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Introduction.

As usual, we denote by -0 the automorphism group of Leech lattice which
is an even unimodular lattice in 24-dimensional Euclidean space [1]. So -0 has
a natural 24-dimensional representation p, over the rational number field. In
this paper, Frame shapes of conjugacy classes of -0 with respect to p,, the list
of which is given in Table I of Appendix, will play a central role. For the
definition of Frame shape, see §1.2.

Let & be the set of all elliptic modular functions f(z) satisfying the follow-
ing conditions:

(1) f(z) is a modular function with respect to a discrete subgroup I’ of
SL(2, R) containing Iy(N) for some integer N (i.e. /(22" 0)=(z) for any (¢ 5

’ cz+d ¢ d
eI" and meromorphic on the upper half plane and at all cusps of I'),

(2) the genus of I'is zero and f(z) is a generator of a function field for I,

(3) f(2) has a Fourier expansion of the form f(z)=1/q+2w-0 ang™ (g=e2*?),

Now the main result of this paper is to show that various “transformations”
(cf. §1.1) of Frame shapes of -0 yield functions of & (Th. 3.2, 3.4, 3.5 and Table
lI~1IV in Appendix). Furthermore, an application of this result is as follows:
Let G be a finite group which has a d-dimensional representation p over the
rational number field where d is a divisor of 24. For each of such many (not
all) pairs (G, p), we can construct a mapping from G to &

Goor— j,(2)e9

such that all coefficients a,(¢) (k=1) of a Fourier expansion j,(z)=1/¢+ X 0a:(a)g*
are generalized characters of G (Th. 4.6,4.8 and 4.10). Such a mapping
is called a moonshine of G. A moonshine of Fischer-Griess’s Monster is con-
structed in a remarkable paper of Conway-Norton [2] and other examples of
moonshines can be found in Queen and Koike [4]. Constructions of moon-
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shines in this paper are rather elementary compared with those of Conway-
Norton-Queen. For examples of pairs (G, p) which does not yield a moonshine, we
refer readers to Remark 4.4.

The author is very grateful to Prof. Masao Koike for many valuable discus-
sions and suggestions.

NOTATIONS.

Z the ring of rational integers
@ the field of rational numbers
R the field of real numbers

SLE, Z):{(g A l a,b, ¢, deZ and ad—bc=1}
ste, B={(% §) | ¢, b,c, d=R and ad—be=1}

rn={(¢ b)esre, 2)|c=0moan}
{--->=a group generated by ---.

For the notations of conjugacy classes of -0, see the first paragraph of
Appendix.

§1. Generalized permutations and Frame shapes.
1.1. A symbol
]_;[t’t—_:_l"'lZTz e (rtEZ)

is called a generalized permutation if r,#0 for only a finite number of positive
integers t. For a generalized permutation ==TI,{", set

degn= ;tr, s
sgnm=T[[(—1)¢-Yre
t

Obviously degx and sgnz are generalizations of degree and sign of a permuta-
tion on a finite set. v

Now we will define some transformations of a generalized permutation. Let
r be a positive integer and w=II,¢{" be a generalized permutation. Then define

x/r:l:I(rt)’t”, where r|r, for any ¢,
7‘L‘°7’:]_:_[t”/(rﬂ)(?’t)”/(rﬂ), where 7+1|7’z for any t,
7ro(r/1)=];I(rt)’t“r‘“t“””"”, where r—1|»; for any ¢.

These are called the »-th harmonic, the r-transformation and the (r/1)-transforma-
tion of = respectively. All of these transformations have the same degree as r.
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We note that (2/1)-transformation can be defined for all generalized permutations.
Let n(z) be Dedekind eta-function :

@=¢ [L(1—q",  g=e=".
For a generalized permutation ==]],"t, we put
(1.1) Na(2)= 1;[ p(tz)e .

The meaning of the transformations defined above consists in considering the
transformation of functions 7.(z):

N 2(2) —> N e(2) n*=x/r, mwe(r/1) or mor.
1.2. Let G be a finite group and
G0 — p(a)eGLd, Q)

be a d-dimensional representation of G over the rational number field Q. Then
we will assign to every element (or every conjugacy class) of G a generalized
permutation of degree d as follows. The characteristic polynomial det(x];— p(o))
(I;=the identity matrix of degree d) of p(¢)(¢=G) can be written in the form

=D (ne)

where ¢t ranges over all positive integers dividing the order of G. Then a
generalized permutation Tt of degree d is called Frame shape of an element
o with respect to the representation p. We also refer to Frame shape of a
conjugacy class of G (w.r.t.p), as two conjugate elements of G yield the same
Frame shape.

REMARK 1.1. If a representation p is a permutation representation of G
(i.e. every p(g) is a permutation matrix), the Frame shape of ¢ w.r.t. p is
just a cycle decomposition of a permutation corresponding to p(¢). Thus Frame
shape can be regarded as a generalization of a cycle decomposition of an element
in a permutation group.

REMARK 1.2. If G has no subgroup of index 2 and so detp(g)=1 for all
oc=G, we have sgnr=1 for all Frame shapes m of conjugacy classes of G,
because det p(g)=sgn .

REMARK 1.3. A generalized permutation is not always a Frame shape. For
example, a generalized permutation 1.2724 is not a Frame shape, as (x—1)(x*—1)/
(x®—1)? is not a polynomial.
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§2. A class of elliptic modular functions.

2.1. As in the introduction, let & be the set of all elliptic modular functions
f(2) having the following properties :

(1) f(z) is a modular function with respect to a discrete subgroup I" of
SL(2, R) containing some I,(N),

(2) the genus of I'is zero and f(z) is a generator of a function field for I
and

(3) f(z) has a Fourier expansion of the form f(z2)=1/¢-+2 50 ang™ (g=e2"*?).
For simplicity, we call I’ in (1) and (2) a group for f(z) and also f(z) a
Hauptmodule for I. Clearly the well known modular invariant j(z) belongs to &
and I,(1)=SL(2, Z) is a group for j(z). Other examples of f(z)e & and a group
for f(z) can be found in Table 3 of [2] which is very useful in this paper. In
these examples, a group for f(z)e & is the one obtained by adjoining to I,(N)
some of its Atkin-Lehner’s involutions W

a@Q b

) a,b,c,deZ
cN dQ@

WQ,N:WQ:(
where QJN, i.e. @ is a divisor of N with (Q, N/Q)=1 and detWy=Q. As in
and [10], we use the notations

N+Q1) QZ, Ty N'—‘: N+

which denote

<R(N), WQp WQz) ”'>’ I-'O(N)y <l—'O(N)) WQ l Q”N>

respectively.

LEMMA 2.1. Let n.(2) be a function defined by (1.1) for a generalized per-
mutation w. Assume that

(1) degrn=-—24,

(2) 7:(2) is a modular function w.r.t. a discrete subgroup I' of SL(2, R)
containing some Iy(N),

(3) I'iw={M@oo)=ic0|MecI} is generated by <(1) D,

(4) z=ico is the unique pole of %.(z) among all inequivalent cusps of I.

Then 7:(z)eF and I' is a group for 7i(2).

