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1. Introduction.

The theory of one-dimensional diffusion processes (ODDPs for brief) was
extensively developed in 1950’s by many mathematicians headed by W. Feller,
K. It6, E.B. Dynkin, H.P. McKean and so on (see the references of for the
literatures). An ODDP is a strong Markov process with continuous sample
paths, and it is determined by the strictly increasing continuous scale function
s and the positive speed measure dm on an interval in the real line. The posi-
tivity of dm was soon relaxed to nonnegativity, and appeared the notion of
generalized diffusion processes (GDPs) or gap processes. A GDP is a strong
Markov process with right continuous sample paths, which may jump only to
the nearest neighbours in the support of dm, and it is determined by a strictly
increasing continuous scale function s and a nonnegative speed measure dm.
The set of ODDPs or GDPs forms an effective and beautiful class from both
probabilistic and analytic points of view. However, in the recent development
of their application, there appeared a one-dimensional Markov process corre-
sponding to the scale function with jumps and the Lebesgue speed measure (see
and [12]). In our introductory lecture [13], we tried to define the class of
those processes by means of the expression s~'- B(}~*(¢)), where B is a Brownian
motion and { is a random time change function. But it remained to reveal the
behavior of the process on the flats of s, when they exist.

In this paper, we first define and construct the one-dimensional Markov
process corresponding to a non-decreasing scale function s and a nonnegative speed
measure dm, which we call a bi-generalized diffusion process (BGDP). The
obtained process neither is strong Markov nor has right continuous sample
paths in general anymore. Actually, there are ‘chaotic’ ponds, where the sample
paths are absolutely jumbled, but after identifying each such pond as one point,
the sample paths are quite tame; they are right continuous and jump only to
the nearest neighbours in the support of dm. This situation is realized by our
auxiliary GDP Y given in the following sections, which, I believe, is the same
as Ray-Knight process ; it is right continuous strong Markov process and the state
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space is obtained by identifying the ‘non-separable’ points and splitting the
points at which the strong Markov property fails (see [16], [20], [24]).

Our next objective is to give limit theorems for a sequence of BGDPs.
Since the sample paths of our process are not right continuous in general, we
can expect no general limit theorems of J,-convergence, so that we give those
of finite dimensional distributions. Aside from some additional assumptions, we
can almost conclude that the finite dimensional distributions of BGDPs converge
to those of a BGDP if the associate scale functions and speed measures con-
verge to the corresponding ones. Our result is a generalization of Golosov’s
one in (including a small correction), which is concerned with the case of
Lebesgue speed measure dm (see also for the results concerning with multi-
dimensional case).

Actually, our original motivation was to give a unified prospect for the
limit theorems for ODDPs in various areas of applications. This is verified at
least for three topics, the metastable behavior in statistical physics, asymptotic
behavior of a one-dimensional diffusion process in a Wiener medium and discrete
approximation of a diffusion process of gene frequency (see [15], and
respectively). From this aspect, one would easily recognize that all the above
three applications are the same kind of problems, that is the one proposed and
extensively studied by A.D. Ventsel and M. L. Freidlin [23]. Our study in Sec-
tion 7 asserts that, as far as the state space is one-dimensional, their problem
is reduced to a general convergence theorem.

The moment problem has been one of the most interesting and important
subjects in the classical analysis. Further, the class of GDPs includes birth and
death processes, and our class of BGDPs contains birth and death processes
with more general boundary conditions such as to correspond to non-strong
Markov processes. This enables us to study another type of the Stieltjes mo-
ment problems than those dealt with by S. Karlin and J. L. McGregor (see
Section 4 below).

Finally, we note that there naturally arise two open problems of mathe-
matical interest: the characterization of our BGDPs and the behavior of sample
paths in the convergence theorems.

The arrangement of this paper is as follows. In the next Section 2, we
give our definition of BGDPs and their analytic construction in the exactly
standard way. In Section 3, we give a realization of sample paths, and show
that the class of our BGDPs includes Ikeda’s example, which covers all types
of continuous Markov processes violating strong Markov property at a single
point. Section 4 is devoted to the study of the Stieltjes moment problem asso-
ciated to the birth and death processes with the new type of boundary condi-
tions. We give general theorems for the convergence of finite dimensional
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distributions of a sequence of BGDPs in Sections 5 and 6. In Section 5, we are
concerned with the vague convergence, whereas, in Section 6, we proceed to
the weak convergence. Section 7 is for examples of application of our limit
theorems in Sections 5 and 6 to the three topics in applied mathematics. We
add Appendix for the formulas on change of variables and integration by parts

in the case where the integrating measures are induced by discontinuous non-
decreasing functions.

ACKNOWLEDGEMENT. The author would like to thank Prof. N. Ikeda for
his valuable suggestions, and Prof. M. Tomisaki who has read through the
original manuscript and pointed out various mistakes.

2. Definition and analytical construction.

Let R=[—co, 4] and < be the totality of monotone non-decreasing func-
tions ¢ from R into R. For each p=.H, we set

L(p) =inf{xER: p(x)>—}, L{p)=sup{xER: p(x)<+oo},

Qlp) = (), le)), Qo) = [Llp), Lip)],

Spt(p) = {xER: ¢p(x,)<p(x;) for every x,<x<x.},

Jip) = {x€Q(p): 4,()>00Utle): lizrélQ(wlgo(X)l<+oo or |l(p)|<+eo},

where 4 (x)=@(x+)—@(x—)=lim,, ;¢(x)—lim,;.¢(x) (set inf@=+oo and

sup @=—oco by convention). The right continuous inverse function of p= ¥ is
denoted by ¢7*;

e (&) = sup{xER : p(x)<E}.
Then it also belongs to the space M., where
M. = {p=M: p(x)=¢(x+) for all x&R}.

