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1. Introduction.

The approximate functional equation is one of the most powerful formulae
for the Riemann zeta function {(s). Although the O-term is complicated, it can
be replaced, due to C.L.Siegel [1], by an asymptotic series. We may write

this as follows. Let s=o-+it (¢>0), let mz[\/ 5%], and let a, be the coeffi-
cients of Taylor’s expansion of the function

¢(z):exp((s»—l) log (1+%)—i\/72%—%zz)

at the point z=0, i.e. ¢(z)= i a,z". Put
n=0

2
cosa( 2 —z—L)
V()= coswz ’

and define, for every positive integer N,

=28 e G e (o),

k-n

If 0=0=1, and N<At, where A is a sufficiently small constant, then

ts)=Fn-et- <2”>

n=1

*‘S) ﬁ)lns—l_{_(___l)m—le—i: (s~1),’2<27:t)(s—1)/2

Xe"t/z"’/sf(l*s)(Swl—O( AN ) )+O(e“‘“)).

The purpose of this paper is to construct some other asymptotic series of
£(s). Our theorem is the same as Siegel’s formula except for the sum Sy, the
O-terms, and the conditions. In particular our sum Sy is defined as a function
of 2g variables p;, ps -+, Pg M1, Ma -+, Ny, so that if we take suitable 2g
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variables, then we obtain some new asymptotic series of {(s) (see the corollaries).
A key idea in our proof is the fact that ¢(z) can be approximated by the sum

of exponential functions 28_) P(z)exp(pxt™"2).

1 .
Let » be a real number not less than 5 let g be an integer not less than
2, let pi, ps, -+, p, be mutually distinct complex numbers, and let ny, n,, -+, n,
be nonnegative integers. Put

N=3 (ns+D),

.’\/[:maX(l, IPlI; I,Oz[; Ty ngl):
B= min |pr—pxl,

1sk<hsg
and

bone 1 é 3T -t (h—ut+t

fk(Pk) a=0 j=0  ul(h—u)!

( Pk) fk]ah. u+JtTU w

(1=2k=g, 0=h=n,
where f.(z) and f,; are defined by the relation

N-ng-1
fia=M Gpr=" 5 fuz  (=k=g).
q#k

=
Let Sy denote the sum

nk [h/2] h-2q hlga-n

/_2- i -r\h-j-2
q!j!(h—j—zqnzn\n) ben(p ™M)

X eXp(——i—pit‘zT)W(]’(J; —-Zm—-v%; pu‘“’) )
then we have the following theorem.
THEOREM. [If 0=<0=1, and N-+M?<At, where A is a sufficiently small

constant, then

C(s)___ 2 —s_]__ ( ”)S Sin""“”F(l—S) 2 ns 1+( l)m—le—in(8—1)/2(271.1»)(8—1)/2

n=1

><e-“m-”/snl—s)(sNJro(eM(N;f:f G)N“)Jro(( ) a9rNyrve-ar)).

If we take g=N, n,=0 (1=k=g), and p,=ik, then we have B=1, N=M,
and
fry=(=1N-1uyN-1+i¢,, (1=sk=g, 0=j=N-1),

where ¢,; are the positive integers defined by
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H (z+q)= 2 cri?d (1ZkZg).
q#k

We have further

fk(pk)—“]:[(Zk—ZQ) (—=D¥=FiVH(k—DUN—R)!,

q#k
so that
g D
bro= JEO(N_mckjajt .

We thus obtain the following corollary.

COROLLARY 1.

U ]‘( l)k1 rJ Z 24-27 _z_t__
Z=) ; (ijckjajt JeXp(-Zkt )IF( 2m —!—7::2‘ )

and the sum of O-terms is

N2\ N/s

0((7—) )+0((197’N)"”Ne’4‘).

