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Introduction.

A compact simply connected homogeneous Ké&hler manifold is called a Kahler
C-space. Recall that a Kihler C-space Y with b,(Y)=1 can be obtained by a
possible pair (g, a,) of a complex simple Lie algebra g and a simple root a, of
g (cf. Sectionl below). Moreover, since b,(Y)=1, the Picard group of Y is
isomorphic to Z. We denote its ample generator by Oy(1) and 0y(1)®* by Oy(a),
acZ. For a positive integer d, a member of the linear system |Oy(d)]| is
called a hypersurface of degree d in Y.

We sometimes encounter the phenomena that a certain Kihler C-space can
be embedded in another Kidhler C-space with b,=1 as a hypersurface. For ex-
ample, an n-dimensional projective space P™ (resp. a complex quadric Q") can be
embedded in P"*' as a hypersurface of degree 1 (resp. 2). On the other hand,
Kimura [7, II ] showed that the cohomology group H%T x) vanishes for a smooth
hypersurface X in an irreducible Hermitian symmetric space of compact type if
the degree of X is greater than two. This gives us the feeling that the above
phenomena can be completely classified. In fact, we show the following:

MAIN THEOREM. Let Y be a Kdhler C-space with b,=1. Then a Kdihler
C-space X can be embedded as a hypersurface of degree d in Y, if and only if
X, Y and d are one of the following (up to isomorphism):

1) X=P", Y=P"" and d=1.

2 X=Q", Y=P"" and d=2.

3 X=Q", Y=Q"' and d=1.

4) X=(C,, a), Y = (Asi-1, as): the grassmannian Grass(2, 2[), and d=1.

5) X=(F,, a), Y =(E; ay): the irreducible Hermitian symmetric space
of type EIl, and d=1.

In each of the above five cases, it is known that X can be embedded in Y
as a hypersurface of the prescribed degree. The first three are standard and
the last two examples (4) and (5) are due to Sakane and Kimura [8], re-
spectively. Thus the proof is reduced to showing the converse.
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The organization of the present article is as follows: In Section 1, we re-
view the construction of Kdihler C-spaces with b,=1. We shall give Table 2
which contains- some numerical invariants of them. In Section 2, we study the
vanishing of H%£}(a)) for each Kahler C-space ¥ with b,(Y)=1, where 2} is
the cotangent bundle of Y and £24(a)=£2;R0y(a). The complete vanishing
theorem for H%£2}(a)) can be found in (2.5). Finally, in Section 3, we complete
the proof of Main Theorem by means of (2.5) and Table 2.

The author wishes to thank Professors Y. Kimura and Y. Sakane for in-
forming him of their excellent results on Kahler C-spaces. He also wishes to
thank the referee for his valuable suggestion.

§1. Construction of Kihler C-spaces with b,=1.

In this section, we recall the construction of Kihler C-spaces with b,=1 due

to Wang [15].

(a) We first review the theory of Lie algebras. A general reference is [6].
Let ¢ be a complex simple Lie algebra of rank / and § a Cartan subalgebra of
g. An element a in the dual vector space )* of §) is called a root of g (with
respect to §) if there exists a non-zero vector E,<g such that

[H, E,]=a(H)E,, for all Heb.
We denote by @ the set of all non-zero roots of g and put g.=CE,. Then we
have a Cartan decomposition
g =h+ gpga.

Since the Killing form & is non-degenerate on )XY, for each 2Ah*, there exists
a unique vector H;&} satisfying

&(H, Hy) = A(H) for all He).
Put §,=>eco RH,. Then we can define an inner product on the dual vector
space h¥ of §, by

(4, p) = x(Hz, H,)  for &, peht.
Fix a lexicographic order on ¥ and let @+ (resp. @) be the set of all positive
(resp. negative) roots. Let d={a,, -, a;} denote a fundamental root system of

g consisting of simple roots. The group A of weights of g-modules is the subset
of H¥ defined by

A={2eh Q, a):=21, a)/(a, @) Z for all acD}.

This is a lattice of §¥ generated by the fundamental weights 4;, ---, 4, associated
with 4 by <2,;, a,-)-——éij.
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(1.1) DEFINITION. A weight A€ 4 is called

(1) singular if (2, @)=0 for some a<®,

(2) regular with index p if it is not singular and there exist exactly p
roots a=®@* with (1, a)<0.