Sometimes the same symbol ¢ is used for the measure induced by ¢.

Now fix a pair (s, m)& M X M, and set [,=[,(s)\V{\(m), [s=I(s)N\[:(m), where
a\Vb [anb] stands for the maximum [resp. minimum] of a and b. Throughout,
we assume ‘

2.1) Ly, I & J()NJm), Qs)NSpt(m) # @, Qm)NSpt(s) = @ .
Put

_ sup{m(x): s(x)=&}, if { }#@,
2.2) @) ={ o
m(—o0), if {}=0,
which clearly belongs to #.. With this notation, the last two relations in
exclude the cases m=constant and [,=/, respectively, where [;=/,(), i=1, 2.
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Notice that m=m-s7! if se M. or J(s)NJim)=@. We next set Q=Q(s, m)=
(L1, I,) and put

D(Q, s) = {u:u is a complex valued function on Q such that

u(x) = u(y) whenever s(x)=s(v)},
BD(Q, s)=B(Q)"\D(Q, s), where B(Q) is the space of all bounded measurable

functions on @. Also, we use the convention S :—S whenever b<a, and
(a,b] ,a]

fix an a<(/,, [,) through this section. The space D(Q, s, m) is the set of all
functions u which satisfy the relation
u(x) = At As)+| | GO—sfGmG),  x=Q,

(a,

for some constants A;, A, and some locally bounded f. For each such u, we
set

w0 = Act| f)m().

(a,

Notice that it necessarily holds that A;=u(a)—s(a)u*(a) and A,=u*(a).

DEFINITION 2.1. The domain 9(&;, ) is the set of all those functions u<
BD(Q, s) which satisfy the following three conditions.
(i) There exist two constants A,, A, and a function f<B(Q) such that

23w = ArAso+]  G0—sonfmnt), Q.
(ii) For i=1, 2, if
(2.4) im)—a| < lls)=al and _lim_ |s(x)] < +oo,

then limzdli,zeQu(x)::O.
(i) For i=1, 2, if
(2.5); lli(s)—al < |lim)—a| and lim |s(x)] < +oo,
Tl zEQ

then lim,.;,, zequ*(x)=0.

For each u€9(4;,,,), we denote the function f in (2.3) by &; .u. Note
that a function ue9D(4;, ) does not uniquely determine &G, ,u in general (this
phenomenon already appears in generalized diffusion processes, where &, ,u is
uniquely determined as an element of L}, .(Q, m)).

In the followings, we add the state [/, to the state space @ in the case
where (2.5); holds, and denote it by @ again.

Let Y be a generalized diffusion process (GDP for brief) with the natural
scale &£ and the speed measure 7. It is well known that Y is a strong Markov
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process on the state space Q:Q(m):{fl, [,) and it has a right continuous ver-
sion. We denote the transition density function of ¥ w.r.t. the speed measure
m by q(t, & m). Then the corresponding Green function is given by

+o0 ~
@6  Ha g m=0¢n+| et & mar,  a>0, 1220,
where the correction function @(&, ) is defined in (2.17) below (see [19; Lemma
1]). Also we set

@ T = gt s, SONAnG),  fEBQ), x<Q,

2.8) Gaf(x) = SQHm, s(x), sSONF)my), fEBQ), x<Q.

It is then clear that T.(B(@Q)CBD(Q, s) and G.(B(Q))CBD(Q, s). Further, we
have the following

PROPOSITION 2.1. Let (s, m)E MX M+ satisfy the conditions (2.1). Then

(2.9) 0T, fL1, t>0, whenever 0 f<1,
(2.10) T.T; = Ty, t, s>0,

(2.11) 0Z2Gaf £1l/a, a>0, whenever 0 f <1,
(2.12) Ga—Gp+(a—Pp)G.Gs =0, a, B>0.

Further, T.f(x) is continuous in t>0 for each f=B(Q) and x=Q.

The proof of [Proposition 2.1 is easy. Indeed, one has only to apply Lemma
A.1 carefully and make use of the properties for ¢(t, &, ) and H(a, §, 3). The
details are omitted (see also Proof of [Lemma 21 below).

Due to and there exists a unique Markov process X on @ cor-
responding to the semigroup T,. We call it a bi-generalized diffusion process
(BGDP for brief) corresponding to (s, m).

The next theorem justifies this definition:

THEOREM 2.1. Let (s, m)EMX M, satisfy the conditions (2.1). Then, for
each a>0 and f<B(Q) with lim,..i,, zcof(x)=0, the equation

(2.13) (al—Gs n)u = f
has a unique solution u=G.f in D(Q8s n). Further, it holds that

(2.14) Gaf(x):S:oe'“‘th(x)dt, a>0, xEQ.

In order to prove 1, we first review the construction of ¢{t, &, )

and H(a, §, 7).
Fix an a=0 and let vi(§, a), i=1, 2, £=Q, a>0 be the positive solutions
of the integral equation
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(2.15) v<5>:1+32<s—a>+aj =iy, ¢,

(@,
such that v,(§, @) [vs(§, a)] is increasing [resp. decreasing] and satisfies
lim;_;, ccqvi(&, @)=0 whenever |[;—a|<+co (see and [19]). As before,
we set, for such a v,

Div(® = Bota|  vipdity), €4

a,é1 v
It is then well known that the Wronskian W(v,, v,)(&) of v,(&, a) and v,(§, a) is
constant ;

Wy, 1)) 1= Divy(&, @.(, @)—vi(&, a)Dfvy(&, a) = 1/h(a), £=Q.
Now the Green function H(a, &, 5) of the GDP Y is defined by
(2.16) Hla, &, p) = Ha, 7, &) = h(@w,(&, awiy, @), a>0, E<y, & p=0Q.

