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1. Introduction.

When we study non-compact complete riemannian manifolds, we observe
that quasi-isometric deformations of their metrics do not alter global or qualita-
tive properties of the manifolds: For example, two complete riemannian mani-
folds quasi-isometric to each other obviously have the same volume growth rate.
On the other hand, for a non-compact complete riemannian manifold, “attaching
finitely many handles” (see Fig. 1) also preserves such geometric invariants of
the manifold; in other words, we may say that a local topological deformation
of the manifold does not exert essential influences on global geometry. Suggested
by these observations, we introduced the notion of rough isometry in [10]. A
map ¢:X—Y, not necessarily continuous, between two metric spaces X and V
is called a rough isometry if the following two conditions are satisfied:

(i) for some £>0, the e-neighborhood of the image of ¢ in Y covers V';
(ii) there are constants a=1 and »=0 such that

ald(xy, xo)—b=d(p(xy), p(x))=ad(x,, x,)+b  for all x,, x,€X.

A metric space X is said to be roughly isometric to a metric space Y if
there exists a rough isometry from X into Y. Evidently being roughly isometric
is an equivalence relation among metric spaces. Also, since we do not impose
continuity to rough isometries, there are a lot of pairs of complete riemannian
manifolds which are roughly isometric to each other but are not homeomorphic;
e.g., two manifolds in Fig. 1. Nevertheless, some geometric attributes of rieman-
nian manifolds are inherited through rough isometries. In fact we proved the

Figure 1.
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following facts in [10].

Let X and Y be complete riemannian manifolds each of which satisfies the
geometric uniformness condition that

(*) the Ricci curvature is bounded below, and the injectivity radius is positive,

and suppose that X is roughly isometric to Y. Then

(1) X and Y have the same volume growth rate ([10; Theorem 3.3]).

(II) If max{dim X, dimY}<m=co, and if X satisfies the m-dimensional isoper-
imetric inequality (volQ)™-V/m<const-aread? (where we adopt the convention
that (m—1)/m=1 when m=o0) for all bounded domains £ in X with smooth
boundaries 082, then this m-dimensional isoperimetric inequality is also valid for Y
with a suitable constant ([10; Theorem 4.1]).

Moreover we proved that

(m) If X is a complete riemannian manifold satisfying the condition (%) and
roughly isometric to the euclidean m-space with m=dim X, then there is no positive
harmonic function on X other than constants ([10; Theorem 5.17).

The aim of this article is to give the additional fact that the parabolicity
is also preserved by rough isometries. By definition, a complete riemannian
manifold X is said to be parabolic if all positive superharmonic functions on X
are constant. Also there is an equivalent definition. Let p,(x, ¥) ¢>0, x, ye X)
be the minimal positive fundamental solution of the heat equation (d/0t—A)u=0
for functions u on (0, o0)xX (cf. [8], [3]). Then X is non-parabolic if and

only if the Green function g(x, y):S: px, y)dt exists ([9]1). Asis well known,

the euclidean n-space is non-parabolic if and only if n=3. Our main theorem in
the present paper is

THEOREM 1. Suppose that X and Y are complete riemannian manifolds
satisfying the condition (x) and roughly isometric to each other. Then X is para-
bolic if so is Y.

As an immediate consequence of the theorem, we get a theorem of Lyons-
Sullivan [12]: Suppose that X is a normal covering of a compact riemannian
manifold whose deck transformation group is abelian of rank m. Then X is par-
abolic if and only if m=2, because X is roughly isometric to the euclidean m-
space unless it is compact (cf. [10]).

As in [10], we employ the discrete approximation method to prove [Theorem|
1; we approximate “continuous” geometry of a riemannian manifold by com-
binatorial geometry of a suitable discrete subset of the manifold, which we call
an e-net. By definition, a net means a countable set P with a family {N,}er
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satisfying the following two conditions: (i) for each p=P, N, is a finite subset
of P; (ii) for all p, g&P, p N, if and only if g=N,. In other words, a net is
nothing but a countable locally finite 1-dimensional simplicial complex when we
combine each pair of points p and ¢ in P with peN, by an edge. Suppose that
P is a net. A sequence p=(p,, -+, p,) of elements of P is called a path from
po to py of length | if prEN,,_, holds for all £=1, ---, /, and the net P is said
to be connected if for all p, g P, there is a path from p to q. For a net P, a
linear operator L acting on functions x on P is defined by

Lu(p)=(#N,)" 3 ulg)—u(p), ~ pEP,
&Np

where, for a set S, #S denotes the cardinality of S. It is classically known
that the operator L enjoys a lot of properties which the Laplace operator on
the euclidean space, or more generally, the Laplace-Beltrami operator on a
riemannian manifold, possesses (see, e.g., [4], [6]). As in the case of the
Laplace-Beltrami operator, a function » on a net P is said to be superharmonic
if Lu=<0, and a net P is called parabolic if every positive superharmonic func-
tion on P is constant.