We now take g=N, n,=0 (1=k=g), and p,=w*, where w=exp2ri/N).
Then we have B>—le, M=1, and

N-1
> feel= H (e—e)=a* YV [T (@ *z—wtH)=w"* Z w2,
j=0 q=1 Jj=0

q$k q+k

so that

Therefore we obtain the following corollary.

COROLLARY 2.

Sy= NZ=) NZ) w*a t”exp(———a)“t““ J~—2n1—7Tw t )

1
N

and the sum of O-terms is

O((Ntm)N/6)+O((19rN)5TNe‘A‘) .

REMARK. If we take g=1, and p,=0, ignoring the assumption of g=2,
then we get Siegel’s asymptotic series with indeterminate O-terms.
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2. Lemmas.

We need four lemmas to prove the theorem,.
Vinogradov’s symbol “<”.

LEMMA 1. b;:< 2NM )NNmt*"/“("”‘”“"'"k'”
eB )
PrROOF. We first prove that
1) a, L (n+1t e,

In this paper we

We use mathematical induction with respect to n. Suppose that

la;| SG+De-ir (1<7<n).

Then, from the fact ([3], p. 75) that a,=1, aI:g\/;t-}—, and

(].—}—1)\/761]‘+1:(0'—'].—1)aj'+l'aj-2
we get
lo—n—1] 1

[anﬂlé*(m‘?fanl‘}‘

GWI [

(7=2),

. 2
é(n__i__l)t—(n-{-l) /2+0(n+1) /3]+(1_ )t— (n+1)/2+[(n+1) /8]

n-+1
§<n+2)t—(n+l)/2+[(n+l)/3] R
Therefore we have (1), so that

4 . N-nk-1 (h_u+]')1
—_— e ng—1
ben= gl%e (Pr—pg " ugo Py -

(=) rjQn-usst™7

use

N-ng-1
<<B-(N~nk~1) Zh) -Ei (N——l)!M“(ZM)N'"k_I(h—u+]'+1)t_(h_u+j’/6tr(j'“),
u=0  j=

since

| s SAHMY et S @MY et

We thus have

bkh<<B_Ni’V2(N"—1)!Mnk(zM)N_nk—th_h/6+(r—1/6) (N-np-1)

<<(_2BM)NN2N!t—h/6+(r—-1/6)(N—nk—1) .

By using Stirling’s formula ([4], p. 253), we obtain

2NM
eB

bkh<<<

N
) N5/2t-—h/6+(r—1/6) (N-np-1
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LEMMA 2. Define the function Ry(z) by
g Nk .
2) Ry@)=¢(2)— 25 3 bppzter ™%,
F=1 h=0

Then Ry(z) vanishes at z=0 with an order not less than N.

PrROOF. We are going to determine g polynomials P,(z) (1=k=g) of degrees
np (1=k=g) such that the function

® f@=(@)— 3 Pyfe)ers

vanishes at z=0 with an order not less than N. If we write the polynomials
with indeterminate coefficients and equate the terms of order 0, 1, ---, N—1 in
the power series expansions of both sides of (3), then we obtain a system
{L($)=0} composed of N linear equations for the N unknown -coefficients in
the polynomials. We recall our problem has a unique solution in the case of
d(2)=cz¥1/(N—-1)!, where ¢+#0 ([2], p. 13, in which Siegel use the notation N
instead of N—1). Thus, in this case, the coefficient matrix of the linear equations
{L{¢)=0} with the N unknown variables has the rank N. On the other hand,
the coefficient matrix of {L;(¢)=0} is the same for every ¢(z). It follows that

our problem has a unique solution in the case of ¢(z):exp((s——1)log(1+;—/—z—?~>
Tt
vtz K )
It is convenient to use the differential operator D=d/dz. Let j, be an

integer satisfying 1=<j,=<g and j,#k. If we multiply both sides of (3) by
exp(—p;,t~"2), and differentiate n,+1 times, then we have

fi@)=e it T (D—p; t )"t ()

g
— Z e(Pq—le)t—Tz((pq_pjl)t—r+D)njl+1Pq(z) .
&
The function f,(z) vanishes at z=0 with an order not less than N—n;—1. Let
Jj» be an integer satisfying 1=<;,<g, j.#k, and j,#s,. If we multiply both
sides of the above equation by exp((o;,—p;,)t""2), and differentiate n;,+1 times,
then we get

fal@)=e 03 THD = p it (D= p it ()