The function ¢(t, &, ) is then given by with the help of the correction
function @(&, 5), which we now define. Let I,, k=1, 2, --- be the disjoint open
intervals such that Q\Spt (m)=\Ug.I, and the end points (if exist) belong to
Spt m)\U{l,, ,}. For each &, 77€Q~ with §<7, we set

Ez“ﬂ, —o0=§£; £+ 0,
.17y @E, p)=D(n, & =1 E—E)Ea—n)/(E2—E1), —o0<E<E<F oo,
§—¢, —o0L§;<Er="+00,

if & nel,=(&, &) for some I, + @, and =0 otherwise.
For the later use, we give here three remarks and one convention.

(i) I;=(=1)"-co in the case of (2.5);, and [;=lim .., +cqS(x) otherwise.

(ii) s@Q)c(y, I,) except for the case where (2.4); holds for some i=1, 2.

(ii) In the case of [,€5s(Q), the boundary I; for the GDP Y is finite and
regular with the absorbing boundary condition. Hence, it holds that
lim, .1, ,e0q(t, &, 7)=0.

CONVENTION. In the case where [; is ﬁnite, we set q(t, &, n)=q(t, n, §)=0,
H(a, n, p)=lim¢.i,; c0H(a, {, {) and v,(n, a)=limg.i, v/, @), for each &= 0,
nEll, (—1)'w) and j=1, 2, where [I,, —) is read as (—oo, [,] (admitting the
possibility that they take the values + o).

LEMMA 2.1. Let ux, a)=vi(s(x), a), x&Q, i=1, 2. Then it holds that
(2.18) ui(x, a) = ua, a)+uia, a)(s(x)—s(a))
-i-aS((Z r](S(?C)——S(y»ui(y, a)dm(y), xeQ.

Further, if (2.4); holds, then
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(2.19) lim ux, @) =0,

z-1;, 2€Q

and, if (2.5); holds, then
(2.20) lim ui(x, ) =0.

I-»li,IEQ
PrROOF. We will first prove [2.18).

Suppose that s(x)#/;, j=1,2. It is then clear from and Lemma A.l
that the function u(x)=u;(x, @) satisfies

u(x) = 1+ Bys(x)—a)+al (s(x)—s(y)u(y)dm(),

s=lecd, scop

where S :——g whenever y<x. Noting that s(x)—s(y)=0 for all
s—l¢cz, yd s=1¢Cy, x>

yesi({s(x)}), we have

(2.21) (s(x)—=s(yNuly)dm(y)

Ss—lcw,s(xn)

= CitCastm+| (st0=sums),

(a,

for some constants C, and C,. This proves in this case.
Suppose next that s(x)=/[,. This can occur only when (2.4), holds. On the
other hand, we have

Iimg
erTyJs~1wa. ém

(E—s(y)uly)dm(y)

{C1+CzS(x)+S( ](iz—S(y))u(wdm(y), if s(ry)<ly,
a,TQ

] C1+C25(x>+§

A Jla, 1y

)(fz—S(y))u(wdm(y), if s(ro)=M,

where 7,=lim,;7,57'(b). Hence we obtain by the same reason as in the
above case.

The proof of for the case where s(x)=/, is similar and will be omitted.

We will next prove assuming (2.4);. Note that, in this case, [,=/;(m),
[i=lim,_;;, ;e08(x) and [; is finite. Hence vi(;, @)=0 by our assumption, whence
follows.

The proof of is similar. Indeed, assuming (2.5);, we have [;=[,(s),
[i=(—1)"-o0 and [;¢ J(m) by [2.1]. Further, setting #;=lim,_;,, ,c¢s(x), one has
m(&)=m(#;) for all é=[#;, (—1)"-), where [#, —) is read as (—oo, #].
Hence due to the arguments for GDPs, we have Dfv,(&, a)=0 for all &=
[#;, (—1)*-00). Thus we obtain (2.20) by making use of Lemma A.l. g.e.d.

COROLLARY 2.2. The Wronskian W(u,, u.)X(x) of u.x, @) and u x, a) is
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constant ;
(2.22)  Wluy, ua)(x):=ui(x, @)ux, a)—u(x, a)ut(x, @) =1/h(a), x€Q.

Proor. We will prove (2.22) only for a<x and @<s(x). Suppose first that
s(x)<I, It then follows from and Lemma A.l that
Divs(x), @) = Divia, @+al |, (s(y), adms),

Hence
ui(x, @) = Divy(s(x), a)—avi(s(x), aym(s (@, s(x)])\(—co, x]),

so that W(u,, u,)(x)=W(v,, vo)(s(x))=1/h(a).
On the other hand, if s(x)=/,, then, as in the Proof of Lemma 2.1, we have

D . { ut(r,, a), if s(r2)<iz,
fvilly, @) = N
s W (ra—, @), if s(ro)=ln.

Hence, we can easily obtain (2.22).
The proof of (2.22) for the case where x<a or s(x)<a is similar and will
be omitted. q.e.d.

PrOOF OF THEOREM 2.1. We first note that

[ sw=sonfoanmn =" |  fedn@dsm-a0f,  f@ine),
(a,z] (a,z] Y3 z]

(a, (a,

for x=@Q by Lemma A.2. Hence

(2.23) u(x) = u(a)+S x]u+(y>d8(y)—(Aéf(xm*(x)—As*(a)u*(cw),

#

(a,
for each u=D(Q, s, m). This also implies that d;(x)=4i(x)u*(x+) and, for
each function g of bounded variation,

, # #
2.24) [ g =1 gruu.