Now let X be a complete riemannian manifold. Recall that a subset P of
X is said to be e-separated if d(p, g)=¢ whenever p and ¢ are distinct points
of P. A maximal e-separated subset P in X has a canonical structure of net;
in fact we set N,={¢eP:0<d(p, q)<3¢} for p= P, and we call this P an e-net
in X. (By a technical reason, the definition of e-nets here is slightly different
from that given in [10]; in fact, in [10], we define an e-net by N,={g¢<=P:
0<d(p, 9)=2¢}.) We can easily show that an e-net in X is connected if X is
connected. Then will follow from

THEOREM 2. Suppose that X is a complete riemannian manifold satisfying
the condition (x), and P is an e-net in X with an arbitrary ¢>0. Then X is para-
bolic if and only if P is parabolic.

Here, we must refer to the works of Varopoulos and Lyons-Sullivan
[12], who established theorems similar to [Theorem 2 of ours by constructing a
discrete random walk approximating the brownian motion on a riemannian mani-
fold. But their arguments, which are probabilistic rather than analytic, are
different from ours in many points; especially, in the proof of [Theorem 2, we
employ a criterion of parabolicity, which relates the parabolicity of a rieman-
nian manifold to the capacity of a bounded domain in it, and it will be shown
by a kind of variational arguments.

We begin the proofs of and by showing this criterion
for parabolicity in §2 (Proposition 3). Next, in §3, we develop the elementary
discrete potential theory on nets, and especially establish discrete analogues of
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Theorem 1| and [Proposition 3. Using these results, we prove and
in the final section. Throughout this paper, we assume that all
manifolds are connected and smooth (i.e., being differentiable of class C*), and
that all nets are connected.

2. Capacity and parabolicity.

Let X be a complete riemannian manifold, and £ a non-empty bounded domain
in X with smooth boundary. The capacity of £ is defined by

cap(2)=inf {SXIVuIde rueCyX), ulgzl}.
Then we get

PROPOSITION 3. X is non-parabolic if and only if cap(2)>0

ProoF (cf. [6; §1]). First we prove the “only if” part. Suppose that X is
non-parabolic. Fix a point p in £ and put v(x)=log g(p, x), where g denotes
the Green function. Since g(p, -) is harmonic except at p, we have Avy=—|Vv|?
on X—£. Thus for an arbitrary u=C3(X) with u=1 on 2, we get, by Green’s
formula, that

S u? |V l|dx=— u?Avdx
X-

dx+2g Ll [Vu| V0] dx

o2

Jeco
S Cdvt2| ucVu, Voydx
=l
=3

d+§ lvulﬁdx+§X_Qu2|vulzdx;

ie.,
. ov
SXIVu l dngag‘a—;dx,

where 0/0v denotes the “inward” normal derivative on the boundary of £. This

shows that cap(2) ggag g% dx>0.

Next we show the “if” part. Assume cap(Q)>0. Take an increasing
sequence of bounded domains £, in X with smooth boundaries so that they
cover X and each of them contains £. Then for each % there is a function
u,€C*(2,—2) which is harmonic on 2,— and satisfies the Dirichlet con-

dition u,=1 on 02 and u,=0on 02,. Note that cap(9)=1imk.,w59 0 | Vu,l%dx.
.

By the Harnack inequality and the Schauder estimate, we can find a subsequence
{u;} of {u;} which converges, with respect to the C*“-norm on any compact
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subset in X—®, to a positive function ueC*(X—®) harmonic on X— and with
u=1on 02 (cf. [T]). Obviously the extension of u by u=1 on 2 is a positive
superharmonic function on X, and therefore, to prove the non-parabolicity of X,
it is sufficient to show that u is not constant. By Green’s formula, we get

ou T auj RT 2.
Sag-égdxﬁgﬂril Sag ov dx—glg} ng_Qqu,-l dr=capr@>0,

and this implies that u is non-constant. O

From the proposition above, we can immediately conclude that the parabo-
licity of complete riemannian manifolds is a quasi-isometry invariant; that is,
one of two complete riemannian manifolds quasi-isometric to each other is para-
bolic if so is the other. This fact was proved by Lyons and Sullivan using
the Kelvin-Nevanlinna-Royden criterion for parabolicity, which says that a com-
plete riemannian manifold is non-parabolic if and only if there is a vector field
on the manifold satisfying some suitable conditions. Compared with this criterion,
[Proposition 3 of ours has an advantage that it characterizes the non-parabolicity
by the non-vanishing capacity, which is defined as the infimum of some quanti-
ties, and does not require the existence of functions or vector fields for which
some conditions are to be satisfied.