— 3 e Paei (0= p )t D) ((pg— )t T+ D)t Py(2)

qa#J1

The function f,(z) vanishes at z=0 with an order not less than N—n Ny 2.
If we proceed in this way, then we have
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fealz)=e Pia-tT" qliIl (D—pgt )" ¢(2)
q+k

—e#Pig-Pt T (04— pt T+ D) Py(2).

G

The function f,-:(z) vanishes at z=0 with an order not less than n,41. We
now multiply both sides of the above equation by exp((p;,_,—pw)t "2). Then

we obtain

@) Flz)=e-e4t"s H (D—pd™) " ()
q#k
— H (pr—pt T+ D))" Py(2).
q+k

We notice that
2 e
Qr(2)=1I ((pr—p)Nt"+D) TPy(2)
ik
is a polynomial having the same degree as P,(z), and the function F(z) vanishes

at z=0 with an order not less than n,-+1. Therefore Q.(z) is the sum of the
first n,+1 terms of Taylor’s expansion of the function

ookt TI (D—pt~) " 4(2)
1ok
at the point z=0. Hence

nk —_— =T5\U% N-np-1 . N
Qo= 3 ORI TS Dy 3 0 (mod e

= =0
nk — L N-ng-1 . nk v I
=¢-rN-np-1 ugo _E_P;‘ ) ¥ P S rst” ;:_‘6 ( j)_'l‘)**azﬁjzv (mod z™**Y) ,
We thus obtain
kb Nenke1 (h—yf )] .
—3=T(N-np-1) h LA G u . 4rij-u)
©  Qua)=t BYE A ulhouy O

We next determine P.(z). From (4), we get

Pi@)= 11 (ps—pot ™+ D) "' Qu(2)
q#k
=m0 1 (p,—p) "0 2 (pa—po DY) Q2.
q+k

If we differentiate & times, and put z=0, then we have

hipan=hlgent ¥ -me=D II (ps—p) ™ (O<h<ny),
J=

J#kR
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where p:» and ¢, are the coefficients of z" in the polynomials P.(z) and Q.(z)
respectively. Therefore we obtain from (5)

nk
Pr(z)= hgo brnz".

It turns out that Ry(z) vanishes at z=0 with an order not less than N.

LEMMA 3. The function Ry(z) satisfies

2NM
eB

9261 20 (ZN va )1/ 3) ’

Ry(@<(* 5 25600 » 1215515

> Ns/aeMt-lelle (lf N<
and

2NV \N , Vi
. (14/29)1212 el 19/6 ,M ,12] <
Ry(2) & et (S ) Nersgten (if |2] V).

ProOF. We can write by

RN(Z): 1 S RN(LU)ZN dw

21 Jr w¥(w—z)

where [ is a contour including the points 0 and z. Therefore we have

Ry(z)= _LSFM dw

2ni Jr w¥(w—2)

]‘ s K& h- c-Tw_LN_
T 2m Z=: g Sr ek w—2z dw .