ProOF. The condition (1) means that 7.(z) has a Fourier expansion of the
form 1/¢-+2>5%5-0a,q® and the condition (3) shows that ¢ can be taken as a
local parameter of #.(z) at z=ico and so z=ico is a pole of 7.(z) of order 1.
Let ® be a Riemann surface corresponding to [, i.e. R=I"\9* where H* is a
union of the upper half plane and the set of all cusps of I. Since 7(z) has no
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poles on the upper half plane, the condition (4) means that z=ico is the unique
pole of 7.(z) on R and so 7.(z) gives an isomorphism from R onto the Riemann
sphere. Thus the genus of R is zero and 7%.(z) is a generator of a function
field of . This completes the proof of

2.2. Here we mention the well known transformation formula of Dedekind
eta-function :

b
d

where v(M)*=1. An explicit formula of v(M) was given by Petersson [6; Th.
2 of Chap. 4]:

@.1) ( az+b

e )=uo(M)(cz+d)yy(z)  for M= (f

)ESL(Z, Z)

22 (M) (—Cci)*eXp{%[<a+d>c_bd(cz—1)—36:l} if ¢ is odd
. v == .
(%>*6Xp{%Ua+d>c_bd(c2”1>+3d—3‘30d]} if ¢ is even

where, by using Jacobi symbol (—%), we put

(=) w0 (@)= o=l

0 \* 0 0
=) =L (3),=1 and () =-1.
Now we give some formulas which are useful for our calculations of %.(z):
1 .
(2.3) 77(2—}——2—):e“’247)(22)3/1;(z))7(42) .
(2.4) If 2|Ny|N and (2N,, N)=N,,
N(2N,z/(Nz+1))=v(M) (Nz+1)'2n((Noz-+1)/2),

2 —1
M:( >ESL(2, Z).
N/No (NQ"N)/ZNO
1 2 )
(2.5) n(z+5)n(e+5) =e=*132) 9@ 92).

(2.6) If 3[Ny|N, 3Ny, N)=N, and N/Ny=¢ mod3 (e==1),
NBNoz/(Nz+1))=v(M)(Nz+1)""*n((Noz+¢)/3),

3 —
M:( : )ESL(Z, Z).
N/N, (N,—N¢)/3
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@7) If Wo= (jﬁ de) is an Atkin-Lehner’s involution of Iy(N),

(W o(2))=v(M)(Q, 1) "'*(cNz+dQ)"*n((Qt/(Q, 1)")z) ,
a(@, 1) bt/(Q, 1)
cN@Q, 1)/Qt dQ/(Q, 1)

and are obtained by direct computations. (2.4), (2.6) and (2.7) follow
from

LEMMA 2.2 (M. Newmann [9; Th. 1]). Let ==II.nxt" be a generalized

permutation and n.(z2)=Il.y p(t2)"t, where t ranges over all positive divisors of
some integer N. Assume that

where M:( )ESL(Z, Z).

© Sre=0,

(1 ;rttEO mod 24,

2 ; riN/t1=0 mod 24

3 the number tll;[rt” is a rational square.

Then 0:(2) is a modular function w.r.t. Iy(N).
A proof of can be done by using and (2.2).

LEMMA 2.3. Let n=II,t"t be a generalized permutation of degree 24 and
r>1 be an integer with r|r, for any t. Assume that

(D n:(2)7eT,

(2) 1;[#”’ is a rational square.
Then nz;(2)"'€F, where w/r is the r-th harmonic of .

PROOF. Let f(z)=7%.(2)"* and g(z)=79./;(2)"*. Then we have

(*) g@)=f(ra)'r.
If I'is a group for f(z)€ 9, f(rz) is a modular function w.r.t. Flz(g (1))_11’(6 (1))
and [C(g(z)): C(f(rz))]=r. Also we have, by (%),

(%) g(Mz)=0g(z) (0"=1) for any MeTl}

and, in particular,

(k%) g (z—!—%) =g 27T g(2) for ((1) 1{7’) el;.

Now let I={Mel}|g(Mz)=g(z)}. Then, by (x+) and (*x*), we must have
[I}:I3]=r and so C(g(z)) is a function field for I,. By the assumption (2) and
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Lemma 2.2, I, contains some I,(N). Thus g(z)eF. This completes the proof
of

LEMMA 2.4. For a generalized permutation m=T[,t"t and T=<

SL(2, R), define

(1) 1{2)E

meT= TI 7 TI (2t)ret=me(4t) e,
t: odd

t: even

If n(2)eg, we have T2 ,,r(2)=—7.(Tz).

PROOF. If %.(z) is a modular function w.r.t. I, 9.,r(z) is a modular func-
tion w.r.t. T ['T. From this we get F=7,.7(z) if 5.(2)eF. The equality
Nror(2)=—12.(Tz) follows from [2.3}, q.e.d.

§3. Frame shapes of conjugacy classes of -0.

3.1. The automorphism group -0 of Leech lattice has a natural 24-dimen-
sional representation p, over Q. It is not difficult to compute Frame shape of
every conjugacy class of -0 by using the character values of the representation
po and the power mapping of conjugacy classes of -0 [11; Table 1]. The list
of Frame shapes of conjugacy classes of -0 is given in Table I of Appendix.
The following observation of the list may be useful (cf. [2; p. 315]):

THEOREM 3.1. Let n=II;t"t be a Frame shape of ‘0. Then 2.r. is even
and if 27r.=0, we have 79.(2)'€TF (=a class of elliptic modular functions
defined in §2).

PRrOOF. By inspection of Table I of Appendix, X7, is even. It can be
seen from Table 3 of that, if 3,7,=0, n.(2)'eg.

REMARK 3.1. Let X;7;,=2k++0 and N be a product of L.C.M. and G.C.D.
of {t|r,#0}. Then %.(z) is a cusp form or an Eisenstein series of level N and
weight & with some character, according as r,=0 for any ¢ or not (cf. [3], [5]

and [8].

The following theorem is one of the main results of this paper:

THEOREM 3.2. Let m=I1;t" be a Frame shape of -0 and r>1 be an integer
with v—1|24 and r—1|r; for any t. Then we have

3.1 Nrowin(B)TEF (mo(r/L)=(r/1)-transformation of = (§1.1)),
except for the following cases:

classes
+4C, 4F, 8D, 12M
2C, 4B, 6l 8B
4F
13 2C

~N 01w N
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In these exceptional cases, we have sgn(z*/ T~ V)Y=—1, where gt/ TV =]], e/,

REMARK 3.2. The case »=2 of Th. 3.2 is a part of a theorem of Conway-
Norton-Queen [2], [10] which says that a mapping

o 24
020 —> 75, wm(2) =g I I (1—ei(0)g* )

is a moonshine of -0, where ¢;(¢) (1=7=24) are eigenvalues of p,(g). In Table
II of Appendix, we will give ¢°(2/1) and a group for 79s,emun(z)"" for each o.
This table can be also found in Queen [10; Table 1], but, in Queen’s table,
some conjugacy classes of -0 are missing and, in our table, a group for
Noon(@)* (6€-0) is described more explicitly than in Queen’s table.

