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Introduction.

D. Perrin showed in that the normal bundles of curves of degree s>—1
which are linked to a line by two surfaces of degree s in P® are semi-stable.
In the case of s=3, the above curves have genus 7 and degree 8. In this paper,
we shall show that the normal bundles of general non-singular curves of genus
7 and degree 8 on a non-singular cubic surface in P? are stable (Theoreml (2.3)).

In §1 we determine divisor classes of non-singular curves of genus 7 and
degree 8 on a non-singular cubic surface in P%. In §2 we evaluate the number
of isolated singular points of a cubic surface containing the above curve
(2.2)). This evaluation plays an important role in the proof of (2.3).
In §3 we give examples of non-singular curves of genus 7 and degree 8 with
non-stable normal bundle. In §4 we consider a few projectively normal curves
on a non-singular cubic surface which are not contained in any quadric surface.

NoTATION. Throughout this paper we shall work over the ground field C
and C* denotes the multiplicative group of C. Let X be a non-singular pro-
jective variety and let £ be a vector bundle on X.

hi(X, E) :=dimcH¥ X, E); the dimension of H{ X, E),
Hi(X, E)V; the dual vector space of HX, E),
E* :=Homo,(E, Ox); the dual vector bundle of E.

Moreover, if C is a curve on a surface S in P% we use the same symbol C for
the corresponding divisor class on S.

I;; the ideal sheaf of C in P3,
N¢; the normal sheaf of C in P?,

Ng;s; the normal sheaf of C in S.



416 T. Ono

§1. Curves on a cubic surface.

Let S be a non-singular cubic surface in the projective space P3®. Then S
is obtained from P? by blowing-up six points p,, :--, p¢ Which are not on a
conic and no three of which are collinear. We denote by E; the exceptional
curve corresponding to p; (z=1, ---, 6), and L the total transform of a line in
P? Let ¢;=PicS (=1, ---, 6) be the divisor class of E;. Let [PicS be the
divisor class of . Then PicS is the free abelian group generated by , e,, -,
¢, and the intersection pairing on Pic S is given by

=1 ei=-1, l-e;=0, e;re; =0 for i#j.
For any divisor class D=al—>}b;e; where a, by, ---, by are integers, we have
d=3a—3bs,
pa(D) = (a—1)(a—2)/2—2 bi(bi—1)/2

where d=D-H(H:=3[—2> e;; the divisor class of a hyperplane section) and
D4(D) is the arithmetic genus of D.

DEFINITION (1.1). A divisor class D=al—> b;e; on S is said to be of type
(a) bl; b2) b37 b4; b5) bG)*

LEMMA (1.2) ([6], p. 405). Let D=al—X b;e; be a divisor class on the cubic
surface S and suppose that b, =b,=--=b>0 and a=b,+b,+bs. Then D is very
ample.

Let C be a non-singular irreducible curve of genus 7 and degree 8 in P®.
We have an exact sequence

00— Io(3) —> 0ps(3) —> 0¢(3) —> 0.
This gives a long exact sequence of cohomology groups:
(l.a) 0 — H(P?, I4(3)) —> H(P?, Ops(3)) —> H(C, O¢(3)) —> ---.

Since degO¢(—3)Q@w:<0 where w¢ is the canonical sheaf of C, we have
h'(C, 0¢(3))=0. Then h%C, 0,(3))=18 by the Riemann-Roch theorem. By (l.a)
we get

h(P?, 1c(3)) 2 h°(P?, Ops(3))—h(C, 0c(Q)) = 20—18 = 2.

Therefore there are two distinct irreducible cubic surfaces containing C. Let
S’, S” be irreducible cubic surfaces containing C. Then the total intersection
of S” and S” is C\UL, where L is a line. From now on we assume S” is a
non-singular cubic surface and replace S by S”. The divisor L on S has one
of the following types:
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©,-1,0,0,0,0,0), (1,0,0,0,0,1, 1, 20,1,1,11,1).