Put
A ={Ae 4|, a;)=0 for each a;4}.

Then this is a fundamental domain for the action of the Weyl group % of g
and a weight in A* is called a dominant weight.

(b) Fix a simple root a, (1<7=</) and define
0, ={ac?| n.(a)=0},

O(n*) = {acs®*| n.(a)>0},
Q) = @, Ubnt),

where we denote by n,.(a) the coefficient of a«, when we express a as

M~

a = ni(a)ai, ni(a/)EZ.

i

[
-

Using these, we define Lie subalgebras of g as follows:

g;:=H+ X ga,
acd;
n+ - Z gai
acPn’t)
u="5h+ 2 g..
ac®u)

Then g, (resp. n*) is a reductive (resp. nilpotent) subalgebra of g and u=g,+n*
is parabolic. Let G be the connected, simply connected complex Lie group with
LieG=g and U the connected complex Lie subgroup of G with Lie U=u. Take
a compact real form gg of g such that ggN\)j=+/—1%,. Let Gy be the connected
Lie subgroup of G such that Lie Gp=g, and put K=GzNU. Note that the in-
jection of G into G induces a homeomorphism of a compact homogeneous
manifold Y=Gg/K onto a simply connected complex homogeneous manifold G/U.
Under this homeomorphism, Y becomes a complex manifold on which Gg (and
also G) acts transitively as a group of holomorphic transformations. Moreover,
we have the following (see [2], p. 507):

(1.2) LEMMA. H¥Y, Z)= Z2,.

Thus we have constructed a Kihler C-space Y with b,(Y)=1 from each com-
plex simple Lie algebra g and each simple root «, of g. Conversely, any Kéhler
C-space with b,=1 can be obtaired in the way just mentioned (cf. [15]). For
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this reason, we express the manifold Y obtained above by the pair (g, a,).
Since this notation depends on the choice of the numbering of the simple roots,
we fix it as in Table 1. Note in particular that (A,, «,) denotes the complex
projective space P". Moreover, the complex hyperquadric Q™ is written as
(B;, ay) (where n=2[—1) or (D;, a,) (where n=2[—2), according as » is odd or
even, respectively.

There are some important examples of Kdihler C-spaces with b,=1, the
irreducible Hermitian symmetric spaces of compact type. In Table 1, the notation
“©Or” means that the Ké&hler C-space corresponding to a. is an irreducible
Hermitian symmetric space of compact type.

Table 1.
A © © O— + + + —O—0
1 2 3 -1 [
Bl: @——O——— « o . O O _@
1 2 -2 1-1 !
Ci:  O—o— - - -
1 2
Dl &——o— .
1 2
o2
EG: © © O O ©
1 3 4 5 6
[2
E7 o— O i O~ —O0— @
1 3 4 5 6 7

F4: o= G o
1

Gz : C==
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(¢) Put
AT ={2€ 4] (4, a)=0 for each a;, i#7r}.

For a weight A= 4%, we denote by (p!;, V_;) the irreducible representation of
g, with lowest weight —2 ([11, 6.3]). Let (5, V) be a finite dimensional holo-
morphic representation of UU. Then this defines the holomorphic vector bundle
<V, over Y associated to the principal bundle G—-Y=G/U by p. We call such
<V; a homogeneous vector bundle over Y. Assume that g is irreducible and
denote by p the differential of g so that (p, V) is an irreducible representation
of u. Since p is trivial on n*, we see that, on g,, (o, V) is equivalent to
(pla, V.;) for some 2= A}. Conversely, if we take an irreducible representation
(11, V-3) of g, with lowest weight —4, A= 4}, then we can extend it to an
irreducible representation (o-2, V-;) of u by making it trivial on n* and find a
representation (g-z, V-2) of U such that the differential of 5_; is p-i. In this
case, we denote the vector bundle <V,_, by <V_; and call it the homogeneous
vector bundle induced by an irreducible representation of U with the lowest
weight —A4.

Let @1 be the set of all positive roots in @,. We define a subset W' of
by

YW ={osW| ¢ (DT D*}.

