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$0$ . Introduction.

The object of this paper is to show the existence, uniqueness and $L^{p}$ esti-
mates (including $p=\infty$ ) of global solutions of some nonlinear degenerate diffusion
equations.

The first problem we are concerned with is the following initial-boundary
value problem of the perturbed porous medium equation;

$\frac{\partial}{\partial t}u-\Delta u^{m+1}+f(x, t, u)=0$ in $\Omega\cross(0, \infty)$

$(P_{1})$

$u(x, 0)=u_{0}(\geqq 0)$ , $u|_{\partial\Omega}=0$ and $u\geqq 0$

where $\Omega$ is a bounded domain in $R^{N}$ with smooth boundary $\partial\Omega(C^{3}$ class is
sufficient), $m$ is a positive constant and $f(x, t, u)$ is a function satisfying;

ASSUMPTION 1. (i) $f(x, t, u)$ is locally H\"older continuous in $\overline{\Omega}\cross R^{+}\cross R^{+}$

$(R^{+}=[0, \infty))$ and locally Lipschitz continuous with respect to $u$ uniformly in $(x, t)$ .
(ii) $f(x, t, u)\geqq-C_{0}u^{1+\alpha}$ on $\overline{\Omega}\cross R^{+}\cross R^{+}$ for some $C_{0}>0$ and $\alpha\geqq 0$ .
It should be noted that the theory of nonlinear semi-groups does not apply

to $(P_{1})$ for the existence of global solution since we do not assume that $f(x, t, u)$

is monotone with respect to $u$ .
To treat the problem $(P_{1})$ it is convenient to compare it with the problem;

$\frac{\partial}{\partial t}u-\Delta u^{m+1}-C_{0}u^{1+\alpha}=0$ in $\Omega\cross(0, \infty)$

$(P_{2})$

$u(x, 0)=u_{0}(\geqq 0)$ , $u|_{\partial\Omega}=0$ and $u\geqq 0$ .
Recently in [13] we have discussed the existence, nonexistence and some
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asymptotic behaviour of global solutions to the problem $(P_{2})$ .

THEOREM $0$ . (i) If $m>\alpha$ , $(P_{2})$ admits a solution $u(t)$ for each $u_{0}$ wzth
$u_{0}^{m+1}\in H_{0}^{1}$ , and we have

$( \int_{t}^{t+1}\Vert\frac{\partial}{\partial t}(u^{m/2+1}(s))\Vert_{2}^{2}ds)^{1/2}+\Vert\nabla u^{m+1}(t)\Vert_{2}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2})$ (0.1)

for $t\geqq 0$ .
(ii) If $m<\alpha<m^{*}\equiv\{m(N+2)+4\}/(N-2)(N>2)$ or $\infty(N=1,2)$ the same

assertion as above holds for each $u_{0}t^{1}ithu_{0}^{m+1}\in \mathfrak{W}$ (for the definition of the
potential well $\mathfrak{W}$ see the section 1). Moreover, the solution satisfies the decay
property;

$( \int_{t}^{t+1}\Vert\frac{\partial}{\partial t}(u^{m/2+1}(s))\Vert_{2}^{2}ds)^{1/2}+\Vert\nabla u^{m+1}(t)\Vert_{2}\leqq C(d-J(u_{0}^{m+1}))(1+t)^{-(m+1)/m}$ (0.2)

for $t\geqq 0$ . (For the definitions of $J$ and $d$ see also the section 1.)

In the above and hereafter $\Vert\cdot\Vert_{p}$ denotes $L^{p}$ norm on $\Omega$ and $C(a)$ denotes
various constants depending on $a$ and other known constants. We mean by a
solution of $(P_{2})$ a function $u$ such that $u\geqq 0,$ $(\partial/\partial t)(u^{m/2+1})\in L_{1oc}^{2}(R^{+} ; L^{2}(\Omega))$ ,
$u^{m+1}\in L_{1oc}^{\infty}(R^{+} ; H_{0}^{1}(\Omega))$ and the following equation holds for any $\phi\in C_{0}^{1}([0, \infty)$ ;
$H_{0}^{1})$ ;

$\int_{0}^{\infty}\int_{\Omega}\{-u(x, t)\phi_{t}(x, t)+\nabla u^{m+1}(x, t)\cdot\nabla\phi(x, t)-C_{0}u^{1+\alpha}(x. t)\phi(x, t)\}dxdt$

$= \int_{\Omega}u_{0}(x)\phi(x, 0)dx$ . ( $0.3\rangle$

The solutions of the problem $(P_{1})$ are defined similarly;

DEFINITION 1. A measurable function $u$ on $\Omega\cross R^{+}$ is called a solution of $(P_{1})$

if $u\geqq 0,$ $(\partial/\partial t)(u^{m/2+1})\in L_{1oc}^{2}(R^{+} ; L^{2}),$ $u^{m+1}\in L_{1oc}^{\infty}(R^{+} ; H_{0}^{1}),$ $f(x, t, u)\in L_{1oc}^{1}(R^{+} ; L^{1})$

and the equation (0.3) holds with $-C_{0}u^{1+\alpha}$ replaced by $f(x, t, u)$ for all $\phi$ as
above.

We want to estimate the solutions of $(P_{1})$ by combining the result for (P2)

with the comparison principle (Aronson, Crandall and Peletier [2]). For this it
is needed moreover to establish $L^{p}$ estimates $(2\leqq p\leqq\infty)$ for the solutions of the
problem (P2). In particular, the $L^{\infty}$ estimate will yield the uniqueness theorem
in a certain class of functions where the existence is also assured. Such esti-
mation is done in the sections 2 and 3 on the basis of Theorem $0$ and a result
of Alikakos [1]. Furthermore, the same estimates as in Theorem $0$ will be
derived for the solutions of $(P_{1})$ .

Secondly, we aPply the result for $(P_{1})$ to tbe following system of reaction
diffusion equations;
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(P) $\{\begin{array}{ll}\frac{\partial}{\partial t}u-\Delta u^{m+1}+f_{1}(x, t, u, v)=0, u\geqq 0,\frac{\partial}{\partial t}v-\Delta v^{n+1}+f_{2}(x, t, u, v)=0, v\geqq 0,\end{array}$

in $\Omega\cross(0, \infty)$ with the initial-boundary conditions
$u(x, 0)=u_{0}(\geqq 0)$ , $v(x, 0)=v_{0}(\geqq 0)$ and $u|_{\partial\Omega}=v|_{\partial\Omega}=0$ .

We make the following assumptions on $f_{i}(i=1,2)$ .

ASSUMPTION 2. (i) $f_{i}$ is locally H\"older continuous in $\overline{\Omega}\cross R^{+}\cross R^{+}\cross R^{+}$ and
locally Lipschitz continuous with respect to $(u, v)$ uniformly in $(x, t)$ .

(ii) $f_{1}(x, t, u, v)\geqq-C_{0}(r)u^{1+\alpha}$ if $0\leqq v\leqq r,$ $r>0$ .
(lil) $f_{2}(x, t, u, v)\geqq 0$ on $\Omega\cross R^{+}\cross R^{+}\cross R^{+}$ .
The system $(P_{\})$ is a generalization of the so-called Martin’s problem $(m=$

$n=0$ and $f_{1}=-f_{2}=-u^{1+\alpha}v$) and also related to Rosenweig-MacArther equation
which arises in the theory of ecology (Alikakos [1], Conway and Smoller [6],

Masuda [11]). The definition of solutions of $(P_{3})$ is given quite similarly to
that of $(P_{1})$ and may be omitted.

Finally we briefly discuss another typical problem;

$\frac{\partial}{\partial t}u-\sum_{i=1}^{N}\frac{\partial}{\partial x_{i}}(|\frac{\partial}{\partial x_{i}}u|^{m}\frac{\partial}{\partial x_{i}}u)-|u|^{\alpha}u=0$

$(P_{4})$

$u(x, 0)=u_{0}$ and $u|_{\partial\Omega}=0$ .
The existence and nonexistence problem for $(P_{4})$ has been investigated by

many authors. Among others we refer to Fujita [8] (the case $m=0$) and
Tsutsumi [181. The decay or boundedness of $u(t)$ in $W_{0}^{1.m+2}$ norm was obtained
in [14]. Using the same method as in sections 2 and 3 we show $L^{p}$ estimates
(including $p=\infty$ ) for the solutions of $(P_{4})$ . As a consequence of $L^{\infty}$ estimate we
can easily derive a uniqueness theorem in a certain function space where the
existence holds, which is given in [18] only for the case $1\leqq N<m+2$ .

1. Approximate solutions for the problems $(P_{1})$ and $(P_{2})$ .
To show the existence and $L^{p}$ estimates of global solutions of $(P_{1})$ and (P2)

it is convenient to construct smooth approximate solutions which exist globally.
In [13] we employed the Galerkin method together with the regularization of
singularity. As will be seen below this method is not suitable to get $L^{p}$ esti-
mates for large $p$ . Here we adopt a slightly different method.

Setting $u^{m+1}=U$ the problem $(P_{1})$ is equivalent to

$\frac{1}{m+1}U^{-m/(m+1)}\frac{\partial}{\partial t}U-\Delta U+f(x, t, U^{1/(m+1)})=0$

(P\’i)
$U(O)=U_{0}=u_{0}^{m+1}$ , $U|_{\partial\Omega}=0$ and $U\geqq 0$ .
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Then we consider the following approximate problem;

$\frac{1}{m+1}((U+\epsilon)^{-m/(m+1)}+\epsilon)\frac{\partial}{\partial t}U-\Delta U+f(x, t, U^{1/(m+1)})+\epsilon U^{(1+\alpha’)/(m+1)}=0$

$(P_{1,\epsilon})$

$U(O)=U_{0}$ , $U|_{\partial\Omega}=0$ and $U\geqq 0$ ,

with $\alpha’>\alpha$ .
Since the problem $(P_{1}$ , . $)$ has no singularity in the coefficients and, by

Assumption 1, (ii),

$f(x, t, U^{1/(m+1)})+\epsilon U^{(1+\alpha’)/(m+1)}\geqq-C_{\epsilon}$ for $U\geqq 0$

with some $C_{\epsilon}>0$, it has a classical (smooth) solution $U_{\text{\’{e}}}(x, t)$ for each $U_{0}\in C_{0}^{1}(\Omega)$

and for $\epsilon>0$ (Ladyzhenskaya, Solonnikov and Ural’tseva [9]). (The solution is in
fact unique.) We shall call $(P_{1}, ,)$ as (P2,.) when $f(x, t, u)=-C_{0}u^{1+\alpha}$ .

