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\S 0. Introduction.

In this paper, we investigate a calculus of Fourier integral operators with
phase functions and symbols belonging to certain classes of weighted functions.
As an application we give another proof of the micro-local resolvent estimates
established in [3] and [4].

The phase function $\varphi(x, \xi)$ we consider satisfies

(0.1) $|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}(\varphi(x, \xi)-x\xi)|\leqq C_{\alpha\beta}\langle x\rangle^{\sigma-|\alpha|}$

for some $0\leqq\sigma\leqq 1$ and

(0.2) $\Sigma$ $\sup|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}\vec{\nabla}_{x}\nabla_{\xi}(\varphi(x, \xi)-x\xi)|\leqq\tau$

$|\alpha+\beta|\leqq lx.\xi$

for some integer $l\geqq 0$ and $0\leqq\tau<1$ . Namely $\varphi(x, \xi)$ is in a “ neighborhood “ of
$x\xi=\Sigma_{j=1}^{n}x_{j}\xi_{j}$ in this sense. The symbol $p(x, \xi)$ satisfies

(0.3) $1a+ \beta|\leq kx\max su_{?^{t\langle x\rangle^{-l+|\alpha|}\langle\xi\rangle^{-m}}}|\partial_{x}^{a}\partial\not\in p(x, \xi)|$ } $<\infty$

for some 1, $m\in R^{1}$ and an integer $k\geqq 0$ . The essential feature of $\varphi(x, \xi)$ and
$p(x, \xi)$ is that the decay order in $x$ increases as the order of their derivatives
with respect to $x$ increases, which makes the asymptotic expansion of symbols
with respect to $x$ and the calculus possible. Our calculus is a version of that
of families of Fourier integral operators involving the parameter $0<h<1$ ,

which has been discussed in Kitada-Kumano-go [6]. Schematically, we can
write “

$\langle x\rangle^{-1}=h$ . However, the details have to be studied separately.
Our main result of the calculus is the following. Let $\varphi(x, \xi)$ satisfy (0.1)

and (0.2) for some $\tau$ small enough and some $l$ large enough, and let $a(x, \xi)$

satisfy (0.3) with $l=m=0$ and be close enough to 1 with respect to the semi-
norms defined through (0.3) with $l=m=0$. Then the Fourier integral operator
defined by
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(0.4) $A_{\varphi}f(x)= Os-\int\int e^{i(\varphi(x,\xi)-y_{\backslash }^{\epsilon})}a(x, \xi)f(y)dyd\xi$

has an inverse in the class of conjugate Fourier integral operators with the
same phase function: namely for some symbol $b(\xi, y)$ satisfying (0.3) with
$l=m=0$

(0.5) $A_{\varphi}^{-1}f(x)= Os-\int\int e^{i(x\xi(}-\varphi y\xi))b(\xi, y)f(y)dyd\xi$

(cf. Theorem 3.4 below).

This result is useful in proving the micro-local estimates for the resolvent
$R(z)=(H-z)^{-1}$ , where

(0.6) $H=-\Delta/2+V(x)$

with a real-valued smooth $V(x)$ satisfying

(0.7) $|\partial_{x}^{a}V(x)|\leqq C_{\alpha}\langle x\rangle^{-|a|-\epsilon}$

for all $\alpha$ and some $0<\epsilon<1$ .
The property (0.7) of $V(x)$ suggests that the use of our weighted classes

of phase and symbol functions is quite natural. In fact, in our previous works
[3] and [4], we have partly discussed some calculus of such Fourier integral
operators with weighted symbols. However, from the standpoint of the theory
of Fourier integral operators, the calculus has not been developed fully there.
The purpose of this paper is firstly to supplement this point, and secondly to
give a new proof of the micro-local resolvent estimates, which heavily leans
on the calculus thus obtained.

The plan of the paper is as follows. In section 1, we introduce the classes
of symbols and phase functions and give a definition of pseudodifferential and
Fourier integral operators. In section 2, we discuss a calculus of pseudodiffer-
ential operators and in section 3 that of Fourier integral operators. The
$L^{2}$-boundedness theorems are summarized in section 4. Then in section 5 the
micro-local estimates for the free resolvent will be summarized and in section
6 we give a proof of those for the perturbed resolvent $R(z)$ using the results
of calculus and section 5. In section 7 we add a theorem on the micro-local
approximation of resolvent.

\S 1. Definitions of pseudodifferential and Fourier integral operators.

We denote by $(x_{1}, \cdots , x_{n})$ a point of $R^{n}$ , and by $\alpha=(\alpha_{1}, \cdots , \alpha_{n})$ a multi-
index whose components $\alpha_{j}$ are non-negative integers. We use the usual
notations:
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(1.1) $\alpha=\alpha_{1}+$ $+\alpha_{n}$ , $a!=\alpha_{1}!$ $\alpha_{n}$ ],

$x^{\alpha}=x_{1}^{\alpha_{1}}\cdots x_{n}^{a_{n}}$ , $\partial_{x}^{\alpha}=\partial_{x_{1}^{1}}^{a}\cdots\partial_{x_{n}^{n}}^{\alpha}$ ,

$D_{x}^{\alpha}=D_{x_{1}^{1}}^{a}\cdots D_{x_{n}}^{\alpha_{n}}$ , $\partial_{x_{j}}=\partial/\partial x_{j}$ , $D_{x_{j}}=-i\partial_{x_{j}}$ ,

$\langle x\rangle=(1+|x|^{2})^{1/2}$ , $\nabla_{x}={}^{t}(\partial_{x_{1}}$ , $\cdot$ .. $\partial_{x_{n}})$ , $\vec{\nabla}_{x}=^{t}\nabla_{x}$ .
$S=S(R^{n})$ denotes the Schwartz space of rapidly decreasing functions on $R^{n}$ .

DEFINITION 1.1. A $C^{\infty}$ function $p(x, \xi, x’, \xi’, x’’)$ is said to belong to the
symbol class $B_{l_{1\cdot 2^{l}3}^{1}}^{m_{i}m_{2}}$ for $m_{1},$ $m_{2},$ $l_{1},$ $l_{2},$ $l_{3}\in R^{1}$ if $P$ satisfies for any integer $k\geqq 0$

(1.2) $|p|S^{m_{1},m_{2};l_{1}.l_{2}.l_{3})}$

$\equiv\max|\alpha+\beta+\alpha+\beta’+a’1\leq k\sup\{\langle x\rangle^{-l_{1}+|\alpha|\langle\xi\rangle^{-m_{1}}\langle x’\rangle^{-l_{2}+|a’|}\langle\xi’\rangle^{-m_{2}}\langle x’\rangle^{-l_{3}+|a|}}$

$x’,\xi\prime x\xi\prime x’$

$\cross|\partial_{x}^{\alpha}\partial^{\beta_{\xi}}\partial_{x’}^{\alpha’}\partial^{\beta_{\xi’}’}\partial_{x}^{\alpha}:p(x, \xi, x’, \xi’, x’’)|\}<\infty$ .
In particular, when $P$ is independent of $(\xi’, x’)$ [resp. $(x’,$ $\xi’,$ $x$ “) or $(x,$ $\xi’,$ $x$ “)],

we write $p\in B\Psi_{1}^{1}\iota_{2}$ [resp. $p\in B_{\iota_{1}}^{m_{1}}$ or $p\in B_{\iota_{2}}^{m_{1}}$] and denote its norm by $|p|\ell^{m_{1};l_{1}.l_{2})}$

[resp. $|p|4^{m_{1};l_{1})}$ or $|p|_{k}^{(m_{1};l_{2})}$ ].

REMARK 1. The space $B_{\iota_{1}.i_{2}.\iota_{3}}^{m_{1}7t\downarrow 2}$ forms a Fr\’echet space with semi-norms
above.

$2^{o}$ . It is easy to extend our results in the following to the symbols
$p(x, \xi, x’, \xi’, x’)$ satisfying

$|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}\partial_{x^{l}}^{\alpha’}\partial_{\xi}^{\beta’,}\partial_{x}^{\alpha}1p(x, \xi, x’, \xi’, x’)|$

$\leqq C_{\alpha\beta\alpha’\beta’\alpha’}\langle x\rangle^{l_{1}-\rho|\alpha|+\delta_{1}\beta 1}\langle\xi\rangle^{m_{1}}\langle x’\rangle^{l_{2}-\rho|\alpha’|+\delta|\beta’|}\langle\xi’\rangle^{m_{2}}\langle x’\rangle^{l_{3}-\rho|\alpha|}$

for some $0\leqq\delta<\rho\leqq 1$ .
DEFINITION 1.2. A real-valued $C^{\infty}$ function $\varphi(x, \xi)$ is said to belong to the

phase class $P_{\sigma}(\tau;1)$ for $0\leqq\sigma\leqq 1,0\leqq\tau<1$ and $l=0,1,2,$ $\cdots$ , if $\varphi$ satisfies

(1.3) $\{\begin{array}{l}i) |\partial_{x}^{a}\partial_{\xi}^{\beta}(\varphi(x, \xi)-x\xi)|\leqq C_{\alpha\beta}\langle x\rangle^{\sigma-|\alpha} 1 ,ii) |\varphi|_{2.l}=\sum_{|\alpha+\beta|\leqq\iota}sux.\not\in|\partial_{x}^{a}\partial_{\xi}^{\beta}\vec{\nabla}_{x}\nabla_{\xi}(\varphi(x, \xi)-x\xi)|\leqq\tau.\end{array}$

In particular, when $1=0$ we write $P_{\sigma}(\tau;0)$ simply as $P_{\sigma}(\tau)$ .
We define the pseudodifferential operator $P=p(X, D_{x}, X’, D_{x’}, X")$ $w_{\wedge}^{j}th$

the symbol $p(x, \xi, x’, \xi’, x’’)\in B_{\iota_{1}.i_{2}.\iota_{3}}^{m_{1}m_{2}}$ by

(1.4) $Pf(x)= Os-\int\int\int\int e^{-i(y^{1}\eta^{1}+y^{2}\eta^{2})}p(x, \eta^{1}, x+y^{1}, \eta^{2}, x+y^{1}+y^{z})$

$\cross f(x+y^{1}+y^{2})dy^{1}dy^{2}d\eta^{1}d\eta^{2}$

for $f\in S$ , where $d\eta=(2\pi)^{-n}d\eta$ and $os-\int\int\int\int\cdots dy^{1}dy^{a}d\eta^{1}d\eta^{2}$ means the usual



458 H. KITADA

oscillatory integral (cf. $e$ . $g$ . $[6]$ ).

We next define the Fourier integral operators which include the pseudo-
differential operators (cf. Proposition 2.1 below).