On the other hand, the divisor C+L is of type (9, 3, 3, 3, 3, 3, 3). Therefore
the divisor C on S is one of the following types:

9,43,33,33 if Lisoftype (0,—1,0,0,0,0,0),
®,333,3,22 if Lisoftype (1,0,0,0,0,1,1),
(7,3,2,2,2,2,2) if Lisof type (2,0,1,1,1,1,1).

Since any of the other classes in the list can be transformed to the class (7, 3,
2,2,2,2,2) by aAchange in the choice of E,, ---, E,, we shall take C to belong
to the class (7, 3, 2, 2, 2, 2, 2). We have O4(C) is very ample by (1.2),
and deg(C-L)=4.

LEMMA (1.3). Let C be a non-singular irreducible curve of genus 7 and degree
8 on a non-singular cubic surface S in P®. Then it is nonhyperelliptic.

PrOOF. By the adjunction formula for C on S
(lb) We = ws®@s(C)®Oc = Os(—H—l‘ C)@Oc.

Since the divisor class —H4C is of type 4,2,1,1, 1,1, 1), itis very ample by
(1.2) and so Ox(—H+C)R0O, is very ample on C. Therefore we is
very ample by (1.b). Hence C is nonhyperelliptic.

§2. Stability of normal bundle N,.

Let C be as in §1. An effective divisor D of type (7,3, 2,2, 2,2,2) is
arithmetically Cohen-Macaulay by Watanabe’s result [9] and so dim H°(P?, I(3))
=deg D—p,(D)+1=2. We consider the following exact sequence

(2.2) 0— I3(3) —> Ic(3) —> N¥@3) — 0.
This gives rise to a homdmorphism
[ H(P?, 14(3)) —> H(C, N¥@3)).
LEMMA (2.1). The homomorphism f is isomorphic. Moreover,
dim H°(C, N¥(@3)) = dim H(P?, Io(3)) = 2.

PrOOF. No cubic can be singular at every point of Ci(seeZ(2.%)). Hence
H(P?, 13%(3))=0, and the homomorphism f is injective. To_compute™h*(C, N¥(3)),
we consider the following exact sequence

0 —> Ng;g —> N¢ —> Ng;p3| C —> 0.
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By tensoring ©@¢(3) the dual sequence of the above, we obtain an exact sequence

0 —>0Oc NE3) N&1s(3) — 0.

From the above sequence, we have
(2.b) h°(C, N¥@3)) < h°(C, 0c)+h'(C, N&5(3)).
On the other hand, N¥,s(3)=0¢(L|C) where L is 3H—C. Next, we consider

the following exact sequence
0—>0y(L—C)—> 0O0g(L) —> 0c(L|C) —> 0.

We get an exact sequence

0 —> H(S, 0s(L—C)) —> H(S, 0s(L)) —> H*(C, 0c(L|C))
—> H'(S, Os(L—C)) —> ---.
Since —(L—C) is of type (5, 3, 1, 1, 1, 1, 1), this divisor is very ample by

(1.2). Hence we have h*(S, 0s(L—C))=0 (=0, 1) by the Kodaira vanishing
theorem. Therefore we have

@.c) HC(S, 0s(L)) —> H(C, 05(L|C)).

Since h%(S, 05(L))=1, we get h°(C, 90(L]|C))=1 by (2.c). Hence A" C, N¥3)
14+1=2 by (2.b), which implies the surjectivity of f.

We shall consider cubic surfaces containing C. By the homomorphism f,
any homogeneous polynomial of degree 3 which vanishes on C defines a section
s of N¥(3). It follows from (2.a) that a section s is zero precisely at the singular
points of the corresponding cubic surface S’ which lie on C. We have the fol-
lowing geometric lemma.