If we denote by #A the cardinality of a set A, then the index n(¢) of oW
is defined by

n(e) = #(a(@HND).

Put 6=}, 4:;=(1/2)Xsco+a. Then the generalized Borel-Weil theorem [11,
p. 371], originally obtained by Bott [5, p. 228], can be stated as follows.

(1.3) THEOREM. Let A€ A} and V_; be the homogeneous vector bundle on a
Kdahler C-space Y=G/U induced by an irreducible representation of U with lowest
weight —A.

(1) If 2+ is singular, then

H{Y,xwv_))=0  for all i.

(2) If A-+0 is regular with index p, then 2+0 can be expressed uniquely as
A+0=a(p+0), where p=A* and o =W with n(e)=p. Moreover,

H{(Y,xv.)=0  for i+p,
and H?(Y, <V_;) is the irreducible G-module with lowest weight —p.
The followingJcan be found in [7, Lemmas 1 and 2].
(1.4) LEMMA. Let 241,
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Table 2.

8 r dim k RO (1))
@2y | 1srsitior r+1-7) I+1 @)
e 1sr<i—1 (=) +r(r+1)/2 20— (3
(123) 2<r<l 2rd—n+rrenz  2a-—r+1 (-2,

D, l=r<i—2 27 (=P +r(r—1)/2 2—r—1 (zrl)
(@z3) — A .

! 1(1—1)/2 212 gi-1
1 1 12 27
E, 2 21 11 78
3 25 9 351
4 29 7 2925
1 33 17 133
2 12 14 912
3 7 11 8645
E, 4 53 8 365750
5 50 10 27664
6 42 13 1539
7 27 18 56
1 78 23 3875
2 92 17 147250
3 98 13 6696000
E, 4 106 9 6899079264
5 104 11 146325270
6 7 14 2450240
7 83 19 30380
8 57 29 248
1 15 8 52
F 2 20 5 1274
4
3 20 7 273
4 15 1 26
Gs 2 5 3 14
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(1) If (A48, B)#0 for all B=D(n*), then 2+ is regular.
(2) Assume that there exist p=A* and ¢ =W* such that A+5=a(p+0). Then

n(g) = #{fs@*)| (144, B)<0}.

Let ©y(1) be the homogeneous vector bundle on Y=G/U=(g, a,) induced by
the irreducible representation of U with the lowest weight —4,. Then this is
known to be the ample generator of Pic(Y) ([4] and [13, §4]). Since the weight
A.+0 is itself a dominant weight, we see from (1.3) that H°Oy(1)) is the ir-
reducible G-module with lowest weight —A4,. Note that there exists a positive
integer k=k(Y) such that Ky=0y(—k) since Y is known to be rational (cf. [3,
Satz I]). We can compute h°Oy(1)) and 2(Y) by the formula (1.5) and (1.2) in
[10], respectively.

We close this section by listing in Table 2 all the Kihler C-spaces with
b,=1 (up to isomorphism) together with some of their numerical invariants.
See also Remark (1.6) and Table 1 in [10].

(1.5) REMARK. Though the value of h%0Oy(1))—1 is given in [13, Table 1],
there are some mistakes for (E,, a,).

§2. Vanishing theorem for HY(Q}(a)).

Let Y be a Kidhler C-space with b,(Y)=1 in Table 2. In this section, we
determine when H%2{(a)) does not vanish.

(a) It is known that the cotangent bundle 2} is induced by the represen-
cation (Ad(U), n*). Since, in general, n* is not even a completely reducible U-
module, we have defined in [10, § 3] a descending filtration on n*:

0cC--C Fi(n*) C F*-'(n*) C - C F'(n*) = n*,

such that the linear subspaces F'(n*)=33,, (ayz:8« are also invariant by Ad(U)
and the graduations Gi(n*)=F‘u*)/F*+*'(n*) are completely reducible U-modules.
Further, we gave the lowest weights of G*n*) in Table 3 in [10]. Thus we
can examine the vanishing of H%£2{(a)) by means of (1.3) and the following
spectral sequence:

@1 Epet = H(G'Q4(a)) = HY2¥a)),

where we denote by G*24} the homogeneous vector bundle induced by the U-
module G*(n*). Here we recall some facts about G*n*) which follows from the
definition and [10, Table 3].