Here we state the definition of the potential well $\mathfrak{W}$ ;

$\mathfrak{W}=\{U\in H_{0}^{1}|J(U)<d$ and $\Vert\nabla U\Vert_{2}^{2}-C_{0}\int_{\Omega}U^{(m+\alpha+2)/(m+1)}dx>0\}\cup\{0\}$

where
$J(U)= \frac{1}{2}\Vert\nabla U\Vert_{2}^{2}-\frac{C_{0}(m+1)}{m+\alpha+2}\int_{\Omega}U^{(m+\alpha+2)/(m+1)}dx$

and
$d=$

$\inf_{U\in H_{0}^{1},U\neq 0}\sup_{\lambda>}J(\lambda U)$

(see Sattinger [16] and Tsutsumi [18]).

PROPOSITION 1.1. Let $U_{0}\in C_{0}^{1}(\Omega)$ (if $m>\alpha$ ) or $U_{0}\in \mathfrak{W}\cap C_{0}^{1}(\Omega)$ (if $0<m<\alpha$

$<m^{*})$ . Then the result of Theorem $0$ is valid for $u_{\epsilon}\equiv U_{\epsilon}^{1/(m+1)}$ for sufficiently
small $\epsilon>0,$ $U_{\epsilon}$ being the solutions of $(P_{2}, ,)$ , with the estimates replaced by

$( \int_{t}^{t+1}\Vert\frac{\partial}{\partial t}(u_{\epsilon}^{m/2+1}(s))\Vert_{2}^{2}ds)^{1/2}+\Vert\nabla u_{\epsilon}^{m+1}(t)\Vert_{2}+\epsilon\Vert u_{\epsilon}(t)\Vert_{m}^{m}\ddagger^{\alpha’}\alpha’\ddagger^{2}2$

$\leqq\{\begin{array}{ll}C(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \epsilon\Vert u_{0}\Vert_{m+\alpha’+2}, \epsilon) if \alpha<mC(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \epsilon\Vert u_{0}\Vert_{m+\alpha’+2})(1+t)^{-(m+1)/m}+C\epsilon if m<\alpha<m^{*}\end{array}$ (1.1)

where $\lim_{\text{\’{e}}arrow 0}C(a, \epsilon b)=C(a)$ .
PROOF. The proof is essentially the same as that of Theorem $0$ . For com-

pleteness, however, we reproduce it briefly in a slightly simpler way for the
case $N\geqq 3$ and $0<m<\alpha<m^{*}$ . We write $U.=U$ for simplicity.

Multiplying the equation in (P2, .) by $(\partial/\partial t)U$ and integrating, we have

$\frac{1}{m+1}\int_{0}^{t}\int_{\Omega}\{(U+\epsilon)^{-m/(m+1)}+\epsilon\}U_{t}^{2}dxds+J_{\epsilon}(U(t))=J_{\epsilon}(U_{0})$ (1.2)
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where

$J_{\epsilon}(U)= \frac{1}{2}\Vert\nabla U\Vert_{2}^{2}-\frac{C_{0}(m+1)}{m+\alpha+2}\int_{\Omega}U^{(m+a+2)/(m+1)}dx$

$+ \frac{\epsilon(m+1)}{m+\alpha+2}\int_{\Omega}U^{(m+\alpha’+2)/(m+1)}dx$ .

Since $U_{0}\in \mathfrak{W},$ $J_{\text{\’{e}}}(U_{0})<d$ for sufficiently small $\epsilon>0$ . We assert that $U(t)\in \mathfrak{W}$ for
any $t>0$ . Indeed, if not, there exists $t^{*}>0$ such that $U(t^{*})\in\partial \mathfrak{W}$ and $U(t)\in \mathfrak{W}$

for $0\leqq t<t^{*}$ . Then, by the dePnition of $\mathfrak{W}$ we have either

$J(U(t^{*}))=d$ or $\Vert\nabla U(t^{*})\Vert_{2}^{2}=C_{0}\int_{\Omega}U^{(m+\alpha+2)/(m+1)}(t^{*})dx$ .

Both cases easily yield contradictions. Thus, by Lemma 3.1 in [13] we have

$\Vert\nabla U\Vert_{2}^{2}-C_{0}\int_{\Omega}U^{(m+\alpha+2)/(m+1)}dx\geqq C(d-J(U_{0}))\Vert\nabla U\Vert_{2}^{2}$ (1.3)

for a certain $C(a)>0$ such that $\lim_{aarrow 0}C(a)=0$ , and

$J_{\epsilon}(U(t))\geqq C(d-J(U_{0}))\Vert\nabla U(t)\Vert_{2}^{2}$ . (1.4)

Now, (1.2) is equivalent to

$\frac{1}{m+1}\int_{\Omega}((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}^{2}dx+\frac{d}{dt}J_{\epsilon}(U(t))=0$ . (1.2)

Next, multiplying the equation of (P2,
$\epsilon$

) by $U$ we have

$\Vert\nabla U\Vert_{2}^{2}-C_{0}\int U^{(m+\alpha+2)/(m+1)}dx+\epsilon\int U^{(m+\alpha’+2)/(m+1)}dx$

$= \frac{1}{m+1}\int((U+\epsilon)^{-m/(m+1)}+\epsilon)UU_{t}dx$

$\leqq\frac{1}{m+1}\{\int((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}^{2}d_{X}\}^{1\prime 2}\{\int((U+\epsilon)^{-m/(m+1)}+\epsilon)U^{2}d_{X}\}^{1/2}$

and, using (1.2),

$J_{\epsilon}(U(t)) \leqq C\{J_{\epsilon}(U(t))^{(m+2)/(m+1)}+\epsilon J_{\epsilon}(U(t))\}^{1/2}\{-\frac{d}{dt}J_{\epsilon}(U(t))\}^{1/2}$ (1.5)

From (1.5) we can derive easily

$\{-\frac{d}{dt}J_{\epsilon}(U(t))\}^{2(m+1)/(3m+2)}\geqq C\{J_{\epsilon}(U(t))-\epsilon\}$ , $0<\epsilon\ll 1$ .

We may assume $J_{\epsilon}(U_{0})\geqq\epsilon(U_{0}\neq 0)$ and, as long as $J_{\epsilon}(U(t))>\epsilon$ ,

$\frac{d}{dt}(J_{\text{\’{e}}}(U(t))-\epsilon)\leqq-C(J_{\epsilon}(U(t))-\epsilon)^{(3m+z)/2(m+1)}$

which implies
$J_{\epsilon}(U(t))\leqq C\{t+(\Vert\nabla U_{0}\Vert_{2}^{2}+\epsilon\Vert U_{0}\Vert_{\beta’}^{\beta^{l}})^{-m/2(m+1)}\}^{-2(m+1)/m}+\epsilon$



46 M. NAKAO

where we set $\beta’=(m+\alpha’+2)/(m+1)$ . This inequality is valid for all $t\geqq 0$,
because $J_{\epsilon}(U(t))$ is a nonincreasing function of $t$ .

From the above we can conclude, for $t\geqq 0$ ,

$\Vert\nabla U(t)\Vert_{2}\leqq C(\Vert\nabla U_{0}\Vert_{2}, \epsilon\Vert U_{0}\Vert_{\beta},)(1+t)^{-(m+1)/m}+\sqrt{\epsilon}$.

Integrating (1.2) from $t$ to $t+1$ we get the same estimates for

$\{\int_{t}^{t+1}\int_{\Omega}((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}^{2}dxd_{S}\}^{1/2}$

PROPOSITION 1.2. Let $\hat{U}_{\text{\’{e}}}(i)$ and $U_{\epsilon}(t)$ be the solutions with the same initial
value $U_{0}\in C_{0}^{1}(\Omega)$ of $(P_{1}$ , . $)$ and (P2, .), respectively. Then

$0\leqq 0_{\epsilon}(t)\leqq U_{\epsilon}(t)$ . (1.6)

PROOF. The inequality (1.6) follows from the comparison principle in non-
linear parabolic equations (Aronson, Peletier and Crandall [2]).

From the estimate in Proposition 1.1 it easily follows that $u_{\epsilon}(t)=U_{\text{\’{e}}}^{1\prime(m+1)}(t)$

converges as $\epsilonarrow 0$ (along a subsequence) to a solution of $(P_{2})$ . The proof is
given in [13]. The resulting estimate contains no longer the norm $\Vert u_{0}\Vert_{m+a’+2}$ ,

and hence the assumption $U_{0}\in C_{0}^{1}(\Omega)$ is easily removed by approximation. Indeed,
when $U_{0}\in \mathfrak{W}$ (consider the case $0<m<\alpha<m^{*}$ ) we can take a sequence $\{U_{0}$.. $\}$

$\subset C_{0}^{1}(\Omega)$ such that $U_{0,\nu}arrow U_{0}$ in $H_{0}^{1}$ as $\nuarrow 0$ . Since $\mathfrak{W}$ is open in $H_{0}^{1}$ we may
assume $U_{0}$ . $.\in \mathfrak{W}\cap C_{0}^{1}(\Omega)$ . Corresponding solutions $u_{\nu}(t)$ with $u_{\nu}(O)=U_{0.\nu}^{1/(m+1)}$ satisfy
essentially the same estimates as in Theorem $0$ , and we can apply again the
compactness argument to $\{u_{\nu}\}$ to obtain the desired solution with the initial
value $u_{0}=U_{0}^{1/(m+1)}$ . Thus we arrive at Theorem $0$ through a slightly different
way from [13]. In what follows we regard the solution $u$ in Theorem $0$ as the
one just obtained. The nonnegativity of solutions is inessential in sections 1-3.