DEFINITION 1.3. i) Let $p(x, \xi)\in B_{l}^{m}$ and $\varphi(x, \xi)\in P_{\sigma}(\tau)$ . We define the
Fourier integral operator $P_{\varphi}=p_{\varphi}(X, D)$ with the symbol $p(x, \xi)$ and the phase
function $\varphi(x, \xi)$ by

(1.5) $P_{\varphi}f(x)= Os-\int\int e^{ixy)\xi}\mathfrak{c}-[e^{i(\varphi(x.\xi)-x\xi)}p(x, \xi)f(y)]dyd\xi$

for $f\in S$ . We write this oscillatory integral simply as

(1.5) $P_{\varphi}f(x)= oe_{-}\int\int e^{i(\varphi(x.\xi)-y\xi)}p(x, \xi)f(y)dyd\xi$ .

ii) Let $q(\xi, y)\in B_{l}^{m}$ and $\varphi(x, \xi)\in P_{\sigma}(\tau)$ . We define the conjugate Fourier
integral operator $Q_{\varphi*}=q_{\varphi^{*}}(D, Y)$ by

(1.6) $Q_{\varphi^{*}}f(x)= Os-\int\int e^{i(x-y)\xi}[e^{i(y\xi-\varphi(y.\xi))}q(\xi, y)f(y)]dyd\xi$ .

Or simply we write

(1.6) $Q_{\varphi^{*}}f(x)= oe_{-}\int\int e^{i(x\xi-\varphi(y.\xi))}q(\xi, y)f(y)dyd\xi$ .

\S 2. Pseudodifferential operators.

We consider fundamental properties of pseudodifferential operators in this
section.

For $j=0,1,2,$ $\cdots$ , let $p_{j}(x, \xi, x’)\in B_{l_{j}.l}^{m}$ with $l_{j}arrow-\infty$ $(jarrow\infty)$ , and let
$x\in C_{0}^{\infty}(R^{n})$ satisfy

(2.1) $\chi(\theta)=\{\begin{array}{ll}1 |\theta|\leqq 1/2,0 |\theta|\geqq 1.\end{array}$

Then it is easily seen that there exists a positive sequence $\{\epsilon_{j}\}$ tending to zero
as $jarrow\infty$ such that the series

(2.2) $p(x, \xi, x’)=\sum_{j=1}^{\infty}\chi(\epsilon_{j}^{-1}\langle x\rangle^{-1})p_{j}(x, \xi, x’)$

converges absolutely in $B_{l_{0}.l}^{m}$ and

(2.3) $p(x, \xi, x’)-\sum_{j=1}^{N-1}p_{j}(x, \xi, x’)\in B_{\iota_{N}.\iota}^{m}$

for all $N\geqq 1$ (cf. Theorem 1.3 in [6]). We write (2.3) as

(2.4) $p(x, \xi, x’)\sim\sum_{f=0}^{\infty}P_{J}(x, \xi, x’)$
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and call it an asymptotic expansion of $p(x, \xi, x’)$ with respect to $x$ . The
asymptotic expansion with respect to $x’$ can be defined similarly.

PROPOSITION 2.1. For $p(x, \xi, x’, \xi’, x’)\in B_{\iota_{1}.i_{2}^{m}}^{m_{1}}.f_{3}$ , we set

(2.5)$\{\begin{array}{l}i) p_{LL}(x, \xi)=O\ \int\int e^{-iy\eta}p_{L}(x, \xi+\eta, x+y)dyd\eta,p_{L}(x, \xi’, x’)=oe_{-}\int\int e^{-iy\eta}p(x, \xi’+\eta, x+y, \xi’, x’)dyd\eta, ii) p_{RR}(\xi, x’)=Os-\int\int e^{-iy\eta}p_{R}(x’+y, \xi-\eta, x’)dyd\eta,p_{R}(x, \xi, x’)=O\ \int\int e^{-iy\eta}p(x, \xi, x’+y, \xi-\eta, x’)dyd\eta.\end{array}$

Then $p_{L}\in B_{t_{1}+l_{2}}^{m_{1}+m}f_{3},$ $p_{R}\in B_{\iota_{1}.\iota_{2}+}^{m_{1}+m}f_{3},$ $p_{LL},$ $p_{RR}\in B_{l_{1}+l_{2}+}^{m_{1}+m}3_{3}$ , and we have

(2.6) $p(X, D_{x}, Y, D_{y}, Z)=p_{LL}(X, D)=p_{RR}(D, Y)$ .
Further, for any $k\geqq 0$ and for an arbitrarily fixed even $n_{0}(>n+|l_{1}|+|l_{2}|+|l_{3}|$

$+|m_{1}|+|m_{2}|+1)$

(2.7)$\{\begin{array}{l}i) |p_{LL}|_{k}^{(m_{1}+m_{2};l_{1}+l_{2}+l_{3})}\leqq C_{k}|p_{L}|_{2k+}^{(m}t_{n_{0}}^{+m_{2};l_{1}+l_{2},l_{3})}\leqq C_{k}|p|_{3k+^{1}\dot{4}n_{0}}^{(mm_{2};l_{1},l_{2},l_{3})} ii) |p_{RR}|_{k}^{(m_{1}+m_{2};l_{1}+l_{2}+l_{3})}\leqq C_{k}|p_{R}|_{2k+^{1}2n_{0}}^{(m+m_{2};l_{1}.l_{2}+l_{3})}\leqq C_{k}|p|_{3k+^{1}\dot{4}n_{0}}^{(mm_{2}:l_{1}.l_{2}.l_{3})}\end{array}$

for some constant $C_{k}>0$ , and

(2.8)$\{\begin{array}{l}i) p_{LL}(x, \xi)\sim\sum_{\alpha}(\alpha!)^{-1}(\partial\xi D_{x}^{a}, p_{L})(x, \xi, x),p_{L}(x, \xi, x’)\sim\sum_{a}(\alpha 1)^{-1}(\partial_{\xi}^{a}D_{x}^{\alpha}p)(x, \xi, x, \xi, x’), ii) p_{RR}(\xi, x’)\sim\sum_{\alpha}(-1)^{|\alpha|}(\alpha 1)^{-1}(\partial_{\xi}^{a}D_{x}^{a}p_{R})(x’, \xi, x’),p_{R}(x, \xi, x’)\sim\sum_{\alpha}(-1)^{|\alpha|}(\alpha!)^{-1}(\partial\xi D_{x’}^{\alpha}p)(x, \xi, x’, \xi, x’).\end{array}$

PROOF. (2.6) is shown by virtue of Fourier’s inversion formula. By
Taylor’s expansions and integration by parts, we have

(Z9) $p_{L}(x, \xi’, x^{\nu})=$
$\sum_{|a|<N}(\alpha 1)^{-1}(\partial_{\xi}^{a}D_{x}^{\alpha},p_{0})(x, \xi’, x, \xi’, x’)$

$+N \sum_{I\gamma|=N}(\gamma 1)^{-1}\int_{0}^{1}(1-\theta)^{N-1}(\partial\xi D_{x’}^{\gamma}p_{\theta})(x, \xi’, x, \xi’, x’)d\theta$ ,

where $N\geqq 1$ and for $0\leqq\theta\leqq 1$

(2.10) $p_{\theta}(x, \xi, x’, \xi’, x’)=Os-\int\int e^{-iy\eta}p(x, \xi+\theta\eta, x’+y, \xi’, x’)dyd\eta$ .

For a fixed even n\’o $(>n+|l_{1}|+|l_{2}|+|l_{3}|+|m_{1}|+|m_{2}|)$ , we have by integration
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by parts

(2.11) $p_{\theta}(x, \xi, x’, \xi’, x’)=Os-\int\int e^{-iy\eta}(1+|\eta|^{n_{0}’})^{-1}(1+(-\Delta_{y})^{n_{0}’/2})$

$\cross\{(1+|y|^{n_{0}’})^{-1}(1+(-\Delta_{\eta})^{n_{0/2}’})p(x, \xi+\theta\eta, x’+y, \xi’, x’)\}dyd\eta$ .
Then, by $p\in B_{\iota_{1}.i_{2}.\iota_{3}}^{m_{1}m_{2}}$ , we have for $\theta\in[0,1]$ and an even $n_{1}\geqq|a’|$

(2.12) $|D_{x}^{\alpha}\partial_{\xi}^{\beta}D_{x’}^{\alpha’}\partial^{\beta_{\xi’}^{i}}D_{x}^{\alpha};p_{\theta}(x, \xi, x’, \xi’, x’’)|$

$\leqq C_{\alpha\beta a’\beta’\alpha}.|p|_{2n_{0}’+|\alpha+\beta+\alpha’+\beta’+\alpha’\mathfrak{l}+n_{1}}^{(m_{1}.m_{2}:\iota_{1\prime}\iota_{2}.\iota_{3})}$

$\cross\langle X\rangle^{l_{1}-|a|\langle\xi\rangle^{m_{1}}\langle x’\rangle^{l_{2}-|\alpha’|\langle\xi’\rangle^{m_{2}}\langle x’’\rangle^{l_{3}-|\alpha’|}}}$ ,

by a further integration by parts with respect to $\eta$ in (2.11), where $C_{\alpha\beta\alpha’\beta’\alpha}>0$

is independent of $\theta,$ $x,$ $\xi,$ $x’,$ $\xi’,$ $x’’$ . Setting $\theta=1,$ $x’=x$ and $\xi=\xi’$ , we obtain
the second inequality in $(2.7)- i)$ from $(2.5)- i)$ , (2.10) and (2.12). The first
inequality in $(2.7)- i)$ is a special case of the second one. $(2.8)- i)$ follows from
(2.9), $P_{0}(x, \xi, x’, \xi’, x’’)=P(x, \xi, x’, \xi’, x’’)$ (by Fourier’s inversion formula), and
(2.12). $(2.8)- ii)$ can be proved similarly. $\square$

THEOREM 2.2. For $p_{j}(x, \xi)\in B_{\iota_{J^{j}}}^{m}(j=1, \cdots , \nu+1, \nu\geqq 1)$ , define $q_{v+1}(x, \xi)$ by

(2.13)
$q_{\nu+1}(x, \xi)=Os-\int\cdots\int\exp(-i\sum_{j=1}^{\nu}y^{j}\eta^{j})\prod_{j\Leftarrow 1}^{\nu}p_{j}(x+\overline{y^{f-1}}, \xi+\eta^{j})\underline{2\nu}$

$\cross p_{\nu+1}(x+\overline{y^{\nu}}, \xi)dy^{1}\cdots dy^{\nu}d\eta^{1}\cdots d\eta^{\nu}$ ,

where $\overline{y}^{0}=0$ and $\overline{y^{j}}=y^{1}+\cdots+y^{j}$ $(J^{=1}, \cdots , \nu)$ . Then we have

(2.14) $q_{\nu+1}(x, \xi)\in B_{\frac{\overline m_{\nu+}}{\iota_{\nu+1}}}^{1}$ ,

where $\overline{m_{\nu+1}}=m_{1}+$ $+m_{\nu+1},\overline{l_{\nu+1}}=l_{1}+$ $+l_{\nu+1}$ , and

(2.15) $q_{\nu+1}(X, D)=p_{1}(X, D)\cdots P_{\nu+1}(X, D)$ .
Furthermore, for an arbitrarily fixed even $n_{0}(>n+\overline{|l_{\nu+1}|}+\overline{|m_{\nu+1}|}+1)$ , there
exists a constant $C_{0}>0$ such that

(2.16) $|q_{\nu+1}|1^{\overline{m_{\nu+1}};\overline{\iota_{\nu+1}})} \leqq C_{0}^{\nu+1}\sum_{k_{1}+\cdots+k_{\nu+1}\leqq k}\prod_{j=1}^{\nu+1}|p_{j}|_{2n_{0}+2k_{j}}^{(m_{j}:\iota_{j})}$ .