3. Discrete potential theory.

As was seen in [10], a net is rich in combinatorial geometry, and some
geometric properties of complete riemannian manifolds satisfying the condition
(%) are approximated by corresponding combinatorial properties for e-nets in the
manifolds. Theorem 2 suggests just that this is also the case with the paraboli-
city, and to see this, we study potential theoretic aspects of nets in this section
(cf. Dodziuk [4]).

Let P be a net, and put
v(p)-t if geN,

v(p)=#N,, and =x(p, (1):{0 otherwise.

Recall that the linear operator L acting on functions u on P is defined by

Lu(p)= 2 =(p, Qu(g)—u(p), pEP.

qENp

Also, as was mentioned in the introduction, a function # on P is said to be
superharmonic if Lu=<0, and the net P is called parabolic if it does not carry
positive superharmonic functions other than constants. (It is familiar to
probabilists that the net P is parabolic if and only if the Markov chain on P
with the transition probability = is recurrent.) For each %£=0, 1, ---, define a
function =, : PXP—R inductively by
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if p=g¢q
if p=#gq,
This corresponds to the heat kernel of a riemannian manifold. Moreover, the
Green function g of P is defined by

7o(p, q>={é Tesi(D, q)*—:rtEpm(p, nz(r, q).

g6, )= 74(b, ),

if it exists. Since we have been assuming that the net P is connected, it is
easy to see that g(p, g)<co for all p, g P if g(p,, g,)<co for some p,, g,=P.
Moreover if g« co then for each fixed g= P, we have

- —1 if p=
(1) Led={y" ¢ b e

where g, (p)=g(p, q). First we prove a discrete counterpart of Itd’s theorem [9].

LEMMA 4. P is-non-parabolic if and only if g<oco.

ProOOF. The “if” part is trivial from (1). We prove the “only if” part.
Let u be a non-constant positive superharmonic function on P, and put f=—Lu
=0. We may assume f=0. (In fact, in the case when Lu=0, take a real
number a between infu and supu, and define a function »’ on P by u/(p)=u(p)
if u(p)<a, and u’(p)=a if u(p)>a. This u’ is a non-constant positive superhar-
monic function on P with Lu’s£0.) Then we get

> S 7,0, 0f@=—3 Dap, P Salg, Nutr)—ul@)
Jj=0 gEP Jj=0qEP repP

=—3 37t O—mps Dhulo)

qEP
:u(p)—g)mﬂ(p, q)u(q)
=u(p),

and this shows that X.epg(p, @) f(@)=25 02 ermi(P, ¢)f(g) is absolutely sum-
mable. Thus we conclude g<oco. [

For functions u« and v on P, we define functions {Du, Dv> and | Du| on P by

{Du, Dv>(1>)=q 2 {ulg)—u(p)Huvlg)—v(p)},
p

EN
| Dul(p)=~/<{Du, Duy(p)
for peP. Then we get

LEMMA 5 (Green’s formula). Let u and v be functions on P, and assume that
at least one of them has a finite support. Then the following identity holds:
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;P(ZvuLv%-(Du, Dvy)(p)=0.
D
The lemma follows from direct computation, and the proof is omitted.

We are now in a position to give a discrete version of For
a finite subset S of P, the capacity of S is defined by

cap(S)=inf{ ZE}PIDuIZ(p) : u is a function on P
D
with finite support, and =1 on S}.

PROPOSITION 6. Let S be a non-empty finite subset of a net P. Then P is
non-parabolic if and only if cap(S)>0.

Proor. Take an increasing sequence of finite subsets S, of P so that SCS,,
P=JS,, and, for each %, let u, be a function on P which minimizes the
quantity > ,ep|Dv|*(p) among all functions v on P with v=1 on S and v=0
on P—S,. Obviously 0=u,=1, u,=1 on S, u,=0 on P—S,, and cap(S)=
lim w2 pep| Dugl®(p). Moreover we can see that Lu,=0 on S,—S as follows.
Let w be an arbitrary function on P such that its support lies in S,—S, and
put up =upt+itw, te(—1,1). Then X ,eplDus, 1%(p) is minimized at t=0, and
hence, by we get

1 d o py _ '
0= 47 | 1o 2! Dt o *(0)= B Dus, Duwx(p)=—2 B OwLlu)(p).