2. $L^{p}$ estimates $(p<\infty)$ for the solutions of the problem $(P_{2})$ .
When $N=1,2$ the estimate of $\Vert\nabla u^{m+1}(t)\Vert_{2}$ in Theorem $0$ implies $L^{p}(2\leqq P<\infty)$

estimates of $\ell(t)$ . But, this is not true for the case $N\geqq 3$ . Here we shall derive
$L^{p}$ estimates for such case. First we assume $0<m<\alpha<m^{*}$ (this case is more
complicated than the other case).

For our purpose it suffices to treat the approximate solutions $U_{\epsilon}(t)$ or $u_{\epsilon}(t)$

defined in the previous section. We write again $U.=U$ .
Now, multiplying the equation of $(P_{2}, ,)$ by $U^{(p+1)/(m+1)}(P\geqq m)$ we have

$\frac{d}{dt}\int\beta_{p.\epsilon}(U(t))dx+\frac{4(m+1)(p+1)}{(p+m+2)^{2}}\Vert\nabla U^{(p+m+2)/2(m+1)}(t)\Vert_{2}^{2}$

$-C_{0} \int U^{(p+a+2)/(m+1)}dx+\epsilon\int U^{(p+\alpha’+2)/(m+1)}dx=0$ , (2.1)
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where we set

$\beta_{p,\epsilon}(U)\equiv\int_{0}^{U}\{(\eta+\epsilon)^{-m/(m+1)}+\epsilon\}\eta^{(p+1)/(m+1)}d\eta$ . (2.2)

We shall denote by $\overline{C}_{\text{\’{e}}}$ various constants depending on $\Vert\nabla U_{0}\Vert_{2}^{2}+\epsilon\Vert U_{0}\Vert_{\beta’}^{\beta’}$ and $\epsilon$ ,

and by $k(\epsilon)$ constants depending on $\epsilon$ in such a way that $\lim_{\epsilonarrow 0}k(\epsilon)=0$ .
By ProPosition 1.1 we know

$\Vert\nabla U(t)\Vert_{2}\leqq C(d)<\infty$ (2.3)

and applying H\"older’s and Sobolev’s inequalities we have

$\int U^{(p+\alpha+2)/(m+1)}dx\leqq\Vert U\Vert_{(m+\alpha+2)/(m+1)}^{(p+\alpha+2)/(m+1)-\theta_{p}}\Vert U\Vert_{q}^{\theta p}$

$\leqq C\Vert\nabla U\Vert_{2}^{(p+a+2)/(m+1)-\theta_{p}}\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2\theta_{p}^{1}}$

$\leqq C\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2\theta\acute{p}}$ (2.4)
where

$q=N(P+m+2)/(N-2)(m+1)$ ,

$\theta_{p}=\frac{N(p-m)(p+m+2)}{(m+1)\{N(p+m+2)-(N-2)(m+\alpha+2)\}}$ and $\theta_{p}’=\frac{\theta_{p}(m+1)}{p+m+2}$ .

By our assumption on $\alpha$ we see $\theta_{p}’<1$ for any $p\geqq m$ , and applying Young’s
inequality we have from (2.1) and (2.4) that

$\frac{d}{dt}\int\beta_{p.\epsilon}(U(t))dx+\frac{2(m+1)(p+1)}{(p+m+2)^{2}}\Vert\nabla U^{(p+m+2)/2(m+1)}(t)\Vert_{2}^{2}$

$+ \epsilon\int U^{(p+a’+\mathfrak{B}/(m+1)}dx\leqq C(p)$ . (2.5)

But, from the dePnition of $\beta_{p.e}(U)$ (see (2.2)),

$\int\beta_{p.\epsilon}(U)dx\leqq\frac{1}{p+2}\int U^{(p+2)/(m+1)}dx+\frac{\epsilon}{p+m+2}\int U^{(p+m+2)/(m+1)}dx$

$\leqq\frac{1}{p+2}\{\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2(p+2)/(p+m+2)}$

$+ \epsilon(\int U^{(p+\alpha’+2)/(m+1)}d_{X})^{(p+m+2)/(p+\alpha’+2)}\}$ .

Here we choose $\alpha’$ as $\alpha’>\max(\alpha, (m^{2}+4m)/2)$ . Then $(p+m+2)^{2}/(p+\alpha’+2)(p+2)$

$<1$ , and

$( \int\beta_{p.\text{\’{e}}}(u)dx)^{(p+m+2)/(p+2)}$

$\leqq\frac{C}{p}\{\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2}+\epsilon^{(p+m+2)/(p+2)(\int U^{(p+\alpha’+2)/(m+1)}d_{X})^{(p+m+2)2/(p+a’+2)(p+2)}\}}$

$\leqq c\{\frac{1}{p}\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2}+\epsilon\int U^{(p+\alpha’+2)/(m+1)}dx+k_{p}(\epsilon)\}$ . (2.6)
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It follows from (2.5) and (2.6) that

$\frac{d}{dt}\int\beta_{p,\epsilon}(U(t))dx+C(\int\beta_{p.\epsilon}(U(t))d_{X})^{(p+m+2)/(p+2)}\leqq C(p)+k_{p}(\epsilon)$ (2.7)

which implies (see Simon [17])

$\int\beta_{p,\epsilon}(U(t))dx\leqq\{(\int\beta_{p,\epsilon}(U_{0})d_{X})^{-m/(p+2)}+\frac{mC}{p+2}r\}^{-(p+2)/m}+\{C(p)+k_{p}(\epsilon)\}$ t. (2.8)

Moreover, we see

$\beta_{p,\epsilon}(U)\geqq\frac{1}{m+1}\int_{0}^{U}(\eta+\epsilon)^{-m/(m+1)}\eta^{(p+1)/(m+1)}d\eta$

$=(U+ \epsilon)^{1/(m+1)}U^{(p+2)/(m+1)}-\frac{p+1}{p+2}(U+\epsilon)^{(p+2)/(m+1)}+\frac{p+1}{p+2}\epsilon^{(p+2)/(m+1)}$

$\geqq\frac{1}{2(p+2)}U^{(p+2)/(m+1)}-k_{p}(\epsilon)$

and hence, by (2.8),

$\Vert u_{\epsilon}(t)\Vert_{p+2}\leqq C(p)\{(\int\beta_{p,\epsilon}(U_{0})d_{X})^{-m/(p+2)}+t\}^{-1/m}+(C(p)+k_{p}(\epsilon))t^{1/(p+2)}+k_{p}(\epsilon)$ (2.9)

for $0<t<\infty$ . We obtain also from (2.9) that

$\Vert u_{\epsilon}(t)\Vert_{p+2}\leqq C(p)t^{-1/m}+C(p)t^{1/(p+2)}+k_{p}(\epsilon)$ (2.10)

for $0<t<\infty$ .
The inequalities (2.9) and (2.10) are useful to know the behaviour of $u(t)$

near $t=0$ . In order to see the decay property of $u(t)$ in $L^{p}$ norm as $tarrow\infty$ we
must make a further device. We use another inequality instead of (2.4). First,
by H\"older’s inequality

$\Vert U\Vert_{(p+\alpha+2)/(m+1)}\leqq\Vert U\Vert_{r}^{1-\theta}\Vert U\Vert_{q}^{\theta}$ (2.11)

where we set $q=N(p+m+2)/(N-2)(m+1),$ $r=N(\alpha-m)/2(m+1)$ and $\theta=(p+m+2)$

$/(p+\alpha+2)$ . Since $r<2N/(N-2)$ by our assumption on $\alpha$ , it follows from (2.11)

that

$\int U^{(p+\alpha+2)/(m+1)}dx\leqq C\Vert\nabla U\Vert_{2}^{(p+a+2)(1-\theta)/(m+1)}\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2}$ (2.12)

whicb we shall employ instead of (2.4).

By Proposition 1.1 we already know

$\Vert\nabla U(t)\Vert_{2}\leqq\overline{C}_{\epsilon}(1+t)^{-(m+1)/m}+k(\epsilon)$

and (2.12) implies

$\int U^{(p+\alpha+2)/(m+1)}dx\leqq\overline{C}_{\epsilon}\{(1+t)^{-(a- m)/m}+k(\epsilon)\}\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2}$ . (2.13)

From (2.1) and (2.13) we see that there exists $T_{p}>0$ such that, if $t\geqq T_{p}$ ,
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$\int\beta_{p.\epsilon}(U(t))dx\leqq\{(\int\beta_{p.\epsilon}(U(T_{p}))d_{X})^{-m/(p+2)}+\frac{C}{p}(t-T_{p})\}^{-(p+2)/m}+k_{p}(\epsilon)(t-T_{p})$

or

$\Vert u_{\epsilon}(t)\Vert_{p+2}\leqq\{(\int\beta_{p,\epsilon}(U(T_{p}))d_{X})^{-m/(p+2)}+\frac{C}{p}(t-T_{p})\}^{-1/m}$

$+k_{p}(\epsilon)(t-T_{p})^{1/(p+2)}+k_{p}(\epsilon)$ . (2.14)

Combining the estimate in Proposition 1.1 with (2.9), (2.10) and (2.14) we
can prove the following;

THEOREM 2.1. Let $0<m<\alpha<m^{*}(N\geqq 3)$ and let $u_{0}^{m+1}\in \mathfrak{W}$ . Then the problem
(P) admits a solution in the sense of Theorem $0$ which satisfies, in addition to
(0.3),

$\Vert u(t)\Vert_{p+2}\leqq C(p)t^{-1/m}+C(p, \Vert\nabla u_{0}^{m+1}\Vert_{2})(1+t)^{-1/m}$ (2.15)

on $(0, \infty)$ for any $p\geqq m$ . Moreover, if we assume $u_{0}^{m+1}\in \mathfrak{W}\cap L^{(p+2)/(m+1)}$ the
solution satisfies

$\Vert u(t)\Vert_{p+2}\leqq C(p)(\Vert u_{0}\Vert_{p+2}^{-m}+t)^{-1/m}+C(p, \Vert\nabla u_{0}^{m+1}\Vert_{2})(1+t)^{-1/m}$ (2.16)

on $[0, \infty$ ) for any $p\geqq m$ .
At this stage the proof of Theorem 2.1 is routine (see the section 1) and

omitted.
Next, we consider the case $0\leqq\alpha<m$ . In this case the situation concerning

the global existence and $L^{p}$ boundedness of solutions is much simpler. Indeed,
we can estimate the third term in (2.1) as follows;

$\int U^{(p+a+2)/(m+1)}dx\leqq\frac{2(m+1)(p+1)}{(p+m+2)}\Vert\nabla U^{(p+m+2)/2(m+1)}\Vert_{2}^{2}+C(p)$

and we obtain again (2.9) and (2.10) through $(2.5)-(2.8)$ . Furthermore, we have
from (2.7)

$\int\beta_{p,\epsilon}(U(t))dx\leqq\max\{\int\beta_{p,\epsilon}(U(s))dx,$ $(C(p)+k_{p}(\epsilon))^{(p+2)/(p+m+2)}\}$ ( $2.17\rangle$

for $t>s$ , and also

$\varlimsup_{tarrow}\int\beta_{p,\epsilon}(U(t))dx\leqq(C(p)+k_{p}(\epsilon))^{(p+2)/(p+m+2)}$ .