REMARK 3.3. Notations being as in Th. 3.2, let G be a finite group with
no subgroup of index 2 and p be a 24/(r—1)-dimensional representation over
Q. If sgn(zV/"P)=—1, 7z is not a Frame shape of G w.r.t. p, because
sgn(n¥ " Y)=—1 means that the determinant of a linear transformation with
Frame shape n!/" "V is —1.

PROOF OF THEOREM 3.2. This is done by using Table I of Appendix and
examining in case by case for each conjugacy class of :0. Here we will
give a proof of the case r=3. (Also the case »=2 (cf. Remark 3.2) can be dealt
with quite similarly, and other cases »>3 are rather easy to be examined.)

First of all, we see from Table I of Appendix that, if = is a Frame shape
of -0, =(3/1) is

(1) a Frame shape of -0,

(2) for some r, the r-th harmonic of a Frame shape TI;t"¢t of -0 such that
> 7:=0 and TI,¢"¢'" is a rational square, or

(3) one of the following generalized permutations :

classes of = 7o (3/1)
+34 0616/312, 26312186/166129¢
+4C 3%6.122/1%2.42, 1268122/283%42
4F 123/43
+64 12229218%/346¢, 2434184/12%6%92
6B 436%363/2312618%
8D 4.242/8%12
+12A4 3%4%362/1292124, 124%6492362/2234124182
12B 4%6%367/2. 12418
12C 2.4.18.36/6%122
12M 36/12
+15B 1.5.9.45/3215%, 2.3210215. 18. 90/1. 5. 6%9. 30245
+214 3%7.63/1.3.212, 1.6%9. 14. 212126/2. 327. 18. 42263

24A 6%8.72/2.18.242
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If we have the case (1) or (2), we can conclude from Th. 3.1 and
that 9., emn(z)'€F. So suppose we have the case (3).

Classes +4C, 4F, 8D, 12M; These classes are exceptional ones in Th. 3.2
and then we have sgn (g )=—1.

Classes =6A4; We see from Table 3 of that 7-(3/1) is a Hauptmodule
for 18+ or 18-+9.

Classes 12B or 12C; By Table 3 of [2], #-(3/1) is the 2nd-harmonic of a
Hauptmodule for 1849 or 18+. Then follows from

Classes +3A4, —12A or +15B; =-(3/1) is a Hauptmodule for 9+, 36+ or 45+
respectively by Table 3 of [2]. ‘
Now conjugacy classes —3A, 6B, +12A4, —15B, =214 and 24A remain to be
examined. Since n-(3/1) for 6B or 24A is the 2nd-harmonic of —34 or +12A4
respectively, it is sufficient to see that, for five classes —34, +12A4,
—5A4 and +214, .. en(2)'eF. Among these classes, we will prove for
the class —3A4, as other classes can be also dealt with quite similarly.

Let = be the Frame shape of the class —3A4 and let

f@=79z,@n@™,

1 0\/1 —1/3
M=W, and
6 1/\0 1

I'=<I(18), M>,

where WZ:GS ;) is an Atkin-Lehner’s involution of I,(18) (cf. §2.2). Firstly

it follows from that f(z) is a modular function w.r.t. I(18) and then
we see that, by using (2.2), (2.4), (2.6) and (2.7), f(Mz)=f(z). Thus f(z) is a
modular function w.r.t. I. Now we will apply to show that f(z)e &
and I"is a group for f(z). A representative of inequivalent cusps of I,(18) is

0,1/2, +£1/3, +1/6, 1/9, 1/18
and these cusps are divided into two classes under [':

0~—1/6~1/6~1/9 and 1/3~~—1/3~1/2~1/18~ic0.

Since, by (2.7), f(W5(2))=c/ f (2) (c=constant and W18=(108 —E)l), an Atkin-Lehner’s

involution of 1,(18)), we have f(1/18)=f(ico)=c0 and f(0)=0. Thus z=ico is the
unique pole of f(z) among inequivalent cusps of I Then yields that
f(z)e g and I'is a group for f(z). This completes the proof of Th. 3.2.

In Table Il of Appendix, we will give the list of 7-(3/1) and groups for
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Nrown(2)TEF. Also we will give the list of z+(»/1) (r>3) in Table IV, together
with the list of zes, s-transformations of x.

3.2. In this paragraph, we give theorems analogous to Th. 3.2 for r-th
harmonics and r-transformations. For that purpose, it is convenient to introduce
the “ghost classes” of -0. We call the following generalized permutations “ghost
classes” of -0:

Name of classes Frame shapes
+97 3292, 6%18%/3%9*
16Z 8.16
1872 6.18
+257 25/1, 1.50/2.25

We refer to [2],[3] and [8] for these classes. In [2], the class —25Z is denoted by 50Z.
It is easy to see the following

THEOREM 3.3. For all Frame shapes m of the ghost classes of -0, we have
Neon(Z)TEF. Also we have 70:,qm(2)'€F for Frame shapes of the classes
+9Z.

THEOREM 3.4. Let s>1 be an integer with s+1|24. For each Frame shape
z=I1,t"t of -0 with s+1|r, for any t, the s-transformation m-s of n is a Frame
shape of -0 or that of a ghost class of -0 except for the following cases:

S classes
2 4E, 12F
3 2B, 6H
5 4E

11 2B

For these exceptional classes, mes is an r-th harmonic of a Frame shape of -0 for
some r|24 and also we have 9.,4(2) '€ F and Nz.s. ()1 ET.

The proof of this theorem is done just by inspection of Table I of Appendix
and we don’t need any facts from the theory of elliptic modular functions other
than (cf. Table IV of Appendix). Finally we have the following
theorem for »-th harmonics of Frame shapes of -0:

THEOREM 3.5. Let r>1 be an integer and m=11.t"t be a Frame shape of -0
with rir, for any t.

(1) Let 3:7,=0. If II:t"%'" is a rational square, we have 7., (z)" '€ F.

(2) Let X;7;#0. Then one of the following holds:
(1) =/r is a Frame shape of a conjugacy class or ghost class of -0,
(ii) (ery)/r is odd, or
(iii) r=4 and ==1%4%/2%, a Frame shape of the class —4A.

Also the proof of this theorem is obtained by inspection of Table I of Ap-
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pendix and

§4. Some examples of moonshines for finite groups.

4.1. In this paragraph, we collect some lemmas on group characters.

LEMMA 4.1. Let G be a finite group and o p(o) (6= G) be an n-dimensional
representation of G over the complex number field. Let &,(a), e(a), -+, €,(a) be
eigenvalues of p(a). Define functions ar(e) (1=k<o0) and bp(o) (1=k=n) as
follows :

(1—ei(0)g) ~ (1—eal@)g)} = T as(o)g*,

(1+e0)g) - (1+2a(@g)= 2 balo)g*

where q is a variable. Then a,(c) and b,(c) are characters of G.

PrROOF. It can be easily seen that, if V is a representation space of G, a(a)
(resp. bi(o)) is a character of the representation which p induces on the space
of symmetric (resp. anti-symmetric) tensors of V' of degree k2, q.e.d.