Since this must hold for any w, we have Lu,=0 on S,—S. Now we can find
a subsequence {u;} of {u,} which converges pointwise to a function u on P.
It is easy to see that u is a positive superharmonic function such that x=1 on
S and Lu=0 on P—S. In addition, by we have
(2) ~2 ESV(P>Lu(]>>=—2 lim X v(p)Luy(p)

yJ

jooo PpES

=lim 2 | Du;|*(p)=cap(S).

jooo pEP

Now the “if” part of the proposition follows from (2) directly, since u is non-
constant if cap(S)>0. We prove the “only if” part. Assume P is non-parabolic.
Then, by the Green function g exists. Note that it is sufficient to
show that cap(S)>0 only for S consisting only of one element of P, say g¢.
By the choice of u and the maximum principle, we get g(», q)/g(q, ¢9)=u(p) for
all peP. If u were identically equal to 1, then g(p, ¢)=g(g, ¢) in contradiction
to (1). Hence u is non-constant, and consequently cap({g})>0 by (2). O

Finally we prove a discrete analogue of by virtue of the proposi-
tion above. For a net P, denote by d(p, ¢) the minimum of the lengths of paths
from p to ¢. Obviously ¢ is a metric on P, which we call the combinatorial
metric of P. Also a net P is said to be uniform if sup,cp#N,<co.
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COROLLARY 7. Suppose that P and Q are uniform nets roughly isometric to
each other (with respect to their combinatorial metrics). Then P is parabolic if
so is Q.

ProoFr. Let ¢:P—Q be a rough isometry, and suppose that P is non-
parabolic. Then, for a non-empty finite subset S of P, we have cap(S)>0 by
We show that cap(¢(S))>0, which implies the non-parabolicity of
Q. Let v be an arbitrary function on @ of finite support with v=1 on ¢(S),
and put u=vep. Obviously u=1 on S, and hence, it suffices to show that
S pep| Dul®(p)=c,24e0l Dv|*(g) with some constant c¢, independent of v. By the
definition, there exists a constant ¢, such that for all p, p’ P with a(p, p")=1
there is a length-minimizing path g=(g,, ---, ¢:) in @ from g,=¢(p) to g;=¢(p’)
of length [=c,. From this we get

(u(p)—u(p)?=co{(w(go)—v(g))*+ -+ +W(gi-1)—v(q:))*}
and hence, with the uniformness of P, we get
IDuIZ(p)§cz—;5 > |1Dvl¥g).

(g, ¢ (p))<ce

Again, from the uniformness assumption on P and Q, we obtain a constant c,
such that 3 ep| Dul*(p)<c;34eel Dvlig). O

4. Proofs of Theorem 1 and Theorem 2.

To prove we first show

LEMMA 8 (The local Poincaré inequality). Let X be a complete riemannian
n-manifold whose Ricci curvature is bounded below by a constant —(n—1)K* (K=0).
Then for the geodesic ball B=B.(p) in X with center at p=X and of radius r>0,
there is a constant B=B(n, K, r)>0 such that

SB[VuldxzﬁSBlu—u*ldx for all ueC=(B),

where u* denotes the integral mean of u over B; u*=(vol B)“SBudx.

Proor. It is sufficient to prove the lemma only for ueC<(B) such that
u*=0, the critical points of u are of finite number, and that vol{x< B : u(x)>0}
<vol{xeB:u(x)<0}. Put D,={xe=B:u(x)>t}. Since volD,=(volB)/2 for
t=0, Buser’s local isoperimetric inequality [1; §5] implies that area(@D,N\B)
=c,vol D, for t=0, where ¢;=c,(n, K, )>0 is a constant, and hence we get

S IVuldxzs [Vu| dngmarea(ale\B)dt
B Do [i]

gclgrvol Dtdtzclgl) udx:—CZ—l—SBluIdx. O
0
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Other necessities to prove are concerned with nets in manifolds.
Suppose that P is an e-net in a complete riemannian manifold X. First of all,
we must note that B.,(p)’s (p€P) are disjoint, and that {B.(p)},ep covers X,
since Pis a maximal e-separated subset of X. Moreover, if the Ricci curvature
of X is bounded below, then the following hold:

(3) for any r>0, there is a constant p(r) such that #(PN\B.(x))=pu(r) for all
xeX; especially P is uniform;

(4) the net P with its combinatorial metric is roughly isometric to X.

The proofs of these facts are found in [10; §2]. Also, before giving the proof
of [Theorem 2, we mention what the condition () implies. Suppose that X is a
complete riemannian manifold satisfying (¥). Then the following volume estimates
for geodesic balls are known:

(5) vol B.(p)=V,(r) for peX and r=(0, (inj X)/2];
(6) vol B,(p)=V,(») for pe X and >0,

where Vo(r) and V,(r) are constants independent of p= X, and injX denotes the
injectivity radius of X. The first inequality (5) is a theorem of Croke [2: Prop-
osition 147, and the second is a consequence of a well-known comparison
theorem.