Thus we can assert;

THEOREM 2.2. Let $0\leqq\alpha<m$ and $u_{0}^{m+1}\in H_{0}^{1}$ . Then the solution of $(P_{2})$ in
Theorem $0$ satisfies, in addition to (0.1),

$\Vert u(t)\Vert_{p+2}\leqq C(p)t^{-1/m}+C(p, \Vert\nabla u_{0}^{m+1}\Vert_{2})$ on $(0, \infty)$

and $\varlimsup_{tarrow\infty}||u(t)\Vert_{p+2}\leqq C(p)$ for any $p\geqq m$ . If we make additional assumpti0n $u_{0}\in L_{r}^{p+2}$
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then
$\Vert u(t)\Vert_{p+2}\leqq\max(\Vert u_{0}\Vert_{p+2}, \Vert\nabla u_{0}^{m+1}\Vert_{2}, C(p))$ on $[0, \infty$ )

for any $p\geqq m$ .
We close this section by noting that the estimates (2.9), (2.10), (2.14) and

(2.17) remain valid for the approximate solutions $u_{\epsilon}(t)$ (or $U_{\epsilon}(t)$ ) of the problem
$(P_{1.\epsilon})$ because of the relation (1.6).

3. $L^{\infty}$ estimate of the solutions of the problem $(P_{2})$ .
Taking the limits as $parrow\infty$ of the estimates obtained in the section 2 all of

the right hand sides are divergent and we can not get any result on $L^{\infty}$ norm
of the solutions. Here we shall show that adopting the Moser’s technique as in
Alikakos [1] this difficulty is overcomed to yield the boundedness or decay prop-
erty of the solutions of $(P_{2,\epsilon})$ (and consequently of (P2)) in $L^{\infty}$ norm under the
condition

$u_{0}^{m+1}\in H_{0}^{1}\cap L^{\infty}(0\leqq\alpha<m)$ or $u_{0}^{m+1}\in \mathfrak{W}\cap L^{\infty}(0<m<\alpha<?7l^{*})$ .
LEMMA 3.1. Let $w(t)$ be a function defined on $\Omega\cross[0, \infty]$ (appropriately

smooth) satisfying

$\frac{d}{dt}\Vert w(t)\Vert d\ddagger^{1}1+C_{0}(1+\lambda)^{-\theta_{0}}\Vert\nabla w(t)^{(\lambda+m+1)/r}\Vert_{r}^{r}\leqq C_{1}(1+\lambda)^{\theta_{1}}\Vert w(t)\Vert d\ddagger_{1}^{1}$

for any $\lambda\geqq\lambda_{0}>\max(0, r-m-1, (m-r+1)/(r-1))$ with some constants $C_{0}(>0)$ ,
$C_{1}(>0)$ , $\theta_{0}(\geqq 0)$ , $\theta_{1}(\geqq 0)$ and $r>1$ . Supp0se that $w_{0}\equiv w(0)\in L^{\infty}(\Omega)$ and
$\sup_{t\geq}\Vert w(t)\Vert_{\lambda_{0}+1}<\infty$ . Then, there exzst constants $a,$ $b,$ $c$ and $d$ such that

$\sup_{t\geq 0}\Vert w(t)\Vert_{\infty}\leqq a^{\eta}r^{[\theta_{1}+(\theta_{0}+\theta_{1})b]r\eta}\max\{1, \sup_{t\geq 0}\Vert w(t)\Vert_{J_{0}+1}^{d}, c\Vert w_{0}\Vert_{\infty}\}$

where $\eta=[\lambda_{0}-(m-r+1)/(r-1)]^{-1}$ .
The special case; $r=2,$ $\theta_{0}=1$ and $\theta_{1}=0$ is proved in Alikakos [1] and the

general case is also proved quite similarly. For completeness, however, we shall
give the outline of the proof later in the Appendix.

Now, our result is;

THEOREM 3.1. Let $u(t)$ be the solution of the pr0blem $(P_{2})$ obtained in the
section 1.

(i) If $0\leqq\alpha<m$ and $u_{0}^{m+1}\in H_{0}^{1}\cap L^{\infty}$, then we have $u\in L^{\infty}(R^{+}\cross\Omega)$ and

$\Vert u(t)\Vert_{\infty}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \Vert u_{0}\Vert_{\infty})$ on $[0, \infty$ ).

(ii) If $0<m<\alpha<m^{*}$ and $u_{0}^{m+1}\in \mathfrak{W}\cap L^{\infty}$, then we have also $u\in L^{\infty}(\Omega\cross R^{+})$

and
$\Vert u(t)\Vert_{\infty}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \Vert u_{0}\Vert_{\infty})(1+t)^{-1/m}$ .



Nonlinear degenerate diffusion equations 51

PROOF. We shall give a formal proof, which may be made rigorous by the
use of approximate solutions $u_{\epsilon}$ or the theory of nonlinear semi-group (Evans

[7], Benilan and Crandall [3] etc.). We consider the case $N\geqq 3$ . The proof is
valid for $N=2$ with slight modification.

By (2.1) (with $\epsilon=0$)

$\frac{1}{p+2}\frac{d}{dt}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}+\frac{4(m+1)(p+1)}{(p+m+2)^{2}}\Vert\nabla u^{(p+m+2)/2}\Vert_{2}^{2}=C_{0}\int u^{p+\alpha+2}dx$ . (3.1)

The right hand side is estimated as follows.

$C_{0} \int u^{p+\alpha+2}dx\leqq C_{0}\Vert u\Vert_{p+2}^{\theta_{i}}\Vert u\Vert_{m^{2}+a+2}^{\theta}\Vert u\Vert_{N(p+m+2)/(N- 2)}^{\theta_{3}}$ (3.2)

where we set

$\theta_{1}=(p+2)\{1-\frac{N\alpha}{2(m+\alpha+2)+mN}\}$ , $\theta_{2}=\alpha\{1-\frac{mN}{2(m+\alpha+2)+mN}\}$

and $\theta_{3}=\frac{N\alpha(p+m+2)}{2(m+\alpha+2)+mN}$ .

Noting that $\Vert u(t)\Vert_{m+\alpha+2}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2})$ , and applying Sobolev’s Lemma and Young’s
inequality we have

$C_{0} \int u^{p+\alpha+2}dx\leqq\frac{\theta_{1}}{p+2}\{C_{0}\overline{C}C^{2\theta_{3}/(p+m+2)}\}^{(p+2)/\theta_{1}}$

$\cross\{\frac{2(m+1)(p+1)}{(p+m+2)^{2}}\cdot\frac{2(m+\alpha+2)+mN}{N\alpha}\}^{-N\alpha(p+2)/\theta_{1}(2(m+\alpha+2)+mN)}$

$\cross\Vert u(t)\Vert_{p}^{p}\ddagger^{2}2+\frac{2(m+1)(p+1)}{(p+m+2)^{2}}\Vert\nabla u^{(p+m+2)/2}\Vert_{2}^{2}$

$\leqq\overline{C}p^{Na/(2(m+\alpha+2)+mN-N\alpha)}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}+\frac{2(m+1)(p+1)}{(p+m+2)^{2}}\Vert\nabla u^{(p+m+2)/2}\Vert_{2}^{2}$

where $\overline{C}$ denotes constants depending on $\Vert\nabla u_{0}^{m+1}\Vert_{2}$ .
It follows from (3.1) and the above that

$\frac{d}{dt}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}+\frac{2(m+1)(p+1)(p+2)}{(p+m+2)^{2}}\Vert\nabla u^{(p+m+2)/2}(t)\Vert_{2}^{2}\leqq\overline{C}p^{\nu}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}$ (3.3)

with $\nu=Na/[2(m+\alpha+2)+mN-N\alpha]$ .
Applying Lemma 3.1 with $r=2,$ $\theta_{0}=0,$ $\theta_{1}=\nu,$ $\lambda_{0}=m+1$ and $\lambda=p+1$ to (3.3)

we obtain
$\Vert u(t)\Vert_{\infty}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \Vert u_{0}\Vert_{\infty})<\infty$ .

To show the further estimate for the case $0<m<\alpha<m^{*}$ we set $(1+t)^{1/m}u(t)$

$=w(t)$ . Then, $w(t)$ satisfies

$\frac{\partial}{\partial t}w(t)=\frac{1}{(1+t)}\{\Delta w^{m+1}(t)+C_{0}(1+t)^{1-\alpha/m}w^{1+\alpha}+\frac{1}{m}w(t)\}$
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and, changing the scale as $\tau=\log(1+t)^{(m+1)/m}$ , we have

$\frac{\partial}{\partial t}w(\tau)=\frac{m}{m+1}\Delta" m.1+\frac{1}{m+1}w+\frac{mC_{0}}{m+1}(1+t)^{-\alpha/m}w^{1+\alpha}$

$\leqq\frac{m}{m+1}\Delta w^{m+1}+\frac{1}{m+1}w+Cw^{1+\alpha}$ . (3.4)

From (3.4) we can get an inequality similar to (3.3) for $w(t)$ . Since we know
already

$\Vert w(\tau)\Vert_{m+2}\leqq C(1+t)^{1/m}\Vert\nabla u^{m+1}(t)\Vert_{2}^{1/(m+1)}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2})<\infty$ ,

Lemma 3.1 yields
$||w(t)\Vert_{\infty}\leqq C(\Vert\nabla u_{0}^{m+1}\Vert_{2}, |u_{0}\Vert_{\infty})$

which proves the assertion of (ii).