PROOF. (2.15) is easy (cf. $e.g$ . $[7]$ ). By integration by parts, we have
with an even integer $n_{0}’>n+\overline{|l_{\nu+1}|}+\overline{|m_{\nu+1}|}$ ,

(2.17) $q_{\nu+1}(x, \xi)=Os-\int^{\wedge}\int\exp(-i\sum_{j=1}^{\nu}y^{j}\eta^{j})\prod_{j=1}^{\nu}(1+2\nu|y^{j’}|^{n_{0}’})^{-1}(1+(-\Delta_{\eta^{j’}})^{n_{0}’/2})$

$\cross\prod_{f=1}^{\nu}p_{j}(x+\overline{y^{j-1}}, \xi+\eta^{j})p_{\nu+1}(x+\overline{y^{\nu}}, \xi)dy^{1}\cdots dy^{\nu}d\eta^{1}\ldots d\eta^{\nu}$ .
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Making a change of variables

(2.18) $z^{j}=y^{1}+\cdots+y^{j}$ , $i$ . $e.$ , $y^{j}=z^{j}-z^{j-1}$ , $z^{0}=0$

for $j=1,$ $\cdots$ , $\nu$ , and noting

(2.19) $\sum_{j=1}^{\nu}y^{j}\eta^{f}=\sum_{k=1}^{\nu}z^{k}(\eta^{k}-\eta^{k+1})$ $\eta^{\nu+1}=0$ ,

we integrate by parts again. Then we have

(2.20) $q_{\nu+1}(x, \xi)=Os-\int^{\wedge}\int\exp(-i\sum_{k=1}^{\nu}z^{k}(\eta^{k}-\eta^{k+1}))2v$

$\cross\prod_{k=1}^{\nu}(1+|\eta^{k}-\eta^{k+1}|^{n_{0}’})^{-1}(1+(-\Delta_{z^{k}})^{n_{0}’/2})$

$\cross\{\prod_{j’=1}^{\nu}(1+|z^{j’}-z^{j’- 1}|^{nb})^{-1}(1+(-\Delta_{\eta}y)^{n_{0}’/2})$

$\cross F_{=1}^{p_{j}(x+z^{j-1},\xi+\eta^{j})p_{\nu+1}(x+z^{\nu},\xi)\}dz^{1}\cdots dz^{\nu}d\eta^{1}\cdots d\eta^{v}}\nu$

Noting $p_{j}\in B_{\iota_{j}}^{m_{f}}$ and using $(1+|z^{1}|)^{-1}(1+|z^{2}-z^{1}|)^{-1}\cdots(1+|z^{j}-z^{j-1}|)^{-}‘\leqq C\langle z^{j}\rangle^{-1}$ ,
we have for a constant $C_{1}>0$ and an even $n_{0}’’>n$

(2.21) $|q_{\nu+1}(x, \xi)|\leqq C_{1}^{v+1}\prod_{j=1}^{v+1}|p_{f}|_{2n_{0}}^{tm_{j};\iota_{j)}}\langle x\rangle^{\overline{l_{\nu+1}}}\langle\xi\rangle^{\overline{m_{p+1}}}$

$\cross\int^{\wedge}\int\prod_{k=1}^{\nu}(1+|\eta^{k}-\eta^{k+1}|^{n_{0}’})^{-1}2\nu$

$\cross\prod_{j’=1}^{v}(1+|z^{j’}-z^{J’-1}|^{n_{\dot{0}}})^{-1}dz^{1}\cdots dz^{\nu}d\eta^{1}\cdots d\eta^{\nu}$ .

Thus for another constant $C_{2}>0$ one has

(2.22) $|q_{\nu+1}(x, \xi)|\leqq C_{2}^{\nu+1}\prod_{j=1}^{v+1}|p_{j}|_{2n_{0}’}^{tm_{j}:\iota_{j})}\langle x\rangle^{\overline{l_{\nu+1}}}\langle\xi\rangle^{\overline{m_{\nu+1}}}$.
Differentiating (2.20) and estimating similarly to the proof of Proposition 2.1,
we obtain (2.16). $\square$

THEOREM 2.3. Let $n_{0}>n+1$ be an even integer. Then there exists a constant
$c_{0}>0$ such that, for any $P=P(X, D)$ with $p(x, \xi)\in B_{0}^{0}$ and $|P|_{2n_{0}}^{(0;0)}\leqq c_{0}$ , the operatOr
$I-P$ has an inverse $(I-P)^{-1}$ in the class of pseudodifferential operators with
symbols in $B_{0}^{0}$.

PROOF. For $\nu\geqq 1$ we define $p_{\nu+1}(x, \xi)\in B_{0}^{0}$ by (2.13) in Theorem 2.2 with
$p_{j}=p$ for $j=1,$ $\cdots$ , $\nu+1$ . Then Theorem Z2 yields

(2.23) $P^{\nu+1}=p_{\nu+1}(X, D)$

and
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(2.24) $|p_{\nu+1}| S^{0;c1)}\leqq C_{0}^{\nu+1}\sum_{k_{1}+\cdots+k_{\nu+1}\leqq k}\prod_{j=1}^{\nu+1}|p|_{2n_{0+2}}^{(0;0)}j$

Hence, for $\nu+1\geqq k$ , we have

(2.25) $P.+1|_{k}^{(0;0)} \leqq C_{0}^{v+1}(|p|_{2n_{0}}^{(0:0)})^{v+1-k}\sum_{k_{1}+\cdots+k_{\nu+1}\leqq k}(|p|_{2n_{0}+2k}^{(0:0)})^{k}$

$\leqq(C_{0}c_{0})^{\nu+1-k}(C_{0}|p|_{2n_{0}+2k}^{(0:0)})^{k}C_{v.k}$ ,

where $C_{v.k}=\Sigma_{j=0}^{k}(\begin{array}{l}\nu+]j\end{array})$ . Noting that $C_{\nu.k}\leqq C_{k}\nu^{k}(\nu=1, 2, )$ for a constant

$C_{k}>0$ , we see that, if $c_{0}$ satisfies $C_{0}c_{0}<1$ , the series

(2.26) $1+p+p_{2}+$ $+p_{v+1}+\cdots$

converges in $B_{0}^{0}$ . The sum then gives the symbol in $B_{0}^{0}$ of the operator
$(I-P)^{-1}=I+P+P^{2}+$ $+P^{\nu+1}+\cdots$ $\square$

\S 3. Fourier integral operators.

In this section we investigate the fundamental properties of Fourier integral
operators which will be useful in later sections.

THEOREM 3.1. Let $p(x, \xi),$ $p(\xi, y)\in B_{\iota_{1}}^{m_{1}},$ $q(x, \xi),$ $q(\xi, y)\in B_{\iota_{2}}^{m_{2}}$ and $\varphi(x, \xi)$

$\in P_{\sigma}(\tau)(m_{j}, l_{j}\in R^{1},0\leqq\sigma\leqq 1,0\leqq\tau<1)$ .
i) There exzst symbols $r(x, \xi),$ $s(x, \xi)\in B_{l_{1}+l_{2}}^{m_{1}+m_{2}}$ such that

(3.1)$\{\begin{array}{l}a) p(X, D)q_{\varphi}(X, D)=r_{\varphi}(X, D), b) q_{\varphi}(X, D)P(X, D)=s_{\varphi}(X, D).\end{array}$

Here $r$ and $s$ are given by

(3.2) $\{\begin{array}{l}r(x, \xi)=Os-\int\int e^{i(x-y)\eta}p(x, \eta+\nabla_{x}\varphi(x, \xi, y))q(y, \xi)dyd\eta,s(x, \xi)=Os-\int\int e^{-i(\eta-\xi)y}q(x, \eta)p(y+\nabla_{\xi}\varphi(\eta, x, \xi), \xi)dyd\eta,\end{array}$

where

(3.3) $\{\begin{array}{l}\nabla_{x}\varphi(x, \xi, y)=\int_{0}^{1}\nabla_{x}\varphi(y+\theta(x-y), \xi)d\theta,\nabla_{\theta}(\eta, x, \xi)=\int_{0}^{1}\nabla_{\xi}\varphi(x, \xi+\theta(\eta-\xi))d\theta.\end{array}$

In particular,

(3.4) $\{\begin{array}{l}r(x, \xi)\sim\sum_{\alpha}(\alpha!)^{-1}D_{y}^{\alpha}\{(\partial_{\eta}^{a}p)(x, \nabla_{x}\varphi(x, \xi, y))q(y, \xi)\}|_{y=x},s(x, \xi)\sim\sum_{\alpha}(\alpha 1)^{-1}\partial_{\eta}^{\alpha}\{q(x, \eta)(D_{x}^{a}p)(\nabla_{\xi}\varphi(\eta, x, \xi), \xi)\}|_{\eta=\xi}.\end{array}$
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ii) There exist symbols $r(\xi, y)$ and $s(\xi, y)\in B_{l_{1}+l_{2}}^{m_{1}+m_{2}}$ such that

(3.5)$\{\begin{array}{l}a) q_{\varphi*}(D, Y)p(D, Y)=r_{\varphi^{*}}(D, Y), b) p(D, Y)q_{\varphi*}(D, Y)=s_{\varphi^{*}}(D, Y).\end{array}$

$r$ and $s$ are calculated by noting that (3.5) are conjugate to (3.1).