LEMMA 4.2. Let G be a finite group and o— p(o) (6 =G) be a representation
of G over Q. For an element o of G with Frame shape 11.t™, define a function
Xe(o) as follows:

70@7 =% ( 3 Lala)g?),

where m=3,r.t is the degree of p and n,(2) is a function defined by (1.1). Then
X:(o) is an ordinary character of G.
PROOF. Let

E(q)=(l:[(1—q‘)”)'1: ‘k; ax(o)g*.
Then, by Lemma 4.1, a.(¢) is an ordinary character of G, as we have clearly
l;[(l'—qz)”Z(l—el(G)(I) - (1—enlo)g)

where &,(g), -+, e,(0) are eigenvalues of p(s). Then it follows from 72.(z)!
=JI7-16(¢g™) that the coefficients X.(¢) of %,(2)~' are ordinary characters,
q.e.d.

LEMMA 4.3. Let &, be the symmetric group of degree n and &(q)=oCrq*
(co=1) be a formal power series of q with non-negative integral coefficients, i.e.
0=c,eZ (k=1,2,3, ---). For an element ¢ of &, with a cycle decomposition
T1:t™, define functions d(e) as follows:

11&(@" =3 dila)g*
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Then d,(c) are characters of &,.

PrROOF. We may assume that &(¢) is a polynomial, as d,(¢) (1=Zk=<n) are
clearly the same as the ones which are obtained from a polynomial 37, c,q*.
Thus we may assume &(g)=1+4c,g+ -+ +c.q" Let

m:C1+C2+ b +Cn
and x,, X, -, Xxn be m--1 independent variables. For ¢=]J];t"t=&,, define a
function X¢yz,..,(¢) on &, as follows:

It o bxb)e= 3 Angepeiy (@)t o xifm.

kot+kp=n
It is well known [5;§5.2] that X, .., (o) is a character of &, which is induced

from the principal character of the subgroup @, X&;, X --X&, of &,. Now, by
putting,

xo=1, X1= "t =X, 74,
— e — —n2

Xeg+1= =Xcytey™—q",

Xejtoten_y— " =Xn=q",

we see that d,(¢) is a linear combination of several induced characters X¢,...,,(¢)
with non-negative coefficients. Thus d,(¢) is a character of &,, q.e.d.

LEMMA 4.4. Let d>1 be an integer and let
1(22)7(d2)/9(2)9(2dz)=q "V *(1+ 2 cag”).

Then we have ¢, =0 1=k <o),
PRrROOF. If £=2dn, the c, are the same as the coefficients of ¢g-expansion of

dn 2n 2dn n
I =g [T, 0=¢ /1T 0—0 fI 0=

n dn-1
— —d2h-1) __A2h-1 __A2Rh+1N\-1
= (ILA—g?e*0)/(1l—g** ) TI (1—g*+) .
Clearly all coefficients of g-expansion of the right hand side are non-negative.

4,2. Let G be a finite group and & be a class of elliptic modular functions
defined in the introduction. A mapping from G to F

Goo— j,(2)=F

is said to satisfy Moonshine condition or simply to be a moonshine if every coef-
ficient a,(o) (k=1) of a Fourier expansion of j,(2)=1/¢+>5,ar(c)g® is a
generalized character of G. Furthermore, if every coefficient a.(¢) (£=1) of
7+(2) is an ordinary character of G, this moonshine is called proper.
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REMARK 4.1. In the above moonshine condition, the constant term a.(¢) of
a Fourier expansion of j,(z) need not necessarily to be any generalized character.
But, in all moonshines which appear in this paper, a,(¢) will be also a generalized
character.

Let d>1 be a divisor of 24 and g+~ p(c) (¢=G) be a d-dimensional repre-
sentation of G over Q.

LEMMA 4.5. Let G, p and d be as above and m=II,h®* be a generalized
permutation of degree 24/d. For every element ¢ of G with Frame shape ¢=
II:i", we put

75 @=TL I n(htz)?®)"e .

Then j7(z) has a Fourier expansion of the form
. 1 =
(*) JEHR)=—+ X axla)q*
q k=0

and a (o) (k=0,1, 2, ---) are generalized characters of G.

PROOF. It is clear that j7(z) has a Fourier expansion of the form (x). For
each h, the coefficients of II,%(htz)"t are generalized characters of G by Lemmad
4.2. From this, the second statement follows, q.e.d.

Now we ask when we have j7(z)e ¥, i.e. a mapping ¢— jZ7(z) is a moonshine.

THEOREM 4.6. Let G, p and d be as above. Assume that,

(#) for any element ¢ of G with a Frame shape I1.t™¢, a generalized permuta-
tion TI. 27t/ of degree 24 is a Frame shape of -0.

(1) Let d*=1-+(24/d). Then a mapping

G0 +— ji .(2)=( ItI (p(d*tz)/p(tz)) )™

is a moonshine of G, where TI,;1™t is a Frame shape of a.
(2) Let d~=(24/d)—1. Then a mapping

Go0—J3, a(2)=(lt1 (p2tz)n(2d-tz)/n(tz)n(d " tz))e) ™

is also a moonshine of G, where I1;t7t is a Frame shape of a.

Proor. (1) Let n* be a generalized permutation d*/1. Then we have
74 +(2)=7*(2) in the notation of Lemma 4.5, Thus the coefficients of a Fourier
expansion of ;% ,(z) are generalized characters by On the other
hand, we have

78 0@ =70 o a+m(@)™

where ¢'=TI,t**"¢/¢ and ¢’-(d*/1) is a (d*/l)-transformation of ¢’. Then it
follows from (%) and Th. 3.2 that j} ,(2)= 4.
(2) Let =~ be a generalized permutation (2.2d7)/(1.d"). Then we have, in
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the notation of Lemma 4.5,
72,.(2) =75 (2),
and also

Ja.6@) =N ca=o (@)t
Then (2) follows from (#) and Th. 3.3, q.e.d.

REMARK 4.2. Moonshines in Th. 4.6 are not proper, i.e. Fourier coefficients
of j& ,(z) and sz .(2) are not necessarily ordinary characters. Some examples
of proper moonshines will be given in the next paragraph §4.3.

Let p be a prime with p-+1]/24 and d>1 be an integer with d|24. Many
d-dimensional rational representations of SL(2, p) satisfy the condition (%) of
Th. 4.6. In the following, we will give examples of such representations and
Frame shapes w.r.t. them for p=5, 7.