4. Existence, uniqueness and behaviour of solutions of the problem $(P_{1})$ .
On the basis of the results in the sections 1-3 we shall treat here the prob-

lem $(P_{1})$ . We make the same assumptions on $u_{0}$ as in the section 1. The
smoothness assumption can be removed easily at the last stage as is usual (see

the section 1). Let $u_{\epsilon}$ and $\tilde{u}_{\epsilon}$ be the approximate solutions of $(P_{2,\epsilon})$ and $(P_{1,\epsilon})$ ,

respectively.
By (1.6) and (2.9) we know

$\Vert\tilde{u}_{\epsilon}(t)\Vert_{p+2}\leqq\Vert u_{\epsilon}(t)\Vert_{p+2}\leqq C(p_{f}\Vert u_{0}\Vert_{p+2}, \Vert\nabla u_{0}^{m+1}\Vert_{2}, k(\epsilon)\Vert u_{0}\Vert_{m+\alpha’+2}, \epsilon)$ (4.1)

where the right hand side tends to a constant $C(p, \Vert u_{0}\Vert_{p+2}, \Vert\nabla u_{0}^{m+1}\Vert_{2})$ as $\epsilonarrow 0$ .
In order to see the convergence of $\tilde{u}_{\epsilon}(t)$ , let us consider the problem;

$\frac{1}{m+1}((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}-\Delta U+\epsilon U^{(1+a’)/(m+1)}=g(x, f)$

(4.2)
$U(x, t)=U_{0}$ , $U|_{\partial\Omega}=0$ and $U\geqq 0$

where $g(x, t)$ is an appropriately smooth function. We may assume $U_{0}\in C_{0}^{1}(\Omega)$ .
By (4.2) we have

$\frac{1}{m+1}\int\{(U+\epsilon)^{-m/(m+1)}+\epsilon\}U_{t}^{2}dx+\frac{d}{dt}F_{\epsilon}(U(t))=\int gU_{t}dx$

where we set

$F_{\epsilon}(U)= \frac{1}{2}\Vert\nabla U\Vert_{2}^{2}+\epsilon\frac{(m+1)}{m+\alpha+2}\int U^{(m+\alpha’+2)/(m+1)}dx$ .

Now,

$\int gU_{t}dx\leqq\frac{1}{2(m+1)}((U+\epsilon)^{-mf(m+1)}+\epsilon)U_{t}^{2}dx+C\int g^{2}((U+\epsilon)^{-m/(m+1)}+\epsilon)^{-1}dx$
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$\leqq\frac{1}{2(m+1)}\int((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}^{2}dx$

$+C\{\Vert g\Vert_{q_{0}}^{2}\Vert\nabla U\Vert_{2}^{m/(m+1)}+\epsilon^{m/(m+1)}\Vert g\Vert_{2}^{2}\}$

where we set

$q_{0}=\{\begin{array}{ll}4N(m+1)/(mN+2N+2m) if N>2arbitrary (>2) if N=22 if N=1.\end{array}$ (4.3)

Thus we have

$\frac{1}{2(m+1)}\int((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}^{2}dx+\frac{d}{dt}F_{\epsilon}(U(t))$

$\leqq C(\Vert g(t)\Vert_{q_{0}}^{4(m+1)/(m+2)}+\epsilon^{m/(m+1)}\Vert g(t)\Vert_{2}^{2}+F_{\epsilon}(U(t)))$

and hence

$\Vert\nabla U(t)\Vert_{2}^{2}+\epsilon\int U^{(m+\alpha’+2)/(m+1)}(t)dx$

$+ \int_{0}^{T}\int|\frac{\partial}{\partial t}\int_{0}^{U(s)}(\eta+\epsilon)^{-m/2(m+1)}d\eta|^{2}dxds+\epsilon\int_{0}^{T}\int U_{t}^{2}dxds$

$\leqq C(T, U_{0}, g, \epsilon)<\infty$ (4.4)

for any $t\in[0, T],$ $T>0$, where the above constant depends on

$\int_{0}^{T}(\Vert g(s)\Vert_{q_{0}}^{4(m+1)/(m+2)}+\epsilon^{m/(m+1)}\Vert g(s)\Vert_{2}^{2})ds$ , $T$ and $\Vert\nabla U_{0}\Vert_{2}^{2}+\epsilon$ II $U_{0}\Vert_{\beta’}^{\beta’}$

$(\beta’=(m+\alpha’+2)/(m+1))$ .
Here, we make an additional assumption;

$|f(x, t, u)|\leqq C_{1}(1+u^{1+\overline{\alpha}})$ for $u\geqq 0$ (4.5)

with some bl $(\geqq\alpha)$ .
Then, we see by (4.1) that

$\Vert f(\cdot, t,\hat{u}_{\epsilon})\Vert_{q_{0}}\leqq C(1+\Vert\tilde{u}_{\epsilon}\Vert_{q_{0}(1+\overline{\alpha})}^{1+\overline{\alpha}})\leqq\tilde{C}$ (4.6)

where $\tilde{C}$ denotes constants depending on $\Vert\nabla u_{0}^{m+1}\Vert_{2}$ and $\Vert u_{0}\Vert_{q_{0}(1+\overline{a})}$ . Thus, setting
$g(x, t)=f(x, t,\tilde{u}_{\epsilon}(x, t))$ , we obtain from (4.4) and (4.6)

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}+\epsilon\int u^{m+\alpha’+2}(t)dx+\int_{0}^{T}\Vert\frac{\partial}{\partial t}u^{m/2+1}(s)\Vert_{2}^{2}ds\leqq C(T, \epsilon)$ (4.7)

where $C(T, \epsilon)$ is a constant depending on $u_{0},$
$T$ and $\epsilon$ . Note that $\lim_{arrow 0}C(T, \epsilon)$

depends on only $\Vert\nabla u_{0}^{m+1}\Vert_{2}$ and $\Vert u_{0}\Vert_{q_{0}(1+\overline{\alpha})}$ . The estimates (4.1) and (4.7) are
sufficient for the convergence of $\tilde{u}_{\epsilon}(t)$ to the required solution of $(P_{1})$ .

THEOREM 4.1. Supp0se that the Assumpti0n 1 and (4.5) are valid, and let
$u_{0}^{m+1}\in H_{0}^{1}\cap L^{q_{0}(1+\overline{a})/(m+1)}$ (if $0\leqq\alpha<m$ ) or $u_{0}^{m+1}\in \mathfrak{W}\cap L^{q_{0}(1+\overline{\alpha})/(m+1)}$ (if $0<m<\alpha<m^{*}$ )

with $q_{0}$ defined by (4.3). Then the pr0blem $(P_{1})$ has a solution $u(t)$ such that
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$\Vert u(t)\Vert_{(1+\overline{\alpha})q_{0}}\leqq\tilde{C}$ for $t\in R^{+}$

and

$\int_{t}^{t+1}\Vert\frac{\partial}{\partial t}(u^{m/2+1}(s))\Vert_{2}^{2}ds+\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq C$ for $t\in R^{+}$ . (4.8)

Moreover, if $0<m<\alpha<m^{*}$ and $f$ satisfies the stronger condition

$|f(x, t, u)|\leqq C_{0}u^{1+\alpha}$ for $u\geqq 0$ , (4.9)

the right hand side of (4.8) can be replaced by $\tilde{C}(1+t)^{-2(m+1)/m}$ .
PROOF. It remains to prove (4.8) and the final assertion. By (4.7) we know

already

$\int_{0}^{T}\Vert\frac{\partial}{\partial t}(u^{m/2+1}(s))\Vert_{2}^{2}ds+\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq C(T)$ (4.10)

for each $T>0$ . Now, let us consider the problem

$u_{t}-\Delta u^{m+1}=g(x, t)$ (4.11)

with the conditions $u(O)=u_{0},$ $u|_{\partial\Omega}=0$ . It is known that for $g\in L_{1oc}^{1}(R^{+} ; L^{1}(\Omega))$

and $u_{0}\in L^{1}(\Omega)$ the problem (4.11) has a unique solution in the sense of semi-
group theory (Evans [7], Benilan and Crandall [3]). By the general uniqueness
theorem (Br\’ezis [4], Br\’ezis and Crandall [5]) the solution of (4.11) must coincide
with our solution $u(t)$ when $g(x, t)=-f(x, t, u(x, t))$ . We shall give somewhat
formal proof of our estimates, which can be made rigorous by use of semi-group
theory ([3]) or appropriate approximate solution ([12]). (In fact our argument is
a simplified version of the proof of the theorem in [12].)