PROOF. i) For $f\in S$ we have formally

(3.6) $p(X, D)q_{\varphi}(X, D)f(x)$

$= \int\int e^{i(\varphi(x.\eta)- z\eta)\{\int\int e^{i\psi}p(x,\xi)q(y},$ $\eta$ )$dyd\xi\}f(z)dzd\eta$ ,

where

(3.7) $\psi=\varphi(y, \eta)-\varphi(x, \eta)+(x-y)\xi=(x-y)(\xi-\nabla_{x}\varphi(x, \eta, y))$ .
By a change of variables: $\tilde{\eta}=\xi-\nabla_{x}\varphi(x, \eta, y)$ , we obtain $(3.1)- a)$ and (3.2). It
is easy to see $r(x, \xi)\in B_{l_{1}+l_{2}}^{m_{1}+m_{2}}$ and (3.4) by integration by parts and Taylor’s
expansion using $\varphi\in P_{\sigma}(\tau),$ $p(x, \xi)\in B_{l_{1}}^{m_{1}}$ , and $q(y, \xi)\in B_{l_{2}}^{m_{2}}$ . $(3.1)- b)$ and ii) can
be proved similarly. $\square$

THEOREM 3.2. Let $p(x, \xi)\in B_{l_{1}}^{m_{1}},$ $q(\xi, y)\in B_{\iota_{2}}^{m_{2}}$ , and $\varphi\in P_{\sigma}(\tau)$ with $0<\tau\ll 1$ .
Then there exist symbols $r(x, \xi),$ $s(x, \xi)\in B_{l_{1}+l_{2}}^{m_{1}+m_{2}}$ such that

(3.8)$\{\begin{array}{l}i) p_{\varphi}(X, D)q_{\varphi^{*}}(D, Y)=r(X, D), ii) q_{\varphi*}(D, Y)p_{\varphi}(X, D)=s(X, D).\end{array}$

Here $r$ and $s$ are given by

(3.9)$\{\begin{array}{l}i) r(x, \xi)=Os-\int\int e^{-iy\eta}\tilde{r}(x, \xi+\eta, x+y)dyd\eta ,\tilde{r}(x, \xi, y)=p(x, \nabla_{x}\varphi^{-1}(x, \xi, y))q(\nabla_{x}\varphi^{-1}(x, \xi, y), y)J_{\xi}(x, \xi, y), ii) s(x, \xi)=Os-\int\int e^{-iy\eta}\tilde{s}(\xi+\eta, x+y, \xi)dyd\eta,S(\xi, y, \eta)=q(\xi, \nabla_{\xi}\varphi^{-1}(\xi, y, \eta))p(\nabla_{\xi}\varphi^{-1}(\xi, y, \eta), \eta)J_{y}(\xi, y, \eta).\end{array}$

Here $\eta=\nabla_{x}\varphi^{-1}(x, \xi, y)$ and $x=\nabla_{\xi}\varphi^{-1}(\xi, x, \eta)$ are the inverse $map\mu ngs$ of $\xi=$

$\nabla_{x}\varphi(x, \eta, y)$ and $y=\nabla_{\xi}\varphi(\xi, x, \eta)$ , respectjvely, and $J_{\xi}(x, \xi, y)$ and $J_{y}(\xi, y, \eta)$ are
the Jacobians of $\nabla_{x}\varphi^{-1}(x, \xi, y)$ and $\nabla_{\xi}\varphi^{-1}(\xi, y, \eta)$ , respectjvely.

PROOF. i) of (3.8): For $f\in S$ we have formally

(3.10) $p_{\varphi}(X, D)q_{\varphi^{*}}(D, Y)f(x)= \int\int e^{i(x-y)\nabla_{x}\varphi(x.\xi.y)}p(x, \xi)q(\xi, y)f(y)dyd\xi$ .

By $\varphi\in P_{\sigma}(\tau)$ and $0<\tau\ll 1,$ $\nabla_{x}\varphi^{-1}(x, \eta, y)$ exists. Making a change of variables
$\eta=\nabla_{x}\varphi(x, \xi, y)$ , we then obtain $(3.8)- i)$ . Using $p\in B_{\iota_{1}}^{m_{1}},$ $q\in B_{l_{2}}^{m_{2}}$ and $\varphi\in P_{\sigma}(\tau)$
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and integrating by parts in $(3.9)- i)$ with respect to $\eta$ and $y$ as in (2.11), we
obtain $r\in B_{\iota_{1}+l_{2}}^{m_{1}+m_{2}}$ . $(3.8)- ii)$ can be proved similarly. $\square$

THEOREM 3.3. Let $n_{0}>n+1$ be an even integer and set $\tilde{l}=6n_{0}$ . Let $c_{0}$ be
the constant in Theorem 2.3. Let $0<\tilde{\tau}<1$ be small enough such that $\tilde{\tau}\ll c_{0}$ . Then
for any $\varphi(x, \xi)\in P_{\sigma}(\tilde{\tau};1^{\sim})$ , there exist $q(\xi, y)$ and $r(x, \xi)\in B_{0}^{0}$ such that

(3.11)$\{\begin{array}{l}i) I_{\varphi}Q_{\varphi*}=Q_{\varphi*}I_{\varphi}=I, ii) I_{\varphi*}R_{\varphi}=R_{\varphi}I_{\varphi*}=I.\end{array}$

Here $Q_{\varphi*}=q_{\varphi^{*}}(D, Y),$ $R_{\varphi}=r_{\varphi}(X, D)$ , and $I_{\varphi},$ $I_{\varphi*}$ deno $fe$ the Fourier and conjugate
Fourier integral operatOrs with symbols 1 and $ph\alpha e$ functions $\varphi$ , respectively.

PROOF. From Theorem 3.2, there exists a symbol $p(x, \xi)\in B_{0}^{0}$ such that

(3.12) $I_{\varphi}I_{\varphi}*=p(X, D)$ .
By Theorem $3.2-(3.9)- i)$

(3.13) $\{\begin{array}{l}p_{0}(x, \xi)=p(x, \xi)-1=oe_{-}\int\int e^{-iy\eta}t_{0}(x, \xi+\eta, x+y)dyd\eta,t_{0}(x, \xi, y)=J_{\xi}(x, \xi, y)-1.\end{array}$

Thus

(3.14) $I_{\varphi}I_{\varphi^{*}}=I+p_{0}(X, D)$ .
By Proposition 2.1 and $\varphi\in P_{\sigma}(\tilde{\tau};l)\sim$

(3.15) $|p_{0}|_{k}^{(0;0)}\leqq C_{k}|t_{0}|_{2k}^{(00_{\dot{2}}0)}\dotplus n_{0}\leqq C_{k}’|\varphi|_{2.2k+2n_{0}}$ .
Hence by $\varphi\in P_{\sigma}(\tilde{\tau}j\tilde{f})$ and $\tilde{\tau}\ll c_{0}$ , we have

(3.16) $|P_{0}|i_{n_{0}}^{\mathfrak{c}1:0)}\leqq C_{2n_{0}}’|\varphi|_{2,6n_{0}}<c_{0}$ .
Thus $(I+p_{0}(x, \xi))^{-1}$ exists in $B_{0}^{0}$ by Theorem 2.3. Therefore $I_{\varphi}Q_{\varphi^{*}}=I$ holds,
if we set

(3.17) $Q_{\varphi*}=I_{\varphi*}(I+p_{0}(X, D))^{-1}$ .
Hence $Q_{\varphi^{*}}I_{\varphi}Q_{\varphi^{*}}=Q_{\varphi^{*}}$ , which implies

(3.18) $(Q_{\varphi*}I_{\varphi}-I)I_{\varphi^{*}}=0$ .
We can prove $I_{\varphi^{*}}R_{\varphi}=I$ similarly to the above using Theorem $3.2-(3.9)- ii)$ , which
and (3.18) imply $Q_{\varphi^{l}}I_{\varphi}=I$ . This completes the proof of $(3.11)- i)$ . $(3.11)- ii)$ can
be proved similarly. $\square$

THEOREM 3.4. Let $n_{0}>n+1$ be an even integer and set $\tilde{l}=6n_{0}$ . Let $c_{0}>0$

be the constant in Theorem 2.3. Let $0<\tilde{\tau}<1$ be small enough such that $\tilde{\tau}\ll c_{0}/2$ .
For $\varphi\in P_{\sigma}(\tilde{\tau};l)\sim$ and $k\geqq 1$ , set
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(3.19)
$| \varphi|_{1.k}=\max_{11\leqq|\gamma+\delta\leq k}\sup_{x,\xi}|\partial_{x}^{\gamma}\partial_{\xi}^{\delta}\nabla_{x}\varphi(x, \xi)|$ ,

which is finite by $(1.3)- i)$ and $\sigma\leqq 1$ . Then for any $\varphi(x, \xi)\in P_{\sigma}(\tilde{\tau};1^{\sim})$ and
$a(x, \xi)\in B_{0}^{0}$ satisfying $|a-1|_{\epsilon n_{0}}^{(0;0)}(|\varphi|_{1.6n_{0}})^{\epsilon n_{0}}\ll c_{0}/4$ , there exists $q(\xi, y)\in B_{0}^{0}$ such
that

(3.20) $A_{\varphi}Q_{\varphi^{*}}=Q_{\varphi^{*}}A_{\varphi}=I$ .
Here $A_{\varphi}=a_{\varphi}(X, D)$ and $Q_{\varphi^{*}}=q_{\varphi^{*}}(D, Y)$ .

PROOF. Similarly to the proof of Theorem 3.3, we can write using Theo-
rem $3.2-(3.9)- i)$

(3.21) $A_{\varphi}I_{\varphi*}=I+P_{0}(X, D)$ ,

where

(3.22) $p_{0}(x, \xi)=Os-\int\int e^{-iy\eta}t_{0}(x, \xi+\eta, x+y)dyd\eta$ ,

$t_{0}(x, \xi, y)=a(x, \nabla_{x}\varphi^{-1}(x, \xi, y))J_{\xi}(x, \xi, y)-1$

$=\{a(x, \nabla_{x}\varphi^{-1}(x, \xi, y))-1\}J_{\xi}(x, \xi, y)+\{J_{\xi}(x, \xi, y)-1\}$ .
By Proposition 2.1, $\varphi\in P.(T;l)$ and $a\in B_{0}^{0}$ ,

(3.23) $|p_{0}|_{k}^{(0;0)}\leqq C_{k}|f_{0}|_{2k}^{(00_{\dot{2}}0)}\dotplus n_{0}\leqq C_{k}’\{|a-1|_{2k}^{()}0\dotplus 0_{2n_{0}}(|\varphi|_{1.2k+2n_{0}})^{\epsilon n_{0}}(\tau\sim+1)+\tilde{\tau}\}$ ,

if $k\leqq 2n_{0}$ . Thus by our assumptions on $a,$ $\varphi$ and $\tilde{\tau}$, we have

(3.24) $|P_{0}|_{2n_{0}}^{(0:0)}<c_{0}$ .
Hence $(I+p_{0}(x, \xi))^{-1}$ exists in $B_{0}^{0}$ by Theorem 2.3. Therefore $A_{\varphi}Q_{\varphi^{*}}=I$ holds,
if we set

(3.25) $Q_{\varphi^{*}}=I_{\varphi^{*}}(I+p_{0}(X, D))^{-1}$ .
Thus $Q_{\varphi^{*}}A_{\varphi}Q_{\varphi*}=Q_{\varphi^{*}}$, and

(3.26) $(Q_{\varphi*}A_{\varphi}-I)I_{\varphi^{*}}=0$ .
Using Theorem 3.3, we obtain from this that $Q_{\varphi^{*}}A_{\varphi}=I$. (3.20) has been
proved. $\square$

REMARK. We see by taking the adjoint of (3.20) that there exists the inverse
$A_{\varphi^{*}}^{-1}$ of $A_{\varphi^{*}}=a_{\varphi^{*}}(Y, D)$ in the class of Fourier integral operators $Q_{\varphi}=q_{\varphi}(D, X)$ ,
although our proof above does not work directly for the existence of $A_{\varphi}^{-1}$ .



466 H. KITADA

\S 4. $L^{2}$-boundedness of Fourier integral operators.