SL(2,5)
+1A 2A +34A +54
14 28 1.3 5/1 absolutely irreducible
16 1222 32 1.5 a permutation representation
18 24712 32 1.5 absolutely irreducible
14 1.3 5/1
42722 absolutely irreducible
2¢/14 2.6/1.3 1.10/2.5
1¢ 32/12 5/1
42/22 not absolutely irreducible
24/14 1262/223% 1.10/2.5
18 32 1.5
43/28 not absolutely irreducible
26/1¢ 62/32 2.10/1.5
SL(2,7)
+1A 2A +3AB 4AB +7AB
18 1222 32 2.4 7/1 absolutely irreducible
18 24/12 32 1242722 7/1 not absolutely irreducible
18 2¢ 1232 42 1.7 permutation representation
18 24 3%/1 42 1.7 absolutely irreducible
18 3%/1 1.7
44/24 82/42 absolutely irreducible
28/18 1.6%/2.33 2.14/1.7
18 1232 1.7
44/24 82/42 not absolutely irreducible
28/18 2%62/1%/32 2.14/1.7
112 34 72/12
83/43 46/26 not absolutely irredudible
212/112 64/34 12142/22’72

Notations: For SL(2,p) =0, if homomorphic image of ¢ in PSL(2,p) is of order n,
conjugate class of ¢ is denoted by nA or =nA, according as ¢ and —¢ are conjugate in
SL(2,p) or not. And nAB (resp. +nAB) expresses that there exist two conjugate classes
nA and nB (resp. +nA and +nB) of PSL(2,p) of order n with the same Frame shapes,
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REMARK 4.3. Let p be one of representations of SL(2,5) of degree 6 in
the above table. Then if ¢ is a class of order 5 and so its Frame shape is 1.5,
we have ;¢ ,(z)=n(z)/7(25z) which is a ghost element of Monster’s moonshine.
Similarly another ghost element %(2z)9(25z)/7(z)7n(50z) of Monster’s moonshine
also appears in the moonshines ¢+~ ji ,(z) which are obtained from any one
of 4-dimensional representations of SL(2, 5).

REMARK 4.4. SL(2, 9) has representations of degree 4 and 6 with the fol-
lowing Frame shapes:

+1A4 24 +34 +3B 44 +54

14 1.3 32/12 5/1
42/22 8/4

i24/1* 2.6/1.3  1%6%/2%3* 1.10/2.5

16 1222 133 3z 2.4 1.5

The one of degree 6 is a natural permutation representation of PSL(2, 9)~,
(=the Alternating group of degree 6). The representation of degree 4 satisfies
the condition (#) of Th. 4.6, while the one of degree 6 does not, as (1%3)*=1'%3*
is not a Frame shape of -0. It is easy to see that, if ¢=(1%3)*, %s, s/ (2)""! does
not satisfy the second condition in the definition of 4. Thus the representation
of degree 6 does not yield a moonshine. Similarly the permutation representa-
tion of Mathieu group M,, of degree 12 also does not yield a moonshine. In
fact, there are elements of M,, with cycle decompositions 1%4% and 1%2.8. These
permutations do not satisfy (#) of Th. 4.6 and it can be shown that, if ¢ is one
of these permutations, 7,2, /1(2) "¢ F, where ¢*=1%4* or 1278

4.3. In this paragraph, we give some examples of proper moonshines for
Mathieu group M,, and PSL(2, p) (p-+1]|24).

LEMMA 4.7. Let o=II,t"t be a cycle decomposition (=Frame shape) of an
element ¢ of My, w.r.t. the natural permutation representation of M. Then
(2/1)-transformation of ¢ is a Frame shape of -0. More explicitly, we have the
following table:

¢ 18 1828 212 1836 38 142244 244+ 48 1%%5*  1%223%2 6! 1378
60(2/1) —2A4 4A 2B —-3A —-3D 8C 8A 4E -5B 12E 6H -7B

g 122.4.8* 2210 12112 2.4.6.12 12® 1.2.7.14 1.3.5.15 3.21 1.23
g (2/1) 16B 10C ~11B 24C 12L 288 —-308B -21C -23AB

where the second line denotes conjugacy classes of -0 with Frame shapes ¢-(2/1).
Proor. This can be seen immediately from Table I of Appendix.

THEOREM 4.8. For an element a of M,y with a cycle decomposition T1,1"¢,
we put
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Je(2)= I;[ (p2t2)2/p(tz)n(4tz))e .

Then a mapping
My>0— j,(2)

is a proper moonshine of Mo,.
Proor. Let ¢'=0-°(2/1)-(2/1). Then we have
o’ =TIt e(4t)me(2t) 2t

t
and )
Je(2)=nq(2)71.

Then it follows from and Th. 3.2 that j,(2)&%. Furthermore, we
see from and 4.4 that this moonshine is proper, q.e.d.

LEMMA 4.9. Let p be a prime with p+1|24 and p, be a permutation repre-
sentation of PSL(2, p) of degree p-+1 on a projective line over Fy, a finite field
of p elements. For an element o of PSL(2, p), let a=II.t"t be a Frame shape
of ¢ w.r.t. pp. Then a generalized permutation I, t*7t/P*Y of degree 24 is a
Frame shape of M,,.

ProoF. It is easy to check this for each p=2, 3,5, 7, 11 and 23. See the
table in §4.2 for p=5, 7.

THEOREM 4.10. Notations being as in Lemma 4.9, we put, for PSL(2, p)=a,
Jp.e@=11 (p(2tz)n(diz)/n(2diz)y(tz))"

where d=24/(p+1)+1 and TI,;t"t is a Frame shape of o. Then a mapping
G —> Jp,4(2)

is a proper moonshine of PSL(2, p).
Proor. Let ¢’=JI,t®*"¢/¢»*V_ Then we have

o’o(d/l)o(2/1)=1:[(2dt)”t”(2t)'rt(dt)‘”
and so
]'p.a(Z)=77a'.,(d/no(z/n(z)'l-
By ¢’ is a Frame shape of M,, and then, by and Th.
3.2, jp.(2)EF. By and 4.4, this moonshine is proper, gq.e.d.

REMARK 4.5. j,(z) and j.3, ,(2) being in Th. 4.8 and 4.10 respectively, we
have j,(z)=7s ¢(2). Since PSL(2, 23) is a subgroup of M,, and the embedding
is unique up to conjugation, a moonshine ¢+~ 73 ,(z) of PSL(2, 23) is a restriction
of a moonshine o+—7,(z) of M,,.
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4.4. Here we will make two remarks on Th. 4.6, 4.8 and 4.10. In these
theorems, we constructed moonshine of a finite group G by using a representa-
tion of G of degree d satisfying the condition () of Th. 4.6 and one of trans-
formations d*/1, d==(2/1) and (2/1)+(2/1) (in this case, d=24) of “degree” 24/d.
These are, however, not all transformations we can use to construct moonshines.
In fact, for d=4 or 6, we can also use the following transformations of “degree”
24/d :

d=4  5:(2/1)-(2/1),  (3/1)-4/1)
d=6  3-(2/1)=2/1),  (3/1-3/1).

But these transformations do not always yield a moonshine. For example, for
a representation of SL(2,5) or SL(2, 7) in which a Frame shape 2¢/1® appears
(§4.2), a transformation 3-(2/1)-(2/1) does not yield a moonshine, because we
can easily see that w=(2'%/1%)3+(2/1)-(2/1)=2%6%824"/1%3%4'°12"° but 9.(z)"'& 4.

The second remark is that j,(z) in Th. 4.8 can be related to some even
lattice.

