$ in $A$ , and $Z_{A}(\mathfrak{a})$ the centralizer
of $\mathfrak{a}$ in $A$ .

DEFINITION 1. 1. A subspace $\mathfrak{a}\subset q$ is called a Cartan subspace if the follow-
ing two conditions are satisfied:

(i) $\mathfrak{a}$ is a maximal abelian subspace of $q$ ;
(ii) For each $Y\in \mathfrak{a}$, ad $(Y)$ is a semi-simple endomorphism of $\mathfrak{g}$ .
For a Cartan subspace $\mathfrak{a}$ of $q$ , define the Weyl group $W(\mathfrak{a};H)=N_{H}(\mathfrak{a})/Z_{H}(\mathfrak{a})$ .

And $Z_{M}(\mathfrak{a})$ is called a global Cartan subspace of $M$.
For every $X\in q$ consider the characteristic polynomial

(1.1) det $(t- ad(X))=\sum_{i=0}^{n}d_{i}(X)t^{i}$

of the endomorphism ad(X) of $\mathfrak{g}$ where $t$ is an indeterminate, $n=\dim \mathfrak{g}$ and the
$d_{i}’ s$ are polynomial functions on $q$ . Let $l$ be the least integer such that $d_{l}\not\equiv 0$ .

DEFINITION 1.2. An element $X\in q$ is said to be q-regular if $d_{l}(X)\neq 0$ . Let
$\mathfrak{b}\mathfrak{b}$

be any subspace of $q$ . The set of all q-regular elements in $\mathfrak{b}$ is denoted by

For every $x\in M$, put

(1.2) det $(t+1- Ad(x))=\sum_{\mathfrak{i}=0}^{n}D_{i}(x)t^{i}$ .

Then $D_{i}$ are analytic functions on $M$ and $D_{l}\not\equiv 0$ .
DEFINITION 1.3. An element $x\in M$ is said to be q-regular if $D_{l}(x)\neq 0$ . Let
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$B$ be any subspace of $M$. The set of all q-regular elements in $B$ is denoted by $B’$ .
The following proposition is due to Oshima and Matsuki [19].

PROPOSITION 1.1. Let $(G, H)$ be a semi-simple symmetric pair and $(\mathfrak{g}, \mathfrak{h})$ be
the corresponding semi-simple Lie algebras. Let $\{\mathfrak{a}_{i} ; i\in I\}$ be a maximal set of
Cartan subspaces which are not conjugate to each other under H-conjugations.

(i) Then we get

$q’=\bigcup_{i\in I}\bigcup_{y\in H}$Ad $(y)\mathfrak{a}\text{\’{i}}$ (disjoint union).

And the mapping $\zeta_{i}$ : $H/Z_{H}(\mathfrak{a}_{i})\cross \mathfrak{a}_{i}’arrow q’$ defined by $\zeta_{i}(y^{*}, X)=Ad(y)X(y^{*}=yZ_{H}(\mathfrak{a}_{i})$ ,
$y\in H,$ $X\in \mathfrak{a}_{i}’$ ) is an everywhere regular $|W(\mathfrak{a}_{i} ; H)|$ -fold covering mapping.

(ii) Put $A_{i}=Z_{M}(\mathfrak{a}_{i}),$

$W(A_{i} ; H)=N_{H}(A_{i})/Z_{H}(A_{i})$ . Set $M_{i}’= \bigcup_{y\in H}yA_{i}’y^{-1}$ . Then

$M’= \bigcup_{i\in I}M_{i}’$ (disjmnt union). And the mapping $\eta_{i}$ : $H/Z_{H}(A_{i})\cross A_{i}’arrow M’$ defined by

$\eta_{i}(y^{*}, a)=yay^{-1}(y\in H, a\in A_{i}’)$ is an everywhere regular $|W(A_{i} ; H)|$ -fold cover-
ing mappjng.

\S 2. The Weyl integral formula for semi-simple symmetric spaces.

We regard an element $X$ in $\mathfrak{g}$ as a tangent vector of $T_{e}(G)(e$ identity ele-
ment of $G$ ) by the following formula:

(2.1) $Xf= \frac{d}{dt}|_{t=0}f(\exp tX)$ $f\in C^{\infty}(G)$ .

Similarly, we regard $X\in q$ as a tangent vector $\tilde{X}$ of $T_{e}(M)$ as follows:

(2.2) $\tilde{X}f=\frac{d}{dt}|_{t=0}f(\exp\frac{tX}{2}\sigma(\exp\frac{tX}{2})^{-1})$ $f\in C^{\infty}(M)$ .

Define differentiable mappings $l_{x}(x\in G)$ from $G$ onto $G$ by $l_{x}(y)=xy(y\in G)$ .
Define differentiable mappings $B_{y}(y\in G)$ from $M$ onto $M$ by $B_{y}(x)=yx\sigma(y)^{-1}$

$(x\in M)$ .
Let $\mathfrak{a}$ be a Cartan subspace of $q$ . Put $\mathfrak{m}=Z_{\mathfrak{h}}(\mathfrak{a})$ . For $\lambda\in(\mathfrak{a})_{c}^{*}$ , define $\mathfrak{g}_{c}(\mathfrak{a};\lambda)$

$=$ {$X\in \mathfrak{g}_{c}$ ; ad $(Y)X=\lambda(Y)X$ for any $Y\in \mathfrak{a}$} and $\Sigma(\mathfrak{a})=\{\lambda\in(\mathfrak{a})_{c}^{*}-(0);\mathfrak{g}_{c}(\mathfrak{a};\lambda)\neq(0)\}$ .
Put $\mathfrak{n}_{c}=\sum_{\lambda\in\Sigma(\mathfrak{a})}\mathfrak{g}_{c}(\mathfrak{a};\lambda)$ . Then we have $\mathfrak{g}_{c}=\mathfrak{m}_{c}+\mathfrak{a}_{c}+\mathfrak{n}_{c}$ .

Let $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}$ be elements of $\mathfrak{n}_{c}$ satisfying the following three conditions.
(i) For any $j(1\leqq j\leqq n)$ , there exists $\lambda(])\in\Sigma(\mathfrak{a})$ such that $X_{j}\in \mathfrak{g}_{c}(\mathfrak{a};\lambda(]))$ .
(ii) $\{X_{1}+\sigma(X_{1}), X_{2}+\sigma(X_{2}), \cdots , X_{n}+\sigma(X_{n})\}$ is a base of $\mathfrak{h}_{c}\cap \mathfrak{n}_{c}$ .
(iii) $\{X_{1}-\sigma(X_{1}), X_{2}-\sigma(X_{2}), \cdots , X_{n}--\sigma(X_{n})\}$ is a base of $q_{c}\cap \mathfrak{n}_{c}$ .

Let $\gamma:\mathfrak{h}_{c}\cap \mathfrak{n}_{c}arrow q_{c}\cap \mathfrak{n}_{c}$ be the bijective linear mapping determined by

(2.3) $\gamma(X_{j}+\sigma(X_{j}))=X_{j}-\sigma(X_{j})$ $(1\leqq j\leqq n)$ .



194 S. SANO

We fix a $B_{y}(y\in G)$-invariant measure $dx$ on $M$. The corresponding $B_{y^{-}}$

invariant differential form is denoted by $\omega$ . Let $A_{\mathfrak{a}}=Z_{M}(\mathfrak{a})$ and $M_{\mathfrak{a}}= \bigcup_{y\in H}yA_{\mathfrak{a}}y^{-1}$ .
Let $dy^{*}$ be an H-invariant measure on $H/Z_{H}(A_{\mathfrak{a}})$ . The corresponding differential
form is denoted by $\nu$ . Let $da$ be a $B..pX(X\in \mathfrak{a})$-invariant measure on $A_{\mathfrak{a}}$ and
$\mu$ the corresponding differential form.

Let $\{X_{1}, \cdots , X_{r}\}$ be a base of $\mathfrak{h}_{c}(mod \mathfrak{m}_{c})$ . And take $Y_{1},$ $\cdots$ , $Y_{m}(\in \mathfrak{a})$ such
that $\{\tilde{Y}_{1}, \cdots , \tilde{Y}_{m}\}$ is a base of $T_{e}(A_{\mathfrak{a}})$ . We assume that $\omega,$ $\mu$ and $\nu$ satisfy the
following conditions:

$\omega_{e}\overline{(\gamma(X}_{1}),$
$\cdots$

$\overline{\gamma(X_{r}}$), $\tilde{Y}_{1},$
$\cdots$

$\tilde{Y}_{m}$ ) $=\nu_{e}(X_{1z}^{*}\ldots X_{r}^{*})\mu_{e}(\tilde{Y}_{1}, \cdots \tilde{Y}_{m})$ .
PROPOSITION 2.1. There exzsts $P(=0,1)$ satisfying the equality, for any

$f\in C_{c}(M_{\mathfrak{a}})$

(2.4) $|W(A_{\mathfrak{a}} ; H)| \int_{M_{0}}f(x)dx=\int_{H/Z_{H}(A_{\mathfrak{a}})}\int_{A_{\mathfrak{a}}}f(yay^{-1})(\sqrt{-1})^{p}|D_{l}(a)|^{1/2}dady^{*}$ .

PROOF. $M_{a}’$ is an open dense subset of $M_{\mathfrak{a}}$ and differs from $M_{\mathfrak{a}}$ up to a set
of measure $0$ .

Let $\eta$ be the mapping $\eta$ : $H/Z_{H}(A_{\mathfrak{a}})\cross A_{a}’arrow M_{a}’$ defined by $\eta(y^{*}, a)=yay^{-1}$

$(y\in H, a\in A_{\mathfrak{a}}’)$ . Then for $f\in C^{\infty}(M)$

$d\eta_{(y,a)}(dl_{y}X, O)f=(dl_{y}X, 0)_{(y,a)}f\circ\eta$

$= \frac{d}{dt}|_{t=0}f\circ\eta$ ( $y$ exp $tX,$ $a$ )

$= \frac{d}{dt}|_{t=0}f$($yx\exp t$ Ad $(x^{-1})X\sigma(yx$ exp $t$ Ad $(x^{-1})X)^{-1}$ )

$(a=x\sigma(x)^{-1}\in A_{\mathfrak{a}}, x\in G, y\in H)$ ,

Ad $(x^{-1})X= \frac{1}{2}$ {Ad $(x^{-1})+Ad(\sigma(x)^{-1})$} $X$

$+ \frac{1}{2}$ {Ad $(x^{-1})-Ad(\sigma(x)^{-1})$} $X$ .

Since (1/2) {Ad $(x^{-1})+Ad(\sigma(x)^{-1})$} $X$ is in $\mathfrak{h}_{c}$ , we can omit this term. Let $i$ be a
Cartan subalgebra of $\mathfrak{g}$ containing $\mathfrak{a}$ and put $J=Z_{G}(i)$ . Let $\alpha$ be a root of $\mathfrak{g}$ with
respect to $i$ satisfying $\alpha|_{\mathfrak{a}}=\lambda$ and $X_{a}$ be a root vector in $\mathfrak{g}_{c}$ . Define $\xi_{\alpha}(x)$ by

Ad $(x)X_{a}=\xi_{a}(x)X_{\alpha}$ $(x\in J)$ .
For any $x=\sigma(x)^{-1}\in J$, the value $\xi_{a}(x)$ does not depend on the choice of $\alpha$ and
$X_{\alpha}$ , and then it is denoted by $\xi_{\lambda}(x)$ . We take $x\in J$ satisfying $a=x\sigma(x)^{-1},$ $x=$

$\sigma(x)^{-1}$ . For $X=X_{\lambda}+\sigma(X_{\lambda})\in \mathfrak{h}_{c}(X_{\lambda}\in \mathfrak{g}_{c}(\mathfrak{a};\lambda))$ , we have
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$\frac{1}{2}$ {Ad $(x^{-1})-Ad(\sigma(x)^{-1})$} $(X_{\lambda}+\sigma(X_{\lambda}))$

$= \frac{1}{2}$ {Ad $(x^{-1})-Ad(\sigma(x)^{-1})$} $X_{\lambda}+ \frac{1}{2}$ {Ad $(x^{-1})-Ad(\sigma(x)^{-1})$} $\sigma(X_{\lambda})$

$= \{\xi_{-\lambda}(x)-\xi_{\lambda}(x)\}\frac{1}{2}(X_{\lambda}-\sigma(X_{\lambda}))$ .

We put $p\equiv\#\{j;\lambda(j)(\mathfrak{a})\subset\sqrt{-1}\mathfrak{a}, 1\leqq j\leqq n\}$ $(mod 2)$ .
On the other hand, we get

$|D_{l}(a)|^{1/2}= \prod_{j=1}^{n}|\xi_{\lambda(j)}(a)-1|^{1/2}|\xi_{-\lambda(j)}(a)-1|^{J/2}$

$= \prod_{j=1}^{n}|\xi_{\lambda(j)}(x)-\xi_{-\lambda(j)}(x)|$ .
Q. E. D.

COROLLARY 2.2. Let $\{\mathfrak{a}_{i}\}_{i\in I}$ be a maximal set of Cartan subspaces which are
not conjugate to each other under H-conjugations. Put $A_{i}=Z_{M}(\mathfrak{a}_{i})(i\in I)$ . Let
$d_{i}a$ be a $B_{\exp X}(X\in \mathfrak{a}_{\ell})$-invariant measure on $A_{i}$ . Let $d_{i}y^{*}$ be an H-invariant
measure on $H/Z_{H}(A_{i})$ . Then there exist Positive constants $\gamma_{i}$ and $p_{t}(=0,1)$

$(i\in I)$ satisfying the equality

(2.5) $\int_{M}f(x)dx=a_{\in I}\gamma_{i}\int_{H/Z_{H}(A_{i)}}\int_{A_{i}}f(yay^{-1})(\sqrt{-1})^{p_{i}}|D_{l}(a)|^{1/2}d_{i}ad_{i}y^{*}$

for any $f\in C_{c}(M)$ .
PROOF. $M’= \bigcup_{i\in I}\bigcup_{y\in H}yA_{i}’y^{-1}$ is an open dense subset of $M$ and differs from

$M$ up to a set of measure $0$ . We can apply Proposition 2.1 to each $M_{i}= \bigcup_{y\in H}yA_{i}y^{-1}$

and get the corollary. Q. E. D.