THEOREM 4.1. Let $p(\xi, y),$ $q(x, \xi)\in B_{0}^{0}$ and $\varphi(x, \xi)\in P_{\sigma}(\tau)$ . Let $s\in R^{1}$ .
Then there exists a constant $C=C_{s.n}>0$ independent of $p,$ $q$ and $\varphi$ such that

(4.1) i) $\Vert\langle x\rangle^{s}p_{\varphi^{*}}(D, Y)\langle x\rangle^{-S}\Vert$

$\leqq C$($1+$ $\Sigma$ $\sup|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}\nabla_{x}\varphi(x, \xi)|$ ) $|p|_{2r}^{(0:0)}$ ,
$1\leq I\alpha+\beta|\leq 2rx.\xi$

ii) $\Vert\langle x\rangle^{s}q_{\varphi}(X, D)\langle x\rangle^{-s}\Vert$

$\leqq C(1+\sum_{1\leq|a+\beta|\leq 2r}\sup_{x.\xi}|\partial_{x}^{\alpha}\partial^{\beta_{\xi}}\nabla_{x}\varphi(x, \xi)|)^{2r}|q|_{2r}^{(0;0)}$ ,

where $r=2([n/2]+[5n/4]+2)+n_{0}+4|s|+1$ , $n_{0}$ being an even integer with
$n_{0}>n+1$ .

PROOF. Let $f\in S$ . Then by Theorem 3.2 and Proposition 2.1,

(4.2) $\Vert\langle x\rangle^{S}p_{\varphi^{*}}(D, Y)\langle x\rangle^{-S}f\Vert^{2}=(\langle x\rangle^{-S}p_{\varphi}(D, X)\langle x\rangle^{2S}p_{\varphi^{*}}(D, Y)\langle x\rangle^{-S}f, f)$

$=(r(X, D)\langle x\rangle^{-S}f,$ $\langle x\rangle^{-S}f$ )

$=(q(X, D)f,$ $f$) $\leqq\Vert q(X, D)f\Vert\Vert f\Vert$

for some $r(x, \xi)\in B_{2\theta}^{0}$ and $q(x, \xi)\in B_{0}^{0}$ . By Calder\’on-Vaillancourt theorem [1],

(4.3) $\Vert q(X, D)f\Vert\leqq C|q|_{r_{0}}^{(0,0)}\Vert f\Vert$ , $r_{0}=2([n/2]+[5n/4]+2)$ .
(3.9) $- i),$ $(2.5)$ and (2.7) yield

(4.4) $|q|S^{0;0)}\leqq C_{k.s}(|p|_{2k+2n_{0}+8|S|})^{2}$

$\cross(1+\sum_{1\leq|\alpha+\beta|\leq 2k+2n_{0+8|S|+1}}su\not\in|\partial_{x}^{\alpha}\partial\not\in\nabla_{x}\varphi(x, \xi)|x.)^{2k+2n_{0}+8|S|}$

(4.1) $- i)$ then follows from $(4.2)\sim(4.4)$ . Taking the adjoint of $(4.1)- i)$ , we obtain
(4.1) $- ii)$ . $\square$

Using Theorem 4.1, we can prove the following theorem in quite the same
way as in the proof of Lemma 3.3 of [2] (cf. Appendix of [2]).

THEOREM 4.2. Let $a_{\pm}(x, \xi)\in B_{0}^{0}$ and $b_{\pm}(\xi, y)\in B_{0}^{0}$ satisfy for some $L\geqq 0$,
$-1<\theta_{0}<\theta_{1}<1$ and for any $l\geqq 1$

(4.5) $|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}a_{\pm}(x, \xi)|\leqq\{\begin{array}{ll}C_{a\beta}\langle x\rangle^{-L-|a|}, \pm\cos(x, \xi)\equiv\pm x\xi/|x||\xi|\geqq\theta_{0},C_{a\beta}\langle x\rangle^{-}" 1 , \pm\cos(x, \xi)\leqq\theta_{0},\end{array}$

(4.6) $|\partial_{y}^{\alpha}\partial^{\beta_{\xi}}b_{\pm}(\xi, y)|\leqq\{\begin{array}{ll}C_{\alpha\beta}\langle y\rangle^{-|\alpha(}, \pm\cos(\xi, y)\geqq\theta_{1},C_{a\beta l}\langle y\rangle^{-l}, \pm\cos(\xi, y)\leqq\theta_{1},\end{array}$

and for some $\delta_{0}>0,$ $\mu_{0}>0$
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(4.7) $\{\begin{array}{ll}a_{\pm}(x, \xi)=0 for |x|\leqq\delta_{0} or |\xi|\leqq\mu_{0},b_{\pm}(\xi, y)=0 for |y|\leqq\delta_{0} or |\xi|\leqq\mu_{0}.\end{array}$

Set for $f\in S$ and $t\in R^{1}$

(4.8) $T_{\pm}(t)f(x)= Os-\int\int e^{i(x\xi-t|\xi|^{2}/2-y\xi)}a_{\pm}(x, \xi)b_{\pm}(\xi, y)f(y)dyd\xi$ .

Then for $\pm t\geqq 0$ and $s_{1},$
$s_{2}\geqq 0$ with $s_{1}+s_{2}\leqq L$ ,

(4.9) $\Vert\langle x\rangle^{s_{1}}T_{\pm}(t)\langle y\rangle^{s_{2}}\Vert\leqq C\langle t\mu_{0}\rangle^{-L+s_{1}+s_{2}}$

for some constant $C$ independent of $t$ .
REMARK. In Theorem 4.2, $T_{\pm}(t)$ is a pseudodifferential operator, which

simplifies its proof in contrast to Lemma 3.3 of [2], where we have treated
the Fourier integral operator version of $T_{\pm}(t)$ .

\S 5. Micro-local estimates for $(-\Delta/2-z)^{-1}$ .
In this section we summarize the micro-local estimates for the free resolvent

$R_{0}(z)=(H_{0}-z)^{-1},$ $H_{0}=-\Delta/2,$ ${\rm Im} z\neq 0$, which will be used in the next section in
proving those for the perturbed resolvent $R(z)=(H-z)^{-1},$ $H=H_{0}+V(x)$ , with
$V(x)$ a smooth long-range potential.

Let $p_{\pm}(x, \xi)\in B_{0}^{0}$ satisfy for some $-1<\mu_{\pm}<1$ and $\delta_{0}>0$ and for any $l\geqq 1$

(5.1) $p_{\pm}(x, \xi)=0$ for $|x|\leqq\delta_{0}$ or $|\xi|\leqq\delta_{0}$ ,

and

(5.2) $|\partial_{x}^{\alpha}\partial\xi p_{\pm}(x, \xi)|\leqq C_{\alpha\beta l}\langle x\rangle^{-l}$ if $\omega s(x, \xi)\lessgtr\mu_{\pm}$

in respective signs. We write $P_{\pm}=p_{\pm}(X, D)$ .
We denote by $L_{s}^{2}=L_{s}^{2}(R^{n})(s\in R^{1})$ the weighted $L^{2}$ space with the norm

(5.3) $\Vert f\Vert_{s}=(\int_{R^{n}}\langle x\rangle^{zs}|f(x)|^{2}d_{X})^{1/2}$ .
$\Vert\Vert_{sarrow s’}(s, s’\in R^{1})$ will denote the operator norm from $L_{s}^{2}$ into $L_{s’}^{2}$ . It is well-
known (cf. $e$ . $g$ . Kuroda [8]) that $R_{0}(z)({\rm Im} z\neq 0)$ has boundary values as ${\rm Im} zarrow 0$

in the space $B(L_{s}^{2}, L_{-s}^{2})(s>1/2)$ of bounded operators from $L_{s}^{2}$ into $L_{-s}^{2}$ . We
denote the boundary values by $R_{0}(\lambda\pm i0)\in B(L_{s}^{2}, L_{-s}^{2})$ for $\lambda\neq 0$. Then the fol-
lowing estimates are known ([8]):

(5.4) $\Vert R_{0}(\lambda\pm i0)\Vert_{sarrow-S}\leqq C\lambda^{-1/2}$ for $\lambda\geqq\lambda_{0}(>0)$ .
The following theorem is a special case of Theorem 1 of [3].

THEOREM 5.1. Let $s>1/2$ and $\lambda_{0}>0$ . Let $-1<\mu_{\pm}<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Then
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there exists a constant $C>0$ such that for $\lambda\geqq\lambda_{0}$

(5.5) $\Vert P_{\mp}R_{0}(\lambda\pm i0)\Vert_{sarrow s-1}\leqq C\lambda^{-1/2}$ .

PROOF. We consider $P_{-}R(\lambda+iO)$ only. The other case can be treated simi-
larly. We decompose $P_{-}$ as $P_{-}=P_{-}^{0}+P_{-}^{1}$ , where $P_{-}^{j}(j=0,1)$ are pseudodiffer-
ential operators with symbols $p_{-}^{j}(x, \xi)\in B_{0}^{0}$ which satisfy (5.1) and for any $l\geqq 1$

(5.6) $|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}p_{-}^{0}(x, \xi)|\leqq C_{a\beta l}\langle x\rangle^{-l}$

and for some $\mu_{-}’$ with $1>\mu_{-}’>\mu-$

(5.7) $p_{-}^{1}(x, \xi)=0$ for $\omega s(x, \xi)>\mu’-$

Then from (5.4) and (5.6) follows

(5.8) $\Vert P_{-}^{0}R_{0}(\lambda+i0)\Vert_{sarrow s-1}\leqq C\lambda^{-1/2}$

for $\lambda\geqq\lambda_{0}$ .
The other part $P_{-}^{1}R(\lambda+iO)$ can be treated in quite the same way as in the

proof of Theorems 3.3 and 3.5 of [3]. In fact, the proof becomes much sim-
pler in our case than there due to the non-existence of the perturbation. We
omit the details. $\square$

COROLLARY 5.2. Let $s>1/2$ and $\lambda_{0}>0$. Let $-1<\mu.<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Let
$\varphi(x, \xi)\in P_{\sigma}(\tau\sim;6n_{0})$ with an even $n_{0}>n+1$ and small $0<\tilde{\tau}\ll 1$ , and assume that
$|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ for a sufficiently small constant $c_{1}>0$ . Set $P_{\varphi}^{\pm}=p_{\pm\varphi}(X, D)$ .
Then there exists a constant $C>0$ such that for $\lambda\geqq\lambda_{0}$

(5.9) $\Vert P_{\varphi}^{\mp}R_{0}(\lambda\pm i0)\Vert_{sarrow s-1}\leqq C\lambda^{-1/2}$ .