PROOF OF THEOREM 2. Let X be a complete riemannian manifold satisfying
(*). Then, by (3) and (4), any two nets in X are uniform and roughly isometric
to each other (recall that to be roughly isometric is an equivalence relation).
Hence, from [Corollary 7, one of them is parabolic if and only if so is the other,
and this makes it possible to prove only for an e-net P in X with
0<e=(@njX)/2. First we show that P is non-parabolic if so is X. Assume
that X is non-parabolic, and take a non-empty bounded domain 2 in X with
smooth boundary. Then, by £ has a positive capacity. We will
show that the finite subset S={p=P: B,.(p)"\2+ P} of P also has a positive
capacity, which implies the non-parabolicity of P by For each
pE P, take a function 5,=C3(X) such that 0=<75,=1, 5,=1 on B.p), 7,=0
outside of B,.(p), and that |V»,|<c¢, on X, where ¢, is a constant independent of
P, and put &,(x)=9,(x)/2eepn(x) for x=X. Note that there is a constant c,
such that [V§,|<c,. In fact, we have

|V, = IVY)pI(% m)’%m‘%l%ﬂ(? Ny 2
<|Vp,l+ % V9.l 2o +2)cy,

where y,=sup,-p#N,<oo. Suppose that u* is an arbitrary function on P of
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finite support with u*=1 on S, and set
u(x)= 2 u*(p,(x), xX.
DPEP
Then, at x=B.(p), we have

Vu(x)= 22 u*@V&(x)= 2 (u*(@)—u*(p))VE(x)

gEN pVip} gEN p-1p)
since Xgen uipVE(x)=0, and this shows that
| Vu(x) 2= civo| Du*|*(p).
Hence with (6) we get
[ 1vulrar= 50 (Vultdrze, 1Dl
X Bg(p) pPEP

pPEP

with ¢;=c%,V,(¢). On the other hand, =1 on £, and therefore, we have
¢s Dpep| Du*|¥(p)=cap(2)>0. This proves cap(S)>0.

Next we show the non-parabolicity of X under the assumption that P is
non-parabolic. Fix a non-empty finite subset S of P. Then, by
cap(S)>0. Also let 2 be a bounded domain in X with smooth boundary such
that B,.(p)CQ for p=S. For an arbitrary function x=CH(X) with u=1 on 2,
define a function u* on P by

ﬁ_I#g dx
VOL Boo(p) Joseem

Obviously u*=1 on S. Also for p= P we have

oIt 2,

4:(P (D)

u*(p)=

Vil vulidx={l, |u(x)—ur(p) dx}

Bye(p)

by (6), the Schwarz inequality and Hence for p, g= P with é(p, ¢)=1,
we get

267V y(4e)| 1Vuldx

Bgs(

=gV 4o, (p)quIzdx-!—g | Vuld}

4¢ By

v

{SB“(Z)) ! u(x)—u*(p)[dx}2—{—{g%(q) | H(X)—u*(q)[dx}z
1

1%

{g p)lu(x)—u*(p)\dx-{—g lu(x)_u*((])ldx}z

Bye( By (@

{SB“(me“(q) luXg)—u(p)l dx}z

Vole)*(u*g)—u*(p))*,

v

v
TS SIS Y
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because of B.(p)CB..(p)"\B.(¢) and (5). Especially this implies
el 1ultdxz | Dur|xp)
Br:(p)
with a suitable constant ¢, independent of u and p. Moreover, from (3), we get

p(75)SXqu]2dxzp2PS 1Vulds,

EP JBr:(p

and therefore we obtain
e\ Vul'dxz 3| Dui(p).
X pPEP

This shows that ¢;cap(2)=cap(S) >0, and consequently, implies the non-parabolicity
of X as suggests. This completes the proof of O

PrOOF OF THEOREM 1. Let X and Y be complete riemannian manifolds
satisfying (*) and roughly isometric to each other, and take nets P and Q in X
and Y, respectively. Note that, by (4), P and Q are roughly isometric to each
other with respect to their combinatorial metrics, and that both of P and Q are
uniform as (3) suggests. Hence, by P is parabolic if so is Q. Also,
as is seen in P (resp. Q) is parabolic if and only if X (resp. Y) is
parabolic. Thus the parabolicity of Y implies those of Q and P, and consequently
that of X. This completes the proof of Theorem 1. O
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