REMARK. (1) Let $G$ be a connected real semi-simple Lie group with finite
center. Let $K$ be a maximal compact subgroup of $G$ . If we take a Weyl base
of $\mathfrak{g}$ for the base (2.3), then the Weyl integral formula (2.5) for the symmetric
pair $(G, K)$ gives the integral formula for the Cartan decomposition KAK of $G$ .

(2) Let $G$ be a reductive Lie group and let $\sigma$ be an involutive automorphism
of $G$ . Proposition 2.1 and Corollary 2.2 can be applied to the reductive symmetric
pair $(G, G_{\sigma})$ without essential change.

\S 3. Harish-Chandra transforms on $\mathfrak{g}\mathfrak{l}(n, C)/\mathfrak{g}\mathfrak{l}(n, R)$ .
Put $G=GL(n, C)$ . And let $\sigma$ be the involutive automorphism of $G$ defined

by $\sigma(x)=conjx(x\in G)$ . Put $H=\{x\in G;\sigma(x)=x\}$ , then $H_{-}^{arrow}GL(n, R)$ . Let $\mathfrak{g}$ and
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$\mathfrak{h}$ be the Lie algebras of $G$ and $H$ respectively. We also denote the real auto-
morphism of $\mathfrak{g}$ induced by the automorphism $\sigma$ of $G$ by the same letter $\sigma$ . Put

$\mathfrak{q}=\{X\in \mathfrak{g};\sigma(X)=-X\},then\mathfrak{g}=\mathfrak{h}+q(directsum).Let\theta betheCartantionof\mathfrak{g}definedby\theta(X)=-t\overline{X}(X\in \mathfrak{g})and\mathfrak{g}=\mathfrak{k}+\mathfrak{p}bethecorrespondinginvolu- Car\tan$

decomposition of $\mathfrak{g}$ , where $f=o(n)$ . The following Cartan subspaces $\mathfrak{a}_{k}(0\leqq k$

$\leqq[\frac{n}{2}])$ of $q$ form a maximal set of Cartan subspaces which are not conjugate

to each other under adjoint actions of $H$. For each integer $k\in[0,$ $[ \frac{n}{2}]]$ , let $\mathfrak{a}_{k}=$

$\mathfrak{a}_{k}^{+}+\mathfrak{a}_{k}^{-}(\mathfrak{a}_{k}^{+}=\mathfrak{a}_{k}\cap \mathfrak{k}, \mathfrak{a}_{k}^{-}=\mathfrak{a}_{k}\cap \mathfrak{p})$ and $\mathfrak{a}_{k}^{+}$ and $\mathfrak{a}_{k}^{-}$ be the subspaces of $\mathfrak{a}_{k}$ consisting of
all matrices of the following form respectively:

$\mathfrak{a}_{k}^{+}:$ $D(i\varphi_{1}, \cdots i\varphi_{n-2k}, i\theta_{k}, j\theta_{k}, \cdots i\theta_{1}, i\theta_{1})$ $(i=\sqrt{-1})$ ,

$(\begin{array}{lll}0_{n- 2k} \alpha_{2}(t_{k}) \alpha_{2}(t_{1})\end{array})$ $(\alpha_{2}(t)=(\begin{array}{ll}0 it-it 0\end{array}))$

where $\varphi_{p},$
$\theta_{q},$ $t_{r}$ are real numbers and the blank of the above matrix must be

filled up by $0$, and $D(a_{1}, a_{2}, \cdots , a_{n})$ denotes the diagonal matrix with diagonal
elements $a_{1},$ $a_{2},$

$\cdots$ , $a_{n}$ . Let $X\in \mathfrak{a}_{k}$ be the sum of the above two matrices, then
its eigenvalues are $i\varphi_{1},$ $\cdots$ , $i\varphi_{n-2k},$ $i\theta_{k}+t_{k},$ $i\theta_{k}-t_{k},$ $\cdots$ , $i\theta_{1}+t_{1},$ $i\theta_{1}-t_{1}$ . Let us
denote these eigenvalues by $\mu_{1},$ $\mu_{2},$

$\cdots$ , $\mu_{n}$ according to the above order. Let
$\alpha_{p,q}(1\leqq p, q\leqq n, p\neq q)$ be the linear mapping from $\mathfrak{a}_{k}$ into $C$ defined by $\alpha_{p,q}(X)$

$=\mu_{p}-\mu_{q}$ The set $\Sigma(\mathfrak{a}_{k})=\Sigma(\mathfrak{a}_{k}, q)=\{\alpha_{p,q} ; 1\leqq p, q\leqq n, p\neq q\}$ is the root system
of $(\mathfrak{a}_{k}, q)$ . Take $\Sigma^{+}(\mathfrak{a}_{k})=\{\alpha_{p,q} ; 1\leqq P<q\leqq n\}$ as a positive root system. Let $B( , )$

be the Killing form of $\mathfrak{g}$ . For $\alpha\in\Sigma(\mathfrak{a}_{k})$ , there exists a unique element $H_{a}\in$

$\mathfrak{a}_{k}+i\mathfrak{a}_{k}$ satisfying $B(X, H_{\alpha})=\alpha(X)$ for all $X\in \mathfrak{a}_{k}$ . If $V$ is a real Euclidean space
of finite dimension, we denote by $S(V)$ the Schwartz space of rapidly decreasing
functions on $V$ . For an element $X\in \mathfrak{a}_{k}’$ , put

$\pi^{k}(X)=\prod_{\alpha>0}\alpha(X)$ , $\epsilon_{F}^{k}(X)=$ $\prod$

l\leqq p<q$n-2k

Put $B_{k}=Z_{H}(\mathfrak{a}_{k})$ , then $B_{k}$ is a Cartan subgroup of $H$. Let $d_{k}y^{*}(y^{*}=yB_{k})$ be
an H-invariant measure on $H/B_{k}$ . We define the Harish-Chandra transform for
any $f\in S(q)$ by

(3.1) $\psi_{f}^{k}(X)=\epsilon_{F}^{k}(X)\pi^{k}(X)\int_{H/B_{k}}f(y^{*}X)d_{k}y^{*}$ .

We fix an element $X_{0}$ of $\mathfrak{a}_{k+1}$ which satisPes $\alpha(X_{0})\neq 0$ for all $\alpha\in\Sigma+(\mathfrak{a}_{k+1})$

except $\alpha_{0}=\alpha_{n-2k-1,n-2k}$ and $\alpha_{0}(X_{0})=0$ . Put $\mathfrak{z}^{-}=Z_{q}(X_{0})$ (the centralizer of $X_{0}$ in
q) and $\mathfrak{z}^{+}=Z_{\mathfrak{h}}(X_{0})$ . Set $\downarrow-=[\mathfrak{z}^{-}, \mathfrak{z}^{+}]$ and $\mathfrak{l}_{+}=[\mathfrak{z}^{+}, \mathfrak{z}^{+}]$ . Let $i\sigma_{-}$ be the center of $\mathfrak{z}^{+}$,
then $\mathfrak{z}^{-}=\mathfrak{l}_{-}+\sigma_{-}$ (direct sum). $\{\mathfrak{a}_{k}, \mathfrak{a}_{k+1}\}$ is a maximal set of Cartan subspaces
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of $\mathfrak{z}^{-}$ which are not conjugate to each other under the adjoint actions of $\mathfrak{z}^{+}$

Put $\mathfrak{a}=\mathfrak{a}_{k}$ and $\mathfrak{b}=\mathfrak{a}_{k+1}$ . Let $X’,$ $H’,$ $Y’$ be a base of $\mathfrak{l}_{+}$ defined by

$X’=(O_{n-2(k-1)}\underline{\overline{|\begin{array}{ll}0 10 0\end{array}|}}O_{2k})$ , $H’=(O_{n- 2(k-1)}\underline{|\begin{array}{l}\overline{10}0-1\end{array}|}O_{2k})$, $Y’=(O_{n-2(k-1)}\underline{\overline{|\begin{array}{ll}0 01 0\end{array}|}}O_{2k})$ .

Let $C\otimes_{R}\mathfrak{g}$ be the tensor product of $C$ and $\mathfrak{g}$ . For a subspace $V\subset \mathfrak{g}$ , put its
complexification $V_{c}=C\otimes_{R}V$ . Let $\nu$ be the linear map of $\mathfrak{b}_{c}$ onto $\mathfrak{a}_{c}$ given by
$\nu(1\otimes i(X’-Y’))=i\otimes iH’$ and $\nu|_{\mathfrak{a}_{C}\cap b_{C}}=identity$ . Put $’\sigma_{-}=\{X\in\sigma_{-};$ $\alpha(X)\neq 0$ for all
$\alpha\in\Sigma(\mathfrak{a}_{k+1})$ except $\pm\alpha_{0}$ and $\alpha_{0}(X)=0$}.

THEOREM 3.1. If $D$ belongs to $Diff(\mathfrak{b}_{c})$ (the algebra of differential operators
on $\mathfrak{b}_{c}$ with polynomial coefficien $ts$), then the limits

(3.2) $(D \psi_{f}^{k+1})^{\pm}(C)=\lim_{tarrow\pm 0}(D\psi_{f}^{k+1})(C-ti(Y’-X’))$

exist for all $f\in S(q),$ $C\in\sigma_{-}$’ and $(D\psi_{f}^{k+1})^{\pm}$ are continuous on each connected com-
Ponent $of’\sigma_{-}$ . And there exists a $po\alpha tive$ constant $s$ such that for any $D\in Diff(\mathfrak{a}_{c})$ ,
$f\in S(q)$ and $C\in\sigma_{-}$’

(3.3) $(D\psi_{f}^{k+1})^{+}(C)-(D\psi_{f}^{k+1})^{-}(C)=s(D^{\nu}\psi_{f}^{k})(C)$

where $D$“ is the element of $Diff(\mathfrak{a}_{c})$ that correspOnds to $D$ under the isomorphjsm
$).1$ of $\mathfrak{b}_{c}$ with $\mathfrak{a}_{c}$ .

To prove this theorem, we reduce the problem to the one for the space $\mathfrak{z}^{-}$

of rank one. We shall prove theorem 3.1 after preparing some lemmas which
are proved by the same method as for reductive Lie groups.

Set $Z=Z_{H}(X_{0})$ . We replace $(H, q)$ by $(Z, \mathfrak{z}^{-})$ , and define Harish-Chandra
transforms $\psi_{g.Z}^{k}$ and $\psi_{g.Z}^{k+1}$ for any function $g\in S(\mathfrak{z}^{-})$ . We consider the mapping
$\psi-$ from $H/Zx\mathfrak{z}^{-}$ into $\mathfrak{q}$ defined by $\psi_{-}(\overline{y}, X)=yX(y\in H, x\in \mathfrak{z}^{-})$ . For $\tau>0$, put
$I_{-}(\tau)=$ {$X\in I_{-};$ any eigenvalue $\lambda$ of adX is $|\lambda|<\tau$}. Let $\gamma$ be an open neighbor-
hood of $X_{0}$ in $\sigma_{-}$ . Define for $\tau$ and $\gamma,$ $V=V_{\gamma.\tau}=\gamma+\mathfrak{l}_{-}(\tau)$ . If we take sufficiently
small $\tau$ and $\gamma$ , there exists a regularly imbedded analytic submanifold $N$ of $H$

including the unit element $e$ which has the following properties:

(i) Put $B=H\cdot X_{0}$ . Then $N\cdot X_{0}$ is an open neighborhood of $X_{0}$ in $B$ .
(3.4) (ii) The mapping $y-yX_{0}$ is an analytic diffeomorphism of $N$ onto $N\cdot X_{0}$ .

(iii) The mapping $N\cdot X_{0}\cross Varrow\psi_{-}(N\cross V)$ given by $(yX_{0}, Y)rightarrow yY$ is an
analytic diffeomorphism.

For two functions $g\in C_{c}^{\infty}(V)$ and $h\in C_{c}^{\infty}(N\cdot X_{0})$ , put

(3.5) $f(y\cdot Y)=h(yX_{0})g(Y)$ $(y\in N, Y\in V)$ .
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Then $f$ belongs to $C_{c}^{\infty}(\psi_{-}(N\cross V))$ . On the other hand $C_{c}^{\infty}(V)\otimes C_{c}^{\infty}(N\cdot X_{0})$ is open
dense in $C_{c}^{\infty}(\psi_{-}(N\cross V))$ . Then it is sufficient to prove Theorem 3.1 for such
functions $f$ . Put $\overline{N}=N/Z$ and $h(\overline{y})=h(yX_{0})$ . For $\Sigma^{+}(\mathfrak{a}, \mathfrak{z}^{-})=\{\alpha_{0}\}$ , put $\pi_{Z}^{k}=\alpha_{\theta}$

and $\epsilon_{F.Z}^{k}(X)=sgn(\varphi_{n-2k-1}-\varphi_{n-2k})$ . For $\Sigma+(\mathfrak{b}, \mathfrak{z}^{-})=\{\beta_{0}=\alpha_{0}\nu\}$ , put $\pi_{Z}^{k+1}=\beta_{0}$ and
$\epsilon_{F.Z}^{k+1}=1$ . Put $\pi_{/Z}^{p}=\pi^{p}/\pi_{Z}^{p}$ ($p=k$ or $k+1$ ).

LEMMA 3.2. Let $d_{\mathfrak{a}}z^{*}$ (resP. $d_{\mathfrak{b}}z^{*}$ ) be an invariant measure on $Z/B_{k}$ (resp.
$Z/B_{k+1})$ and $d\overline{y}$ be an invanant measure on $H/Z$ . The invariant measure $d_{\mathfrak{a}}y^{*}$

(resp. $d_{\mathfrak{b}}y^{*}$ ) on $H/B_{k}$ (resp. $H/B_{k+1}$ ) is defined by $d_{\mathfrak{a}}y^{*}=d\overline{y}d_{\mathfrak{a}}z^{*}$ (resP. $d_{\mathfrak{b}}y^{*}=$

$d\overline{y}d_{b}z^{*})$ . For $g\in C_{c}^{\infty}(V)$ and $h\in C_{c}^{\infty}(N\cdot X_{0})$ , define $f\in C_{c}^{\infty}(\psi_{-}(\overline{N}\cross V))$ by (3.5).