We will first show [2.13). It follows from and (2.16) that

1 1
ng, y]aGaf(Z)dm(z) - mg(a, y]f(w)dm(W)
+ 3B ~ui0g @) Hui)g) ~ui@gda)

where we denote as u(x)=u;(x, @) and

g1(y) = S
a
Further, by Lemma A.2 and (2.24),

() fwdmw),  goy) = S o) f (w)dm(w) .
Y] vy, 1l

1
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f Ziua(9)ds(y) = 45w (x)g:(x)

= uz(x)gl(x)—uz(a)gl(a)—g(a’ xlul(w)uz(w)ﬂw)dm(w),

Sja, xjgz(y)uf(y)ds(y)—A;L(x)qur(x>g2(x)

= u(Dgdv—ulgla)+|  www)fwidnw)

(a,

Hence we have (2.3) with f replaced by aG.f—f.

On the other hand, we know that aG,f—f belongs to B(Q) by the well
known property for GDP and [2.8). Hence it follows that u&€ 9(g,, ) and G; ,u
=aG.f—f. The proof of the first assertion is finished.

The uniqueness of the solution of in 9(8, ) is clear by the usual

arguments.
For the proof of [2.14), it suffices to show

(2.25) §Q<b<s<x>, SNF(Ndm(») =0,  x<Q.

But this is clear, since Spt (m)NQC (s~ (Spt (7)) ( J(s)\NJm)NNQ and D¢, 5)=0
for p&Spt (). g.e.d.

3. Sample paths.

In this section, we give a realization of sample paths for the BGDPs given
in Section 2.

Let B be a Brownian motion with B(0)=0, and denote the first hitting time
for the state & and the local time of the process B-+s(x) by o«(B+s(x)) and
L(u, &) =L(u, &; B+s(x)) respectively (with the convention ¢ ..(B-+s(x))=-o0).

Let also T(u)——-gq(m L(u, &)dm(€) and {7'(t)=sup{u : {(u)<t} (sup @=0). Then the

GDP Y defined in Section 2 is given by Y(#)=B({ ')+ s(x), t<<ey, where e =
f(or,(B+s(x))ANa1,(B+s(x))). Notice that, given an s M, the GDP Y is uni-
quely determined by the value of m on a neighbourhood of Spt(s)NQ. To be
more precise, let HM(s, m)={pE M : p(x)=m(x)+c, p(x—)=m(x—)+c¢ for all
x<Spt(s), for some constant ¢}. Then all the (s, ) with p=M(s, m) deter-
mine the same GDP Y.

For each £=R, denote Q.=s"'({£}) and let B(Q,) be the topological Borel
field on Q.. For all é< J(s7*) with 0<m(Q:)<+ =, we define a stationary process
(Xe, P) on Q¢ such that

PX(OEE) =mE)/m(Qs), E=3(Qy, t20,
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and that the system {X.(t): =0} is independent of each other, i.e., X:(t,), X:(t,),
-+, X¢(t,) are independent for all ¢,<t,< -+ <t,. For &= J(s~!) with m(Q:)=0 or
+oo, we define X.(t)=s"'(¢) if £€=Q, and =/, if £=[,. Let now {B, X;: &<
J(s™H} be a system of independent processes on the probability space (2, &, P)
such that X; is a stationary process with the same law as that of the above X;
(we use the same symbol). Also, we set 3={t=[0, ey): YY) J(s™")}. Then
the sample paths of our BGDP X are realized by the formula

sTHY @), if t&£3, t<ey,

X(t; x) = .
5 %) {Xs(f)y if t=3 and Y()=£.

Indeed, we have the following

THEOREM 3.1. Let (s, m)&S MX M, satisfy the conditions (2.1). Then, the
process (X(t; x), eyq, P) defined above corresponds to the semigroup Ty, i.e., for
any 0<t,<t, < -+ <ty and fy, f2, -+, fnE=B(Q), it holds that

(3.1) E[fi(X(t; x)fo(X(Ee; x)) - fa(X(ty; %)) tw<es]
=T (/1T ey Tepfa)-Nx),  x€Q,

where t,=t, and T,=t,—1tr_, for 2<kE<N.

The proof is straightforward. Indeed, we have only divide the expectation
according as that X(¢t,), k=1, 2, ---, N belong to 3 or not, and make use of
Lemma A.1 and Corollary A.l. The details are omitted.

The assertion 2) of the following Corollary is a slight generalization of that

in [12].

COROLLARY 3.1. Let the assumption of Theorem 3.1 be satisfied.

1) If s is strictly increasing in x=Q(s), then X(t; x), t<[0, ey), is right
continuous and has left limait.

2) If s and m are strictly increasing in x=@Q(s), then X(t; x) is continuous
in t<[0, ey).

ProoF. 1) Assuming that s is strictly increasing in x=@(s), we have
s(Q)cO and e, is the first leaving time of Y(¢) from Q. Further, it holds that
j(s“)ﬂ@:@, so that 3=@ a.s. Since s~! is continuous on @ and Y(), t=
[0, ey) is right continuous and has left limit, so is and does X(t; x)=s"(Y({)).

2) In this case, # is strictly increasing in £=QNSpt(s~h). Noticing the
relation s~} (§)=x, é=[s(x—), s{x+)] for this case, we see that X(¢; x)=s"(Y({t))
is continuous. g.e.d.

The following example shows that the assertions in fail with-
out the assumptions.
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ExAMPLE 3.1. Let s(x)=x for x<0, =0 for 0<x<1, =x—1 for 1<x, and
m(x)=2x for all xeR. It then follows that m(&)=2¢, for £<0, =2(1+&), for

£>0, and so Y()=B{'®)+s(x), where §u)=2L(u, 0)+S  Lu, £2dg=

R\{
2L(u, 0)4+u. Further, J(s7)={0}, ey=+c0, and 3={¢t=0: Y(#)=0}. Since { is
a homeomorphism on R, we then have 3=%3(B)), where 3(B)={t=0: B({)+s(x)
=0}. Similarly, letting 3. ={t=0: £ Y()>0} and 3.(B)={t=0: £(B@#)+s(x))>0},
we also have 3.={(3.(B)).
On the other hand, it is well known that, for each >0,

#(3+(B)N\(ao(B+s(x)), ao(B+s(x))+e))
= #3-(B)N\(ao(B+s(x)), ao(B+s(x))+e)) = +oo0, a.s.