(2.2) FAcT. Let Y=(g, a,) be a Kdihler C-space with b(Y)=1 in Table2.
Then any weight a of G'(u*) is an element in O(n*) satisfying n.(a)=i. We
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further have:
(1) For each i, the U-module G*(n*) is irreducible and the lowest weight is
the minimal one among the roots a=®@m*) such that n.(a)=i. In particular,
(i) the lowest weight of G'(n*) is a,, and
(i) if Y=(B,, as), (Dy, az), (Es, @), (Eq, ay), (Es, as), (Fy, ay) or (G, @),
then the lowest weight of G*(n*) is A, and G'(n*)=0 for i=3.
(2) For an irreducible Hermitian symmetric space of compact type, we have
G'(nH)=n*. Thus the cotangent bundle is the homogeneous vector bundle induced
by the irreducible representation of U with lowest weight «..

For convenience, we list in Table 3 the lowest weights of G*(n*), =2, for
Y which does not appear in (2.2).

(b) First, we recall the following:

(2.3) LEMMA. Let Y be a Kdhler C-space and denote by Ty the tangent bundle
of Y.

(1) Assume that dimY =3. Then for an ample divisor D of Y, the group
HYTy(—D)) does not vanish if and only if Y is a projective space and D is a
hyperplane.

(2) The group H(Ty) vanishes.

(3) HYLE) does not vanish if and only if p=q.

Proor. (1) is a special case of Theorem 8 in [12]. (2) and (3) can be found
in [5], Mheorem Vi and Lemma 14.2, respectively. Q.E.D.

(2.4) LEMMA. Let Y be an n-dimensional Kdihler C-space with b,(Y)=1, n=3.
Then the group HYR4(a)) vanishes in the following cases:

1) a<0 and ¢ n—2.
(2) a>0 and ¢=1.

ProoF. (1) follows from the vanishing theorem of Kodaira-Nakano. (2) can
be found in [1, p. 66]. Q.E.D.

For the proof of the following (2.5), we need some explicit calculations.
Since they are quite elementary, we only give data to carry them out in Appendix
and leave the detail to the reader.

(2.5) THEOREM. Let Y be an n-dimensional Kdhler C-space with by(Y)=1 in
Table 2. Then the group HY(82}(a)) vanishes except for the following cases:
(1) ¢=0 and

{ 2 if Y=(C,, a,), (F,, «,) or a symmetric Space,

%

a )
1 otherwise.
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2) g=1 and a=0.
@B) g=n—1 and
either
(i) Y=0Q" and a=2—n,

or
(i) Y=(C,, ay) or (F,, a,), and a=1—k(Y).
4) gq=n and
< { 1—k(Y)= —n if Y=pP",
- U=k otherwise.

Proor. If g=1 (resp. g=n), then, by (2.3) and (2.4), only the situation (2)
cresp. (4)) above is possible. Thus, by (2.3) (3) and (2.4), we only have to con-
sider the cases: (i) ¢=0 and a>0, and (ii) g=n—1 and ¢<0. Let —A be the
lowest weight of Gi(u*). First, consider the case (i). Note that the coefficient
of 2, in —2 (i.e., the integer {—2, a,) is either 1 or 2. By an argument in

Table 3.
g r lowest weights of G*(n+)
B[ 3ST_<_1'—1
- G? J,—2,_
D, | 3srsi—p | @) AT
C 2sr=i-1 (G% 22,—22,_;
E 3 (G® A3—1g
6
4 (G®) is—21—12q, (G¥) 24—1s
2 (G?) 25—17
3 (G®) 25—2s, (G®) As—24
E; 4 (G®) Ly—21—2e, (G¥) Wy—2s—1s, (GY) 24—23
5 (G®) 25—21—47, (G®) 25—2s
6 (G® 2¢—iy
1 (G 21—
2 (G*) 2s—27, (G*) 20—21
3 (G?) Js—2Ag, (G*) 23—A1—12s, (GY) 23—
E 4 {(Gz) Ag—A1— 4, (Gg) Ay—lo— 12, (G4) 24‘—23—28;
8 (G?) 2y—21—2, (G%) 24—2s
5 (G®) 25—21—2r, (G®) 25—22—2s, (G*) A5—2s, (G*) 25—
6 (G®) 2s—21—12s, (G®) 2g—22, (G*) 26—27
7 (G®) 27—21, (G®) 21—2s
2 (G?) 22—224, (G®) 2—14
F, 3 (G?) 223—21—22y, (G®) 23—2y, (G*) 225—12¢
4 (G?) 224—24
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[10; §3], we can show HYG!R2y(b)=0 for b<1 (resp. b<0) if {—2, a,>=2
(resp. 1). Thus (1) follows from [(2.1), (2.2) and Table 3. Next, consider the
case (ii). A direct calculation shows that H" Y(G'24(a)) does not vanish in the
following cases:

(A) Y=Q": i=1 and a=2—n,

Y =(Cy, ay) or (F,, ay): i=1 and a=1—Fk(Y),
(B) Y =(By, ay), (Dy, ap), (Es, ar), (Eq, an), (Es, ag), (Fy, @) Or (G, a,):
i=1 and a=1—Fk(),
(C) Y=((F, a;): =2 and a=—k(Y).

If Y is one in (A), then G/(n*)=0 for ;=3 and we can show H*(G?*2¢(a))=0
for @ in (A). Thus H"'(2}(a)) does not vanish. If Y is one in (B), then we
see that H™(G*2}(1—k)) does not vanish. In fact, since the lowest weight of
G*(n*) is A, (cf. (2.2)), 2,—(A—k(Y))A,=k(Y)A, is nothing but the lowest weight
corresponding to the canonical bundle Ky. Thus we get H*(G?Q2i(1—Fk))=
H"(Q23»)=C. Now, gives the following exact sequence:

0 —> H*(Qy(1— k) —> H*H(G'Q¢(1—k))
—> HYG*Q3(1—k)) —> H™(23(1—k)) —> 0.

Since we have H™(Q#(1—£k))=0 by (2.3)(1), the above sequence shows the
equality,

() AN A—R) = R HG 24(1—k)—hN (G 21— k) = A" (G 23 (1—k)—1,

where we set A (Q23(1— k) :=dim H" {(2}(1—k)), etc. We show A" Y(G'Qi(1—k))
=1. A direct calculation shows <0, 4,>=£~(Y) and {a,, 4,>=1. Let a, (resp.
g,) denote the reflection with respect to the hyperplane orthogonal to a. (resp.
2,). Then we have

0201(6) - 0-2<5_a7’) = 5—a7"<5—'a7; lr>2r = _ar—i_(l_k)/zr—*'ao

Since the lowest weight of G!(n*) is «,, this and (1.3) imply that A" }(G'2(1—E))
=deg(0)=1. Thus, by (x), we get H" Y(2}(1—£k)=0 for ¥ in (B). Finally,
consider the case Y =(F,, a;). By (C), the group H" (24(—k)) may not vanish.
However, we see H* (Q23(— k)= H(Ty)* by Serre’s duality theorem. Thus (2.3)
(2) implies that H™ *(24(— k)) vanishes. Q.E.D.

(2.6) REMARKS. (1) Kimura showed (2.5) in the case where Y is an
irreducible Hermitian symmetric spaces of compact type. He also tried to ex-
tend it to an arbitrary Kihler C-spaces with b,=1 in [9]. Unfortunately, his
result seems incomplete since he ignored (2.3) (1).

(2) It can be shown that A"} (2i(1—k))=1 for Y=(C,, a,) or (F,, a,), and
A" Y (R3(2—n))=1 for Y=0".
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(2.7) COROLLARY. Let Y be a Kihler C-space with b,(Y)=1 which is not a
projective space. Then the following hold for any positive integer d:
(1) HXTy(—=d)=0,
(2) HYTy(—d))=0 except for the cases:
(i) Y=0Q" and d=2,
(i) Y =(Cy, as) or (Fy, ), and d = 1.

§3. Proof of Main Theorem.