Then we get for $p=k$ or $k+1$ ,

(3.6) $\psi_{f}^{p}(X)=a(p)c[h]\pi w^{p}g.z(X)$ $(X\in \mathfrak{a}_{p}’\cap V)$

where $c[h]= \int_{H/Z}h(\overline{y})d\overline{y}$ and $a(p)$ is the constant 1 or $-1$ .

We denote the adjoint group of $\mathfrak{z}^{+}$ by $Z_{0}$ . Put $L_{\mathfrak{a}}=Z_{Z_{0}}(\mathfrak{a})$ . We define an
invariant integral for any $g\in S(\mathfrak{z}^{-})$ by

(3.7) $\psi_{g,Z_{0}}^{k}(X)=\epsilon_{F.Z}^{k}(X)\pi_{Z}^{k}(X)\int_{z_{0/L_{\mathfrak{a}}}}g(u^{*}X)du^{*}$ .

Put $L_{\mathfrak{b}}=Z_{Z_{0}}(\mathfrak{b})$ . We define an invariant integral for any function $g\in S(\mathfrak{z}^{-})$ ,

(3.8) $\psi_{g.Z_{0}}^{k+1}(X)=\pi_{Z}^{k+1}(X)\int_{z_{0/L_{b}}}g(u^{*}X)du^{*}$ .

Let $Z_{0}=K_{0}N_{0}A_{0}$ be the Iwasawa decomposition of $Z_{0}$ , where $K_{0}=SO(2)$ ,
$N_{0}=\{\exp sX’ ; s\in R\}$ and $A_{0}=\{D(\epsilon, \epsilon)\exp tH’ ; \epsilon=\pm 1, t\in R\}$ . Let $dk$ be the

Haar measure of $K_{0}$ normalized by $\int_{K_{0}}dk=1$ . For $n=\exp sX’\in N_{0},$ $dn=ds$ is a

Euclidean measure on $N$. We define a $Z_{0}$-invariant measure $d_{\mathfrak{a}}z_{0}^{*}$ on $Z_{0}/L_{\mathfrak{a}}$ by
the equality

(3.9) $\int_{Z_{0}/L_{\mathfrak{a}}}f(z_{0}^{*})d_{\mathfrak{a}}z_{0}^{*}=\int_{K_{0}}\int_{-\infty}^{\infty}f((k\exp sX’)^{*})dkds$

for any $f\in C_{c}^{\infty}(Z_{0}/L_{\mathfrak{a}})$ .
Let $Z_{0}=K_{0}A_{0}^{+}K_{0}$ be the Cartan decomposition $Z_{0}$ where $A_{0}^{+}=\{\exp tH’ ; t\geqq 0\}$ .

We define a $Z_{0}$-invariant measure $d_{\mathfrak{b}}z_{0}^{*}$ on $Z_{0}/L_{\mathfrak{b}}$ such that for any $f\in$

$C_{c}^{\infty}(Z_{0}/L_{\mathfrak{b}})$ ,

(3.10) $\int_{Z_{0}/L_{\mathfrak{b}}}f(z_{0}^{*})d_{6}z_{0}^{*}=\int_{K_{0}}\int_{0}^{\infty}f((k\exp tH’)^{*})(e^{2t}-e^{-2t})dkdt$ .

Let $\eta$ be the automorphism of $\int^{-}$ such that $\eta|_{\sigma-}=identity$ and $\eta(iH)=iH,$ $\eta(iX)$

$=-iX,$ $\eta(iY)=-iY$ . Because $Z/B_{k}\cong Z_{0}/L_{\mathfrak{a}}$ and $Z/B_{k+1}\cong Z_{0}/L_{\mathfrak{b}}\cup\eta(Z_{0})/L_{\mathfrak{b}}$ , we
can normalize invariant measures $d_{p}z^{*}$ on $Z/B_{p}(p=k, k+1)$ in such a manner
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that for all $g\in S(\mathfrak{z}^{-})$

(3.11) $\psi_{g,Z}^{k}=\psi_{g.Z_{0}}^{k}$

and

(3.12) $\psi_{g,Z}^{k+1}=\psi_{g.Z_{0}}^{k+1}-(\psi_{g.Z_{0}}^{k+1})^{\eta}$ .

LEMMA 3.3. Let $d_{\mathfrak{a}}z_{0}^{*}$ (resp. $d_{b}z_{0}^{*}$ ) be the invariant measzrre on $Z_{0}/L_{\mathfrak{a}}$ (resp.
$Z_{0}/L_{\mathfrak{b}})$ defined by (3.9) (resp. (3.10)). Put $\psi_{g.Z_{0}}^{k}$ (resp. $\psi_{g.Z_{0}}^{k+1}$) as in (3.7) (resp.
(3.8)). And we define $\psi_{g.Z}^{k}$ (resp. $\psi_{g}^{k+}k$) by (3.11) (resp. (3.12)). Then we obtain
the following properties.

$[\mathfrak{a}]$ (i) For any $g\in C_{c}^{\infty}(\mathfrak{z}^{-}),$ $\psi_{g,Z}^{k}$ extends to an element of $C_{c}^{\infty}(\mathfrak{a})$ .
(ii) $\psi_{g.Z}^{k}$ is invariant under the reflection $S_{\alpha_{0}}$ in $\mathfrak{a}$ corresp0nding to $\alpha_{0}$ .
(iii) For any $E\in Diff(\mathfrak{a}_{c})$ satisfying $S_{\alpha_{0}}(E)=-E$ , we get

$E\psi_{g.Z}^{k}=0$ on $\sigma_{-}$ .
$[\mathfrak{b}]$ (i) Put

$\mathfrak{b}^{\pm}=\{C\pm ti(Y’-X’);t>0, C\in\sigma_{-}\}$ .
Then $\mathfrak{b}’=\mathfrak{b}^{+}\cup \mathfrak{y}-$ . For $g\in C_{c}^{\infty}(\mathfrak{z}^{-}),$ $\psi_{g.Z}^{k+1}$ is in $C^{\infty}(\mathfrak{b}’)$ .

(ii) If $D$ belongs to $Diff(\mathfrak{b}_{c})$ , then the restrictions of $(D\psi_{g.Z}^{k+1})$ on $\mathfrak{b}^{\pm}$ can be
extended to continuous functions $(D\psi_{g.Z}^{k+1})^{\pm}$ on $C1(\mathfrak{b}^{\pm})$ respectively. And
we obtain

(3.13) $(D\psi_{g.Z}^{k+1})^{+}(C)-(D\psi_{g.Z}^{k+1})^{-}(C)=-2i(D^{\nu}\psi_{g.Z}^{k})(C)$ $(C\in’\sigma_{-})$ .
Especrally, $D\psi_{g.Z}^{k+1}$ can be extended to a continuous function on $\mathfrak{b}$ if
$S_{\beta_{0}}D=-D$ .

Now, we prove Theorem 3.1. Let $\gamma,$ $\tau$ be as in (3.4). We assume that $\gamma$ is
star-like at $X_{0}$ . Put $V=V_{\gamma.\tau}$ as before. From the definition of $V_{\gamma,\tau}$, we see that

$\mathfrak{a}\cap V=\gamma+\{\theta iH’$ ; $| \theta|<\frac{\tau}{2}\}$ , $\mathfrak{b}\cap V=\gamma+\{ti(X’-Y’);|t|<\frac{\tau}{2}\}$ .

Recall that $\Sigma^{+}(\mathfrak{a}, \mathfrak{z}^{-})=\{\alpha_{0}\},$ $\Sigma^{+}(\mathfrak{b}, \mathfrak{z}^{-})=\{\beta_{0}\}$ . If we take $\gamma,$ $\tau$ sufficiently small,
then there exist $a(k+1),$ $a(k)=\pm 1$ such that $\epsilon_{F.Z}^{k}=a(k)\epsilon_{F}^{k}$ on $\mathfrak{a}_{k}’\cap V,$ $\epsilon_{F.Z}^{k+1}=1=$

$a(k+1)\epsilon_{F}^{k+1}$ on $\mathfrak{a}_{k+1}’\cap V$ and $a(k+1)a(k)=1$ . Let $N$ be as in (3.4) and $f_{h.g}$ as in
(3.5). Then we have

$\psi_{f_{h,g}}^{k}(X)=a(k)c[h]\pi_{/Z}^{k}\psi_{g.Z}^{k}(X)$ $X=C+\theta iH’\in \mathfrak{a}_{k}’\cap V$ ,

$\psi_{f_{hg}}^{k+1}.(X_{1})=a(k+1)c[h]\pi_{/Z}^{k+1}\psi_{g.Z}^{k+1}(X_{1})$ $X_{1}=C+ti(X’-Y’)\in \mathfrak{a}_{k+1}’\cap V$

where $c[h]= \int_{H/Z}h(\overline{y})d\overline{y}$ .
For $D\in Diff(\mathfrak{b}_{c})$ , put $D_{1}=D\pi_{/Z}^{k+1}$ . Then $D_{1}^{\nu}=D^{\nu}\pi_{/Z}^{k+1}$ and
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$(D^{\nu}\psi_{f}^{k})(X)=a(k)c[h](D_{1}^{\nu}\psi_{g.Z}^{k})(X)$ $X=C+\theta iH’$ ,

$(D\psi_{f}^{k+1})(X_{1})=a(k+1)c[h](D_{1}\psi_{g.Z}^{k+1})(X_{1})$ $X_{1}=C+ti(X’-Y’)$ , $C\in\gamma$ .
If we normalize measures as in Lemma 3.3, then we get for any $E\in Diff(\mathfrak{b}_{c})$

$(E\psi_{g.Z}^{k+1})^{+}(C)-(E\psi_{g.Z}^{k+1})^{-}(C)=-2i(E^{\nu}\psi_{g,Z}^{k})(C)$ .

Hence we obtain the following equality

$(D\psi_{f}^{k+1})^{+}(C)-(D\psi_{\grave{f}}^{h+1})^{-}(C)=-2i(D^{\nu}\psi_{f}^{k})(C)$ $C\in\sigma_{-}’$ . Q. E. D.

\S 4. Harish-Chandra transforms on $GL(n, C)/GL(n, R)$ .
Let $\varphi$ be the mapping from $G/H$ into $G$ defined by $\varphi(xH)=x\sigma(x)^{-1}$ . Put

$M=\{x\sigma(x)^{-1} ; x\in G\}$ . Then the mapping $\varphi$ is an analytic diffeomorphism of $G/H$

onto $M$. Put $A_{k}=Z_{M}( \mathfrak{a}_{k})(0\leqq k\leqq[\frac{n}{2}])$ . Then $A_{k}=A_{k}^{+}A_{k}^{-}$ and $A_{k}^{+}$ and $A_{k}^{-}$ are

the subsets of $M$ consisting of all matrices of the following form, respectively:

$A_{k}^{+}:$ $D(e^{i\varphi_{1}}, \cdots , e^{i\varphi_{n-2k}}, e^{i\theta_{k}}, e^{i\theta_{k}}, \cdots , e^{i\theta_{1}}, e^{i\theta_{1}})$ ,

(4.1) $A_{k}^{-}:$ $(^{1_{n-2k}}v_{2}(t_{k})$ . . $v_{2}(t_{1}))$ $(v_{2}(t)=(\begin{array}{ll}\cosh t i\sinh t-i\sinh t \cosh t\end{array}))$ .

$\{A_{k}$ ; $0 \leqq k\leqq[\frac{n}{2}]\}$ is a maximal set of global Cartan subspaces of $M$ which are
not conjugate to each other under adjoint actions of $H$. Let $a\in A_{k}$ be the pro-
duct of the above two matrices, then its eigenvalues are $e^{i\varphi_{1}},$ $\cdots$ , $e^{i\varphi_{n-2k}},$ $e^{z_{k}},$

$e^{-\overline{z}_{k}}$ ,
, $e^{z_{1}},$ $e^{-\overline{z}_{1}}(z_{p}=i\theta_{p}+t_{p})$ . We take $(e^{\mu_{1}}, e^{\mu_{2}}, \cdots , e^{\mu_{n}})$ as its coordinates with its

order. For each $A_{k}(0 \leqq k\leqq[\frac{n}{2}])$ , we define the Weyl group $W(A_{k} ; H)$ by

$N_{H}(A_{k})/Z_{H}(A_{k})$ . Then $W(A_{k} ; H)$ contains the following transformations:
(i) all permutations of $e^{i\varphi_{I}},$ $\cdots$ , $e^{i\varphi_{n-2k}}$ ;
(ii) all permutations of k-pairs $(e^{z_{1}}, e^{-\overline{z}_{1}}),$ $\cdots$ , $(e^{z_{k}}, e^{-\overline{z}_{k}})$ ;
(iii) the permutations of $z_{p}$ and $-\overline{z}_{p}$ , $i.e$ . $t_{p}$ and $-t_{p}$ for any fixed

$p(1\leqq p\leqq k)$ .
LEMMA 4.1. The Weyl group $W(A_{k} ; H)$ is generated by the transformations

of $A_{k}$ listed above. And its order is given by

$|W(A_{k} ; H)|=(n-2k)$ ! $k$ ! 2.

PROOF. Any transformation in the Weyl group keeps the set of eigenvalues
stable and is one of the above three kinds of permutations. Q. E. D.
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For a subset $V$ of $G$ , put $V’=$ {$x\in V$ ; regular element}. Then $(V\cap M)’=$

$V’\cap M$. For an element $a$ of $A_{k}’$, we put

$\Delta_{k}(a)=$ $\Pi$ $\{\exp(\mu_{p}-\mu_{q})/2-\exp(\mu_{q}-\mu_{p})/2\}$ ,
(4.2) $1\leqq p<q\leqq n$

$\epsilon_{F}^{k}(a)=$
$\prod_{1\leqq p<q\leqq n-2k}$ sgn $\{\sin(\varphi_{p}-\varphi_{q})/2\}$ .