Let g, be the first hitting time of Y(¢) for the state &, Then ¢,=(c(B+s(x))),
and it follows that

#(BiN\(g,, Go4¢)) = #(B3-MN(0y, 0o+e)) = +c0, a.s.

Noting that X(t; x)=1, for t€3,, and X(¢; x)<0, for t=3_., we see that the
variation of X(z; x) on (o, 0,+¢) is infinite with probability 1. Thus it neither
is right continuous nor has left limit.

We next show that lkeda’s example given in [9; §5.8] is already a typical
example of our BGDPs. It covers all kinds of motions of Markov processes
with local property, which behaves by the law of one-dimensional Brownian
motion off the origin and violates the strong Markov property at the origin.

ExaMPLE 3.2 (Ikeda’s example). Let s(x)=x for x<0, =p for x=0, =x+1
for 0<x, and m(x)=2x for x<0, =2x+q for x=0, where p and ¢ are con-
stants such that 0<p<1 and ¢>0. It then follows that #(§)=2¢ for £§<0, =0
for 0<6<p, =¢q for p<E<1, =2(6—1)+q for £=1. Hence, Y(1)=B((t))+s(x),
where T(u)———ZSR\(O’I)L(u, &)d&+qgL(u, p), and X(t; x)=s"'-Y(¢t). Notice that Y ()
is a GDP on (R\N(0, 1))\U{p} and it is continuous at t for which t=R\[0, 1].
Further the operation s~' identifies the points 0, p and 1, so that the sample
path X(¢; x) is continuous (see [Corollary 3.I). The proof of violating strong
Markov property is very similar to that in [9; §5.8]. Indeed, one can easily
check that the value Eexp(—o,.(X)) is different from 0 and 1, if the process
starts at x=0, where ¢,(X) is the first hitting time of the process X for the
state x and ¢,.(X)=lim,,,0.(X).

The relation [2.3) in this case is reduced to

u(x) = u@)+u*r0)(x—p)—(x —p)qgu@)—gi(x —ycu(y)dy, x<0,
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u(x) = wO)+ur O (x+1—p)+| (x—30u(x)2dy, x>0,
where we choose ¢=0 and denote ¢=g; ,. Hence

D(G)={u:u is C* on R\{0}, has the limits u(0*), »'(0+) and
satisfies (1—p)u’(0+)=u(0+)—u(0), pu’' (0—)=u(0)—u(0—)},

Su(x) = d*u(x)/2dx?, for x=+0,

qu(0) = ¢ H{u'(0+)—u’(0—)}.

The behavior of sample paths is as follows. Suppose first that p(1—p)=0.
Then, the generator at x=0 is reduced to

Gu(0)y={gp(1—p)} " {pu(0+)+(1 —p)u(0—)—wu(0)}.

Thus the sample path starting at x#0 behaves as a Brownian motion (reflected
at 0) until the time {(¢,(B+s(x))). From that time it stays at 0 for exponential
random time with parameter 1/¢p(1—p), and after the stay it behaves as a
reflecting barrier Brownian motion on [0, 4+o0) or as that on (—oo, 0] starting
at 0 with probabilities p and 1—p respectively for a random time f(o,(B+1))
and f(o,(B)) respectively. It then stays for exponential random time again and
repeats the above procedure.

Suppose next that p=0. Then, the generator at 0 is reduced to Gu(0)=
¢ {u(0+)—u’(0—)—u(0)}. Thus a sample path starting at x>0 behaves as a
Brownian motion (reflected at 0) until the time {(¢,(B+x+1)). From that time
it behaves as B(j~!(:)) for a random time f(¢,(B)) (notice that B(}~!(-)) restricted
on (—co, —g] behaves as a Brownian motion restricted on (—oo, —e¢] for each
¢>0). It then behaves again as a Brownian motion (on [0, +oo) reflected at 0)
starting at 0 until the time {(¢,(B-+1)) and so on.

The behavior for the case of p=1 is just the symmetry.

We finally note that the precise example given in [9; §5.8] is obtained by
putting p=0 and reforming m so that m(x)=0 for x<0.

4. BGDP and Stieltjes moment problem.

In their paper [1I], Karlin and McGregor revealed the close relation be-
tween birth and death processes (B&D processes for brief) and the classical
Stieltjes moment problems. Since B&D processes are regarded as GDPs as
Feller pointed out in [5], moment problems come upon our stage, and our gen-
eralization to BGDPs makes it possible for us to generalize the results in [11].
Actually, N. lkeda already done this by the truncation method in his private
note of about 30 years ago.

Let X be a B&D process with the transition matrix
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—Bo Bo O ceererneeeeneenns
q=| O —@:+B) B8 0 cveeenns
0 3 —(@+B:) Bo O

where B, 1, -~ and d,, 0, --- are positive constants (the boundary condition at
+ oo, if necessary, will be given later). Let also

#0:1: [»‘n:ﬁoﬁl"‘ﬁn—1/51az”'an, fOI' n;l’
Pozl/ﬁo, pn:5152"'5n/[90,81"' ,Bn, for n=1.

As is noted in [11], there corresponds the following moment problem. Given
the recurrence relations

_ZQO(Z) = _‘ﬁoQo(Z)‘lﬂBle(z):
—AQn(2) = 0,Q72-1(D)—(0,+Br)Qr(A)+B2Qrsi(4),  for nzl,

together with the normalizing condition Q.(4)=1, we have a unique solution
{Q.}%-0. The solution @, is a polynomial in 2 of order n, and the Stieltjes
moment problem for our case is to find a nonnegative measure ¥ on B([0, +))
such that

[ QWA =, i=0,1,2, -,

where 9;; is Kronecker’s delta.