Let V be a 24-dimensional vector space over @ and ¢; (1=:/<24) be a basis
of V. Furthermore let (u, v) (u, ve€V) be an inner product of V with (e;, ;)=
20;5. Set L=3%,Ze;=V. Then L is an even lattice of V on which the Mathieu
group M,, acts in such a way that ¢j=e,y (6€M,,). For each ¢=M,, we put

L,={ve L|v'=0v}
and

O,(z)= 3 ert@®n: (@-series of L,).

vELy

THEOREM 4.11. j,(z) being as in Th. 4.8, we have
(%) 0,(2)=74(2)*1+(22)

where T1,t"t is a cycle decomposition of ¢ and 7.(z)=II,n(tz)".
PROOF. Let 0(z2)=,cze?***%. It is easy to see that @,(z)=TI,0@z)".
Then (%) follows from the identity 6(z)=1%(22)°*/79(z)*n(4z)?, q.e.d.

Appendix. Table I~1V.

For conjugacy classes of -0, we use the following notations in §3~§4 and
Table I~IV. The heading column nA, nB, --- of Table I are the Atlas names
of conjugacy classes of the Conway’s simple group -1 (=the factor group of -0
by its center {+1>) [11; Table 1], i.e. conjugacy classes of -1 of order n are
named nA, nB, --- in descending order of their centralizer sizes.

Case (1). If the inverse image in -0 of a class nX (X=A4, B, ---) of ‘lisa
conjugacy class of -0, this class is also denoted by nX.
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Case (2). If the inverse image in -0 of a class nX of -1 consists of two
conjugacy classes of -0, these classes are denoted by +»nX and —nX.

Table I; In case (1), Frame shape of a class nX is written after the head-
ing column and in case (2), firstly Frame shape of 47X and then that of —nX
are written. For a Frame shape #=II,¢"t with XJ,7,=0, a group for %.(2)™! is
given in parenthesis after the Frame shape by using notations of Table 2 and
3 of (cf. also §2.1 of this paper).

Table [I~IV; Let = be a Frame shape of 0. If ze(r/1) (resp. mes) is a
Frame shape of a conjugacy class nX (+nX or —nX) of -0, w<(r/1) (resp. mwes)
is also denoted by nX (nX or —nX). Note that + of +nX is omitted. And
if wo(r/1) (resp. mes) is the m-th harmonic of a Frame shape of a class nX (+nX
or —nX), me(r/1) (resp. mes) is denoted by nX/m(nX/m or —nX/m).

Some of (r/1)-transformations are expressed by generalized permutations with
symbols (?). These are exceptional classes in Th. 3.2.

In Table II and III, groups for 9., (z)™! or 9, e/mn(2)"! are given in paren-
thesis after z<(2/1) or =-(3/1). Then the following notations are used:

= ) s=G ) =G

G)=6 "G D =G D6 ),
We=an Atkin-Lehner’s involution of I3 (N) for some N.

A notation like “N+@Q, (h%), -+ denotes <Iy(N), W, ((1) l/lh)(% (l)>’ .
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Table 1.

14 1%,

2 188,

28

2¢

3 3t21t? (3o,
35 1030,

3¢ 3%/13,
3%,

s 4818 oy,
4B

s 14224,

4D

4E

4F

sa 58718 (50,
58 1%s%,

5C 55/1,

6a  3%6%/1%2% (6+2),
6B

6c  1%2.6°/3",

6D 2.6°/1°3 (6-),
68 122%3%2,

6F 3363/1.2,

6G

61

61

4 74t a9,
73 1373,

8A

8B

sc  2%8%/1%2 (s-),
8D

8E  1%2.4.8%,

8F

Frame shapes of conjugacy classes of -0.

224126 (5,
,16/,8

412/212 (4/2-)

L1
1126127212312 (616)
2060/1035 (6+3)
136%/233° (6-)
6%/3% (6/3-)
184828

4872%
28,4 /1%

Sy

8%/4% (8/4-)

46

16106/2656 (10+10)

2%10%/1%5% (1045)

1.10°/2.5° (10-)

1%68/283% (6-)
201274565 (12/2+6)

2°3% /1%
1°3.6%/2%
2%6% /1232
1.6%/2%33
2363
12%76% (12/6-)
b
4 4

14144 2%9% (14418)
2314371373 sy

8%/2% (8/2-)
Yhgh s

148472242
g%/42

23482712
42g?
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Table I (continued)

oa  93/13 (99, 1318372393 (18+18)
98 9°/3, 3.18%/6.9% (18-)
oc 1393732, 2332183713629 (18+9)
108 5210271222 (1042), 1210%/2%5% (10-)
108 23203/4310% (20/2+10)
10¢ 42202 /2%10% (20/2+5)
100 1%2.10%/5%, 235210/12
108 2.103/1%5 (10-), 135.10%/2%
10F 22102
11a 12112, 22992712112 (22+11)
128 1*12%73%% 2412y, 243%12% /1% %64 (1244)
128 2212%74%2 (12
12¢ 6212272242 (12/2+2)
120 1.12%/3% (120, 2.3%123/1.4.63
128 4212271237 (1243), 123242122 /2%62
12F 43243783123 (24/446)
126 42122726
120 2%6.12%/1.3.4%, 1.2%3.12274%
121 1%4.6%12/3%, 223%4.12/1%
123 2.4.6.12
1 2%3.123/1%.6% (120, 13123/2.3.4.6
1L 242122 (24712-)
123 122
138 132712 (130, 1226%/2%13% (26+26)
144 22282742142 (28/2414)
148 1.2.7.14, 22142717
158 1915373353 (15415), 233353303/136310%153 (30+6,10)
158 3%152/1%52 (1545), 125262302 /2%3%10%15% (3045,6)
15¢ 15232 (15/3-), 32302/62152 (30/3+10)
15D 1.3.5.15, 2.6.10.30/1.3.5.15 (30+3,5)
158 1%15%/3.5, 223.5.30%/1%6.10.15% (30+15)
16A 22162 /4.8
168 2.16%/1%8 (16-), 1%16%/2.8
184 9.18/1.2 (18+2), 1.18%/2%9 (18-)
188 2.3.18%/1%.9 (18-), 1%9.18/2.3

18C 1.2.182/6.9, 229.18/1.6
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Table I (continued)

20A
20B
20C

21A
21B
21C

22A

23A
238

24A
24B
24C
24D
24E
24F

26A

28A
28B

30A
30B
30C
30D
30E

33A
35A
36A

39A
398

40A
42A

60A

1220274252 (20420), 2252202/124210% (20+4)

4.20
1.2.10.20/4.5, 2%5.20/1.4
1221273272 21421y, 223272422 11262142212 (4246,14)
7.21/1.3 (21+3), 1.3.14.42/2.6.7.21 (42+3,14)
3.21 6.42/3.21 (42/3+7)

2.22

1.23, 2.46/1.23 (46+23)
1.23, 2.46/1.23 (46+23)

22242/6%28% (24/2+12)
124.6.24%/2.3%8%12 (24+24) , 2.3%4.24%/1%6.8%12 (24+8)
8.24/2.6 (24/2+3)
12.24/4.8 (24/4+2)
2.6.8.24/4.12
1.4.6.24/3.8, 2.3.4.24/1.8

2.52/4.26 (52/2+26)

4.28/1.7 (28+7), 1.4.7.28/2.14
4.56/8.28 (56/4+14)