$\Delta_{k}(a)$ and $\epsilon_{F}^{k}(a)$ are one-valued or two-valued functions on $A_{k}$ according as $n$ is
odd or even. But $\epsilon_{F}^{k}(a)\Delta_{k}(a)$ is a one-valued function on $A_{k}$ . We define the
Harish-Chandra transform for a function $f\in C_{c}^{\infty}(M)$ by

(4.3) $Ff(a)= \epsilon_{F}^{k}(a)\Delta_{k}(a)\int_{H/B_{k}}f(yay^{-1})d_{k}y^{*}$ $(a\in A_{k}’)$

where $d_{k}y^{*}$ is an invariant measure on $H/B_{k}$ .
We fix an element $a_{0}$ in $A_{k+1}$ which satisPes $\xi_{\alpha}(a_{0})\neq 1$ for all $\alpha\in\Sigma^{+}(\mathfrak{a}_{k+1})$

except $\alpha_{0}$ and $\xi_{a_{0}}(a_{0})=1$ , where each $\xi_{\alpha}$ is the homomorphism from $A_{k+1}^{c}=$

$Z_{G}(\mathfrak{a}_{k+1})$ into $C^{*}$ defined by $\xi.(a)=e^{\alpha(\log a)}$ . Then we get $\mathfrak{z}^{-}=Z_{q}(a_{0})$ . For $\gamma\subset\sigma_{-}$

and $\tau>0$, we put $\mathfrak{z}^{-}(\tau)$ and $\mathfrak{z}_{\overline{\gamma,}\tau}$ as in \S 3. Set $Z_{\gamma.\tau}=\{\exp(X/2)a_{0}\sigma(\exp(X/2))^{-1}$ ;
$x\in \mathfrak{z}_{\overline{\gamma.}\tau}\}$ and $Z_{M}=Z_{M}(a_{0})$ . $\{A_{k}, A_{k+1}\}$ is a maximal set of global Cartan sub-
spaces of $Z_{M}$ which are not conjugate to each other under the adjoint actions
of $Z$ . Let $l$) be the subspace of $\mathfrak{g}$ defined by

(4.4) $u=\{($

$ia_{1}a_{I}-a_{1}ia_{1}$

$)$ ; $a_{p}\in R\}$

Then $\mathfrak{y}=\mathfrak{u}+\mathfrak{z}^{-}$ is a direct sum and 11 is orthogonal to $\mathfrak{z}^{-}$ with respect to the posi-
tive Hermitian form \langle X, $Y\rangle$ $=-B(X, \theta(Y))$ for $X,$ $Y\in \mathfrak{g}$ . For $x\in Z_{M}$ , we define

\langle 4.5) $\nu_{a_{0}}(x)=\det(1-Ad(x)^{-1})|_{u_{C}}$

and put $\prime z_{M}=\{x\in Z_{M} ; \nu_{a_{0}}(x)\neq 0\}$ . If we take sufficiently small $\gamma$ and $\tau$, then
the set $Z_{\gamma.\tau}$ has the following properties.
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(i) $Z_{\gamma,\tau}\subset\prime Z_{M}$ is an open subset and the map $\mathfrak{z}_{\overline{\gamma}.\tau}arrow Z_{\gamma.\tau}$ given by
$Yarrowarrow\exp(Y/2)a_{0}\sigma(\exp(Y/2))^{-1}$ is an analytic diffeomorphism;

(4.6) (ii) $Z_{\gamma,\tau}$ is Z-invariant. If $yZ_{\gamma.\tau}y^{-1}\cap Z_{\gamma}$ . $\cdot\neq\emptyset$ $(y\in H)$ , then $y\in Z$ and
$yZ_{\gamma.\tau}y^{-1}=Z_{\gamma.\tau}$ ;

(iii) If a subset $Z_{1}$ of $Z_{\gamma.\tau}$ is Z-invariant and closed in $Z_{M}$ , then
$\{yxy^{-1} ; y\in H, x\in Z_{1}\}$ is closed in $M$.

For $X\in \mathfrak{z}^{-}$ , put

(4.7) $j(X)=| \det(\frac{\sinh(ad(X/2))}{ad(X/2)})|_{\mathfrak{z}_{c}^{-}}|^{1/2}$

LEMMA 4.2. If we take sufficiently small $\gamma,$ $\tau$ as in (4.6), then we obtain the
following equalities

$\epsilon_{F}^{k}(a)\Delta_{k}(a)=\epsilon_{F}^{k}(a)\xi_{\rho-\lambda}(a)\nu_{a_{0}}(a)j(X)a_{0}(X)$ $(a=a_{0}\exp X, x\in \mathfrak{a}\cap \mathfrak{z}_{\overline{\gamma.}\tau})$

and
$\epsilon_{F}^{k+1}(b)\Delta_{k+1}(b)=\epsilon_{F}^{k+1}(b)\xi_{\rho-\lambda}(b)\nu_{a_{0}}(b)j(Y)\beta_{0}(Y)$ $(b=a_{0}\exp Y, Y\in \mathfrak{b}\cap \mathfrak{z}_{\overline{\gamma.}\tau})$

where $\lambda$ is the linear maplring from $\mathfrak{a}_{p}$ into $C$ defined by $\lambda(X)=\mu_{n-2k-1}(p=k$ ,
$k+1)$ .

PROOF. We get for $a\in A_{k}’$

$\epsilon_{F}^{k}(a)\xi_{\rho-\lambda}(a)\nu_{a_{0}}(a)=\frac{\epsilon_{F}^{k}(a)\Delta_{k}(a)}{e^{i\varphi_{n}-2k-1-e^{i\varphi_{n-2k}}}}$ , $j(X)= \frac{e^{i\varphi_{n}-2k-1-e^{i\varphi_{n-2k}}}}{i(\varphi_{n-2k-1}-\varphi_{n-2k})}$

and for $b\in A_{k+1}’$

$\epsilon_{F}^{k+1}(b)\xi_{\rho-\lambda}(b)\nu_{a_{0}}(b)=\frac{\epsilon_{F}^{k+1}(b)\Delta_{k+1}(b)}{e^{\iota_{k+1}}-e^{-\iota_{k+1}}}$ , $j(Y)= \frac{e^{t_{k+1}}-e^{-i_{k+1}}}{2t_{k+1}}$ .

Then we obtain the assertion of the lemma. Q. E. D.
For the $Z_{\gamma,\tau}$ in (4.6), we can take a regularly imbedded analytic submanifold

$R$ of $H$ which contains the unit element $e$ as follows:

(i) $\{xa_{0}x^{-1} ; x\in R\}\subset\{xa_{0}x^{-1} ; x\in H\}$ open subset;
(ii) The map $Rarrow\{xa_{0}x^{-1} ; x\in R\}$ defined by $x\mapsto xa_{0}x^{-1}(x\in R)$ is an

(4.8) analytic diffeomorphism;
(iii) The mapping $\psi_{M}$ of $R\cross Z_{\gamma,\tau}$ into $M$ defined by $\psi_{M}(x, a)=xax^{-1}$ is an

analytic diffeomorphism.

Put $\overline{R}=\{\overline{y}=yZ;y\in R\}$ . Using these notations, we define for $h\in C_{c}^{\infty}(\overline{R}),$
$g\in$

$C_{c}^{\infty}(\mathfrak{z}_{\overline{\gamma}.\tau})$ ,

(4.9) $f_{h.g}$ ( $y$ exp $(X/2)a_{0}\sigma(\exp(X/2))^{-1}y^{-1}$ ) $=h(\overline{y})g(X)$ $(y\in R, X\in \mathfrak{z}_{\overline{\gamma.}\tau})$ .

LEMMA 4.3. Let $d_{\mathfrak{a}}z^{*}$ (resP. $d_{\mathfrak{b}}z^{*}$ ) be an invariant measure on $Z/B_{k}$ (resp.
$Z/B_{k+1})$ and $d\overline{y}$ be an invariant measure on $H/Z$ . Define the invariant measure
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$d_{\mathfrak{a}}y^{*}$ (resp. $d_{\mathfrak{b}}y^{*}$ ) on $H/B_{k}$ (resp. $H/B_{k+1}$ ) by $d_{\mathfrak{a}}y^{*}=d\overline{y}d_{\mathfrak{a}}z^{*}$ (resp. $d_{\mathfrak{b}}y^{*}=d5^{i}d_{b}z^{*}$).

For $h\in C_{c}^{\infty}(\overline{R})$ and $g\in C_{c}^{\infty}(\mathfrak{z}_{\overline{\gamma.}\tau})$ , define $f_{h,g}$ as in (4.9). Let $Y_{1}$ be an element of
$\mathfrak{z}_{\overline{\gamma}.\tau}\cap \mathfrak{a}$ with coordinates $(\xi_{1}, \cdots , \xi_{n- 2(k+1)}, i\theta, -i\theta, \xi_{n- 2k+1}, \cdots , \xi_{n})$ . Put $X_{0}= \lim_{\thetaarrow 0}Y_{1}$

$\in \mathfrak{z}_{\overline{\gamma}.\tau}\cap \mathfrak{a}\cap \mathfrak{b}$ . Then we get

$\lim_{\thetaarrow 0}F_{f_{h,g}}^{k}(a_{0}\exp Y_{1})=\epsilon_{F}^{k+1}(a_{0}\exp X_{0})\xi_{\rho-\lambda}(a_{0}\exp X_{0})c[h]\lim_{\thetaarrow 0}\psi_{ug.Z}^{k}(Y_{1})$ .

Let $Y_{2}$ be an element of $\mathfrak{z}_{\overline{\gamma.}\tau}\cap \mathfrak{b}$ with coordinates $(\xi_{1},$ $\cdots$ , $\xi_{n-2(k+1)},$ $t,$ $-t,$ $\xi_{n- 2k+1}$ ,
, $\xi_{n}$). Then we get

$(F_{f_{hg}}^{k+1}.)$
‘

$(a_{0})= \lim_{tarrow\pm 0}F_{J_{hg}}^{k+1}.$ ( $a_{0}$ exp $Y_{2}$)

$=\epsilon_{F}^{k+1}$ ( $a_{0}$ exp $X_{0}$ ) $\xi_{\rho-\lambda}$ ( $a_{0}$ exp $X_{0}$) $c[h] \lim_{tarrow}\psi_{ug.Z}^{k+1}(Y_{2})$

where

$c[h]= \int_{H/Z}h(\overline{y})d\overline{y}$

and
$u(X)=\nu_{a_{0}}(\exp(X/2)a_{0}\sigma(\exp(X/2))^{-1})j(X)$ $(X\in \mathfrak{z}_{\overline{\gamma.}\tau})$ .

PROOF. The function $u(x)$ is a Z-invariant function. From Lemma 4.2 and
the normalization of measures, we obtain the assertion. Q. E. D.

THEOREM 4.4. Let $d_{\mathfrak{a}}z\S$ (resp. $d_{\mathfrak{b}}z_{0}^{*}$ ) be the invariant measure on $Z_{0}/L_{\mathfrak{a}}$ (resp.
$Z_{0}/L_{\mathfrak{b}})$ as in (3.9) (resp. (3.10)). Let $d_{\mathfrak{a}}z^{*}$ (resp. $d_{b}z^{*}$ ) be the invariant measure on
$Z/B_{k}$ (resp. $Z/B_{k+1}$) given by (3.11) (resp. (3.12)). Take an invariant measure $dy$

on $H/Z$ . Let $d_{\mathfrak{a}}y^{*}$ (resp. $d_{\mathfrak{b}}y^{*}$ ) be the invariant measure on $H/B_{k}$ (resp. $H/B_{k+1}$)

defined by $d_{\mathfrak{a}}y^{*}=d\overline{y}d_{\mathfrak{a}}z^{*}$ (resp. $d_{\mathfrak{b}}y^{*}=d\overline{y}d_{b}z^{*}$ ). Usrng these measures, define
Harish-Chandra transforms $Ff,$ $Ff^{+1}(0 \leqq k\leqq[\frac{n}{2}]-1)$ for a function $f\in C_{c}^{\infty}(M)$ as

in (4.3). Then we get

$(DF_{f}^{k+1})^{+}$ ( $a_{0}$ exp $Y$ ) $-(DF_{f}^{k+1})^{-}$ ( $a_{0}$ exp $Y$ )
(4.10)

$=-2i(D^{\nu}F_{f}^{k})(a_{0}\exp Y)$ $(Y\in\gamma)$

for any $f\in C_{c}^{\infty}(M)$ and $D\in U(\mathfrak{b}_{c})$ (the universal enveloping algebra of $\mathfrak{b}_{c}$ ).

PROOF. From Lemma 4.3 and (3.13), we obtain the assertion of the theorem.
Q. E. D.

\S 5. Invariant spherical distributions.

For a subalgebra $V$ of $\mathfrak{g}$ , denote its complexification $C\otimes V$ by $V_{c}$ . Let
$T(V_{c})$ (resp. $U(V_{c})$ ) be the tensor algebra (resp. the universal enveloping alge-
bra) of $V_{c}$ . Denote the set of all left invariant differential operators on $G$ (resp.
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$G/H)$ by $\mathcal{D}_{l}(G)$ (resp. $\mathcal{D}_{l}(G/H)$ ) and the set of all $B_{G}$-invariant differential
operators on $M$ by $\mathcal{D}_{B}(M)$ . $U(\mathfrak{g}_{c})$ is naturally isomorphic with $\mathcal{D}_{l}(G)$ by the
mapping $D->\partial_{l}(D)$ , where

(5.1) $[ \partial_{l}(c\otimes X)]_{x}f=c\frac{d}{dt}|_{\iota=0}f$ ( $x$ exp $tX$ ) for $x\in G,$ $c\otimes X\in \mathfrak{g}_{c}$ .

Put
$U(\mathfrak{g}_{C})^{H}=$ {$D\in U(\mathfrak{g}_{c})$ ; Ad $(h)D=D$ for all $h\in H$}.

Then $U(\mathfrak{g}_{C})^{H}/\langle U(\mathfrak{g}_{c})^{H}\cap U(\mathfrak{g}_{c})\mathfrak{h}_{c}\rangle$ is isomorphic with $\mathcal{D}_{l}(G/H)$ by the map(5.1) (cf.

Oshima and Sekiguchi [20]). For an element $c\otimes X$ in $\mathfrak{g}_{c}$ define the tangent

vector $c\overline{\otimes X}$ in $T_{e}(M)$ by

(5.2) $( \overline{c\otimes X})f=c\frac{d}{dt}|_{l\Rightarrow 0}f(\exp tX\sigma(\exp tX)^{-1})$ .