We assume 27.,0:<4c0 and me:=37,4;<-+co. This assumption is equi-
valent to that the Stieltjes moment problem has more than one solutions &
([11]). Further, in this case, we have the limits Qu(A)=lim,..Q,(2) and H(2)
=lim,..H,(4), where

H() =0 and H(A) = (Qu:(D—Qa(A)/pn  for n=1

(zbid.). In order to specify ¥ uniquely, we introduce an additional condition
that the support of ¥ is included in the set of solutions of the equation

(4.1) (@—=bA)QA)+(1—cD)Hx(2) = 0,

where a, b and ¢ are nonnegative constants satisfying b—ac>0. Soon later, it
will be seen that all the solutions of [4.I) are nonnegative. Notice that the
relation corresponds to the (limit of) quasiorthogonal polynomials in the
truncation method utilized in [1I].

THEOREM 4.1. The Stieltjes moment problem for {Qn}5-0 and {pa}5-¢ has
a unique solution ¥ which is supported on the set of solutions of (4.1). Further,
the system of the functions {Qn(A)}5=0J{Qu(A)/(1—cA)} is a complete orthogonal
basis in the space L*[0, +oo); ¥).
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REMARK 4.1. We will show in the following that the class of the problems
with this condition corresponds to that of B&D processes with local property,
but I can not clarify its significance in the theory of moment problems. The
class of the problems treated by Karlin and McGregor is that for the case
¢=0, and correspond to strong Markov B&D processes. N. Ikeda treated the
class for the general case ¢=0 (and a=0) long ago.

Assume first that a>0 and ¢>0, and let p=b%/(b—ac), g=c¢/b, r=ab/(b—ac).
Following [5], let also

X0 >0, x5 =2x0tpotpit - +pr-r for nzl, xe=limx,,

s(x)=x for x<xw, =Xotq f0r *=Xu, =Xutq+(1/7) for xo<x, m(x)=2 st

for x<Xew, =Mo+p+x for x.<x. It then follows that the generator ¢=¢;
of the corresponding BGDP satisfies

Gu(x,) = —“,Bou(xo)‘l‘ﬁou(xl),
Gu(x,) = anu(xn—l)_(an+ﬁn>u<xn)+,8nu(xn+l), for n=1,
pau(xe) = {u(xew—)—u(x)}t/g—71U(x )

(see and the arguments in Example 3.2). Thus our BGDP X is a B&D pro-
cess with the transition matrix A violating the strong Markov property at xe.
Notice that the last formula amounts to setting boundary condition at x.. The
transformed speed measure function s is given by #(&)=m(§) for £<xw, =l
for xe=<é<xu+q, =Mwt+p for xot+qg=&<xutq+(1/r), =-+oo for E=x+qg+(1/7).
In view of the shape of 7, the GDP Y corresponds the one on the interval
0, xo+q+(1/r)) with the reflecting boundary condition at 0 and the absorbing

boundary condition at x.-+¢-+(1/7). Hence, due to the general theory for GDPs,
we have the eigenfunction expansion

ot & ) = Dexp{—AtgE; —AXn; —ho., & R, 10,

where ¢(&; a) is a solution of the equation

(4.2) §O =1+a| _(E—ngmamnty, =R,

<)
ay:{Sngb(S; ~2)[*m(@} " and 0=2<A=Z< - are the solution of the equation

(4.3) —pP(xetq; —DH{P(xetqg; —D—P(Xe; =D}/ q+1d(xtq; —2) =0.

The transition density p(¢, x, y) and the Green function G(a, x, y) of the B&D
process X is now given by

P, %, 3) = Dexpl-Alle(x; —A)ey; —A)a,, X, yE(—es, 1), 130,
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Gla, x, y) = g(lﬂra)“go(x; —4)0(y; —A)a,+D(s(x), s(y)),
X, yE(——OO’ x°°); a>0:

where ¢(x ; @)=¢(s(x); @), especially, ¢(xn; —D)=¢(xn; —4) for n=0,1,2, .- and
P(Xe; —A)=¢(xx+qg; —A). Due to the general theory for GDPs, we also have

_ & Oy — bad On-1
4D Cla, 0,0 = Yot 2 A+a Tt O(Xn-1; )P(Xn; @)
q(1+g(pa+r)

a>0.

e D1 @+ gpat ) =gl @)

We finally note that all the above arguments are valid also for the case of

¢=0 with the convention of {u(xw.)—u(xe—)}/¢g=u*(x=—) and {P(x.+qg; —2)
— (% ; =D}/ q=Dip(x0—; —A).

PrROOF OF THEOREM 4.1. Assume first that ¢>0. It then follows from (4.2
and the definition of ¢ that

O(xo; —A) =1,  —2Ap(xe; —A) = —Bo@(xs; —A)+Bop(x1; —A),
—Z(P(xn ’ _'2) = 5n¢(xn—l; _1>-(an+,8n)so(xn; _X)+‘8n§0<xn+l ’ "~2)
for n=1.

Further, (4.3) is transformed to
4.3) —2pP(Xeo; —A)F @ (Xeo— ; —D)+710(Xe; —4) =0.