In this section, we complete the proof of Main Theorem. LetY be a Kdhler
C-space with b,(Y)=1 and X a non-singular hypersurface of degree d in Y.
We first study cohomological properties of X. In doing so, we assume that Y
is neither a projective space nor a complex hyperquadric. Thus, in particular,
we get dimY =5 by Table2. Since X is an ample divisor of Y, it follows
from Lefschetz’s hyperplane-section theorem that Pic(X)=Pic(Y)=Z. To begin
with, we observe the following easy fact:

(3.1) LEMMA. Let X and Y be as above. Then
1) dimY =dim X+1,

() O = hOx()+]{
(3) R(Y)=k(X)+d,

where Ox(1) denotes the restriction of Oy(l) to X and k(X) is the integer defined
by Kx=0x(—k(X)).

0 for d=2,
1 for d=1,

ProOoOF. (1) is clear and (3) follows from the adjunction formula. To see (2),
consider the following exact sequence:

0 — Oy(1—d) Oy(1) Ox(1) 0.

Since it follows from [7, Theorem 6] that the group H'(®y(a)) vanishes for any
integer a, the derived cohomology exact sequence shows the equality h°(Oy(1))
=h%Ox(1)+h%Oy(1—d)). This implies (2). Q.E.D.

The following is the heart of our argument.

(3.2) LEMMA. Let X and Y be as above. Then the group H' (T x(—d)) does
not vanish.
Proor. Consider the following exact sequences:

1 o Tx Tylx Nxw 0,
(2) 0—>Ty(—d)—> Ty —>Ty|x —> 0.

Note that the normal bundle Ny, is isomorphic to @x(d). Tensoring the above
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sequences with Oy(—d), we get

0—Tx(—d)— Ty(=d)|x — O0x —> 0

and
0 —> Ty(—2d) —> Ty(—d) —> Ty(—=d)| x —> 0.

From these, we derive the cohomology diagram of exact sequences:

HY(Ty(—d))

l

HYT x(—d)) —> H'(Ty(—d)| x) —> H"(Ox) —> H (T x(—d))

l

HY(Ty(—-2d)).

It follows from (2.7) that H(Ty(—d))=H (Ty(—2d))=0, since we have assumed
that Y is neither a projective space nor a complex quadric. Thus HYTy(—d)|x)
vanishes and in particular we have an injection of H%Qy) into H T x(—d)).
Hence HY(T x(—d)) does not vanish. Q.E.D.

The following is due to the referee.

(3.3) LEMMA. Let X be (C,, a,), (F,, a)) or an irreducible Hermitian sym-
metric space of compact type. Suppose that X can be embedded in another Kdhler
C-space 'Y with b(Y)=1 as a non-singular hypersurface of degree d. Then
H*(£23(1))=0.

PrOOF. Put n=dim X. Tensoring the exact sequence (1) in the proof of
(3.2) with Ox(—k(X)—1), we get

0 —> Tx(—k(X)—1) —> Ty(d—k(Y)—1D)|x — 0x(d—k(X)—1) — 0,

because we have 2(Y)=~(X)+d by (3.1)(3). From this, we derive the cohomo-
logy exact sequence

HYT x(=k(X)=1) — H(Ty(d—= k(Y )=D| x) —> H"(Ox(d—k(X)—1)) — 0.

By Serre’s duality theorem and (2.5), we have H™(T x(— k(X)—1))= H(QL(1))*=0
and thus H*(Ty(d— k(Y)—1)| x)= H" (O x(d— B(X)—1)). Since H™(Ox(d— k(X)—1))
=[O x(1—d)*, we get

0 if d=2,

HY(Td=kV)=Di={ , .~

Similarly, tensoring the exact sequence (2) in the proof of (3.2) with
Oy(d—Fk(Y)—1), we get

0 — Ty(—=k(Y)=1) —> Ty(d—k(Y)—1) —> Ty(d— kY )—1)|xy — 0.
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From this, we derive the cohomology exact sequence

> HY(Ty(—k(Y)—1)) — H'(Ty(d—k(Y)—1)) —> H*Ty(d—k(Y)—1)| x)
—> H"* (Ty(—k(Y)—1) —> H**(Ty(d—k(Y)—1)) —> 0.

Then, as above, we get H*(Ty(—k(Y)—1))=H'(24(1))*=0 and

0 if d=2,

C if d=1.