And for an $X$ in $\mathfrak{g}_{c}$ , we define $B_{G}$-invariant vector field $\partial_{B}(X)$ on $M$ by
$[\partial_{B}(X)]_{x\sigma(x)-1}f=dB_{x}\circ\tilde{X}f$ . By this correspondence, any differential operator
$D\in U(\mathfrak{g}_{c})$ defines the $B_{G}$-invariant differential operator $\partial_{B}(D)$ on $M$.

For any $X\in \mathfrak{g}_{c}$ , let $L_{X}$ (resp. $R_{X}$ ) be the endomorphism in $U(\mathfrak{g}_{c})$ given by
left (resp. right) multiplication by $X$. Let $\Gamma$ denote the linear mapping of $U(\mathfrak{g}_{c})$

into itself given by

$\Gamma(X_{1}X_{2}\cdots X_{n})=(L_{X_{1}}-R_{\sigma(X_{1})})(L_{X_{2}}-R_{\sigma(X_{2})})\cdots$

$(L_{x_{n-1}}-R_{\sigma(x_{n-1})})(X_{n}-\sigma(X_{n}))$

for $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}\in \mathfrak{g}_{c}$ and $\Gamma(1)=1$ .
LEMMA 5.1. For any $D\in U(\mathfrak{g}_{c})$, we obtain

$[\partial_{B}(D)]_{x\sigma(x)-1}=[\partial_{l}(Ad(\sigma(x))\Gamma(D))]_{x\sigma(x)- 1}$ $(x\in G)$ .

If $D\in U(\mathfrak{g}_{c})^{H},$ $\partial_{B}(D)$ is in $\mathcal{D}_{B}(M)$ .
PROOF. Let $\otimes^{k}\mathfrak{g}_{c}$ denote the k-fold tensor product of $\mathfrak{g}_{c}$ . Put

$T^{p}= \sum_{k\xi p}\otimes^{k}\mathfrak{g}_{c}$ . Let $\eta$ be the natural homomorphism of $T(\mathfrak{g}_{c})$ onto $U(\mathfrak{g}_{c})$ and put

$\eta(T^{p})=U^{p}$ . We shall prove the lemma by the induction on $p$ . Clearly the as-
sertion is true for $U^{0}$ . Suppose that we have proved the result for $p$ . For any
$D\in U^{p}$ and any $X\in \mathfrak{g}_{c}$ , we get

$[\partial_{B}(XD)]_{x\sigma(x)-1}f=[\partial_{B}(X)]_{x\sigma(x)-1}(\partial_{l}(Ad\sigma(x))\Gamma(D)f)$

$= \frac{d}{dt}|_{t=0}(\partial_{l}(Ad\sigma(x))\Gamma(D)f)\cdot B_{x}(\exp tX\sigma(\exp tX)^{-1})$
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$= \frac{d}{dt}|_{t=0}(\partial_{l}(Ad\sigma(x))\Gamma(D)f)$

( $x$ a $(x)^{-1}\exp(t$ Ad $(\sigma(x))X)\exp(-t$ Ad $(\sigma(x))\sigma X)$ )

$=[\partial_{l}(Ad\sigma(x))\Gamma(XD)]_{x\sigma(x)- 1}f$ .
Hence the assertion is true for $p+1$ . Q. E. D.

Let $\mathcal{I}$ be the subalgebra of $U(\mathfrak{g}_{c})$ generated by $\{1\otimes X-i\otimes iX;X\in \mathfrak{g}\}$ . Then
$U(\mathfrak{g})$ is isomorphic with $\mathcal{I}$ under the linear mapping

$\psi$ : $X_{1}X_{2}\cdots X_{n}$ – $\frac{1}{2}(1\otimes X_{1}-i\otimes iX_{1})\frac{1}{2}(1\otimes X_{2}-i\otimes iX_{2})$

$\frac{1}{2}(1\otimes X_{n}-i\otimes iX_{n})$ $(X_{1}, X_{2}, \cdots , X_{n}\in \mathfrak{g})$ .

Let $\mathfrak{Z}$ be the center of $U(\mathfrak{g})$ . $\mathfrak{Z}$ is isomorphic with $U(\mathfrak{g}_{C})^{H}/\langle U(\mathfrak{g}_{c})^{H}\cap U(\mathfrak{g}_{c})\mathfrak{h}_{c}\rangle$ by
the map $D-\rangle$ $[\psi(D)](D\in \mathfrak{Z})$ . If we regard $D\in U(\mathfrak{g}_{c})$ as the differential operator
on $G$ , we can identify $U(\mathfrak{g}_{c})$ with $U(\mathfrak{g})$ by the linear mapping $\zeta:c\otimes X-cX$.

LEMMA 5.2. The linear mapping $\zeta\circ\Gamma\circ\psi$ is equal to the identity mapping $0$]
$U(\mathfrak{g})$ .

PROOF. For any $X_{1},$ $\cdots$ , $X_{n-1},$ $X_{n}\in \mathfrak{g}$ , we get

$\zeta\circ\Gamma\circ\psi(X_{1}\cdots X_{n- 1}X_{n})$

$= \zeta\circ\Gamma\{\frac{1}{2}(1\otimes X_{1}-i\otimes iX_{1})\cdots\frac{1}{2}(1\otimes X_{n- 1}-i\otimes iX_{n-1})\frac{1}{2}(1\otimes X_{n}-i\otimes iX_{n})\}$

$=\zeta\{(L_{(1/2)(1\otimes X_{1}-i\otimes iX_{1})}-R_{(1/2)(1\otimes X_{1}+i\otimes iX_{1})})$

$(L_{(1/2)(1\otimes x_{n-1}-i\otimes iX_{n-1})}-R_{(1/2)(1\otimes x_{n-1}+\ell\otimes iX_{n-1})})$

$( \frac{1}{2}(1\otimes X_{n}-i\otimes iX_{n})-\frac{1}{2}(1\otimes X_{n}+i\otimes iX_{n}))\}$

$=X_{1}\cdots X_{n- 1}X_{n}$

and
$\zeta\circ\Gamma\circ\psi(1)=1$ . Q. E. D.

Let $a\in A_{k}$ be the product of the two elements as in (4.1). We take $(i\varphi_{1},$ $\cdots$ ,
$i\varphi_{n-2k},$ $z_{k},$ $-\overline{z}_{k},$ $\cdots$ , $z_{1},$

$-\overline{z}_{1}$ ) as its coordinates where $z_{p}=i\theta_{p}+t_{p}$ . Let $\mathfrak{a}_{k}^{c}$ be the
complexification of $\mathfrak{a}_{k}$ in $\mathfrak{g}$ . Let $I(\mathfrak{a}_{k}^{c})$ be the set of invariants of $U(\mathfrak{a}_{k}^{c})$ with
respect to the Weyl group $W$ of $(\mathfrak{g}, \mathfrak{a}_{k}^{c})$ . Every element of $U(\mathfrak{a}_{k}^{c})$ may be con-
sidered as a differential operator on $A_{k}$ as in (5.1). $I(\mathfrak{a}_{k}^{c})$ is isomorphic to the
algebra $\mathfrak{S}_{n}$ of all symmetric polynomials of $n$ indeterminates $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}$ in
the following way. Take any element $S(X_{1}, X_{2}, \cdots , X_{n})\in \mathfrak{S}_{n}$ and replace $X_{1},$ $X_{2}$ ,
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, $X_{n}$ by the following operators respectively

(5.3) $\frac{\partial}{i\partial\varphi_{1}}$ ... , $\frac{\partial}{i\partial\varphi_{n-2k}}$ $\frac{1}{2}(\frac{\partial}{\partial t_{k}}+\frac{\partial}{i\partial\theta_{k}})$ , $\frac{1}{2}(\frac{\partial}{\partial t_{k}}-\frac{\partial}{i\partial\theta_{k}})$ ,

$\frac{1}{2}(\frac{\partial}{\partial t_{1}}+\frac{\partial}{i\partial\theta_{1}})$ , $\frac{1}{2}(\frac{\partial}{\partial t_{1}}-\frac{\partial}{i\partial\theta_{1}})$ .

Then we obtain an element of $I(\mathfrak{a}_{k}^{c})$ and by this correspondence, every $I(\mathfrak{a}_{k}^{c})$

$(0 \leqq k\leqq[\frac{n}{2}])$ is isomorphic to $\mathfrak{S}_{n}$ . Put $M_{k}= \bigcup_{y\in H}yA_{k}y^{-1}$ .

PROPOSITION 5.3. There exists the linear maptn $ngD->S_{D}(X_{1}, \cdots , X_{n})$ of $\mathfrak{Z}$

onto $\mathfrak{S}_{n}$ satisfying

$(\overline{\partial_{B}(\psi(D))f})(a)=\Delta_{k}^{-1}(a)S_{D}(X_{1}, X_{2}, \cdots , X_{n})(\Delta_{k}(a)\overline{f}(a))$ $(a\in A_{k}’)$

for any function $f\in C^{\infty}(M_{k})$ which is invariant under the maPping $x\vdasharrow yxy^{-1}$ (any
$y\in H)$ where $X=(X_{1}, X_{2}, \cdots , X_{n})$ are the differential operators on $A_{k}$ defined as
in (5.3) and $\overline{f}$ is the restriction of $f$ to $A_{k}$ .

PROOF. We first complexify $M$ and discuss the proposition on G. $\mathfrak{a}\xi$ is a
Cartan subalgebra of $\mathfrak{g}$ and $A_{k}^{c}$ is the corresponding Cartan subgroup of $G$ . If
we regard $\partial_{B}(\psi(D))$ as a differential operator on $G$ , then from Lemmas 5.1 and
5.2 it is sufficient to consider $\partial_{l}(D)(D\in \mathfrak{Z})$ . Let $\mathfrak{F}(G)$ be the space of functions
spanned by the characters of finite dimensional representations of $G$ . Let $C$ be
a Weyl chamber. The map $(w, a)-wa$ of $W\cross C$ onto $(A_{k}^{c})’$ is a regular mapping.
The space of restrictions $\mathfrak{F}(G)|_{C}$ is dense in $C^{\infty}(C)$ . Any W-invariant analytic
differential operator on $A_{k}^{c}$ defines the unique analytic differential operator on $C$

and it is determined by the operation for $\mathfrak{F}(A_{k}^{c})$ . The coordinates of the follow-
ing element,

$X=(\begin{array}{lllllll}a_{J} \ddots a_{n- 2k} b_{k} j_{C,b_{k}^{k}} -ic_{k} \ddots b_{1} ic_{1} -ic_{1} b_{1}\end{array})$ (a $p’ b_{q},$ $c_{q}\in C$ )

in $\mathfrak{a}_{k}^{c}$, is given by $(a_{1}, \cdots , a_{n-2k}, b_{k}+c_{k}, b_{k}-c_{k}, \cdots b_{1}+c_{1}, b_{1}-c_{1})$ and denoted
simply by $(\mu_{1}, \mu_{2}, \cdots , \mu_{n})$ . Let $\lambda_{p}(1\leqq P\leqq n)$ be the linear form on $\mathfrak{a}_{k}^{c}$ dePned by
$\lambda_{p}(X)=\mu_{p}$ . For an element $a=e^{x}\in A_{k}^{c}$, we put $\Delta(a)=\prod_{1\leqq p<q\leqq n}(e^{(\mu_{p}-\mu_{q})/2}-e^{(\mu_{q}-\mu_{p})/2})$ .
Let $\Sigma$ be the root system of $\mathfrak{g}$ with respect to the Cartan subalgebra $\mathfrak{a}_{k}^{c}$ and

$\Sigma^{+}=\{\lambda_{p}-\lambda_{q} ; 1\leqq P<q\leqq n\}$ be a set of positive roots. Put $\rho=\frac{1}{2}\sum_{a\in\Sigma+}\alpha$ . $D\in \mathfrak{Z}$

can be expressed by
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$D=\Sigma(X_{-})(H)(X_{+})$

where $(X-)=X_{-}^{1}X_{-}^{2} \cdots X^{\underline{p}}(X_{-}^{1}, X_{-}^{2}, \cdots , X^{\underline{p}}\in\sum_{-a>0}\mathfrak{g}(\mathfrak{a}_{k}^{c} ; \alpha)),$
$(X_{+})=X_{+}^{1}X_{+}^{2}\cdots X_{+}^{q}$

(X’, $X_{+}^{2},$ $\cdots$ , $X_{+}^{q} \in\sum_{\alpha>0}\mathfrak{g}(\mathfrak{a}_{k}^{c}$ ; $\alpha)$ ) and $(H)=H^{1}H^{2}\cdots H^{r}(H^{1}, H^{2}, \cdots , H^{r}\in \mathfrak{a}_{k}^{c})$ . Let
$(\pi_{\Lambda}, V_{\Lambda})$ be the irreducible finite dimensional representation of $G$ with a highest
weight $\Lambda=m_{1}\lambda_{1}+m_{2}\lambda_{2}+\cdots+m_{n}\lambda_{n}(m_{1}>m_{2}>\ldots>m_{n})$ (it is corresponding to the
Young diagram with the partition $(m_{1}, m_{2}, \cdots , m_{n}))$ . Let $v_{A}$ be a highest weight
vector of $V_{\Lambda}$ . $D$ operates on $V_{\Lambda}$ as a scalar multiplication. Then from $X_{+}v_{\Lambda}=0$,
the term actually including $(X_{+})$ sends $v_{\Lambda}$ to $0$ . $X_{-\alpha}v_{\Lambda}(X_{-\alpha}\in \mathfrak{g}(\mathfrak{a}_{k}^{c} ; \alpha), \alpha>0)$ has
the weight $\Lambda-\alpha$ and then the contribution of terms including (X-) is equal to $0$ .
It is sufficient to consider the contribution of $(H)$ parts including no $(X_{+}),$ $(X_{-})$ .

Let $H_{p}$ be the element of $\mathfrak{a}_{k}^{c}$ with the coordinate $(0, \cdots , 0, \vee 1p0, \cdots , 0)$ . There
exists a polynomial $P_{D}(x_{1}, x_{2}, \cdots , x_{n})$ , such that $Dv_{\Lambda}=P_{D}(m_{1}, m_{2}, \cdots , m_{n})v_{\Lambda}=$

$P_{D}(H_{1}, H_{2}, \cdots , H_{n})v_{\Lambda}$ . And for the character $\chi_{A}$ of the representation $(\pi_{\Lambda}, V_{\Lambda})$ ,

we have $Dx_{\Lambda}=P_{D}(m_{1}, m_{2}, \cdots , m_{n})\chi_{\Lambda}$ . The character $\chi_{\Lambda}$ is given explicitly by

$\chi_{\Lambda}(a)=\frac{\sum_{w\in W}sgnwe^{w(\Lambda+\rho)X}}{\Delta(a)}$
$(a=e^{X}\in(A_{k}^{c})’)$ .