We know ([3], p. 76) that

1 gw)zy N/s
©) 27t Sr wN(w—z) (l | <2N\/t) )

2NA/ t\Ve
(N— B0 12 |“21( 1))
and
N

@ Zii SI‘ wqf"((ww)iz) dw=0(e*r) (lZl <\/t

We now choose I” a circle with center 0 and radius ¢ in order to evaluate the

\/t_

sum of the last N terms of the integrals for |z|< Let J denote the sum,

then we have from [Lemma 1

& S 2NM 5/24~h/6+(r=1/6)(N=np=1)4r(h-N) eMlziN <'\/T
1< 5 E(Cep) N e S (a5
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We thus have

J<(

NN'/2 M N 4 4 V/6+(r 1/6)(h 1)
b ez Z t—A - —nk -Tr
) 217 5 2

>N17V5/28MIZ[ N]\/Tt—N/G—.'S/G

<<(2eig/[-)szsl3eMllet—N/6 (]Z[§ﬂ),

since %6 < AN -%5 Tt follows that

2NM 818, | 5| Np-N 1o ~_ 9261 9261 20 72N/ F\V/3
®  J<—,5B ) Nk 2|t (V=ggget 141591 (F 1) )
20 (2NV t\'s_t 9261
because ——21< 5 ) = implies N< 25600t If we make use of the fact

«/t

that, for 1= |z| =~

£V 02| V27N 2] @I N ZN12-Pexp(|2|*7) SN2 exp(lz]),
we get

‘]<<(2NBM) N#/3g¥ N12-N1sexp(| z|) (lz]<\/t

\_/

Therefore we obtain by Stirling’s formula

(©) J< (LY g (12| <vh).

Hence we have from (6) and (8)

e ) (B s
<<( ZNéW) Nelsghy=N1o| 7| N (N: 29526%10t 2] = ;(1) (2Ng/?)1/3) ,

since B<2M. We have also from (7) and (9)

RN(Z)<<e(14/29)|z12+( 22/Z£\ZM )vaw/seMe[z] (|Z| §ﬂ)

This proves the lemma.

LEMMA 4. Let

2=tV (g )
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where x 1s real, and p=+/2xt; then we have

0y (A oo || )
_ 926 _40 2NV EY
(fN—zssolot Vo= (*s ),
and
u N<<e"p(% =) (* 2/Z\§M)NN wreevexp(| =)
. Vit
zf I«/Zn' = 3t)
Proor, If | x/% gé_g(ZNg/T)”* nd vz zzg (ZNg/t e then we have
) 2
so that we get from [Lemma 3
Uy <<(2Né\4) NB/2gMy-N16 72—~+\/7r (7%————771) !
<<(2Néw) N3y Mt V/SE( ) \/_2}?

(=gsat |vaz = (5",

since v/ <2. If we use an inequality

Oeielz (el +2)  osisw
then we obtain
Un< Z—NBM> N&/8eMp-NI6(N1-1)2¥ _]f:__lN+2N)
<<(4N113W ) Nn,geMrN,e( i ] _LZN)
( :29522010’ s l= ?sg (Zstt )").
We next consider the case that ! o I £, and V& <—Q. We then have
|vae + V(5 —m)| =5
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so that we get also from

U <exp(g l«/zn +Vr (Gh—m)

)
+(22/3N2M) N1e/s, Mexp }x/Zn —i—x/z( 7 )')

=)

I«/Zn

Hence

el

If we suppose ‘:/ﬁ—- 1 =116, then we have’ \/271_
we obtain

<~22/:‘£\§A£)NN19/69M6XP(\:/—;;{]+2)

PSR ()

UN<<exp I\/27r i+2

<<ex1°(mi NGz

This proves the lemma.

3. Proof of Theorem.

We recall an inequality for (s) ([3], p. 72). Let 5 be +/2xt, let ¢ be an
absolute constant, 0<c<—;—,
and —cy-+in(l—c), then we have

(2 n)s

and let C, be a line segment joining c¢n-+in(l+-c)

(11) E(s)= Z n— S1n——F(l—s) Z ns-?

e—ins ws le—mw

G Ta=9([, gyt O mimay),

where A is a sufficiently small constant. Here we consider the case where
le?—1|>A on C,, and ¢=275% Let