Thus it follows that Q,(A)=¢(x,; —4), n=0,1,2, -, Qu(A)=¢(xe—; —4), Hu(4)
=0 (Xw—; —A), and @(xe; —A)=Qu(A)+gH.(2) by [4.2). Hence the relation (4.3)’
is reduced to [(4.1). On the other hand, (4.3)" in turn is rewritten as ¢(xe.; —4)
=Q(A)(b—ac)/b(1—cA). The solution measure ¥ of the moment problem is now
given by ¥(E)=35,0,15(4,), E€ B(R), where 0,={Z5%=| Q) |’ ttat+p|Qu(4,)
(b—ac)/b(1—cA,)|%} 2. It is also easy to see that the system of the functions
{Q.( D} 5= {Q(A)/(1—cA)} is a complete orthogonal basis in the space
L*¥[0, +o0); ¥). Finally, (4.4) is rewritten as

, ol g, & Pn-1
(4.4) Bita - B OO —a)

I 1+ca
Qu(—a){(a+ba)Qu(—a)+(+ca)H—a)} ’
for all >0, which proves the uniqueness of ¥.
The result for the case of a=0 is obtained from the above by letting a | 0.
q.c.d.

5. Limit theorem for a sequence of BGDPs I.

In this -ection, we will give a vague convergence theorem of finite dimen-
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sional distributions for a sequence of BGDPs. The space of the test functions
in this section is C,(@Q), the space of all continuous functions on Q with com-
pact support. In the following, we let (s,, m,)E MX M, n=1,2,---, (s,m)&
MX M, and denote the corresponding semigroups by T{™. The associate
measures and the transition densities are denoted by #, and g,(t,§, n) respec-
tively. Further, we assume that a=Q\(J(s)UJ(m)) and a=Q~ J(m).

THEOREM 5.1.  Assume that J(S)NJmNQ=Q,
(6.1 lniglosn(x) =s(x), x=R\J(s), }ziglomn(x) =m(x), x&R\J(m).
Then, for every t,, t,, ,txn>0 and f1, fa, -+, [AnEC(Q), it holds that
G.2) I TPATEC a0 02 = To(fi Ty Tey f ) 0)0),
for all x=Q with lim,_ .s.(x)=s(x).

Notice that the condition (5.1) implies Iim,../{™ </, and lim,_./{"=1,, where
[{™=[,(?,). Actually, we have more;

LEMMA 5.1.  The assumptions of Theorem 5.1 imply
(5.3) lim7,(§) = (&),  ESRNJ(m).
Proor. We can first show that
limsz(§) = s74§),  E€Q(sTNJ 6™,

and then the formula for £€Q(s™H)NJ(s™Y) with s~ ¥(&)eQ(m)~J(m). This
with the monotone non-decreasing property of #, and s proves [5.3]. The
details are omitted. qg.e.d.

PROPOSITION 5.1. Suppose that (5.3) holds. Then the transition density
gn(t, & m) converges to ¢(t, §, n) uniformly in the wide sense in (t, &, 9)=(0, +o0)
XEXQ as n—oo,

We will be concerned with the proof of Proposition 5.1 for a while. We
first supply a little more facts on GDPs than those in Section 2. Let ¢:(&, a),
i=1,2, &= Q, a<=C be the solutions of the integral equations

96, @) = 1+a| E—n)iln, a)di(y),

96, @) =—a+al €=y, aydity).

Then,

G.4) 141§, )| = cosh{(2] a(§—a)m(§)—m(a))])"'*},

|¢:(§, )| = |§—alcosh{(2]al§—a)m(&)—m(a)])'/*} .
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and, for each a>0, there exist the limits
(5.5) hy(a) = —}figl da(&, a)/i(§, a), hy(a) = 1clgl (&, a)/ (&, ).
1 sTv2

In the above, we use the usual convention 1/+oc0=0, (+A)/0=*c0, +oo+ A=
4o and —oco+ A=—co for a positive A. Actually, hia), /=1, 2 are analy-
tically continued to the domain C~\(—o0, 0] and is valid there. Define the
functions h(a), hifa), i, 7=1, 2, acC~(—, 0], by

1/h(a) = 1/ hi(a)+1/ hya),
hu(a) = h(a), hao(a) = —(hy(@)+ho(a)) ™,
his(a) = hey(a) = —h(a)/hy(a).
Then the a-harmonic functions vi(x, a) in are given by
vié, @) = di(€, @)+ (=)' (g, a)/hia), i=1, 2.

The functions h;;, 7, j=1, 2 are also analytic in a=C\(—x, 0] and we define
the spectral measures o,,(d), 7, j=1, 2 by

22 .
0if[A, 2]) = lim—l—S S (—A—~/ =T e)d2,
0 T JAy

for all continuity points A,<<4; of ¢;;. The matrix valued measure [o:;]; j=1.2
is symmetric and nonnegative definite, and the transition density ¢(t, &, 5) and
the Green function H(a, &, 7) are given by the relations

66 &= 3 [ eeie -0, ~odd, 10, & 9<0,

j=1,2

6T Ha & =06+ 3 [ Gt 9 —Dgin, —ouldd),
£ nEQ.
We then have from formulas (5.6) and (5.7) together with [19; Lemma 2] that

(5.8)  qlt, & ) < tT'H(1/t, & &2 H(1/t, 5, )
< AL/ E—a ) PR/t I p—al)E, >0, & ped.

The corresponding items for (s,, m,)=MX M, are denoted as Hi(a, &, 1), o
and so on.

We owe to S. Kotani the following proof of the assertion 5) of the next
lemma, which is simpler than our original one.

LEMMA 5.2. Suppose that (5.3) holds. Then, the following assertions hold.

1) For each i=1, 2, it holds that lim,..¢{" (&, a)=¢(&, a) uniformly in the
wide sense in 56@ and a=C.

2) For each acC~(—oo, 0], lim,_.h{"(a)=h(a), i=1, 2.

3) For each a=C~(—oo, 0] and i=1,2, it holds that lim,_.v{(&, a)=v,(&, a)
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uniformly in the wide sense in §& (5

4) For each a€C\(—o0, 0], it holds that lim,..H,(a, §, n)=H(a, & 7) uni-
formly in the wide sense &, 77C—_C5.