PROOF. By Theorem 3.2, $\tilde{P}^{\mp}=I_{\varphi}.P_{\varphi}^{\mp}$ is, for a given $N\geqq 0$ , expressed as a
sum of two Pseudodifferential operators $R^{N}$ and $Q^{\overline{+}}$ with $\Vert\langle x\rangle^{N}R^{N}\langle x\rangle^{N}\Vert<\infty$

and the symbols $q^{\mp}(x, \xi)\in B_{0}^{0}$ of $Q^{\mp}$ satisfying (5.1) and (5.2) with $\delta_{0}$ and $\mu_{\pm}$

replaced by some other constants $0<\delta_{0}’<\delta_{0}$ and $\mu_{\pm}’\lessgtr\mu_{\pm},$ $-1<\mu_{\pm}’<1$ . Here, in
order to let $\delta_{0}’>0$ and $-1<\mu_{\pm}’<1$ , we have used the assumption that $c_{1}$ in
$|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ is sufficiently small and the asymptotic expansion of the
symbols of $\tilde{P}^{\mp}$ (see Theorem $3.2-(3.9)- ii$) and Proposition 2.1 and note that
$|\nabla_{\xi}\varphi^{-1}(\xi, y, \eta)-y|<c_{1}’\langle y\rangle$ for some small $c_{1}’>0$ if $|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle)$ . Since
by Theorem 3.3, there exists a symbol $r(x, \xi)\in B_{0}^{0}$ such that $R_{\varphi}I_{\varphi}.=I$, we have
$P_{\varphi}^{\mp}=R_{\varphi}\tilde{P}^{\overline{+}}$ . Therefore by Theorems 4.1, 5.1 and (5.4), we have taking $N=s$

(5.10) $\Vert P_{\varphi}^{\mp}R_{0}(\lambda\pm i0)\Vert_{sarrow s-1}\leqq\Vert R_{\varphi}\Vert_{s-1arrow s-1}\Vert R^{N}\Vert_{-sarrow s-1}\Vert R_{0}(\lambda\pm i0)\Vert_{sarrow-s}$

$+\Vert R_{\varphi}\Vert_{s-1arrow s-1}\Vert Q^{\overline{+}}R_{0}(\lambda\pm i0)\Vert_{sarrow s-1}$

$\leqq C\lambda^{-1/2}$ . $\square$
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THEOREM 5.3. Let $s\geqq 0$ and $\lambda_{0}>0$ . Let $-l<\mu-<\mu+<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Then
there exists a constant $C>0$ such that for $\lambda\geqq\lambda_{0}$

(5.11) $\Vert P_{\mp}R_{0}(\lambda\pm i0)P_{\pm}\Vert_{-sarrow s}\leqq C\lambda^{-1/2}$ .

PROOF. We consider $P_{-}R_{0}(\lambda+i0)P_{+}$ only. The other case can be treated
similarly. We decompose $P_{-}$ as $P_{-}=P_{-}^{0}+P_{-}^{\infty}$ , where $P_{-}^{j}(j=0, \infty)$ are the
pseudodifferential operators with symbols $p_{-}^{0}(x, \xi)$ and $p_{-}^{\infty}(x, \xi)\in B_{0}^{0}$ which satisfy
(5.1), (5.2) and

(5.12) $\{p_{-}^{0}(x,\xi)p_{-}^{\infty}(x,\xi)=0=0$

for $|\xi|>\sqrt{2\lambda}/2$ ,

for $|\xi|<\sqrt{2\lambda}/4$ .
We use the relation:

(5.13) $R_{0}( \lambda+i\epsilon)=i\int_{0}^{\infty}e^{it(\lambda+i\text{\’{e}}-H_{0})}dt$ , $\epsilon>0$ .
$P_{-}^{0}R_{0}(\lambda+i0)P_{+}$ can be written as a pseudodifferential operator with symbol

(5.14) $q(x, \xi, y)=p_{-}^{0}(x, \xi)(|\xi|^{2}/2-\lambda)^{-1}p_{+}^{R}(\xi, y)$ ,

where $p_{+}^{R}(\xi, y)$ is defined through (2.5) with $p(z, \eta, y)=p_{+}(z, \eta)$ . By using
(2.8) $- ii)$ , it is easy to see that, for an arbitrarily given $L\geqq 0,$ $p_{+}^{R}(\xi, y)$ is split
into the sum of two terms $\tilde{p}_{+}^{R}(\xi, y)$ and $p_{+}^{R}(\xi\approx, y)\in B_{0}^{0}$ such that for any $l\geqq 0$

(5.15)$\{\begin{array}{ll}|\partial_{y}^{a}\partial^{\beta_{\xi}}\tilde{p}_{+}^{R}(\xi, y)|\leqq C_{\alpha\beta\iota}\langle y\rangle^{-l} if \cos(x, \xi)<\mu+, \tilde{p}_{+}^{R}(\xi, y)=0 for |y|\leqq\delta_{0} or |\xi|\leqq\delta_{0},\Vert\langle x\rangle^{L}p_{+}^{R}(D\approx, Y)\langle x\rangle^{L}\Vert<\infty. \end{array}$

By (5.12) for $p_{-}^{0}(x, \xi)$ and Theorem 4.1, one has for $s\geqq 0$

(5.16) $\Vert P_{-}^{0}R_{0}(\lambda+i0)\Vert_{sarrow s}\leqq C\lambda^{-1}$ .
Thus taking $L=s$ , we have

(5.17) $\Vert P_{-}^{0}R_{0}(\lambda+i0)P_{+}^{R}\Vert_{-sarrow\theta}\approx\leqq\Vert P_{-}^{0}R_{0}(\lambda+i0)\Vert_{Sarrow S}\Vert P_{+}^{R}\Vert_{-sarrow s}\approx\leqq C\lambda^{-1}$ .
Since $P_{-}^{0}e^{-itH_{0}}\tilde{P}_{+}^{R}$ has the form of $T_{+}(t)$ in Theorem 4.2, we have for $t\geqq 0$

and any $l\geqq 1$

(5.18) $\Vert P_{-}^{0}e^{-itH_{0}}\tilde{P}_{+}^{R}\Vert_{-2sarrow 2s}\leqq C_{l}\langle t\rangle^{-l}$ .
Hence, using (5.13), one has

(5.19) $\Vert P_{-}^{0}R_{0}(\lambda+i0)\tilde{P}_{+}^{R}\Vert_{-2sarrow 2s}\leqq C$ .
(5.12) for $p_{-}^{0}(x, \xi),$ $(5.14)$ and Theorem 4.1 yield

(5.20) $\Vert P_{-}^{0}R_{0}(\lambda+i0)\tilde{P}_{+}^{R}\Vert_{0arrow 0}\leqq C\lambda^{-1}$ .
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Interpolating (5.19) and (5.20), we get

(5.21) $\Vert P_{-}^{0}R_{0}(\lambda+i0)\tilde{P}_{+}^{R}\Vert_{-Sarrow S}\leqq C\lambda^{-1/2}$ .
Combining (5.17) and (5.21), we obtain

(5.22) $\Vert P_{-}^{0}R_{0}(\lambda+i0)P_{+}\Vert_{-Sarrow S}\leqq C\lambda^{-1/2}$ .
On the other hand, Theorem 4.2-(4.9), (5.12) and (5.15) imply that for $t\geqq 0$ ,

$s\geqq 0$ and $1\geqq 1$

(5.23) $\Vert P_{-}^{\infty}e^{-itH_{0}}P_{+}\Vert_{-sarrow s}\leqq C_{l}\langle t\sqrt{\lambda}\rangle^{-l}$ .
By (5.13) we then have

(5.24) $\Vert P_{-}^{\infty}R_{0}(\lambda+i0)P_{+}\Vert_{-sarrow S}\leqq C\lambda^{-1/2}$ .

This and (5.22) yield (5.11). $\square$

COROLLARY 5.4. Let $s\geqq 0$ and $\lambda_{0}>0$. Let $-1<\mu-<\mu+<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Let
$\varphi_{j}(x, \xi)\in P_{\sigma}(\tilde{\tau};6n_{0})(j=1,2)$ with an even $n_{0}>n+1$ and small $0<\tilde{\tau}\ll 1$ , and assume
that $|\nabla_{\xi}\varphi_{j}(x, \xi)-x|<c_{1}\langle x\rangle C=1,2)$ for a sufficiently small constant $c_{1}>0$. Set
$P_{\varphi_{1}}^{\mp}=p_{\mp\varphi_{1}}(X, D)$ and $P_{\varphi_{2}^{*}}^{\pm}=p_{\pm\varphi_{\dot{2}}}(Y, D)$ . Then there exists a constant $C>0$ such
that for $\lambda\geqq\lambda_{0}$

(5.25) $\Vert P_{\varphi_{1}}^{\mp}R_{0}(\lambda\pm i0)P_{\varphi_{\dot{2}}}^{\pm}\Vert_{-sarrow s}\leqq C\lambda^{-1/2}$ .
PROOF. As in the proof of Corollary 5.2, using Theorem 3.2, we can de-

compose $\tilde{P}_{1}^{\mp}=I_{\varphi}P_{\varphi_{1}}^{\mp}i$ and $\tilde{P}_{2}^{\pm}=P_{\varphi_{\dot{2}}}^{\pm}I_{\varphi_{2}}$ as $\tilde{P}_{j}^{\mp}=R_{j}^{N}+Q_{j}^{\mp}(j=1,2)$ for a given $N\geqq 0$

such that $\Vert\langle x\rangle^{N}R_{j}^{N}\langle x\rangle^{N}\Vert<\infty$ and the symbols $q_{j}^{\mp}(x, \xi)\in B_{0}^{0}$ of $Q_{j}^{\mp}$ satisfy (5.1)

and (5.2) with $\delta_{0}$ and $\mu_{\pm}$ replaced by some other constants $0<\delta_{0}’<\delta_{0}$ and $\mu_{\pm}’\lessgtr$

$\mu_{\pm},$ $-1<\mu_{-}’<\mu_{+}’<1$ . Here, in order to let $\delta_{0}’>0$ and $-1<\mu_{-}’<\mu_{+}’<1$ , we have
used the assumption that $c_{1}$ in $|\nabla_{\xi}\varphi_{j}(x, \xi)-x|<c_{1}\langle x\rangle$ is sufficiently small and
the asymptotic expansion of the symbols of $\tilde{P}_{j}^{\mp}$ (cf. Theorem $3.2-(3.9)- ii$) and
Proposition 2.1). Since Theorem 3.3 implies the existence of the symbols $r^{1}(x, \xi)$

and $r^{2}(\xi, y)\in B_{0}^{0}$ such that $R_{\varphi_{1}}^{1}I_{\varphi}i=I$ and $I_{\varphi_{2}}R_{\varphi_{\dot{2}}}^{2}=I$, we have $P_{\varphi_{1}}^{\mp}=R_{\varphi_{1}}^{1}\tilde{P}_{1}^{\mp}$ and
$P_{\varphi_{\dot{2}}}^{\pm}=\tilde{P}_{2}^{\pm}R_{\varphi_{\dot{2}}}^{2}$ . Therefore we can estimate as follows:

(5.26) $\Vert P_{\varphi_{1}}^{+}R_{0}(\lambda\pm i0)P_{\varphi_{2}^{*}}^{\pm}\Vert_{-sarrow s}$

$\leqq\Vert R_{\varphi_{1}}^{1}\Vert_{sarrow s}\{\Vert R_{1}^{N}\Vert_{-s-1arrow s}\Vert R_{0}(\lambda\pm i0)\Vert_{s+1arrow-s-1}\Vert R_{2}^{N}\Vert_{-Sarrow s+1}$

$+\Vert R_{1}^{N}\Vert_{-1-Sarrow S}\Vert R_{0}(\lambda\pm i0)Q_{2}^{\pm}\Vert_{-sarrow-1-S}+\Vert Q_{1}^{+}R_{0}(\lambda\pm i0)\Vert_{s+1arrow S}\Vert R_{2}^{N}\Vert_{-Sarrow S+1}$

$+\Vert Q_{1}^{+}R_{0}(\lambda\pm i0)Q_{2}^{\pm}\Vert_{-sarrow s}\}\Vert R_{\varphi_{\dot{2}}}^{2}\Vert_{-sarrow-s}$ .