LEMMA (2.2). Let C be a general irveducible non-singular curve of genus 7
and degree 8 on a non-singular cubic surface S in P®. Then irreducible cubic
surfaces containing C have isolated singular points at most one.

Proor. The following fact is well-known:

2.%) (every irreducible cubic surface has either only)
: isolated singular points or a singular line.

By the above fact we have only to consider a family of irreducible cubic sur-
faces with either only isolated singular points or a singular line.
Define a subvariety I as follows:
I C GX|0ps(3)],
I={4, S)4cS’},
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where G is the Grassmannian G(1, 3) of lines in P?® and |Ops(3)| is the 19-
dimensional projective space consisting of cubic surfaces. We shall consider

the following diagram:
‘f’/ I &A

G |Ops(3)] .

Let 4 be a family of irreducible cubic surfaces with isolated singular points at
least 2. By J.W. Bruce and C.T.C. Wall’s result (see [2]) we can see

codimd4 =2 in |Opx(3)].

Put Ps=p,(p7}(A)) for A=G. Then P, is a 15-dimensional linear subvariety of
[Ops(3)]. Here we must show the following fact:

(2.d) For any A=@G, codim(P,N4)=2 in Py.

Assume codim(PyN\4)<1 in Py. For any A’€G, there is a projective trans-
formation ¥ of P® such that ¥(A)=A4’. And also we have ¥(S")e P4 for
any S’eP,N4. By the aboves,

dim(P,N4) = dim(PyN4) for any A’'eG.

Hence dim p3'(d)=dim(PyN4)+dimG=14+4=18. On the other hand, p3'(S")
is a finite set of lines on S’ for any S’=4 and hence dim p3'(4)=17. This is
a contradiction.

Next, we consider a family of irreducible cubic surfaces with a singular
line. Let (xo:---:x5) be a system of homogeneous coordinates of P2 Take a
line 4 in P® By a change of coordinates, we may assume that A is defined
by the equation x,=x,=0. Let S’ be an irreducible cubic surface with the
singular line 4. Then, it is easy to show that S’ is defined by the following
equation :

Fy(xo, x1)+x:F5(x0, x1)+x:Go(x0, x)=0

where F; (resp. G,) is a homogeneous polynomial of degree 7 in x,, x; ([2], p.
252). And the cubic forms Fs(x,, x1)+--+x:Gs(x0, x,) have 10 coefficients. Let
F4 be a family of irreducible cubic surfaces with the singular line 4. By the
above fact, we have dim F,<9. Let F be a family of irreducible cubic surfaces
with a singular line, i.e., F ::A\EJGF 4. By a similar argument to the one in (2.d),
we have

dim F4s=dim F4 for any A4, A’<G.

By the aboves we get
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dim FN\P4 < dim F44+dim G £ 944 = 13.
Therefore we obtain
(2.4 codim FNP,4 = 2 in Py.

Let D be an effective divisor of type (7, 3, 2, 2, 2, 2, 2), and L be a line of
type (2,0, 1,1,1,1,1) on S. Then, for any S'(#S)€H(P?, In3))—{0}/C*, we
have SNS’=DUL. Define a mapping @ as follows:

Q :|D| —> P¥
) )]
D’ D’

where P¥ is a projective space consisting of lines in P, through the point S of
|0ps(3)]|, and D’*=H°(P?, I, (3))—{0}/C* is a line through the point S. Then
@ is an isomorphism between projective spaces. Since |D| is very ample, there
is a non-empty Zariski open set U consisting of non-singular curves in |D].
Let U* be @U). Then U* is a non-empty Zariski open subset of P¥. Put
Co*={D"*c P¥|D'*N(4UF)+ @}. Then codimCo*=1in P¥ by (2.d) and (2.d").
Hence P¥—Co* is a non-empty Zariski open subset of P¥, where Co* is the
Zariski closure of Co*. Therefore U*N\(P¥—Co¥) is a non-empty Zariski open
subset of P¥. By the above construction, we have

C*NUAUF)= @
for any non-singular curve CeUN@(P§f—Co®C|D], i.e.,

S’ & AJUF

for any S'e H'(P?, 1;(3))—{0}/C*. Therefore we get the required result.