8-1 mw
[:S —nge*%iw,
02 e —
then we have ([3], p. 75)

dw
e¥—1

I:(2'77)3'lgczexp((s——l)log(l—l- “’;;’7 )—mw)
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It follows from (2) that
i1 S S e (0 E N
12) =) kz=)1 n§o ben C2€Xp( 4z (w—r) +( 27 \/ﬁpkt )(w )

~mw)( lzux;—?% >h ef"hﬁl

. ey w—iy) dw
+(@@n) lgczexp<4ﬂ (w m)+2n (w—in) mw)RN z'x/ZTr)ew—l'

We first estimate the last term of the above series. Let I; denote the

term, and put w—in= Zexp( ) where A is real, then we have

R W N & e [N B
oo (o)
XSffue"p(—%‘(v:—ﬁ(——m»z)

If we substitute —— for «/2‘ —~/7 (55—m) in the integral, then we obtain

Il<<77"‘1e“””2Sf:/3exp( i ) (e i"‘(\/zn +T (—2?_?”)) ‘dx

for $>120, since o<«/n“(%—m)<2. We thus have by (10)

RN(e—ni/4v§;)

‘dz.

Il<<no—le—nt/zgﬁ:gexp<—%>lUNidx .

From we get
Il<<na-1e-nc/2<S:exp(—— Lf; >(%)NN11/38MFN/6<
] exa(— g ) e~y | 7571

<<,7¢-le-,,;/z(( 4_2\73{\1) Nn,seMt-N,sS exp(— _%r_ )(( «/%)N +2N)dx

‘+S°°exp( 33647r)d +(23%ZM~) N”/GeMg:exp( = S \/2 —o—)dx),

2NV T

X

o ’N—I—ZN)dx

) ( 22N

i N“’“e”exp(‘jjzc—n_—-y))dx)

where «a is —( ) /27 . It follows that
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]1<<7]U—le—ﬂ-'5/2((_412\]_5{\4.>NN11/3eMt~N/62NI (_1;7_+_1__)

2
_|_(M NanseMt—N/e_I_exp(_ 1 (63(2]\7'\/ t )1/3VA))

eB 3364z
HEZAY el R )
because —-- 2N\/—)m>1. By using Stirling’s formula, we have
i< 77a—le_ﬂtlz(((_jév—)g/Zflﬁj\i) " N s

+(8Jevzjsw 5 ) Nee¥t Vi texp( 332(7)329 (ZNE/ T)m>

+(w> N1o/6pHe ( 329%% (ZN\/ ¢ )2/s>>

The last term can be written as

wl\’ 10/, My~ N 15 ¥ 1oy 200 /2Nt \¥/¢
( )N D~ (b))

¢’B 3969 5
: 200 72N~/ t\%¢ . 75312 N \~/s
N — = (LAV E —omiEi
The second factor ¢ "’exp( 3969( 5 ) ) has the maximum ( Sti5s )
6212
><exp(~%[—> for t:%, so that the last term is
22/3N2M N 6 M- 76312N N/g _—_iv__
<<(——eZB NP%eMt 6(—~—~21454 ) exp( 2)

(MY e

BG
6312
since ~27)5—4€~1—5—<1. Therefore we finally obtain
N13M6 N/e
g-1,-nt/2 M " "
(13) S R G ) .

In the first N terms of (12) we now replace C, by the infinite straight line
of which it is a part. We denote this new straight line by C;, and put

o1 & 7 YN L A\ s
= B 3 b, exv(—w—inr (G~ s —putT)w—ip)

9-Ca
. w—in \* dw
mo)( ior ) ee—1-
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We then get from [Lemma Il