Thus we get HY(Ty(d—k(Y)—1))=H"(Ty(d—k(Y)—1)| x) and H**Y(Ty(— k(Y)—1))
>~ H"*(Ty(d—k(Y)—1)). By Serre’s duality theorem and (2.5), this last iso-
morphism shows H(Q23(1)=H(Q4(1—d))=0. Q.E.D.

HYTy(d—k(¥)—1) = H(@}1—d)* = {

PROOF OF MAIN THEOREM: If YV is P"*! or Q"*!, then the result is well-
known. Thus we assume that Y is neither a projective space nor a complex
quadric. Further, it is shown by Kimura and Sakane [14, Theorem 1] that
(F,, a,) (resp. (C,, a;)) can be embedded in (E,, a,) (resp. (4,;-1, as) as a hy-
persurface of degree 1. Thus, it suffices to show the “only if” part of Main
Let X be a non-singular hypersurface of degree d in Y and assume
that X is homogeneous. Then the fact Pic(X)=Z implies that X is a Kihler C-
space with b,(X)=1. Thus, by (2.7) and (3.2), we see that X and d must be
one of the following:

(@ X=Q" and d=2,

b)) X=(C,,a), (=3, and d=1,

¢ X=F,,a,) and d=1.

Then, it follows from (3.3) and (2.5) (1) that Y is (C,, a,), (Fy, a,) or a sym-
metric space. If we use Table 2 to find Y satisfying (1), (2) and (3) in (3.1),
then a simple calculation shows that the only possible Y is P"*' for (a),
(Ay;-1, @) for (b), and (E,, a,) for (c), respectively. Q.E.D.

§4. Appendix.

We shall describe @(n*) and give the value <, a) for each ac®(n*). A
construction of @ for each g can be found in [6, §12].

First, we consider the case where g is a classical Lie algebra. We denote
by &, *+, &, the orthonormal basis for R" with respect to the usual inner
product (-, ).

(1) Y = (Al) ar), 2§r§l+l—r1 124:

4= {as;=ei—¢€i41; 1<:£0Y,
O+ = {e;—e;; 1=i<j<I+1},
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3 I+1 .
—ﬂ_—i—jgsj, 1=,
20 =ley+ - FU—21+2)e;+ - —lgp4,
Om*) = {e;—¢e;; 1=ZiSr<j=i+1},
{0, e;—¢e;p = j—1.

2) Y =By, a,), l=r=i—
4= {ai=ei—eia; 1
O+ = {e;xe;; 1=i<J
{ Ai =&+ - Fe; 1= é -1,

A= (e1+ = +¢)/2.
20 = 21—1)ey+ -+ +@I—2{+1)es+ -+ +ey,
O(n*) = {e;ke;; 1<iSr<j=i, e 1ZiSr, eite;; 1Si<j=r},
{0, &i—ep = j—i, <0, eitep =20+1—(G+)),
{0, ;> = 21—2i+1.

3) Y=(C,a,), 2=r<l I1=3:

4= {a;=e;—es; 1=i<ZI—1, a;=2¢},

O+ = {e;te;; 15i<j=U, 265 101},

Av =gt 4oy, 150,

0=le;+ -+ +(U—i+Des+ - +ey,

On*) = {esxe;; 1iSr<j=i, 265 1=5iZr, eite;; 1si<j=r},
0, ei—ep = j—i, €0, e:+epp=204+2—(+)),

{0, 2¢;> = 1—i—1.

4 Y=L, a,), 1=Z2rzi-2o0r r=i, [=3:

4= {ai=ei—ei1; 150511, a;=¢;-1+¢,},
O+ = {g;%¢;; 1<Ki<j<U,
A= &+ o +egy, 15512,
Aoy = (634 -+ +eo—¢))/2,
A= (&t - +e1)/2,
0=({—Dey+ -+ +U—d)e;+ - +&1-4,
Q) = {eike;; 1SiSr<j=i, eite;; 1<i<j<r},
{0, ei—&;) = j—1, <0, gitey = 21—@+7).