1.2.15.30/3.5.6.10 (30+2,15),  2%3.5.30%/1.6%10%15 (30+15)
2.10.12.60/4.6.20.30 (60/2+5,6)
6.60/12.30 (60/6+10)

1.6.10.15/3.5, 2.3.5.30/1.15

2.30/3.5 (30+15), 2.3.5.30/6.10

3.33/1.11 (33+11), 1.6.11.66/2.3.22.33 (66+6,11)
1.35/5.7 (35+35), 2.5.7.70/1.10.14.35 (70+10,14)
1.36/4.9 (36+36), 2.9.36/1.4.18 (36+4)

1.39/3.13 (39+39), 2.3.13.78/1.6.26.39 (78+6,26)
1.39/3.13 (39+39), 2.3.13.78/1.6.26.39 (78+6,26)

2.40/8.10 (40/2+20)
4.6.14.84/2.12.28.42 (84/2+6,14)

3.4.5.60/1.12.15.20 (60+12,15), 1.4.6.10.15.60/2.3.5.12.20.30 (60+4,15)
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Table II. (2/1)-transformations of Frame shapes of -0.
1A -1A (24), 1244247258 (44

28 4A (4-), 18416224 (4o

2B ~1A°(2/1)/2 (16+16,(38))

2c 2B (8+(34))

34 -34 (646), 2243121912 712,1224 ((6,6)T)

38 =3B (6+3), 163646126/212612 (124)

3¢ -3¢ (6-), 203%129/1343618 (12+44)

3D -3D (18+9,(-36)),  ~1Ae(2/1)/3 (36+4,9,(312))

sa 188872848 (an), 2108/18,16 (g.T)

4B —2A0(2/1) /2 (8-)

4 8C (8-), 1442847210 (g

4D 84 (16+(38))

4E ~1A0(2/1) /4 (64464, (716))

4F 4E (32+(-18) , (516))

54 =54 (10+10), 2125020/146101% ((10+10)%)

5B -5B (10+5), 144%5%20% /28108 (204)

5 -5C (10-), 225%20%/1.4.10%0 (20+4)

6A 124 (12+12), 2435154 /1%%" (12412T)

6B ~380(2/1) /2 (2424, (512)) 5712

6c  233%.12%/1%7 (12412™4y, T 1%426312/273% (12+412TV4)
60 1°3.4.12°/2%° (12+12), 2212%/1°3.4%3 (124127)
6E  12E (12+3), 12324%12%/2%68 (1243)

6F 12D (12-), 233312%/1.4%6° (12-)

6G ~38/2 (2443, (312))

6H ~1A0(2/1) /6 (144+144,(%24),(%48))

61 6H (72+9,(-%12),(-%24>)

7A -7A (14+14), 287%28% /1444148 ((u4+14)T)
7B =7B (14+7), 134373283/25145 (28+)
8A 4ae (2/1)/2 (32432, (316))

8B —4A0(2/1)/2 (32+32T8,(%16))

sc  1%4%16%/2%8% (164, 2616%/1%8% (16+16%)

8D ~240(2/1)/2 (16-)

8E  16B (16-), 124%16%/2%8 (16-)

8F 4Alh (64+(-716))

94  ~9A (18+18), 2%93363/134318% ((18+18)T)
9B -9B (18-), 639%363/3.12.18% (36+4)
9c  -9C (18+9), 13436%93363 /2832122185 (364)
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Table II (continued)

10A  20A (20+20), 205220%/1%4%10% (204+20T)
108 ~5A0(2/1) /2 ((40+40, (520))°120)

10¢ ~5Be(2/1)/2 (80+5,16, (340))

100 2.4.5%20371210° (20420™4y,  124310.20/2°5% (20420774
108 1%4.5.20372%10% (20420), 2220%/134%5.10 (20+20%)
10F 10 (4045, (320))

114 -11A (22+11), 1262112442 /2%22% (44w

126 2%3taltast1tetst10t (26+8,W,(312)), 144868247 /2834541 ,8 (24+24,w3(%12))

128 ~640 (2/1)/2 (24H0T )
12¢ 264A (48+48,(%24))

120 2.3%4.24%71.6%8.123 (2448),  1.4%6%243722338.12° (2448T)

128 123%8%224%/2%426%10% 244y,  2%"8%24%/1%3%8%12% (24437,8T)
12F ~3A°(2/1) /4 (96+96,(%24),(%48))
126 —6E0(2/1)/2 (24+W,T)

5.2,.4.2.2 3 4 .2 2.2
120 1.3.4°24%/2%6°8%12 eyt ), 6%6.24%/1.2.3.8%12% (24T )
121 228.3%12.24/1%.6" (2644,T) 1%4.8.6%24/2%3%12 (264,T)
123 240 (48+3, (324))
12k 1°4363243/2°3.8.12° (24424), 2%3.243/138.12% (24424T)
121, —1A0(2/1) /12 (576+(%96),(%192),(%144),576; Z,%Z,xDy)

1 1 1

124 121, (288+(-324) ,~748) , (-372) , (~3144)
134 -13A (26+26), 24132522 /1%4%26% ((26+26)T)
14A ~7Ae(2/1) /2 ((56+56,(5/2))°728)
148 28A (28+7), 1.4%7.282/23143 (28+7)
154  -15A (30+6,10), 13436510%15360%/20335312320330% ((30+6,10)T)
158 -15B (3045,6), 2%3210%12215%60%/1%4%5%6%20%30% ((3045,6)T)
15¢  -15C <9o+9,10,<-%30)), —580(2/1)/3 ((90+9,10,(—%30))T)
15D 15D (3043,5), 1.3.4.5.12.15.20.60/226°10%30% (60+)

2,2.2. 2.2 2,4 4 T
1SE  -1SE (30+15), 12426%10%15%60%/2%3.5.12.20. 30 ((30+15)T)
16A -8 (2/1) /2 (64+(332) ,64716)

2 2,3, .3 3. ..2,2, .3 T
168 1%4.8.32%/2%16° (324, 238.32%/1%4.16% (32432T)
184 36A (36+36), 239.36%/1.4%18% (36436T)

188 1%4.6%9.362/233.12.18% (36+36), 2°3.36/1%4.6.9 (36+360)

18C  4.6.9.362/1.12.18° (36+36"4T),  1.4%6.36/2%9.12 (36+36"4")

208 2%752402/1%8%10%20% (40+40,u, (320)), 124%10%402/2%5%8%20% ( 4048w
208 ~5B/4 (16045, (-340) , (380))
20C  4%5.40/1.8.10° (4o+w5(%20)), 1.4310.40/25.8.20 (40+w5(%20))

1
5(520))
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Table II (continued)

21A  -21A (42+6,14), 12426%14%21%842 12%327%12%28%42% ((42+6,10)T)

21B  -21B (4243,14), 226%7.21.28.84/1.3.4.12.14%42%  (42+43,10)7)

21c -21cC (126+7,9,(—%42)), 3.12.21.84/6%42° (252+4,9,7,(%84))

22A -114/2 (ss+11,(%44))

23AB -23A (46+23), 1.4.23.92/2%46% (924)