Multiplying (4.11) (with $g(x,$ $t)=-f(x,$ $t,$ $u)$ ) by $(u^{m+1})_{t}$ we have

$\frac{(m+1)}{2}\int u^{m}u_{t}^{2}dx+\frac{1}{2}\frac{d}{dt}\Vert\nabla u^{m+1}(t)\Vert^{2}\leqq C\Vert g(t)\Vert_{q_{0}}^{2}\Downarrow\nabla u^{m+1}(t)\Vert_{2}^{m/(m+1)}$ (4.12)

with $q_{0}$ defined in (4.3) (note that (4.11) is equivalent to (4.2) with $\epsilon=0$). Next,
multiplying (4.11) by $u^{m+1}$ and using (4.12) we have (cf. (1.5))

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq(\int u^{m}u_{t}^{2}d_{X})^{1/2}mmmm$

$\leqq C\Vert\nabla u^{m+1}(t)\Vert_{2}^{(m+2)/2(m+1)}\{C\Vert g(t)\Vert_{q_{0}}^{2}\Vert\nabla u^{m+1}(t)\Vert_{2}^{m/(m+1)}$

$- \frac{1}{2}\frac{d}{dt}\Vert\nabla u^{m+1}(r)\Vert^{2}\}^{1/2}+C\Vert g(t)\Vert_{q_{0}}\Vert\nabla u^{m+1}(t)\Vert_{2}$

and hence

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{(m+2)/(m+1)}\{C\Vert\nabla u^{m+1}(t)\Vert_{2}^{(3m+2)/(m+1)}$

$+ \frac{d}{dt}\Vert\nabla u^{m+1}(t)\Vert^{2}-C\Vert g(t)\Vert_{q_{0}}^{2}\Vert\nabla u^{m+1}(t)\Vert_{2}^{m/(m+1)}\}\leqq 0$ .
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Thus we obtain

$\frac{d}{dt}\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}+C\Vert\nabla u^{m+1}(t)\Vert_{2}^{(3m+2)/(m+1)}\leqq C\Vert g(t)\Vert_{q_{0}}^{(3m+2)/(m+1)}$ ($4.13\rangle$

as long as $\Vert\nabla u^{m+1}(t)\Vert_{2}\neq 0$ . Comparing $\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}$ with a solution of ordinary
differential inequality

$y’+Cy^{(3m+2)/2(m+1)}\geqq h(t)$

with $h(t)=\Vert g(t)\Vert_{q_{0}}^{(3m+2)/(m+1)}$ we conclude from (4.13) that

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq\{\Vert\nabla u^{m+1}(s)\Vert_{2}^{-m/(m+1)}+C(t-s)\}^{-2(m+1)/m}$

$+C \int_{s}^{t}\Vert g(\eta)\Vert_{q_{0}}^{(3m+2)/(m+1)}d\eta$ (4.14)

for $t\geqq s\geqq 0$ .
Setting $g(x, t)=-f(x, t, u)$ and taking $s=t-1,$ $t\geqq 1$ , it follows from ( $4.14\rangle$

that

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq C^{-2(m+1)/m}+C\int_{t-1}^{t}\Vert g(\eta)\Vert_{q_{0}}^{(3m+2)/(m+1)}d\eta\leqq\tilde{C}$

under the assumption (4.5) (see (4.6)). We have alsolby (4.12)

$\int_{t}^{t+1}\Vert u^{m/2}u_{t}\Vert_{2}^{2}ds\leqq\hat{C}$ .

If $m<\alpha<m^{*}$ and (4.9) holds, we see from Theorem 2.1 and (1.6) that

$\Vert f(x, t, u)\Vert_{q_{0}}\leqq C_{0}\Vert u(t)\Vert_{q_{0}(1+\alpha)}^{1+\alpha}\leqq\tilde{C}(1+t)^{-(1+a)/m}$ .
Thus, taking $s=t/2$ in (4.14) we have

$\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}\leqq\tilde{C}t^{-2(m+1)/m}$ . (4.15)

Combining (4.15) with (4.10) we obtain the desired estimate for $\Vert\nabla u^{m+1}(t)\Vert_{2}$ .
Finally, integrating (4.12) we see easily

$\int_{t}^{\infty}\Vert u^{m/2}u_{t}\Vert_{2}^{2}ds\leqq\hat{C}(1+t)^{-2(m+1)/m}$

which is a slightly stronger version than required. $q.e.d$ .
We do not know whether the uniqueness is valid or not under the assump-

tions of Theorem 4.1. However, if we can derive $L^{\infty}$ estimate of solutions the
uniqueness follows rather easily. We establish the following;

THEOREM 4.2. Let $u_{0}^{m+1}\in H_{0}^{1}\cap L^{\infty}$ if $0\leqq\alpha<m$ and let $u_{0}^{m+1}\in \mathfrak{W}\cap L^{\infty}$ if
$0<m<\alpha<m^{*}$ . Then, under the Assumpti0n 1, the pr0blem $(P_{1})$ has a unique
solution $u(t)$ such that

$\Vert u(t)\Vert_{\infty}\leqq\{\begin{array}{ll}C<\infty if 0<\alpha<m \overline{C}(1+t)^{-1/m} if 0<m<\alpha<m^{*}\end{array}$
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and (4.8) is satisfied with $C$ replaced by $\overline{C}$ , where $\overline{C}$ denotes constants depending
on $\Vert\nabla u_{0}^{m+1}\Vert_{2}$ and $\Vert u_{0}\Vert_{\infty}$ . Moreover, if $0<m<\alpha<m^{*}$ and $f$ satisfies

$|f(x, t, u)|\leqq C(r)u^{1+\alpha}$ for $0\leqq u\leqq r$ , $r>0$ ,

the right hand szde of (4.8) can be replaced by $\overline{C}(1+t)^{-(m+1)/m}$ .
PROOF. The existence and the estimates except for $\Vert u(t)\Vert_{\infty}$ are clear from

the proof of Theorem 4.1. The $L^{\infty}$ estimate follows from Theorem 3.1 and
Proposition 1.2. To show the uniqueness we let $u_{1}$ and $u_{2}$ be two solutions.
Then, by the theory of nonlinear semi-groups we have

$\Vert u_{1}(t)-u_{2}(t)\Vert_{1}\leqq\Vert u_{1}(0)-u_{2}(0)\Vert_{1}+\int_{0}^{t}\Vert f(\cdot, s, u_{1})-f(\cdot, s, u_{2})\Vert_{1}ds$

$\leqq C\int_{0}^{t}\Vert u_{1}(s)-u_{2}(s)\Vert_{1}ds$ (4.16)

where we have used the $L^{\infty}$ boundedness of $u_{i}(i=1,2)$ and the Lipschitz con-
tinuity of $f$ with respect to $u$ . The inequality implies $u_{1}=u_{2}$ . $q.e$ . $d$ .

REMARK. Quite recently Levine and Sacks [10] have proved essentially the
same result as Theorem 4.2 for the case $0\leqq\alpha<m$ . Their proof is different
from ours. The existence and decay for the case $0<m<\alpha$ , which is more
difficult, is not investigated there. Subsequently, Sacks [15] has established
closely related result to our Theorem 4.2. His method is also quite different
from ours and does not seem to be applicable to the problem $(P_{4})$ .

5. Solutions to the system $(P_{3})$ .
In this section we discuss the problem $(P_{3})$ . Since the case $m=0$ or $n=0$

is simpler we assume $m$ and $n$ are positive.
Let $U_{\epsilon}$ and $V_{\epsilon}$ be a pair of solutions of the approximate equations

$(P_{3,\epsilon})$ $\{\begin{array}{l}\frac{1}{m+1}((U+\epsilon)^{-m/(m+1)}+\epsilon)U_{t}-\Delta U+f_{1,\epsilon}(x, t, U^{1/(m+1)}, V^{1/(n+1)})=0\frac{1}{n+1}((V+\epsilon)^{-n/(n+1)}+\epsilon)V_{t}-\Delta V+f_{2}(x, t, U^{1/(m+1)}, V^{1/(n+1)})=0\end{array}$

with $U(x, 0)=U_{0},$ $V(x, 0)=V_{0},$ $U|_{\partial\Omega}=V|_{\partial\Omega}=0$ , and $U,$ $V\geqq 0$ , where we set

$f_{1}$

, $.=f_{1}+\epsilon u^{1+\alpha’}$ $(\alpha’>\alpha)$ .

First, we assume $U_{0}\in C_{0}^{1}(\Omega)$ and $V_{0}\in C_{0}^{1}(\Omega)$ which can be weakened at the
last step by approximation. Then it is easy to see that $(P_{3.\epsilon})$ has a local classical
solution $(U_{\epsilon}(t), V_{\text{\’{e}}}(t))$ and for the continuation of it to $[0, \infty$ ) it suffices to derive
a priori $L^{\infty}$ bounds for $U_{\text{\’{e}}}(t)$ and $V_{\epsilon}(t)$ on $[0, \infty$ ). To prove the convergence of
them as $\epsilonarrow 0$ we have only to show the estimate like (4.4), which follows
immediately from $L^{\infty}$ boundedness of them. Denoting the limits as $\epsilonarrow 0$ of $U_{\epsilon}$
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and $V_{\epsilon}$ by $U$ and $V$ , respectively, $u=U^{1/(m+1)}$ and $v=V^{1/\langle n+1)}$ should be a pair
of desired solutions of the problem $(P_{3})$ with $u_{0}=U_{0}^{1/(m+1)}$ and $v_{0}=V_{0}^{1/(n+1)}$ . Thus
our task is to derive $L^{\infty}$ estimates for $U_{\epsilon}$ and $V_{\epsilon}$ . To make the essential feature
clear we consider the original problem $(P_{3})$ (or ( $P_{3}$ . ,) with $\epsilon=0$) and treat the
equations formally. The result can be made rigorous through U. and $V_{\epsilon}$ as is
done in previous sections.

Multiplying the second equation of $(P_{3})$ by $v^{p+1}$ and integrating we have, by
Assumption 2, (ii),

$\frac{1}{p+2}\frac{d}{dt}\Vert v(t)\Vert_{p}^{p}\ddagger_{2}^{2}+\frac{4(n+1)(p+1)}{(p+n+2)^{2}}\Vert\nabla v^{(p+n+2)/2}(t)\Vert_{2}^{2}\leqq 0$

which yields as in the section 3

$\Vert v(t)\Vert_{\infty}\leqq\Vert v_{0}\Vert_{\infty}\equiv K$ (5.1)

and
$\Vert v(t)\Vert_{p+2}\leqq C(\Vert v_{0}\Vert_{p+2})(1+t)^{-1/n}$ (5.2)

for $0\leqq p\leqq\infty$ . By (5.1) and the Assumption 2, (i), we have

$f_{1}(x, t, u(t), v(t))\geqq-C_{0}(K)u^{1+a}$ (5.3)

with the above $K$. We denote by $\mathfrak{W}_{K}$ the potential well $\mathfrak{W}$ dePned by (1.1) with
$C_{0}$ replaced by $C_{0}(K)$ . Then, the estimates in Theorem 4.3 are valid for $u(t)$

under the assumption $u_{0}^{m+1}\in \mathfrak{W}_{K}\cap L^{\infty}(0<m<\alpha<m^{*})$ or $u_{0}^{m+1}\in H_{0}^{1}\cap L^{\infty}(0\leqq\alpha<m)$ .
From the $L^{\infty}$ boundedness of $u(t)$ and $v(t),$ $f_{i}(x, t, u, v),$ $i=1,2$, are uniformly
bounded and we obtain the estimates like (4.8) for $u$ and $v$ . We state our
conclusion.