For any $P($ $)\in \mathfrak{S}_{n}$ , we have $\Delta^{-1}P(H_{1}, H_{2}, \cdots H_{n})\Delta x_{\Lambda}=P(m_{1}+\frac{n-1}{2},$ $m_{2}+ \frac{n-3}{2}$,

$\ldots,$
$m_{n}- \frac{n-1}{2})\chi_{\Lambda}$ . Put $S_{D}(x_{1}, x_{2}, \cdots , x_{n})=P_{D}(x_{1}\frac{n-1}{2},$ $x_{2^{\frac{n-3}{2}}},$ $\cdots$ , $x_{n}+ \frac{n-1}{2})$ ,

then $S_{D}($ $)$ is determined independently on the choice of $\mathfrak{a}_{k}(k=0,1,$ $\cdots$ , $[-2^{-}n])$ .

Since $\Delta^{-1}S_{D}(H_{1}, H_{2}, \cdots , H_{n})\Delta x_{\Lambda}=S_{D}(m_{1}+\frac{n-1}{2},$ $m_{2}+ \frac{n-3}{2},$ $\cdots$ , $m_{n}- \frac{n-1}{2})\chi_{A}$ for any
$\Lambda,$ $S_{D}($ $)$ is in $\mathfrak{S}_{n}$ . For any function $f\in C^{\infty}(G)$ which is invariant under inner
automorphisms of $G$ , we get $\Delta^{-1}S_{D}(H_{1}, H_{2}, \cdots , H_{n})(\Delta\overline{f})=\overline{Df}$, where $\overline{f}$ is the
restriction of $f$ to $A_{k}^{c}$ . Hence from the restrictions of both sides of the above
equality to $M_{k}$ , we obtain the assertion of the proposition. Q. E. D.

Now we define invariant spherical distributions on $M$.
DEFINITION 5.1. A distribution $\Phi$ on $M$ is called an invariant spherical dis-

tribution if it has the following properties:
(i) $\Phi(yxy^{-1})=\Phi(x)$ for all $x\in M,$ $y\in H$ ;
(ii) There exists a homomorphism $\lambda:\mathfrak{Z}arrow C$ such that $\partial_{l}(D)\Phi=\lambda(D)\Phi$

for all $D\in \mathfrak{Z}$ .

\S 6. The construction of invariant spherical distributions.

We define for any $f\in C_{c}^{\infty}(M)$ a function $K_{f}^{k}$ on $A_{k}’(0 \leqq k\leqq[\frac{n}{2}])$ by
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(6.1) $K_{f}^{k}(a)=\epsilon_{F}^{k}(a)$ conj $( \Delta_{k}(a))\int_{H/B_{k}}f$( $y$ a $y^{-1}$ ) $d_{k}y^{*}$ $(a\in A_{k}’)$

where conj $(\Delta_{k}(a))$ is the complex conjugate of $\Delta_{k}(a)$ and $y^{*}=yB_{k}$ . From a
direct calculation, conj $(\Delta_{k}(a))=(-1)^{n(n-1)/2-k}\Delta_{k}(a)$ . Then we get $K_{f}^{k}(a)=$

$(-1)^{n(n-1)/2-k}F_{f}^{k}(a)$ . Put $A_{k}’(T)= \{a\in A_{k} ; \prod_{p=1}^{k}(1-e^{-t_{p}})\neq 0\}$ . Define $\epsilon(w)$ for any

$w\in W(A_{k} ; H),$
$(\epsilon_{F}^{k}\Delta_{k})(wa)=\epsilon(w)(\epsilon_{F}^{k}\Delta_{k})(a)$ . Set $A_{k}’(F)= \{a\in A_{k} ;\prod_{p\neq q}(e^{t\varphi_{p}}-e^{t\varphi_{q}})\neq 0\}$ .

LEMMA 6.1. Every $Kf(f\in C_{c}^{\infty}(M),$ $0 \leqq k\leqq[\frac{n}{2}])$ has the following properties.

(i) The function $K_{f}^{k}$ can be extended to a $C^{\infty}$-function on the closure of
every connected comp0nent of $A_{k}’(T)$ .

(ii) Let $a\in A_{k}$ and X\in U(a\S ). If $S_{\alpha}(X)=-X$ for any $\alpha=\alpha_{n+2(p- k)-1.n+2(p-k)}$

$(1\leqq p\leqq k)$ for which $\xi_{\alpha}(a)=1$ , then $XK_{f}^{k}$ can be extended to a continuous
function on some $n\alpha ghborhood$ of $a$ .

(iii) $K_{f}^{k}(wa)=\epsilon(w)K_{f}^{k}(a)$ $w\in W(A_{k} ; H)$ .
(iv) For any $D\in \mathfrak{Z}$,

(6.2) $K_{\partial_{l}(D)f}^{k}(a)=S_{D}(X_{1}, X_{2}, \cdots , X_{n})K_{f}^{k}(a)$ $(a\in A_{k}’)$

where $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}$ are differential operators defined in (5.3).

PROOF. From Theorem 4.4, we obtain the assertions (i) and (ii). The de-
finition of $\epsilon(w)$ implies (iii). Applying Proposition 5.3 to $K_{f}^{k}$, we obtain the
assertion (iv). Q. E. D.

Let $dx$ be a fixed H-invariant measure on $M$. Let $d_{k}$ $a$ be a Haar measure
on $A_{k}$ defined by

(6.3) $d_{k}a= \prod_{p=1}^{n-2k}d\varphi_{p}\prod_{q=1}^{k}dt_{q}d\theta_{q}$

where $\varphi_{p},$ $t_{q},$ $\theta_{q}$ are the coordinates of $a\in A_{k}$ as defined in \S 4. These $dx$ and
$d_{k}$ $a$ define the normalized H-invariant measure $d_{k}y^{*}(y^{*}=yB_{k})$ on $H/B_{k}$ as in
\S 2. Then by Proposition 2.1, we get for any $f\in C_{c}^{\infty}(M_{k})$

(6.4) $\int_{M_{k}}f(x)d_{X}=\gamma_{k}\int_{H/B_{k}}\int_{A_{k}}f$ ( $y$ a $y^{-1}$ ) $|\Delta_{k}(a)|^{2}d_{k}ad_{k}y^{*}$

where $\gamma_{k}=\frac{1}{|W(A_{k};H)|}$ . And by Corollary 2.2, we obtain

(6.5) $\int_{M}f(x)dx=\sum_{k=0}^{[n/2]}\gamma_{k}\int_{H/B_{k}}\int_{A_{k}}f$( $y$ a $y^{-1}$ ) $|\Delta_{k}(a)|^{2}d_{k}ad_{k}y^{*}$

for any $f\in C_{c}^{\infty}(M)$ .
Let $\Lambda_{0}$ be the linear mapping from $\mathfrak{a}_{k}$ into $C$ defined by $\Lambda_{0}(X)=$
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$\frac{n-1}{2}(\mu_{1}+\mu_{2}+\cdots+\mu_{n})(X\in \mathfrak{a}_{k})$ . And define a function $\xi_{\Lambda_{0}}(a)$ on $A_{k}$ by

$\xi_{\Lambda_{0}}(a)=\exp(\frac{n-1}{2}(\mu_{1}+\mu_{2}+\cdots+\mu_{n}))$ .

$\xi_{\Lambda_{0}}$ is a one-valued or two-valued function according to $n$ is odd or even. But
$\epsilon_{F}^{k}(a)\xi_{\Lambda_{0}}(a)$ is a one-valued function on $A_{k}$ .

Let $\tilde{\kappa}_{k}(a)(0\leqq k\leqq[\frac{n}{2}])$ be analytic functions on $A_{k}’$ satisfying the following

conditions:
(a-1) $\tilde{\kappa}_{k}(a)$ can be extended to an analytic function on $A_{k}’(F)$ and satisfies

$(\epsilon_{F}^{k}\xi_{\Lambda_{0}}^{-1}\tilde{\kappa}_{k})(wa)=\epsilon(w)(\epsilon_{F}^{k}\xi_{\Lambda_{0}}^{-1}\tilde{\kappa}_{k})(a)$ for all $w\in W(A_{k} ; H)$ ;

(a-2) There exist complex numbers $a_{1},$ $a_{2},$
$\cdots$ , $a_{n}$ such that for any symmetric

polynomial $S(x_{1}, x_{2}, \cdots , x_{n})$ in n-indeterminates

$S(X_{1}, X_{2}, \cdots , X_{n})\tilde{\kappa}_{k}(a)=S(a_{1}, a_{2}, \cdots , a_{n})\tilde{\kappa}_{k}(a)$

where $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}$ are differential operators on $A_{k}$ defined in (5.3);

(a-3) $[( \frac{\partial}{i\partial\varphi_{n-(2k+1)}}-\frac{\partial}{i\partial\varphi_{n- 2k}})\tilde{\kappa}_{k}(a)]_{\varphi_{n-(2k+1)}=\varphi_{n-2k^{+0}}}=\frac{\partial}{\partial t_{k+1}}\tilde{\kappa}_{k+1}(a)$

( $a\in\{a\in A_{k}\cap A_{k+1}$ ; $\xi_{\alpha}(a)\neq 1$ for all $\alpha\in\Sigma^{+}(\mathfrak{a}_{k})$ except $\alpha_{0}\}$ )

where the both sides denote the limit values at $a$ which exist under the
conditions (a-1) and (a-2).

Put $\kappa_{k}(a)=\epsilon_{F}^{k}(a)\xi_{\Lambda_{0}}(a)^{-1}\tilde{\kappa}_{k}(a)$ $(a\in A_{k}’,$ $0 \leqq k\leqq[\frac{n}{2}])$ .

Let $S_{n}$ be the symmetric group of $n$ letters. Let $S(x_{1}, x_{2}, \cdots , x_{n})$ and
$T(x_{1}, x_{2}, \cdots , x_{n})$ be two polynomials in n-indeterminates such that there exists a
homomorphism $\zeta:S_{n}arrow\{\pm 1\}$

$S(x_{w(1)}, x_{w(2)}, \cdots x_{w(n)})=\zeta(w)S(x_{1}, x_{2}, \cdots x_{n})$

(6.6)
$T(x_{w(1)}, x_{w(2)}, \cdots , x_{w(n)})=\zeta(w)T(x_{1}, x_{2}, \cdots , x_{n})$ for all $w\in S_{n}$ .

LEMMA 6.2. Let $\tilde{\kappa}_{k}(0\leqq k\leqq[\frac{n}{2}])$ be the analytic functions on $A_{k}’$ satisfying

the conditions (a-1), (a-2) and (a-3). And let $S(x_{1}, \cdots , x_{n})$ and $T(x_{1}, \cdots , x_{n})$ be
two Polynomials with the Property (6.6). Then for any $f\in C_{c}^{\infty}(M)$ , we have the
equality

$0= \zeta\sum_{k=0}\gamma_{k}\int_{A_{k}}\{S(X)K_{f}^{k}\cdot T(X)\kappa_{k}-K_{f}^{k}\cdot S(-X)T(X)\kappa_{k}\}d_{k}a$

where $\kappa_{k}(a)=\epsilon_{F}^{k}(a)\xi_{\Lambda_{0}}^{-1}(a)\tilde{\kappa}_{k}(a)(a\in A_{k}’)$ and $X=(X_{1}, X_{2}. \cdots , X_{n})$ are differential
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operators on $A_{k}$ defined by (5.3).

PROOF. $S(X)$ is the sum of tbe following forms

$\sum_{w\in W(\mathfrak{a}_{k})}$

$\zeta(w)X_{J_{1}}^{w}X_{j_{2}}^{w}\cdots X_{Jr}^{w}$ $(1\leqq j_{1}, j_{2}, \cdots ]_{r}\leqq n)$

where $w(X_{J_{p}})$ is denoted by $X_{j_{p}}^{w}(1\leqq p\leqq r)$ . So we assume that $S(X)$ has the
above form. And put

$I_{k}( S(X), T(X))=\int_{A_{k}}\{S(X)K_{f}^{k}\cdot T(X)\kappa_{k}-K_{f}^{k}\cdot S(-X)T(X)\kappa_{k}\}d_{k}a$ .

Set $\alpha_{F}=\alpha_{n-2k-1,n-2k},$ $\alpha_{T}=\alpha_{n-2k,n-2k+1}\in\Sigma(\mathfrak{a}_{k})$ . For any element $\alpha$ of $\Sigma(\mathfrak{a}_{k})$ , put
$W(A_{k} ; H;\alpha)=\{w\in W(A_{k} ; H) ; w\{\pm\alpha\}=\{\pm\alpha\}\},$ $N_{\alpha}^{k}=|W(A_{k} ; H)|/|W(A_{k} ; H:\alpha)|$

and $\Pi_{\alpha}^{k}=\{a\in A_{k} ; \xi_{\alpha}(a)=1\}$ . Let $d_{F}a$ (resp. $d_{T}a$ ) be the Haar measure on $\Pi_{a_{F}}^{k}$

(resp. $\Pi_{a_{T}}^{k}$ ) satisfying $d_{F}ad\varphi_{n-2k}=d_{k}a$ (resp. $d_{T}$ a $dt_{k}=d_{k}a$ ). Using these nota-
tions, define

$IB,$ $k= \frac{N_{\alpha_{F}}^{k}}{i|\alpha_{F}|}w\in\ovalbox{\tt\small REJECT}_{(\mathfrak{a}_{k})}^{\zeta(w)\alpha_{F}(X_{J_{p}}^{w})}$

$\cross\int_{\Pi_{\alpha_{F}}^{k}}(X_{j_{p+1}}^{w}X_{j_{p+}\circ\triangle}^{w}\cdots X_{j_{r}}^{w}K_{f}^{k})[X_{j_{p-1}}^{w}X_{j_{P^{-2}}}^{w}\cdots X_{j}^{w}T(X)\kappa_{k}]_{-0}^{\alpha_{F}=+0}d_{F}a$

and

$I\not\in,$ $k= \frac{N_{\alpha_{T}}^{k}}{|\alpha_{T}|}w\in\ovalbox{\tt\small REJECT}_{(\mathfrak{a}_{k})}^{\zeta(w)\alpha_{T}(X_{J_{p}}^{w})}$

$\cross\int_{\Pi_{\alpha_{T}}^{k}}[X_{J_{p+1}}^{w}X_{J_{p+2}^{w}}\cdots X_{J_{r}}^{w}K_{f}^{w}]_{-0}^{\alpha_{T}=+0}(X_{J_{p-1}^{w}}X_{J_{p-2}^{w}}\cdots X_{J_{1}^{w}}T(X)\kappa_{k})d_{T}a$

where

$[P(X)\kappa_{k}]_{-0}^{\alpha p=+0}=[P(X)\kappa_{k}]_{\varphi_{n-2k-1}}=\varphi_{n-2k^{+0}}-[P(X)\kappa_{k}]_{\varphi_{n}- 2k-1^{=}\varphi_{n}- 2k^{-0}}$ ,

$[Q(X)K_{f}^{k}]_{-0}^{a_{T}=+0}=[Q(X)K_{f}^{k}]_{t_{h}=+0}-[Q(X)K_{f}^{k}]_{t_{k}=- 0}$ .