Taking $N=s+1,$ $(5.4)$ , Theorems 4.1, 5.1 and 5.3 conclude the proof. $\square$
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\S 6. Micro-local estimates for $(-\Delta/2+V-z)^{-1}$ .
We assume the following

ASSUMPTION $(L)$ . $V(x)$ is a real-valued $C^{\infty}$ function such that for all multi-
index $\alpha$

(6.1) $|\partial_{x}^{\alpha}V(x)|\leqq C_{\alpha}\langle x\rangle^{-|\alpha|-8}$

for some constants $C_{\alpha}>0$ and $\epsilon$ with $0<\epsilon<1$ .
Let $H=H_{0}+V(x)$ and $R(z)=(H-z)^{-1},$ ${\rm Im} z\neq 0$. In this section, we extend

Theorems 5.1 and 5.3 to $R(z)$ .
In [2] and [4], we have constructed a phase function $\varphi(x, \xi)$ and an am-

plitude function $a(x, \xi)$ which satisfy the following

PROPOSITION 6.1 (cf. [5, Theorem 2.1]). Let-l $<\theta_{0}<\theta_{1}<1,$ $d>0,0<\delta\ll 1$

and $R\gg 1$ . Then there exist real-valued $C^{\infty}$ functions $\varphi(x, \xi)$ and $a(x, \xi)$ which
satisfy the following properties:

i) For $|\xi|\geqq d/2,$ $\cos(x, \xi)\in[-1, \theta_{0}]\cup[\theta_{1},1]$ and $|x|\geqq R/2$

(6.2) $|\nabla_{x}\varphi(x, \xi)|^{2}/2+V(x)=|\xi|^{2}/2$ .
$\varphi$ satisfies for all $(x, \xi)\in R^{2n}$ and $\alpha,$ $\beta$

(6.3) $|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}(\varphi(x, \xi)-x\xi)|\leqq C_{\alpha\beta}\langle x\rangle^{1-\text{\’{e}}-|\alpha|}\langle\xi\rangle^{-1}$

and
(6.4) $\varphi(x, \xi)=x\xi$ for $|x|\leqq R/4$ or $|\xi|\leqq d/4$ ,

where constants $C_{\alpha\beta}$ are independent of $(x, \xi)\in R^{2n}$ and $R$ .
ii) $a(x, \xi)$ satisfies for all $(x, \xi)\in R^{2n}$ and $\alpha,$ $\beta$

(6.5)$\{\begin{array}{l}|\partial_{x}^{\alpha}\partial^{\rho_{\xi}}a(x, \xi)|\leqq C_{\alpha\beta}\langle x\rangle^{-|\alpha|},|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}(a(x, \xi)-1)|\leqq C_{a\beta}\langle x\rangle^{-|\alpha|-\epsilon}\langle\xi\rangle^{-1} for \cos(x, \xi)\in[-1, \theta_{0}-\delta]\cup[\theta_{1}+\delta, 1], |\xi|\geqq d, |x|\geqq R,\end{array}$

$a(x, \xi)=0$ for $\cos(x, \xi)\in[\theta_{0}, \theta_{1}]$ or $|x|\leqq R/2$ or $|\xi|\leqq d/2$

where $C_{\alpha\beta}$ are independent of $(x, \xi)$ and R. Further set

(6.6) $t(x, \xi)=e^{-i\varphi(x.\xi)}(-\Delta/2+V(x)-|\xi|^{2}/2)(e^{i\varphi x.\xi)}(a(x, \xi))$ .
Then for any $L\geqq 1$

(6.7) $|\partial_{x}^{\alpha}\partial_{\xi}^{\beta}t(x, \xi)|\leqq\{\begin{array}{ll}C_{\alpha\beta L}\langle x\rangle^{-L}\langle\xi\rangle for \omega s(x, \xi)\in[-1, \theta_{0}-\delta]\cup[\theta_{1}+\delta, 1],C_{\alpha\beta}\langle x\rangle^{-1-|a|}\langle\xi\rangle otherwise.\end{array}$

In partjcular, $t(x, \xi)\in B_{-1}^{1}$ .
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Let $c_{0}>0$ be the constant in Theorem 2.3. Let $\tilde{\tau}>0$ be small enough and
$n_{0}>n+1$ be an even integer such that $\tilde{\tau}\ll c_{0}/2$ , so that Theorem 3.3 holds for
the phase functions in $P_{\sigma}(\tilde{\tau};6n_{0})$ . Let $-1<\mu-<\mu+<1$ and $\delta_{0}>0$ be fixed and
let $c_{1}>0$ be the constant in Corollaries 5.2 and 5.4. Then for given $d>0$ and
$-1<\theta_{0}<\theta_{1}<1$ , we can choose $R>1$ in Proposition 6.1 so large that $\varphi(x, \xi)\in$

$P_{1-\epsilon}(\tau\sim;6n_{0});|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ ; and $a(x, \xi)$ restricted to the region $G=$

$\{(x, \xi)\in R^{2n}|\cos(x, \xi)\in[-1, \theta_{0}-\delta]\cup[\theta_{1}+\delta, 1], |\xi|\geqq d, |x|\geqq R\}$ can be extended
to an $\tilde{a}(x, \xi)\in B_{0}^{0}$ with $|\overline{a}-1|_{\epsilon n_{0}}^{(0:0)}(|\varphi|_{1.6n_{0}})^{\epsilon n_{0}}\ll c_{0}/4$. Hence Theorem 3.4-(3.20)

holds for $\varphi(x, \xi)$ and $\tilde{a}(x, \xi)$ . These are possible due to (6.3), (6.4) and (6.5).

We remark that we can switch to another larger $R>1$ and smaller $c_{1}>0$ if
necessary in the following, since the estimates in Proposition 6.1 are uniform
in large $R$ as far as $-1<\theta_{0}<\theta_{1}<1$ and $d>0$ are fixed.

We then define the Fourier integral operators:

(6.8) $Jf(x)= Os-\int\int e^{i(\varphi(x.\xi)-y\xi)}a(x, \xi)f(y)dyd\xi$ ,

(6.9) $\tilde{J}f(x)=Os-\int\int e^{i(\varphi(x.\text{\’{e}})-y\xi)}\tilde{a}(x, \xi)f(y)dyd\xi$ ,

(6.10) $Tf(x)\equiv(HJ-JH_{0})f(x)$

$= Os-\int\int e^{i(\varphi(x.\xi)-y\xi)}t(x, \xi)f(y)dyd\xi$

for $f\in S$ . The second equality in (6.10) is easily seen by (6.6).

PROPOSITION 6.2. For ${\rm Im} z\neq 0$ ,

(6.11) $R(z)J=JR_{0}(z)-R(z)TR_{0}(z)$ .
Proof is easy by using $T=HJ-JH_{0}$ .
PROPOSITION 6.3. The inverse $\tilde{J}^{-1}$ exists in the class of conjugate Fourier

infegral operatOrs with $ph\alpha e$ function $\varphi(x, \xi)$ and $B_{0}^{0}$-symbol.

Proof is clear by Theorem 3.4-(3.20), the definition of $\tilde{a}(x, \xi)$ , and our choice
of $R\gg 1$ .

Let $p_{\pm}(x, \xi)\in B_{0}^{0}$ satisfy (5.1) and (5.2) for $-1<\mu-<\mu_{+}<1$ and $\delta_{0}>0$ fixed
above.

PROPOSITION 6.4. If $\theta_{1}+\delta<\mu+$ [resP. $\mu-<\theta_{0}-\delta$] and $d\ll\delta_{0}$ , then for any
$s_{1},$ $s_{2}\in R^{1}$

(6.12) $\Vert(J-J)J^{-1}P_{+}\Vert_{s_{1}arrow s_{2}}**<\infty$ . [resp. $\Vert(\tilde{J}-J)\tilde{J}^{-1}P_{-}\Vert_{s_{1}arrow s_{2}}<\infty.$ ]

Proof is easy by using the calculus (Theorems 2.2, 3.2 and 3.4), the asymp-
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totic expansion of the symbols (Proposition 2.1), and the $L^{2}$-boundedness theorem
(Theorem 4.1). Here we switch to another larger $R>1$ if necessary, and use
Theorems $3.2-(3.9)- i),$ $\theta_{1}+\delta<\mu+,$ $d\ll\delta_{0},$ $(6.3)$ and (6.4) in order to separate the
supports of the symbols $\tilde{p}_{-}(x, \xi)$ $and\tilde{p}_{+}(x, \xi)\in B_{0}^{0}$ of $(J-J)J-1$ $andP_{+}$ in the
sense that $p_{\pm}$ in (5.2) for $\tilde{p}_{\pm}(x, \xi)$ satisfy $-1<\tilde{\mu}-<\overline{\mu}_{+}<1$ and that $\tilde{p}_{+}(x, \xi)=0$

for $\xi$ with $|\xi|<\delta_{0}$ and $\tilde{p}_{-}(x, \xi)\neq 0$ for some $x\in R^{n}$ , so that

$\partial?^{D_{x}^{a}},$ $\{\beta_{-}(x, \xi)\beta_{+}(x’, \xi’)\}|_{x’\approx x.\xi’=\xi}=0$ for all $\alpha$ .
The following theorem is due to Saito [9].

THEOREM 6.5. Let $\alpha>1/2$ and $\lambda_{0}>0$. Then for $\lambda\geqq\lambda_{0}$ the boundary values
$R( \lambda\pm iO)=\lim_{\epsilonarrow 0}(H-(\lambda\pm i\epsilon))^{-1}$ exist in $B(L_{a}^{2}, L_{-\alpha}^{2})$ and satisfy for $\lambda\geqq\lambda_{0}$

(6.13) $\Vert R(\lambda\pm i0)\Vert_{\alphaarrow-a}\leqq C\lambda^{-1/2}$ ,

where $C>0$ is in&Pen&nt of $\lambda\geqq\lambda_{0}$.
THEOREM 6.6. Let $s>1/2$ and $\lambda_{0}>0$. Let $-1<\mu_{\pm}<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Then

(6.14) $\Vert R(\lambda\pm i0)P_{\pm}\Vert_{1-sarrow-s}\leqq C\lambda^{-1/2}$ ,

(6.15) $\Vert P_{\mp}R(\lambda\pm i0)\Vert_{sarrow s-1}\leqq C\lambda^{-1/2}$ ,

where $C>0$ is independent of $\lambda\geqq\lambda_{0}$.
PROOF. Since (6.15) is conjugate to (6.14), we have only to prove (6.14).