24A 1240 (2/1)/2 (96+32,9672%, (24g))

248 233%8312%48%/1%426316%24% (48+43,16T), 1%6°8°482/233216224° (48+16,48T)

24C 12E0(2/1)/2 (96+3,32,(%A8))

24D 12474 (192+l92,(%48); Dg)

24E ~12Ee(2/1)/2 (96+3,32724,(348))

24F  2.3.8%12.48/1.4.6216.24 48+, (324)), 1.6.8%48/223.16.24 (48+w3(%24))

26A ~13A0(2/1)/2 ((1o4+1oa,(%52))ST52)

284 1.7.8.56/2.4.14.28 (564), 228.14%56/1.4%7.28% (56+77,87)

288 ~740(2/1) /4 ((224+224,(%56),(%112))ST112)

30A  60A (60+12,15), 1.4%6310315.60%/2%3.5.12220%30%  (60+127,15%)

308 —15B0(2/1) /2 ((120+5,24,(%60))ST60)

30C -540(2/1) /6 ((360+360,(%60),(%120),(%180))ST60)

30D 3.4.5.60/2.6.10.30 (60+12,15), 4.6%10%60/2.3.5.12.20.30 (60+127,15T)

30 2.3.5.12.20.30/1.6%10%15 (60+15,TW,) , 1.4.6.10.15.60/2%3.5.30° (60+15,TW,)

334 =334 (66+6,11), 2%3.12.22233.136/1.4. 6711, 44.66% ((66+6,11)")

35A  -35A (70+10,14), 1.4.10%°14235.140/2%5.7.20.28.70% ((70+10,14)T)

36A  2.4.9.72/1.8.18.36 (72+72,w9(%36)>, 1.4%18%72/2%8.9. 362 (72+8,w9(%36))

39AB  -39A (78+6,26), 1.4.6%26%39.156/2%3.12.13.52.78% ((78+6,26) ")

40A 2086 (2/1) /2 (160+32,160740, (340))

424 ~2140 (2/1)/2 ((168+21,56, (384))5784)

60A 1.6.8.10.15.20.48.120/2.3.4.5.24.30.40.60 (120+15,1zo,w3(%6o)),
223.5.8.12.20230248.120/1.426210215.24.40.602(120+15,24,W3(%60))

Table III. (3/1)-transformations of Frame shapes of -0.

1A 34 (3, 234 (6+6)

24 6A (6+2), -6a (6-)

28 68 (12/2+6)

2 372 (6/2-)

s 150312 (on),  20312180/18612%08  (1aew, 6 (-D)))
B 9A (94, oA (18+18)

3D 3A/3 (9/3-), -3A/3 (18/346)



Automorphism group of Leech lattice

Table III (continued)

LA 12A4 (12+12), “12A (12+4)

4B 128 (12-)

sc 3%6.122/1%2.4% (),  1%621227233%% ()

4D 12¢ (12/2+2)

4E 12F  (24/4+6)

4T 123743 ()

54 154 (15+15), _15A  (3046,10)

5B 158 (15+5), ~15B  (3045,6)

6a  1%2229%18%/3%" (184), 2%3%18%/1%892 (18+9)
68 “380(3/1)/2  (72+(336) W, (-324); D)
6E  18A (16+2), ~184  (18-)

6H _3A/6  (36/6+6)

61 3A/6  (18/6-)

7a 21A (21421), ~21A  (42+6,14)

8A 26A (24/2+12)

8B -12A72  (24/2+4)

8C  24B  (24+24), “24B  (24+8)

8D 4.24%78%12 ()

8F 24D (24/4+2)

10A 30A (30+2,15), -30A (30+15)

10¢ 30B  (60/2+5,6)
10F 158 (30/2+5)
114 33A (33+11), -33A  (66+6,11)

124 3%2%36%/129212% (36+9,w36(12(%)), 124%6%9%362/2%3%12%18%7  (364)

12B (-6A)0(2/1)/2 (36/249)
12¢C 6A0(2/1)/2 (36/2+)
12E  36A (36+36), -36A (36+4)
12L -3A7/12  (72/12+6)

124 36/12  (?)

13A 39AB (39+39), -39AB  (78+6,26)
14A 42N (84/2+6,14)

2
158 1.5.9.45/3%15% (454),  2.3210.15218.90/1.5.629. 30245 (9o+5,w2(30(%); Dg)
15¢  15A/3  (45/3+15), ~15A/3  (90/3+6,10)

204  60A (60+12,15), _60A  (60+4,15)
214 3%27.63/1.9.21% (63+9,w7(21(%))),
1.6%9.14.212126/2.327.185.42%63 (126+9,126,W7(42(%)))

1 1
2 o 4 = = . A
4A 12A0(3/1)/2 (l44+9,w16(48(3)),(236), ZZXZZXLZ)
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Table IV. Other transformations of Frame shapes of -0.

1A
2B
2C
3A
3B
3C
4E
4F
5A
6B
6G
7B
9A
10B
12F
15A

1A
2A
2B
2¢
34
3D
4A
4B
4D
5B
64
6H
61
7A
8A
8B
124

2-transf.
2A, 4A
8A
4D
64, 12A
6E, 12E
6F, 12D
4A/4
8F
104,
24A
12J
14B,
184,
40A
12A/4
304, 60A

20A

28A
36A

3-transf.
3B, -3B
6E, -6E
-3B/2
6G
94, -9A
9z,
12E,
12G
12J
15D, -15D
18A, -18A
-3B/6
18Z
21B,
24C
24E
364,

~12E

-21B

-36A

(4/1)-transf. 5-transf.
4A,  4A°(2/1) 1A 5B, -5B 74,
4ho(2/1)/2 2B 10C 14A
8A 2C 10F 7A/2
124, 1240(2/1) 34 15B, -15B 21A,
12E, 12Ee(2/1) 3B 15D, -15D 21B,
12D,  12De(2/1) 4E -5B/4 28B
4As(2/1) 4F 20B 28/4
VA 54 257, -25Z 354,
20A,  204°(2/1) 6B 30B 424
124(2/1)/2 7-transf.
24C
1A 7B, -7B 9,
284, 28A(2/1) 24 14B, -14B 184,
364, 3640(2/1) 3 21C, -21C 94/3,
2040 (2/1)/2 LA 28A, -28A 364,
1240(2/1)/4
60A,  60A°(2/1) 11-transf.
1A 114, -11A 134,
(5/1)-transf. 9B 1172 26A
S —A 2C 22A 26/2
1OA;OB ~104 34 334, -334 394,
103/23 (7 23-transf.
154, -15A 1A 234, -234 252,
15C, -15C
20A, -20A
2.202/4210 (?)
104/2
25Z, -25Z
304, -30A
~5A/6
30/6 (?)
354, -35A
204/2
4,10.40/2.8.20 (?)
60A, —-60A

Takeshi KONDO
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(7/1)~transf.

-7A

~-21A

-21B

(?)
-35A

(9/1)-transf.

-9A
-18A
-94/3
-36A

(13/1)-transf.

-13A

(?)
-394

(25/1)~transf.

~25Z
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