Iz<<.'70'—~le—7rt/2 é Y (ZNM )NN5/2t—h/6+(T-1/6)(N—-nk-l)

i=1h=0\ eB
< el (e () v W)
«Ln’le _“/2(2 ) N5/ Zg) 3 $-hI6+(r=1/6)N
eB k=1 h=0

el A o Vo) 22
since 0</ (- —m)—Mrr </ +AHT<2, 1 we substitute % for

A —( 7 s .
\/27{——\/ i ( 5 —m)——Mt in the integral, then we have

n ) 2
L<p°" 1e-m/2( ZNéW) N2 i Zk t—h/6+(r—1/6)NSn/5exp(__ Zﬂ)

k=1 h=0
X (P«/*JZ%E_F V?(—z—v{»-—m)—l—Mt‘T)hdx s

éot >2. It follows that

ey oS e g G o))

because (\/2 +'\/7t(27r m)+Mt")n§(N+l)2N(<\/2C7r)h+2"). Here we es-

timate the term

(14) t-h/e+<r—1/e>zvg°;/sexp(_ic:_)(vfz%r:>hdx.
We can write the integrand as
)= ) (o)

The second factor is steadily decreasing for x=24"hz, and so throughout the
interval of integration if A is sufficiently small. Therefore the term is

exp(w

S GRS

<<t-h/6+(r—1/6)NeXp(___ 471. 5 5

<<t”‘1/‘””exp( (510 ZA) )exp(——At).
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The factor t"‘”‘”Nexp(—— ~5%——2A>t) has the maximum

r- 1
CoeM) ™ e g Y

1 1_
66__2f4 50 Zfl

2

so that the term is
(-
if A<§1lo—0—. It is easily verified that
:/sexp(— Z:: )2"dx<<(%( —%)N)(T_lle)Ne"“,
because 2h-r8<2r AMSN 2161 for sufficiently small A. Therefore we obtain

I, 77""le‘”"2(%>NN9’2(%(r—%)N)(T_1/6) Ne"“

t—h/6+(T~1/6)NS

,(15) <<77a—1e—nt/z(_]g_)N(lng)m-Ne—Az,

) 51 1
since ~e—<19, and 1—l—<r———6—)§37.

Let

nk

L=(ipy* 3

k=1 h=0

basiv/Zm) | exp(—w—in)®

The integral can be written as

i

—SLeXp(—Llér—(w—l-me'—in)Z—l—(?ﬂn—— N pat™ ) w+2mai—iz)—mw)

dw

X(w+2mei—in)* P

where L is a line in the direction argw:%, passing between 0 and 2z7. This

is h! times the coefficient of &* in Taylor’s expansion of the function
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_ 1 IR _pﬁ__; . N o dw
SLexp< ir (w+2mmi—in)*+ 2n Vo Pt —}—E)(w.me ) mw)ew_1

:—exp(z'(Zmn'—ﬁ)( iz_ - 7;1 \/%7’5 pkt"'—i-E))

el oo )2y

at the point §=0. We now recall ([3], p. 26) that

e(i/4n)w2+aw
S ——————dw=2mei" @25 (q)
L

e”—1
Therefore the function is

J

2n(—1)m-1exp(—’i— gﬂ;—ip%t'z") qf(—Z———Zm—-Vz:ﬂ‘pki““i—E)

=2n<—1)m-1exp(—i;-—Egi—ngrzr) 20 To(L—-2m— pst™) f;
&) SWEeed)

Hence we get

- . o
(16)  I,=(in)*™* kzi:l 3 banliv2r )-hhlzn(—-l)m-lexp(~7— —S——Zpkt‘“)

Ch/21h-2q

XX X qf‘j)(%—%n—\/%—ﬂpkt")

¢=0 j=o

X”JIT(%)Q(;(‘/ %” ) (h— ]'1—2(;)! '

For simplicity we have considered only the case where |e¥—1|>A on C..
In this case, if we take account of the fact that I=I,+1,+I,;, then we obtain
the theorem from 12), and (16). In the remaining case where
the path C, goes near a pole of 1/(e”—1), we have also the same result, by
using the technique in Titchmarsh ([3], p. 73). This completes the proof.
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