We consider $R(\lambda+i0)P_{+}$ only. The other case can be treated similarly.
We first choose $\theta_{0}<\theta_{1}$ and $d>0$ of Proposition 6.1 such that $\theta_{1}+\delta<\mu_{+}$ and

$d\ll\delta_{0}$ . By Proposition 6.3, we have

(6.16) $P_{+}=\tilde{J}\tilde{J}^{-1}P_{+}=J\tilde{J}^{-1}P_{+}+(\tilde{J}-J)\tilde{J}^{-1}P_{+}$ .
It is easy to see by the calculus (Theorems 3.1-ii) and 3.4) that, for a given
$N\geqq 0,\tilde{J}^{-1}P_{+}$ is decomposed as a sum of two conjugate Fourier integral operators
$Q_{\varphi}^{+}$. and $R_{\varphi}^{N}$. with $\Vert\langle x\rangle^{N}R_{\varphi}^{N}.\langle x\rangle^{N}\Vert<\infty$ and the symbol $q^{+}(\xi, y)\in B_{0}^{0}$ of $Q_{\varphi}^{+}$. satis-
fying (5.1) and (5.2) with $\delta_{0}$ and $\mu+$ replaced by some other $0<\delta_{0}’<\delta_{0}$ and
$-1<\mu_{+}’<\mu+\cdot$ Here, we switch to another larger $R>1$ , if necessary in order
to let $\delta_{0}’>0$ and $\mu_{+}’>-1$ by virtue of Theorem 3.1-(3.4), (6.3) and (6.4). Note
that $\mu_{+}-\mu_{+}’$ can be taken arbitrarily small if we let $R$ large enough, hence we
can assume $\theta_{1}+\delta<\mu_{+}’(<\mu_{+})$ .

Write $z=\lambda+i\epsilon,$ $\lambda\geqq\lambda_{0},$ $\epsilon>0$. By (6.11) and (6.16),

(6.17) $R(z)P_{+}=R(z)JQ_{\varphi}^{+}.+R(z)(JR_{\varphi}^{N}.+(\tilde{J}-J)\tilde{J}^{-1}P_{+})$

$=JR_{0}(z)Q_{\varphi}^{+}.-R(z)TR_{0}(z)Q_{\varphi}^{+}.+R(z)(JR_{\varphi}^{N}.+(\tilde{J}-J)\tilde{J}^{-1}P_{+})$ .
By virtue of the condition $|\nabla_{\text{\’{e}}}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ , the estimate conjugate to
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(5.9) of Corollary 5.2 yields that the first term on the RHS of (6.17) satisfies
the required estimate. The third term on the RHS of (6.17) clearly satisfies
the required estimate by Theorem 6.5 and Proposition 6.4, if we take $N=s$ .

To treat the second term on the RHS of (6.17), we first note by Proposition
$6.1-(6.7)$ , Corollary 5.4, (6.10), $\theta_{1}+\delta<\mu_{+}’,$ $d^{2}/2\ll\delta_{0}^{\prime 2}/2<\lambda_{0}$ and $|\nabla_{\xi}\varphi(x, \xi)-x|<$

$c_{1}\langle x\rangle$ that for $\lambda\geqq\lambda_{0}$ and $\epsilon>0$

(6.18) $\Vert\langle D\rangle^{-1}TR_{0}(z)Q_{\varphi}^{+}.\Vert_{1-Sarrow S}\leqq C\lambda^{-1/2}$ .
where $\langle D\rangle^{\pm 1}$ are the pseudodifferential operators with symbols $\langle\xi\rangle^{\pm 1}$ . This and
Theorem 6.5 imply that for $\lambda\geqq\lambda_{0}$ and $\epsilon>0$

(6.19) $\Vert R(z)TR_{0}(z)Q_{\varphi}^{+}.\Vert_{1-sarrow-S}\leqq\Vert R(z)\langle D\rangle\Vert_{sarrow- s}\Vert\langle D\rangle^{-1}TR_{0}(z)Q_{\varphi}^{+}.\Vert_{1- sarrow s}$

$\leqq C\lambda^{-1/2}$ ,

since $\Vert R(z)\langle D\rangle\Vert_{sarrow-s}\leqq C$ for some constant $C$ independent of $\lambda\geqq\lambda_{0}$ and $\epsilon>0$ ,
which follows from Theorem 6.5 and [3], Theorem 1.4. This completes the
proof of (6.14). $\square$

THEOREM 6.7. Let $s\geqq 0$ and $\lambda_{0}>0$. Let $-1<\mu-<\mu+<1$ and $\lambda_{0}>\delta_{0}^{2}/2$ . Then
for $\lambda\geqq\lambda_{0}$

(6.20) $\Vert P_{\mp}R(\lambda\pm i0)P_{\pm}\Vert_{-sarrow s}\leqq C\lambda^{-1/2}$ ,

where $C>0$ is independent of $\lambda$ .

PROOF. We only consider $P_{-}R(\lambda+i0)P_{+}$ . The other case can be treated
similarly.

We first choose $\theta_{0}<\theta_{1}$ and $d>0$ of Proposition 6.1 such that $\theta_{1}+\delta<\mu+and$

$d\ll\delta_{0}$ . As in the proof of Theorem 6.6, for a given $N\geqq 0,$ $J^{-1}P_{+}$ can be decom-
posed as a sum of two conjugate Fourier integral operators $Q_{\varphi}^{+}$. and $R_{\varphi}^{N}$. with
$\Vert\langle x\rangle^{N}R_{\varphi}^{N}.\langle x\rangle^{N}\Vert<\infty$ and the symbol $q_{+}(\xi, y)\in B_{0}^{0}$ of $Q_{\varphi}^{+}$. satisfying (5.1) and (5.2)

with $\delta_{0}$ and $\mu+$ replaced by some other $0<\delta_{0}’<\delta_{0}$ and $-1<\mu_{+}’<\mu+\cdot$ Further,
switching to another larger $R>1$ if necessary and using $-1<\mu_{-}<\mu_{+}<1$ and
$-1<\theta_{1}+\delta<\mu+,$ $\mu_{+}’$ can be taken to satisfy $\mu_{-}<\mu_{+}’$ and $\theta_{1}+\delta<\mu_{+}’$

Writing $z=\lambda+i\epsilon,$ $\lambda\geqq\lambda_{0},$ $\epsilon>0$ , we have from (6.17)

(6.21) $P_{-}R(z)P_{+}=P_{-}JR_{0}(z)Q_{\varphi}^{+}.-P_{-}R(z)TR_{0}(z)Q_{\varphi}^{+}$.
$+P_{-}R(z)(JR_{\varphi}^{N}.+(\tilde{J}-J)\tilde{J}^{-1}P_{+})$ .

Using $-1<\mu_{-}<\mu_{+}’<1$ , Theorem 3.1-i), (6.3) and (6.4) and switching to another
larger $R>1$ if necessary, we separate the supports of the symbols $\tilde{p}_{-}(x, \xi)$ and
$q_{+}(\xi, y)\in B_{0}^{0}$ of $P_{-}J$ and $Q_{\varphi}^{+}$. in the sense that the constants $\mu_{-}’$ and $\mu_{+}’$ corre-
sponding to $\mu_{\pm}$ in (5.2) for $\tilde{p}_{-}$ and $q_{+}$ satisfy $-1<\mu_{-}’<\mu_{+}’<1$ . Then by Corol-
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lary 5.4 and the condition $|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ , the first term on the RHS of
(6.21) satisfies the required estimate.

The third term on the RHS of (6.21) is estimated as

(6.22) $\Vert P_{-}R(z)(JR_{\varphi^{*}}^{N}+(\tilde{J}-J)\tilde{J}^{-1}P_{+})\Vert_{-sarrow s}$

$\leqq\Vert P_{-}R(z)\Vert_{s+1arrow\theta}\Vert JR_{\varphi^{*}}^{N}+(\tilde{J}-J)\tilde{J}^{-1}P_{+})\Vert_{-\arrow s+1}$ ,

which is bounded by a constant times $\lambda^{-1/2}$ by Proposition 6.4 and Theorem
6.6-(6.15), if we take $N=s+1$ .

The second term on the RHS of (6.21) is majorized as

(6.23) $\Vert P_{-}R(z)TR_{0}(z)Q_{\varphi}^{+}.\Vert_{-sarrow s}\leqq\Vert P_{-}R(z)\langle D\rangle\Vert_{S+1arrow S}\Vert\langle D\rangle^{-1}TR_{0}(z)Q_{\varphi}^{+}.\Vert_{-Sarrow S+1}$ .

It follows from Theorem 6.6-(6.15) and Theorem 1.4 of [3] that

(6.24) $\Vert P_{-}R(z)\langle D\rangle\Vert_{s+1arrow S}\leqq C$

for some constant $C$ independent of $\lambda\geqq\lambda_{0}$ and $\epsilon>0$ . Therefore, by (6.10), (6.7),

Corollary 5.4, $\theta_{1}+\delta<\mu_{+}’,$ $d^{2}/2\ll\delta_{0^{2}}’/2<\lambda_{0}$ , and $|\nabla_{\xi}\varphi(x, \xi)-x|<c_{1}\langle x\rangle$ , the RHS
of (6.23) is bounded by $C\lambda^{-1/2}$ , which concludes the proof. $\square$

\S 7. Micro-local approximation of $(-\Delta/2+V-z)^{-1}$ .
Let $\chi_{0}(x)\in C_{0}^{\infty}(R^{n})$ satisfy

(7.1) $\chi_{0}(x)=\{\begin{array}{ll}1 |x|\leqq 1,0 |x|\geqq 2,\end{array}$

and set

(7.2) $V_{j}(x)=V(x)\chi_{0}(x/J)$

for $j=1,2,3,$ $\cdots$ Then $V_{j}(x)$ satisfy (6.1) in Assumption $(L)$ uniformly in $j\geqq 1$ ,
Further it is easy to check the proof of Theorem 6.5 ([9]) to see that (6.13)

holds for $R_{j}(\lambda\pm i0)=(H_{j}-(\lambda\pm i0))^{-1},$ $H_{j}=-\Delta/2+V_{j}$ , uniformly in $j\geqq 1$ .
Then the following theorem can be proved in quite the same way as in \S 5

of [4] by using Theorems 6.6 and 6.7 above, and the proof is omitted here.

THEOREM 7.1. Let $s\geqq 0,$ $\lambda_{0}>0$ , and $-1<\mu_{-}<\mu_{+}<1$ . Then for $\lambda\geqq\lambda_{0}$ and
$j=1,2,$ $\cdots$

(7.3) $\Vert P_{-}(R(\lambda+i0)-R_{j}(\lambda+i0))P_{+}\Vert_{-sarrow s}\leqq Cj^{-\in}\lambda^{-1}$ ,

where $C>0$ is independent of $\lambda\geqq\lambda_{0}$ and $j=1,2,$ $\cdots$
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