THEOREM 5.1. Let $v_{0}^{n+1}\in H_{0}^{1}\cap L^{\infty}$ and let $u_{0}^{m+1}\in \mathfrak{W}_{K}\cap L^{\infty}(K=\Vert v_{0}\Vert_{\infty})$ (if $0<$

$m<\alpha<m^{*})$ or $u_{0}^{m+1}\in H_{0}^{1}\cap L^{\infty}$ (if $0\leqq\alpha<m$). Then, under Assumption 2, the sys-
tem $(P_{3})$ admits a unique pair of solutions $(u(t), v(t))$ such that

$\Vert u(f)\Vert_{\infty}\leqq\{\begin{array}{ll}C_{1}(1+t)^{-1/m} if 0<m<\alpha<m^{*}C_{1}<\infty if 0\leqq\alpha<m,\end{array}$

$\Vert v(t)\Vert_{\infty}\leqq C_{2}(1+t)^{-1/n}$

and
$\int_{t}^{t+1}(\Vert\frac{\partial}{\partial t}u^{m/2+1}(s)\Vert_{2}^{2}+\Vert\frac{\partial}{\partial t}v^{n/2+1}(s)\Vert_{2}^{2})ds$

$+\Vert\nabla u^{m+1}(t)\Vert_{2}^{2}+\Vert\nabla v^{n+1}(t)\Vert_{2}^{2}\leqq C_{3}<\infty$ (5.4)

for any $t\in[0, \infty$ ), where the definitions of solutions are similar to that of Theo-
rem $0$ . Moreover, if we assume

$|f_{i}(x, t, u, v)|\leqq C(r)(u^{\beta_{i}}+v^{\beta_{i}})$ , $i=1,2$ ,



58 M. NAKAO

for $0\leqq u,$ $v\leqq r$ with $\beta_{1}\geqq n(m+1)/m,$ $\beta_{1}\geqq m+1,$ $\beta_{2}>m(n+1)/n$ and $\overline{\beta}_{2}>n+1$ , we
have the followzng decay properties instead of (5.4);

$( \int_{t}^{t+1}\Vert\frac{\partial}{\partial t}u^{m/2+1}(s)\Vert_{2}^{2}\ )^{1/2}+ \Vert\nabla u^{m+1}(t)\Vert_{2}\leqq C_{4}(1+t)^{-(m+1)/m}$ ( $5.5\rangle$

and
$( \int_{t}^{t+1}\Vert\frac{\partial}{\partial t}v^{n/2+1}(s)\Vert_{2}^{2}d_{S})^{1/2}+\Vert\nabla v^{n+1}(t)\Vert_{2}\leqq C_{5}(1+t)^{-(n+1)/n}$ (5.5)

where (5.5) is valid only for the case $0<m<\alpha<m^{*}$ . The dependence of the $con-$

stants $C_{i}$ are as follows;

$C_{1}=C_{1}(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \Vert u_{0}\Vert_{\infty}, \Vert v_{0}\Vert_{\infty})$ , $C_{2}=C_{2}(\Vert v_{0}\Vert_{\infty})$ and

$C_{i}=C_{i}(\Vert\nabla u_{0}^{m+1}\Vert_{2}, \Vert\nabla v_{0}^{n+1}\Vert_{2}, \Vert u_{0}\Vert_{\infty}, \Vert v_{0}\Vert_{\infty})$ , $i=3,4,5$ .
PROOF. It remains to prove the uniqueness and the estimates (5.5), (5.5).

Applying (4.14) to $v(t)$ with $g(x, t)=f_{2}(x, t, u(x, t), v(x, t))$ we have easily

$\Vert\nabla v^{n+1}(t)\Vert_{2}\leqq C_{3}(1+t)^{-\eta}$ (5.6)

with
$\eta=\min(\frac{n+1}{n},$ $\frac{\beta_{2}(3n+2)}{2m(n+1)}1,$ $\frac{\overline{\beta}_{2}(3n+2)}{2n(n+1)}-1)$

where we have used the decay properties of $\Vert u(t)\Vert_{\infty}$ and $\Vert v(t)\Vert_{\infty}$ . The inequality
(5.6) implies (5.5) immediately by our assumptions on $\beta_{2}$ and $\overline{\beta}_{2}$ . (5.5) is also
proved quite similarly.

Next we shall prove the uniqueness. Let $(u_{i}, t)_{i}),$ $i=1,2$ , be two pairs of
solutions of the problem. Then by the theory of nonlinear semi-groups we have

$\Vert u_{1}(t)-u_{2}(t)\Vert_{1}\leqq\int_{0}^{t}\Vert f_{1}(x, s, u_{1}, v_{1})-f_{1}(x, s, u_{2}, v_{2})\Vert_{1}ds$

$\leqq Const.\int_{0}^{t}\Vert u_{1}-u_{2}\Vert_{1}+\Vert v_{1}-v_{2}\Vert_{1}ds$

where we have used the Lipschitz continuity of $f_{1}$ and the uniform boundedness
of $u_{i}$ and $t_{i}$} $i=1,2$ . Similar inequality holds for $\Vert v_{1}-v_{2}\Vert_{1}$ and we have, for
$w(t)=\Vert u_{1}(t)-u_{2}(t)\Vert_{1}+\Vert v_{1}(t)-v_{2}(t)\Vert_{1}$ ,

$w(t) \leqq Const.\int_{0}^{t}w(s)ds$

which implies $u_{1}=u_{2}$ and $v_{1}=v_{2}$ . $q.e.d$ .
REMARK. If we consider the case $m=0$ or (and) $n=0$ the all assertions are

valid with the right hand sides of (5.5) or (and) (5.5) replaced by $\exp(-\lambda t)$ for
some $\lambda>0$ . The proof is clear from the derivation of (5.5) and (5.5).
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6. $L^{\infty}$ estimate and uniqueness of solution to the problem $(P_{4})$ .
In this section we shall discuss briefly on solutions to the problem;

$u_{t}- \sum_{i=1}^{N}(|u_{x_{t}}|^{m}u_{x_{i}})_{x_{i}}-u^{1+\alpha}=0$ in $\Omega\cross(0, \infty)$

$(P_{4})$

$u(x, 0)=u_{0}$ , $u|_{\partial\Omega}=0$ and $u\geqq 0$ ,

where $m$ is a positive constant.
The existence and nonexistence of global solutions to $(P_{4})$ were investigated

by Tsutsumi [18] and the results are generalized by several authors. Decay
property of global solutions for the case $m<\alpha<m^{*}$ (see below) is included in
[14]. The condition imposed to the initial data in [14] is somewhat stronger
than that in [18]. But, this gap is easily buried by a method similar to the proof
of Proposition 1.1 (see [13]). For comparison with Theorem $0$ and for later use
we state the following;

THEOREM $0’$ . (i) If $0\leqq\alpha<m$ the pr0blem $(P_{4})$ admits a solution $u(t)$ (in a
standard generalized sense) for each $u_{0}(\geqq 0)\in W_{0}^{1.m+2}$ such that

$u(t)\in L^{\infty}(R^{+} ; W_{0^{m+2}}^{1})$ , $u_{t}\in L_{1oc}^{2}(R^{+} ; L^{2}(\Omega))$

and

$\int_{t}^{t+1}\Vert u_{t}(s)\Vert_{2}^{2}ds+\Vert u(t)\Vert_{1.m+2}^{m+2}\leqq C(\Vert u_{0}\Vert_{1,m+2})$ (6.1)

where $\Vert\cdot\Vert_{1.m+2}$ denotes $W_{0}^{1,m+2}$ norm.
(ii) If $0<m<\alpha<m^{*}$ , the same assertion holds for $u_{0}(\geqq 0)\in \mathfrak{W}$ , and moreover

$u(t)\in \mathfrak{W}$ for any $t\geqq 0$ and we have

$\int_{t}^{t+1}\Vert u_{t}(s)\Vert_{2}^{2}ds+\Vert u(t)\Vert_{1.m^{2}+2}^{m+}\leqq C(d-J(u_{0}))(1+t)^{-(m+2)/m}$ . (6.2)

In the above theorem we define $m^{*},$ $d,$ $J$ and $\mathfrak{W}$ as follows;

$m^{*}=\{\begin{array}{ll}(m(N+2)+4)/(N-(m+2)) if N>m+2\infty if 1\leqq N\leqq m+2,\end{array}$

$J(u)= \frac{1}{m+2}\sum_{i\supset 1}^{N}\int_{\Omega}|u_{x_{i}}|^{m+2}dx-\frac{1}{\alpha+2}\int_{\Omega}|u|^{\alpha+2}dx$ ,

$d= \inf_{u^{0}\neq 0}$
$\sup_{\lambda,u\in W^{1,m+2}>}J(\lambda u)$

and

$\mathfrak{W}=\{u\in W_{0}^{1,m+2}|](u)<d$ and $\sum_{i=1}^{N}\int_{\Omega}|u_{x_{i}}|^{m+2}dx-\int_{\Omega}|u|^{\alpha+2}dx>0\}\cup\{0\}$ .
Our result in this section reads as follows.
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THEOREM 6.1. (i) If $0\leqq\alpha<m$ and $u_{0}\in W_{0}^{1,m+2}\cap L^{p+2}(m\leqq p\leqq\infty)$ , the solu-
tion of Theorem $0’$ may be assumed to satisfy the additional estimate

$\Vert u(t)\Vert_{p+2}\leqq C(p, \Vert u_{0}\Vert_{1.m+2}, \Vert u_{0}\Vert_{p+2})<\infty$ . (6.3)

(ii) If $0<m<a<m^{*}$ and $u_{0}\in \mathfrak{W}\cap L^{p+2}(m\leqq P\leqq\infty)$ , then the solution may be
assumed to satisfy the additional estimate

$\Vert u(t)\Vert_{p+2}\leqq C(p, \Vert u_{0}\Vert_{1,m+2}, \Vert u_{0}\Vert_{p+2})(1+t)^{-1/m}$ . (6.4)

(iii) If $p=\infty$ in the above (i) and (ii) such solution is unique.
PROOF. It suffices to derive the estimates formally. The detailed proof,

which we omit, can be given by virtue of standard compactness and monotonicity
arguments through approximate solutions $u_{\epsilon}(t)$ , say, of the problem;

$u_{t}- \sum_{i=1}^{N}((|u_{x_{i}}|^{2}+\epsilon)^{m/2}u_{x_{i}})_{x_{i}}+\epsilon u^{1+\alpha’}-u^{1+a}=0$

$(P_{4.\epsilon})$

$u(O)=u_{0}$ , $u|_{\partial\Omega}=0$ and $u\geqq 0$ .