Then, we get

$[n/2] \sum\gamma_{k}I_{k}(S(X), T(X))=\sum^{r}(-1)^{p}\sum\gamma_{k}(I\#, k+If, k)$
$[n/2]$

$k=0$ $p=1$ $k=0$

$= \sum_{p=1}^{r}(-1)^{p}\sum_{k=0}^{[n/2]-1}(\gamma_{k}IB, k+\gamma_{k+1}I\beta.k+1)$

Let $\nu$ be the linear map from $(\mathfrak{a}_{k+1})_{C}$ onto $(\mathfrak{a}_{k})_{c}$ defined in \S 3. Put $\alpha=\alpha_{F}$

and $\beta=\alpha\cdot\nu$ . Then $\Pi_{\alpha}^{k}=\Pi_{\beta}^{k+1}=A_{k}\cap A_{k+1},$ $|\beta|=|\alpha|$ and $\gamma_{k}N_{\alpha}^{k}=\gamma_{k+1}N\beta^{+1}$ . From
Theorem 4.4, we get

$[X_{J_{p+1}}^{w’}X_{J_{p+2}}^{w’}\cdots X_{j_{\gamma}}^{w’}K_{f}^{k+1}]_{0}^{\underline{\beta}=+0}(a)=2i(X_{J_{p+1}^{w}}X_{J_{p+2}^{w}}\cdots X_{J_{r}^{w}}K_{f}^{k})(a)$ $(a\in(\Pi_{\alpha}k)’)$
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where $w’=\nu^{-1}\cdot w\cdot\nu$ and $(\Pi_{\alpha}k)’=$ { $a\in\Pi_{\alpha}k$ ; $\xi_{\lambda}(a)\neq 0$ for any $\lambda\in\Sigma(\mathfrak{a}_{k}),$ $\lambda\neq\pm\alpha$}.
Hence we have

$\gamma_{k}I_{F,k}^{p}+\gamma_{k+1}I_{T,k+1}^{p}$

$= \frac{\gamma_{k}N_{\alpha}^{h}}{i|\alpha|}w\in\delta_{(0)}^{\zeta(w)\alpha(X_{J_{p}^{w}})}k$

$\aleph\int_{\Pi_{\alpha}^{k}}(X_{Jp+1}^{w}X_{j_{p+2}}^{w}\cdots X_{J_{r}^{w}}K_{f}^{k})\{[X_{J_{p-1}^{w}}X_{J_{p-2}}^{w}\cdots X_{J_{1}}^{w}\cdot T(X)\kappa_{k}]_{-0}^{\alpha=+0}$

$-2(X_{J_{p-1}}^{w^{J}}X_{J_{p-2}}^{w^{l}}\cdots X_{j_{1}}^{w’}T(X)\kappa_{k+1})\}d_{F}a$ .
Among the terms of the right-hand side, we consider the sum of the two

terms corresponding to $w$ and $S_{\alpha}w$ . From the conditicn (a-3) of $\tilde{\kappa}_{k}$

$[(P(X)-P(S_{\alpha}X))\kappa_{k}]_{-0}^{\alpha=+0}(a)=2(P(X^{\nu^{-1}})-P((S_{\alpha}X)^{\nu^{-1}}))\kappa_{k+1}(a)$ $(a\in(\Pi_{\alpha}k)’)$

where $P(X)=X_{J_{p-1}}^{w}X_{J_{p-2}}^{w}\cdots X_{j_{1}}^{w}T(X)$ . And from Lemma 6.1 (ii), we get

$Q(X)K_{f}^{k}(a)=Q(S_{\alpha}(X))K_{f}^{k}(a)$ $(a\in(\Pi_{\alpha}k)’)$

where $Q(X)=X_{J_{p+1}}^{w}X_{Jp+2}^{w}\cdots X_{Jr}^{w}$ . Then the sum is equal to $0$ and $\gamma_{k}I\#.k+\gamma_{k+1}I\not\in.k+1$

$=0$ . Hence we obtain $\sum_{k=0}^{[n/2]}\gamma_{k}I_{k}(S(X), T(X))=0$ . Q. E. D.

Let $\tilde{\kappa}_{k}(a)(0\leqq k\leqq[\frac{n}{2}])$ be analytic functions on $A_{A}’$ . Define an analytic

function $\Phi(x)$ on $M’$ by

(6.7) $\Phi(x)=\xi_{\Lambda_{0}}(a)^{-1}\Delta_{k}(a)^{-1}\tilde{\kappa}_{k}(a)$ for $x=y$ a $y^{-1}\in M’$ $(y\in H, a\in A_{k}’)$ .

THEOREM 6.3. Let $\tilde{\kappa}_{k}(0\leqq k\leqq[\frac{n}{2}])$ be analytic functions on $A_{k}’$ satisfying con-

ditions (a-1), (a-2) and (a-3). Let $\Phi(x)$ be an analytic functicn on $M$ given by (6.7).

Then $\Phi(x)$ defines an invariant spherjcal distribution on $M$ as follows: for $f\in C_{c}^{\infty}(M)$

$f$ – $\int_{M},f(x)\Phi(x)dx=\sum_{k\subset 0}^{[n/2]}\gamma_{k}\int_{A_{k}’}K_{f}^{k}(a)\kappa_{k}(a)d_{k}a$ .

PROOF. The H-invariance of $\Phi$ is derived from the definition (6.7). Then
we consider the property (ii) of Definition 5.1. From Lemma 6.1, for any $D\in \mathfrak{Z}$,
there exists a symmetric polynomial $S_{D}(x_{1}, \cdots , x_{n})$ in n-indeterminates satisfying

$K_{\partial_{l}(D)f}^{k}(a)=S_{D}(X)K_{f}^{k}(a)$ $(a\in A_{k}’)$ .

Let $Earrow E(E\in U(\mathfrak{a}\xi))$ be the anti-automorphism of $U(\mathfrak{a}_{k}^{c})$ induced by $X-*-X(X\in \mathfrak{a}_{k}^{c})$ .
Then $S_{\hat{D}}(X)=S_{D}(-X)$ . From the condition (a-3) of $\tilde{\kappa}_{k}$ , there exists a row of
.complex constants $l=(l_{1}, l_{2}, \cdots , l_{n})$ such that for any $D\in \mathfrak{Z}$

$S_{D}(X)\kappa_{k}(a)=S_{D}(l)\kappa_{k}(a)$ .
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Define the homomorphism $\lambda:\mathfrak{Z}arrow C$ by $\lambda(D)=S_{D}(l)(D\in \mathfrak{Z})$ . Using these properties
and Lemma 6.2, we get for any $f\in C_{c}^{\infty}(M)$

$( \Phi, \partial_{l}(D)f)=I\sum_{k=0}\gamma_{k}\int_{A_{k}}S_{\hat{D}}(X)K_{f}^{k}(a)\cdot\kappa_{k}(a)d_{k}a$

$= \zeta\sum_{k=0}\gamma_{k}\int_{A_{k}}S_{D}(-X)K_{f}^{k}(a)\cdot\kappa_{k}(a)d_{k}a$

$= I\sum_{k=0}\gamma_{k}\int_{A_{k}}K_{f}^{k}(a)\cdot S_{D}(X)\kappa_{k}(a)d_{k}$ a

$= I\sum_{k\Rightarrow 0}\gamma_{k}\int_{A_{k}}K_{f}^{k}(a)\cdot S_{D}(l)\kappa_{k}(a)d_{k}a$

$= \lambda(D)I\sum_{k=0}\gamma_{k}\int_{A_{k}}K_{f}^{k}(a)\cdot\kappa_{k}(a)d_{k}a$

$=\lambda(D)(\Phi, f)$ .

Hence we obtain $\partial_{l}(D)\Phi=\lambda(D)\Phi$ . Q. E. D.

\S 7. Tempereci invariant spherical distributions of height $r$ .
Let $\Phi$ be any invariant spherical distribution on $M$, then $\Phi$ coincides with

an analytic function on $M’$ . Define analytic functions $\tilde{\kappa}_{k}(a)(0\leqq k\leqq[\frac{n}{2}])$ on $A_{k}’$

by

(7.1) $\tilde{\kappa}_{k}(a)=\Delta_{k}(a)\xi_{\Lambda_{0}}(a)\Phi(a)$ $(a\in A_{k}’)$ .

Define an order on $\{A_{k}$ ; $0 \leqq k\leqq[\frac{n}{2}]\}$ as $A_{p}<A_{q}$ if $p<q$ . We call an invariant

spherical distribution $\Phi$ is of height $r$ if $\tilde{\kappa}_{k}=0$ for any $k>r$ and $\tilde{\kappa}_{r}\neq 0$ . If $\Phi$ is
of height $r$ , then $\tilde{\kappa}_{r}(a)$ is expressed as

(7.2)
$\tilde{\kappa}_{r}(a)=\sum_{\sigma\in S_{n}}p(x:A)e^{(x.\sigma c)}$

$(x=\log a, a\in A_{\gamma}’)$

for some $c=(c_{1}, \cdots , c_{n})\in C$, where $p(x : A)$ is a polynomial function on a con-
nected component $A$ of $A_{r}’(F)$ and $S_{n}$ is the symmetric group of $n$ letters. We
call $\Phi$ exponential if all $p(x;A)$ are constants. We define exponential tempered
invariant spherical distributions of height $r$ which will contribute to the Fourier
inversion formula on $M$ as follows.

For $l=(m-i\lambda)/2(m\in Z, \lambda>0)$ , define a function on $C^{*}=C-(O)$ by

(7.3) $\xi(l;e^{z})=e^{im\theta}(e^{i\lambda t}-e^{-i\lambda t})$ $z=t+i\theta$ $(t, \theta\in R)$ .
Set $T=\{e^{i\varphi} ; \varphi\in R\}$ . We define a function $D(l:)$ on $T\cross T$ according to the
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following two cases. For $l=(m-i\lambda)/2(m\in 2Z, \lambda>0)$ , put

(7.4) $D(l:e^{i\varphi_{1}}, e^{i\varphi_{2}})= \frac{2e^{im\theta}\cosh\lambda(|\psi|-\pi/2)}{\sinh\pi\lambda/2}$

where $\varphi_{1},$
$\varphi_{2}\in R,$ $\theta=(\varphi_{1}+\varphi_{2})/2$ and $\psi\equiv(\varphi_{1}-\varphi_{2})/2(mod \pi, -\pi/2<\psi<\pi/2)$ . For

$1=(m-i\text{\‘{A}})/2(m\in 2Z+1, \lambda>0)$ , put

(7.5) $D(l:e^{i\varphi_{1}}, e^{i\varphi_{2}})=- \frac{2e^{tm\theta}\sinh\lambda(|\psi|-\pi/2)}{\cosh\pi\lambda/2}$

where $\varphi_{1},$
$\varphi_{2}\in R,$ $\theta=(\varphi_{1}+\varphi_{2})/2$ and $\psi\equiv(\varphi_{1}-\varphi_{2})/2(mod 2\pi, 0<|\psi|<\pi)$ .

Fix an integer $r(0 \leqq r\leqq[\frac{n}{2}])$ . Let $c=(c_{1}, c_{2}, \cdots , c_{n- 2\mathcal{T}})$ be a row of integers

satisfying $c_{1}>c_{2}>\ldots>c_{n-2\tau}$ . Let $(m_{1}, m_{2}, \cdots , m_{\gamma})$ be a row of any integers.
And let $(\lambda_{1}, \lambda_{2}, \cdots , \lambda_{\gamma})$ be a row of real numbers satisfying $\lambda_{1}>\lambda_{2}>\ldots>\lambda_{r}$ . Put
$l_{p}=(m_{p}-i\lambda_{p})/2(1\leqq p\leqq r)$ and set $l=(l_{1}, l_{2}, \cdots , l_{r})$ . We call such a $(c, 1)$ is of
type $r$ . For $(c, l)$ of type $r$ , define analytic functions $\tilde{\kappa}_{k}(c, 1:a)$ on $A_{k}’$

$(0 \leqq k\leqq[\frac{n}{2}])$ by

(7.6) $\tilde{\kappa}_{k}(c, l:a)=\{\begin{array}{ll}0 a\in A_{k}’(r<k\leqq[\frac{n}{2}]),\sigma(n-2r+1)\sigma\in\partial_{P_{\sigma(n-2r+2)}^{-2k^{\tau\in}}}S_{k}\nu(\nur(-1t^{\nu\in}+<i^{<D(\mathcal{T}-k)})<\cdots<\nu(r)E_{r}^{\epsilon_{F}^{k}(a)\xi_{\Lambda_{0}}(a)} \sigma(n-2k-1)<\sigma(n-2k) \cross\exp(i(c_{1}\varphi_{\sigma(1)}+ \cdot.. +c_{n-2r}\varphi_{\sigma(n- 2r)})) \cross\prod_{p=1}^{r-k}D(l_{\nu(p)} : e^{i\varphi_{\sigma(n-2r+2p- 1)}}, e^{i_{\psi\sigma(n-2r+2p)}}) \cross\square ^{k}\xi(l_{v(r-k+p)} : e^{z_{\tau(p)}}) a\in A_{k}’(0\leqq k\leqq r).p=1 \end{array}$

These functions $\tilde{\kappa}_{k}(c, l:a)$ satisfy conditions (a-1), (a-2) and (a-3). Then from
Theorem 6.3, we get an invariant spherical distribution $\Phi^{r}(c, l)$ on $M$. Put
$\kappa_{k}(c, l:a)=(\epsilon_{F}^{k}\xi_{\Lambda_{0}}^{-1}\tilde{\kappa}(c, l:))(a)$ .