In case g is an exceptional Lie algebra, we give the table of the positive
roots classified according to the value <4, a). We abbreviate a positive root
a=n;a; as (n,, -+, n;) in the following. Moreover, if g=F, or G,, then two
distinct root lengths can occur. We denote by (n,, '+, n,); a long root and by
(ny, -+, ny)s a short root.

A=t e

(5) Es, E; and E,. The positive roots of E; can be found in Table A.l.
The positive roots of E; (resp. E,)can be identified with those of E; satisfying
n,=ns=0 (resp. n;=0). In this case, <{4;, ad)=mn; for a=(n,, -+, ny).
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Table A.1l.

s|lsa|ls|sgals|a|ls|s|a|a|s |5 |58 ss
S |l | | |+l |8 |+ |l |8 |5 |= | A= =] -
c | | |~ |~ |0 |0 | =0 |8 |& | = |8 | &8 8ot
B I T I N I (- R B e N R R S R I R )
T I N I A M S u - S Y-S A BN O N R (- N IV S -V S IR [y ey vy
S |= |- =SS H N NS e e
S | S e = e = = H = =N NN
s le €€ e |2 |2 |2 (€ |e |2 & ddId
o onlea|ss|se|as|a |a |8 s |2 |2 |alaaaala
S SS| HS| = = e = = = = =] =] -] T
[y [y R L e I I S = T - M S A S - BN Y
) B e -\ ¥ R - S PN S - R N S N S PV A e B Y IS IS Ry
o 1 e X3 SN S X BN S BN S -V S - S - B SRS [y gy Ry
e LT o) Rty S S IS Y-S S I NN RS M N Y N S I S I e
[y Q) (S UL R A S I B e e N N N N RN
ggldg Sgle € |4 |2 |2 |2 |dddddgd
3 PO - o - N N - - - P P I R N
o8 A5 85 - | = [y Jay ppany [haiy [ any (R [ [ e [
—_.— —_S| - — | = | A NN NSNS NSNS
_—] -S| =S - I N N N3 e N BN B S e By Ere A e
— | ] - — NN N e R e e e <
— | =] - I I o N ¥ - e S AR RS P S Py RS I T X I 7o)
S| S~ NN NN N o e oS e e
—_S| =] - e N RN I I M AN RN RN NG
SIS Rl 2 2 |ddddd dodoo
So| aa as slos| Sl alaaa aadaa aalaalas
S| S = SIS IS N S RN NS BN N IS BN I BN RPN I -y
Ny P S (S S N| N ] | o oS o oS o o o] o o | | <
| e - N N oF| S| ] S| | | | | | | B S| 13| 8
—_ S = e | ol | o3 | ] <) 18] 18] 18] 18] D] B S| S| &S
Sy N | R N N N N N A o] o o | | ] | ] ]
SOl S| I S ST NN IS PR PV IS IO e I S e B o)
4S8 dSl de dodddddddd ddaddd
1 : |
N
3 0| 0| ~ 45678190123456789
ao., | o o =1 =] = AN N N N N N NN NN
~ i
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(6) F,. The positive roots can be found in Table A.2. In this case, for

a=(n,, ny, ny, ny), we have

2n; if a is shorter than «;,
{Aiy a> =1 ny if a has the same length as «;,
ni/2 if a is longer than «;.

Table A. 2.
6, ay ‘ a -
1 1,0,0,00z, (0,1,0,00z, (0,0,1,0)5, (0,0,0,1)s
2 | (LL0,0)z 0,120z (001,15
3 1,1,2,0z, (0,1,2,2)z, ©0,1,1,0)s
4 1,220z, (1,1,2,2)z, ©0,1,1,1)s
5 1,222z, (1,1,1,00s 01,215 o
6 (1,2,4,2)z, (1,1,1,1)
7 13,42z, (1,1,2,1)s
8 2,3,4,2)1 B
9 | w22Ds
10 1,231 -
11 (1,2,3,2) s A

(7 G,. The positive roots can be found in Table A.3. In this case, we

have, for a=(n,, n,),

3n; if a is shorter than «;,
iy @) =4 n; if a has the same length as «;,
ni/3 if a is longer than a;.

Table A.3.

<o, a a
1 (1,0s, 0,1
B
3,2)¢
1,Ds
2,15

|| W N
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