THEOREM (2.3). Let C be a general non-singular curve of genus 7 and degree

8 lying on a non-singular cubic surface S in P®. Then the normal bundle of C in
P? is stable.

PrROOF. In order to show that N, is stable, it is sufficient to show that
N$(3) has no line subbundle of degree 2 or greater, because we have

(deg N¢(3))/2 = deg Oc(3)—(deg Nc)/2
= deg 0c(3)—(deg we@w}s)/2
= 24—(124-32)/2 = 2.

Let C be as in (2.2). Since 04(C) is very ample, we may assume that

2.e) CNL = {distinct 4 points}.
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Suppose that N¥3) has a line subbundle E of degree 2 or greater. Then the
canonical homomorphism

g:E —> N§5(3)
is injective. Therefore we have
h%(C, E) < h°(C, N%,53)) = 1.
Hence we shall consider the following two cases.

Case (1). Suppose that h°(C, E)=0. Let E’ be the quotient line bundle
NE@B3)/E. By the above assumption, the homomorphism

¢p: HC, N¥@3)) — H(C, E)

is injective. Since h°(C, N¥(3))=2, the dimension of the vector space Im(p) is
2. ‘Therefore the dimension of a linear system on C corresponding to the
subspace Im(p)S H(C, E’) is 1. Hence, E’ has at least degree 3, since C is
neither rational nor hyperelliptic by (1.3). So we obtain

deg E = deg(N¥(3))—degE’ £4—-3=1.

This is a contradiction. -
Case (2). Suppose that A°(C, E)=1. We consider the following diagram:

H(C, E)—, H(C, N¥3))

!]

H(P?, 1¢(3)).

Take a non-zero section ¢ of E. It corresponds to an irreducible cubic surface
S’ containing C. Then we obtain

{zeroes of r} < {the singular points of S’ which lie on C}.

Moreover, by the injective homomorphism g:E—-N¥,5(3)=0.(L|C) and (2.e)
we get

{zeroes of 7} = {distinct r points}
where r=deg E. Hence we have

deg E < #{the singular points of S’ which lie on C}

where #{ } means the number of elements of sets. By virtue of (2.2)
S’ has only isolated singular points at most one. Therefore, we have deg EX1.
This is a contradiction.
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§3. Examples of non-stable normal bundle.

In this section we shall give examples of curves of genus 7 and degree 8
with non-stable normal bundle.

First we consider a cubic surface S with two double points. See for
details. We take 6-points p,, ---, ps of P? as follows:

(a) the points p,, ps, p. lie on the line L,,

(b) the points p,, ps, D lie on the line L,(+*L,),

(c) the points {p;} are in general position apart from the aboves.
Let X be the non-singular surface obtained by blowing-up of P? at the points
b1, -+, be. The notation for the generators of Pic X=Z®7 divisors on X and
their intersection pairing are same as in § 1. Let Ky be the canonical divisor
class of X. Then |—Kjy| is base-point free. Hence it defines a morphism
v: X—P? Put S=v(X). Then the morphism v has the following properties:

€8 v(fi):x,- and x,+#x,, Where INM- is the strict transform of L..

2) v: X—IN,IUEZ—» S—{x,, x,} is an isomorphism.

(3) Each point x; is a double point of S.

LEMMA 3B.1). Let C be a mnon-singular curve on X. If C meets each
Li6=1, 2) transversely at only one point, then v(C) is a non-singular curve through
each singular point x; (=1, 2).

ProoF. See [3]

Let D be the divisor class on X of type (7, 3, 2, 2, 2, 2, 2). Then p.(D)=7
and D-H=8, where H is the anti-canonical divisor class —Ky. It is easy to
show that there are non-singular curves in |D].