Since the case (i) is treated in a similar and simpler manner we restrict
ourselves to the case (ii). We have only to show the estimate for $\Vert u(t)\Vert_{p+2}$ . As
is seen from the treatment of the problem (P2) the case $p<\infty$ is easier and we
consider the case $p=\infty$ only.

Now, multiplying the equation by $u^{p+1}(p\geqq 0)$ and integrating we have

$\frac{1}{p+2}\frac{d}{dt}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}+\frac{(p+1)(m+2)^{2}}{(p+m+2)^{m+2}}\sum_{i=1}^{N}\int_{\Omega}|\frac{\partial}{\partial x_{i}}(u^{(p+m+2)/(m+2)})|^{m+2}dx$

$= \int_{\Omega}u^{p+a+2}dx$ . (6.5)

By H\"older’s inequality and the boundedness of $\Vert u(t)\Vert_{1,m+2}$ ,

$\int u^{p+a+2}dx\leqq\Vert u(t)\Vert_{p+2}^{\theta_{1}}\Vert u(t)\Vert_{\alpha+2}^{\theta_{2}}\Vert u(t)\Vert_{\gamma}^{\theta_{3}}\leqq C\Vert u(t)\Vert_{p+2}^{\theta_{1}}\Vert\nabla up+m+2)/(m+2)\Vert_{m+2}^{(m+2})\theta_{3}/(p+m+2)$

with $\gamma=(p+m+2)N/(N-2)$ (we consider the case $N\geqq 3$). Applying Young’s
inequality we have

$\int u^{p+\alpha+2}dx\leqq\frac{(p+1)(m+2)^{2}}{2(p+m+2)^{m+2}}\sum_{i\Rightarrow 1}^{N}\int|\frac{\partial}{\partial x_{i}}(u^{(p+m+2)/(m+2)})|^{m+2}dx+C_{p}\Vert u(t)\Vert_{p}^{p}\ddagger^{2}2$ (6.6)

where we set in the above

$\theta_{1}=(p+2)\{1-\frac{N\alpha}{mN+(m+2)(\alpha+2)}\}$ , $\theta_{2}=\alpha\{1-\frac{mN}{nlN+(m+2)(\alpha+2)}\}$

and $\theta_{3}=\frac{N\alpha(p+m+2)}{mN+(m+2)(\alpha+2)}$ ,

and $C_{p}$ is a constant such that
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$C_{p}\leqq C(\Vert u_{0}\Vert_{1.m+2})(p+1)^{(m+1)\{mN+(m+2)(a+2)-N\alpha\}/Na}\equiv C(p+1)^{\overline{\theta}}$ .

Thus, from (6.5) and (6.6) we obtain

$\frac{d}{dt}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}+C(p+1)^{-m}\Vert\nabla u^{(p+m+2)/(m+2)}(t)\Vert_{m}^{m}\ddagger_{2}^{2}\leqq C(p+1)^{\tilde{\theta}+1}\Vert u(t)\Vert_{p}^{p}\ddagger_{2}^{2}$ . (6.7)

This together with (6.1) implies, by Lemma 3.1, the boundedness of $\Vert u(t)\Vert_{\infty}$ .
The decay property for the case $0<m<\alpha<m^{*}$ is also proved quite similarly to
the proof of Theorem 3.1, (ii), and the details are omitted.

After the uniform boundedness is known the uniqueness of such solution
easily follows from the monotonicity of the principal elliptic term and the
Lipschitz continuity of $u^{1+\alpha}$ . Indeed, letting $u_{i},$ $i=1,2$ , be two solutions we have

$\frac{1}{2}\frac{d}{dt}\Vert u_{1}(t)-u_{2}(t)\Vert_{2}^{2}\leqq\int(u_{1}^{1+\alpha}-u_{2}^{1+\alpha})(u_{1}-u_{2})dx\leqq C(M)$ I $u_{1}(t)-u_{2}(t)\Vert_{2}^{2}$

with $M= \sup_{t,i}(\Vert u_{i}(t)\Vert_{\infty})$ , which implies $u_{1}=u_{2}$ . $q.e.d$ .
REMARK. If we assume only $u_{0}\in W_{0}^{1.m+2}(0\leqq\alpha<m)$ or $u_{0}\in \mathfrak{W}(0<m<\alpha<m^{*})$

we can obtain (see Theorems 2.1 and 2.2)

$\Vert u(t)\Vert_{p+2}\leqq\{\begin{array}{ll}C_{p}t^{-1/m}+C_{p}(\Vert u_{0}\Vert_{1.m+2}) if 0\leqq\alpha<mC_{p}t^{-1/m}+C_{p}(\Vert u_{0}\Vert_{1,m+2})(1+t)^{-1/m} if 0<m<a<m^{*}\end{array}$

for any $0\leqq p<\infty$ , which is a kind of regularizing effect. We can conjecture
that these estimates should be valid for the case $p=\infty$ . The nonnegativity of
solutions is inessential in this section.

Appendix. Outline of the proof of Lemma 3.1.

We follow Alikakos [1]. Setting

$\lambda_{k}=[\lambda_{0}-\frac{m-r+1}{r-1}]r^{k}+\frac{m-r+1}{r-1}$ , $\alpha_{k}=C_{1}\lambda_{k}^{\theta_{1}}$ , $\nu_{k}=C_{0}\lambda_{k}^{-\theta_{0}}$ ,

$\beta_{k}=\frac{\lambda_{k}+1}{\lambda_{k-1}+1}$ and $v=w^{\lambda_{k-1+1}}$ $(k=1,2, 3, )$ ,

the inequality takes the form

$\frac{d}{dt}\int v^{\beta_{k}}dx\leqq-\nu_{k}\int|\nabla v|^{\tau}dx+\alpha_{k}\int v^{\beta_{k}}dx$ . (A. 1)

Noting $1<\beta_{k}<r$ and apPlying the Gabliardo-Nirenberg inequality, we know

$\Vert v\Vert_{\beta_{k}^{k}}^{\beta}\leqq\epsilon_{k}\Vert\nabla v\Vert_{r}^{r}+C_{\epsilon_{k}}\Vert v\Vert_{1}^{r_{k}}$ (A. 2)

where $\epsilon_{k}$ is a positive constant to be chosen later, $C_{\epsilon}=\epsilon^{-\tau}$ for a certain $\tau>0$ , and
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$r_{k}= \frac{r(1-\gamma_{k})\beta_{k}}{r-\gamma_{k}\beta_{k}}$ , $\gamma_{k}=\frac{rN(\beta_{k}-1)}{\beta_{k}(r-N+rN)}$ .
Now, choosing $\epsilon_{k}$ so small that we may have a $k^{6_{k}+\epsilon_{k}^{2}\leqq\nu_{k}}$ , it follows from (A. 1)

and (A. 2) that

$\frac{d}{dt}\int w^{\lambda_{k}+1}dx\leqq-\epsilon_{k}\int w^{\lambda_{k}+1}dx+(\alpha_{k}+\epsilon_{k})c_{\epsilon_{k}}[\sup_{t\geqq 0}\int w^{\lambda_{k- 1+1}}dx]^{r_{k}}$

and hence

$\int w^{\lambda_{k}+1}dx\leqq\max\{\delta_{k}[\sup_{t\geq 0}\int w^{\lambda_{k- 1+1}}dx]^{r_{k}},$ $\int w^{\lambda_{k}+1}(x, 0)dx\}$ (A. 3)

where $\delta_{k}\equiv(\alpha_{k}+\epsilon_{k})C_{\epsilon_{k}}/\epsilon_{k}(>1)$ .
Thus, inductively from (A. 3), we can obtain

$\int w^{\lambda_{k}+1}dx\leqq\delta_{k}\delta_{k1}^{r_{\underline{k}}}\cdots\delta_{1}^{r_{2}\cdots r_{k}}K^{\lambda_{k}+1}$ (A. 4)

with
$K= \max\{1, c\Vert w_{0}\Vert_{\infty}, \sup_{r\geq}\Vert w(t)\Vert_{\lambda_{0}+1}^{d}\}$ , $c,$ $d>0$ .

Since $r_{k}<r$ and $\delta_{k}\leqq r^{k\theta_{1}+(\theta_{0}+\theta_{1})(1+\mu)}$ $a$ for certain $a$ and $\mu>0$, we have from
\langle A. 4) that

$\Vert w(t)\Vert_{\lambda_{k}+1}\leqq a^{p_{k}}r^{q_{k}}K$ (A. 5)

where we set

$p_{k}= \frac{r^{k}-1}{\lambda_{k}+1}$ and $q_{k}= \frac{(r^{k+1}-k-1)\theta_{1}+(\theta_{0}+\theta_{1})(1+\mu)(r^{k}-1)}{\lambda_{k}+1}$ .
Taking the limit in (A. 5) as $karrow\infty$ , we obtain

$\sup_{t\geqq}\Vert w(t)\Vert_{\infty}\leqq a^{\eta}Kr^{[\theta_{1}+(\theta_{0}+\theta_{1})(1+\mu)]r\eta}$

with $\eta=[\lambda_{0}-(m-r+1)(r-1)^{-1}]^{-1}$ , which completes the proof.
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