\S 8. The expansion formula on $M$.
Let $L($ $)$ be the elementary alternating function in n-indeterminates defined

by $L(x_{1}, x_{2}, \cdots , x_{n})=$
$\prod_{1\leqq p<q^{g}n}$

$(x_{p}-x_{q})$ . Denote a differential operator $L(X_{1},$ $X_{2}$ ,

, $X_{n}$) on $A_{k}$ simply by $L$ where $X_{1},$ $X_{2},$ $\cdots$ , $X_{n}$ are given by (5.3). For any
$f\in C_{c}^{\infty}(M)$ , define

(8.1) $G_{f}^{k}(a)=\gamma_{k}LK_{f}^{k}(a)$ $a\in A_{k}’$ .
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From Lemma 6.1, each $G_{f}^{k}(0 \leqq k\leqq[\frac{n}{2}])$ has the following properties.

(i) $G_{f}^{k}$ is zero outside some relatively compact subset of $A_{k}’(T)$ and can
be extended to a continuous function on the whole $A_{k}$ .

(8.2) (ii) $G_{f}^{k}$ can be extended to a $C^{\infty}$-function on the closure of every connected
component of $A_{k}’(T)$ .

(iii) For $w\in W(A_{k} ; H)$

$G_{f}^{k}(wa)=\epsilon’(w)G_{f}^{k}(a)$ $a\in A_{k}’$

where $\epsilon’(w)$ is defined by $(\epsilon_{F}^{k}\xi_{\Lambda_{0}})(wa)=\epsilon’(w)(\epsilon_{F}^{k}\xi_{\Lambda_{0}})(a)$ .

LEMMA 8.1. There exists a non zero constant $\gamma^{*}such$ that for any $f\in C_{c}^{\infty}(M)$

(8.3) $G_{f}^{[n/2]}(e)=\gamma^{*}f(e)$

where $e$ is the unit element of $G$ .
PROOF. This property depends on the local structure around $e$ . Let $h\in C_{c}^{\infty}(H)$

and $\Phi f^{n/2l}$ be the Harish-Chandra transform relative to the fundamental Cartan
subgroup $B_{[n/2]}$ of $H$ (Warner [30], \S 8.5). $K_{f}^{[n/2]}$ and $\Phi_{h}^{[n/2]}$ have the same local
properties around $e$ . From Theorem 8.5.1.6 in Warner [30], we obtain the as-
sertion. Q. E. D.

For $l=(m-i\lambda)/2(m\in Z, \lambda>0)$ , dePne a function $\xi’(1:)$ on $C^{*}$ by

(8.4) $\xi’(1:e^{z})=-e^{im\theta}(e^{i\lambda t}+e^{-i\lambda t})$ $z=t+i\theta(t, \theta\in R)$ .

And we define a function $D’(l$ : $)$ on $T\cross T$ according to the following two cases.
For $l=(m-i\lambda)/2(m\in 2Z, \lambda>0)$

(8.5) $D’(l:e^{i\varphi_{1}}, e^{t\varphi_{2}})= \frac{2e^{im\theta}\sinh\lambda(|\psi|-\pi/2)}{\sinh\pi\lambda/2}$ sgn $\psi$

where $\varphi_{1},$
$\varphi_{2}\in R$, $\theta=(\varphi_{1}+\varphi_{2})/2$ and $\psi\equiv(\varphi_{1}-\varphi_{2})/2(mod \pi, 0<|\psi|<\pi/2)$ . For

$l=(m-i\lambda)/2(m\in 2Z+1, \lambda>0)$ , set

(8.6) $D’(l:e^{t\varphi_{1}}, e^{i\varphi_{2}})= \frac{-2e^{im\theta}\cosh\lambda(|\psi|-\pi/2)}{\cosh\pi\lambda/2}$ sgn $\psi$

where $\varphi_{1},$
$\varphi_{2}\in R,$ $\theta=(\varphi_{1}+\varphi_{2})/2$ and $\psi\equiv(\varphi_{1}-\varphi_{2})/2(mod 2\pi, 0<|\psi|<\pi)$ .

Fix an integer $r(0 \leqq r\leqq[\frac{n}{2}])$ and take $(c, 1)$ as in \S 7. Using the above

notations, define functions $\kappa_{k}’(c, l:a)$ on $A$ by
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Then we obtain $L \kappa_{k}(c, l:a)=L(c, l)\kappa_{k}’(c, 1:a)(0\leqq k\leqq[\frac{n}{2}])$ where $L(c, 1)=$

$L$ ( $c_{1},$
$\cdots$ Cn-2r’ $l_{1},\overline{l}_{1},$ $\cdots$

$l_{r},\overline{l}_{r}$).

LEMMA 8.2. For $0<|\psi|<\pi/2$ , we get

(i) $\int_{0}^{\infty}\frac{\sinh\lambda(\pi/2-|\psi|)}{\sinh\pi\lambda/2}$ sgn $\psi d\lambda=\cot\psi$ ,

(ii) cot $\psi=i\sum_{n=1}^{\infty}(e^{-2in\psi}-e^{2in\psi})$ (as a perjOdjc distribution).

PROOF. The assertion (i) is given by [18]. To prove (ii), we take a $C^{\infty}-$

function $U(t)$ on $(-\infty, \infty)$ satisfying

supp $(U(t))\subset[-1,1]$ ,

$\sum_{n=-\infty}^{\infty}U(t+n)=1$ .

We have

$\frac{2}{\pi}\int_{-\infty}^{\infty}\cot tU(\frac{t}{\pi})$ cos $mtdt=0$ $(m=0,1, 2, )$ ,

$\frac{2}{\pi}\int_{-\infty}^{\infty}\cot tU(\frac{t}{\pi})$ sin $ntdt=\{\begin{array}{ll}0 (n=1,3, 5, )2 (n=2,4, 6, ).\end{array}$

Then the Fourier series

cot $t=2 \sum_{p=1}^{\infty}$sin $2pt=i\sum_{p=1}^{\infty}(e^{-2ipt}-e^{2ipt})$

is convergent as a distribution. Q. E. D.

LEMMA 8.3. For $0<|\psi|<\pi(|\psi|\neq\pi/2)$ , we obtain

(i) $\int_{0}^{\infty}\frac{\cosh(|\psi|-\pi/2)\lambda}{\cosh\pi\lambda/2}$ sgn $\psi d\lambda=sgn\psi$ sec $(|\psi|-\pi/2)$ .
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(ii) sgn $\psi$ sec $(| \psi|-\pi/2)=i\sum_{n=0}^{\infty}(e^{-i(2n+1)\psi}-e^{i(2n+1)\psi})$ (as a perjodjc distribution).

PROOF. The formula (i) is also given by [18]. Put $f(t)=sgns$ sec $(|s|-\pi/2)$

( $t\equiv s$ mod $2\pi,$ $0<|s|<\pi$). And from

$\frac{1}{\pi}\int_{-\infty}^{\infty}f(t)U(\frac{t}{2\pi})$ cos $mtdt=0$ $(m=0,1, 2, )$ ,

$\frac{1}{\pi}\int_{-\infty}^{\infty}f(t)U(\frac{t}{2\pi})$ sin $ntdt=\{\begin{array}{ll}0 (n=2,4, 6, )2 (n=1,3, 5, ),\end{array}$

we get the assertion (ii). Q. E. D.

LEMMA 8.4. For any integer $m$ and any Positive number $\lambda$ , put $l=(m-i\lambda)/2$ .
Let $G(e^{i\varphi_{1}}, e^{i\varphi_{2}})$ be a $C^{\infty}$-function on $T\cross TsatisfyingG(e^{i\varphi_{1}}, e^{t\varphi_{2}})=-G(e^{i\varphi_{2}}, e^{i\varphi_{1}})$ .
Then we obtain

$\sum_{m}\int_{0}^{\infty}\int_{\varphi_{1},\varphi_{2}\in[- 7\tau.\pi]}G(e^{i\varphi_{1}}, e^{i\varphi_{2}})D’(l;e^{t\varphi_{1}}, e^{t\varphi_{2}})d\varphi_{1}d\varphi_{2}d\lambda$

$=4i \sum_{m_{1}>m_{2}}\int_{\varphi_{1}.\varphi_{2}\in[-\pi,\pi]}G(e^{t\varphi_{1}}, e^{i\varphi_{2}})\exp(i(m_{1}\varphi_{1}+m_{2}\varphi_{2}))d\varphi_{1}d\varphi_{2}$ .

PROOF. Applying Lemma 8.2 (resp. Lemma 8.3) to even integers $m$ (resp.

odd integers $m$), we get the assertion of the lemma. Q. E. D.
For $(c, l)$ of type $r$ , put

$|(c, l)|= \sum_{p=1}^{n-2r}c_{p}^{2}+\sum_{q=1}^{r}(m_{q}^{2}+\lambda_{q}^{2})/4$

LEMMA 8.5. Let $f\in C_{c}^{\infty}(M)$ . For any positive integer $N$, there exists a $pos\iota-$

tive constant $M_{N,f}$ such that for any $(c, l)$ of type $r$ the following equality holds:

(8.8) $|1+|(c, l)||^{N}|(\Phi^{r}(c, l),$ $f$) $|\leqq M_{N.f}$ .
PROOF. For any $D\in \mathfrak{Z}$, we get

$S_{D}(c, l)(\Phi^{\gamma}(c, l),$ $f$) $=(\partial_{l}(D)\Phi^{r}(c, l),$ $f$ )

$=(\Phi^{r}(c, l),$ $\partial_{\iota}(D)f)$ .
For any $h\in C_{c}^{\infty}(M)$ , put $M_{h}= \sum_{k=0}^{[n/2]}\sup_{a\in A_{k}’}|K_{h}^{k}(a)|$ . Then there exists a positive con-
stant $s$ such that for any $(c, l)$

$|(\Phi^{r}(c, l),$ $h$ ) $|\leqq sM_{h}$ .
Then, by the relation

$|S_{D}(c, l)||(\Phi^{r}(c, 1),$ $f$ ) $|=|(\Phi^{r}(c, l),$ $\partial_{l}(D)f)|$

$=sM_{\partial_{l}(\hat{D})f}$
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and Lemma 3.2 in [10], we obtain the assertion. Q. E. D.

COROLLARY 8.6. The series

$\sum_{c.m}(\Phi^{r}(c, l),$
$f$ ) $=$$\sum_{c_{1}=-\infty}^{\infty}$

. .. $\sum^{\infty}$ $\sum^{\infty}$ ... $\sum^{\infty}$

$(\Phi^{\gamma}(c, 1),$ $f$ )
$c_{n- 2r}=-\infty m_{1}=-\infty$ $m_{\gamma}=-\infty$

is absolutely covergent and the convergence is uniform with respect to $(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{r})$

$\in R^{r}$ .

Let $(c, 1)$ be of type $r(0 \leqq r\leqq[\frac{n}{2}])$ . Put for $f\in C_{c}^{\infty}(M)$

(8.9) $I_{r^{=\sum_{c_{1}>\cdots>c_{n}}\int_{\lambda_{1}>\cdots>\lambda_{r>0}}(\Phi^{\gamma}(C}-2\gamma},$ $1$), $f$ ) $L(c, l)d\lambda_{1}$ . .. $d\lambda_{r}$ .
$m_{1},\cdots.m_{r}$

The Fourier transform of $G_{f}^{k}(a)$ is given by

(8.10) $J_{k}= \sum_{c_{1}\ldots..c_{n-2k}}\int_{\lambda_{1}.\cdots,\lambda_{k}}\int_{A_{k}}G_{f}^{k}(a)$ exp $(i(c_{1}\varphi_{1}+\cdots+c_{n- 2k}\varphi_{n- 2k}+m_{1}\theta_{1}$

$m_{1}\ldots.,m_{r}$

$+\cdots+m_{k}\theta_{k}+\lambda_{1}t_{1}+\cdots+\lambda_{k}t_{k}))d_{k}ad\lambda_{1}\cdots d\lambda_{k}$ .

Using above lemmas and Lemma 6.2, we get

(8.11) $I_{\gamma}= \sum_{k=0}^{r}\gamma_{r,k}J_{k}$ $(0 \leqq r\leqq[\frac{n}{2}])$

where $\gamma_{r,k}=\frac{(n-2k)!i^{r- k}(-1)^{k}}{(n-2r)!(r-k)!}(0\leqq k\leqq r)$ .
Define an upper triangular matrix $A$ by

(8.12) $A=(\begin{array}{llll}\gamma_{[n/2],[n/2]} \cdots \gamma_{[n/2],1} \gamma_{[n/2],0} \vdots \vdots 0 \gamma_{1,1} \gamma_{1.0} \gamma_{0,0}\end{array})$ .

Then by the relation $A=A^{-1}$ , we have

(8.13) $J_{[n/2]}= \sum_{r=\cup}^{[n/2]}\gamma_{[n/2].r}I_{r}$ .

THEOREM 8.7. For any $f\in C_{c}^{\infty}(M)$ , we obtain

(8.14) $c_{0}f(e)= \subset\sum_{r=0}\gamma_{[n/2],r_{C_{1}>}}..\sum_{>c_{n}}-2r\int_{\lambda\theta\cdot>\lambda_{r>0}}(\Phi^{r}(c, l),$ $f$ ) $L(c, l)d\lambda_{1}\cdots d\lambda_{\gamma}$

$m_{1}\ldots.,m_{r}$

where $c_{0}=(2\pi)^{n}\gamma^{*}$ and $\gamma^{*}$ is a constant in Lemma 8.1 which is independent on $f$ .
PROOF. From Lemma 8.1 and (8.13), we get the assertion of the theorem.

Q. E. D.
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