LEMMA (3.2). Let C be a non-singular curve in |D|. Then v(C) is a non-
singular curve through each singular point x;(1=1, 2) of S.

PROOF. Since L, is of type (1,0, 1,1, 1,0, 0) and L, is of type (1,0, 1,0,
0,1, 1), we have C-L;=1. Therefore the statement is obvious from
(3.1).

PROPOSITION (3.3). Let C be as in the above lemma and Ny, be the normal
bundle of v(C) in P®. Then Ny, is not stable.

PRrROOF. Since v(C) is a non-singular curve, the normal sheaf Nyc,/s is
locally free, and so Nycys is a line subbundle of Ny,, We have an exact
sequence

0 —> vx(N¢ x) —> Nyoyrs —> F—> 0.

Since ¢ is an isomorphism outside singular points {x;, x,}, we get SuppF=
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{x, x,}. Hence we get an inequality
deg Nycerrs = deg vx(Ne x)+2 = C*+2 = 22.
On the other hand, we have
(deg Nuce))/2 = 2(C-H)+po(C)—1 = 22.

Therefore deg Nyccyss=(deg Nucey)/2, 1.€., Ny is not stable.

§4. Some comments.

Let DJ(g) be the first integer d such that there is a non-singular irreducible
curve C in P* of genus g, degree d with stable normal bundle and with
H'Y(C, N¢)=0([4D.

First we shall claim DJ(7)=8. It is known that 8<D{(7)<10 (see [4]). Let
C be a general non-singular irreducible curve of genus 7 and degree 8 on a
non-singular cubic surface Sin P®. From (2.3) it is sufficient to show
that HY(C, No)=0. We consider the following exact sequence

(4&) O—»Nc/s~—>ch>Ns/p3|C~—>0.
This gives an exact sequence of cohomology groups:
«« —> H'(N¢;s) —> H'(Ng) —> H'(Ng/ps| C) —> ---.

By Serre duality H*Ng¢,s)=HYNE sQwe)Y and HY(Ng/ps| C)= H(NEps@we)V.
Since deg N¥,sQw=deg Oc(—1)<0 and deg N¥,psQw=deg we(—3)<0, we have
HY(N¢;s)=H'(Ng,ps| C)=0. Hence H'(N¢)=0.

Next we shall consider projectively normal curves on a non-singular cubic
surface in P3. Let C be a non-singular curve of genus g and degree d on a
non-singular cubic surface such that C is not contained in any quadric surface.
Moreover we assume that C is projectively normal and that g<d. The second
condition is a necessary condition for the stability of No. This is due to (4.a).
We consider the following exact sequence

0 — I;(2) —> Ops(2) —> Oc(2) —> 0.
We have an exact sequence of cohomology groups:
0 — H'(P?, I1o(2)) —> H(P?, Ops(2)) —> H(C, 0¢(2)) —> H'(P?, I¢(2)) —> .

By hypothesis we obtain A°(P?, [.(2))=h'(P?, I:(2))=0, and so h°(C, 0¢2))=
ho(P%, ©ps(2))=10. By the Riemann-Roch theorem we have h%(C, 0:(2))=2d—g
+1, and so g=2d—9. Under the condition that g<d, we have the following
integral solutions
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(g, d)=(L,5),3,6),(5,7),(7,8),,9).

But a quintic curve of genus 1 isn’t projectively normal. Therefore we shall
exclude (1, 5). Conversely, there are such curves with above (g, d) (cf. [9].

From the results of [3], [1], [7] and (2.3), normal bundles of
general (resp. all) projectively normal curves on a non-singular cubic surface
with above (g, d) are stable. By the results of [4] and D{(7)=8, we have
D)(g)=d for above (g, d).

g 3 5 7 9

Dy 6 7 8 9

Finally, we claim D{(8)<10. It follows from Theorem 2 (¢) in [4] im-
mediately.
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