5) For each t>0 and §&, 7)6@, limn.wga(t, § 0)=q(t, &, 7).

Proor. The assertions through 1) to 4) are well known. To see 5), we note

that, by virtue of (5.6), the matrix Q(t, &, ’7)=<Zg’ % %)) qq((l‘t, 577, 7773)) is nonnegative

definite and its derivative dQ(¢, &, 5)/0t is nonpositive definite for all ¢>0 and
&, nEQ~. Hence, the assertion 4) together with the continuity theorem of Laplace
transformation for matrix valued functions proves 5). g.e.d.

LEMMA 5.3. Suppose that (5.3) holds. Then, it holds that

5.9) lim| f@epan={ _f@edd,

=00

for all f=C([0, +00)) with Supiecro, +ooy | f(A)|(1+A%)< + o0,

ProOOF. We first note that

ha) = h+e)+| (@) ioudd),
{alhi(@)+ha)} ™ = {alhO0H)+ A0+ {Ad+a)) P ondd),

for all a=C~\(—co, 0], and that A,(0+)+h,(0+)=[,—1I, (see [10; pp. 13-14 and
p. 18]). It then follows that ¢,,([0, AN AM)(1+2) and So Ao (d)E {h (D) +
hy(1)} "*(1+2). Further, it holds that ]oml(E)—I0‘21I(E)<(01,(E)+022(E))/2 Ee
B([0, +<0)). Hence, for each subsequence of the sequence {(a{P)% j-1}5=1 Of
matrix valued signed measures, we can find its subsequence (denoted by the
same symbol {(¢{P)} j=1}5-1) and a matrix (¢3)? ;-, of signed measures such that
lim,.«0{P=0%, 1, j=1, 2, vaguely.

On the other hand, (5.10) also implies the inequalities SEK,+w)(l+Z3)‘loll(d2)

SHOAHK)/ QK and | (142700 = () + hD} 1+ K)/ 1+ K)
for K'=1. Hence, putting

(5.10)

e, 7, 4D = 33 GIVE, —DP(n, —DalP(dd),
*E, 7, A = 31 $uE —Dgun, —AaBAd),

&, 7, A= 3 i —guln, —Dauldd),

we have

: - Aty — o-Ate
LI.IESU\,HQC el 7, dA) & , &, 7, dd),

[0 +oo>
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with the aid of (5.4) and Combining this with (5.6) and [Lemma
5.2, we obtain

~At _ 7_1 ~
Sw,m)e e*(&, p, dA) = S[o.mf e(€, n, dA), t>0, & peq@.

This implies ¢¥=0,;, proving the assertion of Lemma. g.e.d.

The assertion of [Proposition 5.1] is now clear from together
with (5.4) and (5.6).
Due to Convention just before Lemma 2.1, we also have

LEMMA 5.4. Suppose that (5.3) holds and that I; is finite. Then, for each
t>0 and compact set Kc @ it holds that
(5.11) lim lim sup qa(t, &, ) =0.

340 n-w €K, gerl;-5,1;+4]

PrROOF. We first note that the boundary [; is not entrance by our conven-
tions for GDP. Hence it holds that v;([;, @)=0.

Let /=2 for simplicity and a>0. Due to the inequality v.(&,, a)—v.(&:, a)
<(—Divy(&,, a))&—&), [<&:<&=l, we then have H(a,§, §)<|.—¢&|. Take
an ¢>0 and a & < (,b—e, [,). It then follows from that
lim,..Ha(a, &, &)<e, and from the relation |H.(a, &, &)—H,(a, 7, PDI=E—7|
that 1im pcSUPyett,-e, 1,4e1Ha(a, 7, 7)<3e. This implies lims,oliM_cSUPyerl,-s. 7,451
H,(a, 5, n)=0. We now have from (5.8). g.e.d.

PrROOF OF THEOREM 5.1. We will only show that, for each >0 and
FECL(Q),

(5.12) Hm T f(x) = T, f(x) for all x€Q with lims,(x)=s(x).

Case 1. If feCy(Q) and s(Spt(f))C@, then (5.12) is a direct consequence
of [Proposition 5.1] and our assumption J(s)N\Jim)NQ=@.

Case 2. Suppose that [;=s(Spt(f)). As is noted in Section 2, this can occur
only when (2.4); holds, and [; is finite and limg..|/{—a|=|/;—a|. Hence we
obtain (5.12) from and the argument in Case 1. q.e.d.

6. Limit theorem for a sequence of BGDPs II.

in the previous section does not assure the convergence of (finite
dimensional) distribution functions, since we have assumed f,=C.(Q). In this
section, we will discuss on this subject. For simplicity we only deal with the
intervals (b, {,) for b<(l;, [,) and denote the law of (X(-, x), P) by (X(-), P.).
As before, we fix an a=({ly, )N J(S)\JJ(m)).

THEOREM 6.1. In addition to the assumptions of Theorem 5.1, assume that
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(6.1) S l (m(x)—m(ay))ds(x) = 4o for some a,=Q or [L(s)l.(m.
(ap.lg)
Then it holds that

(6.2) lim P{(X(t)>a,, -, X(Ex)>ayw, tv<es)

n-o0

= .Z‘(X(tl)>a1) ) X(tN)>aN’ tN<e_,j>,

for every 0<t,<t,<---<ty, @y, Qs, "+, AyEQ~J(m) and x&Q with lim,.ws,(x)
=s(x).

Before proceeding to the proof of [Theorem 6.1, we prepare two formulas
and introduce a dual process. It is well known that, for a fixed c<=[l,, /],
there exists a continuous nonnegative function ¢.(¢, &) in (0, +o0)X(c, ;) such
that

w8, /e, ) =L+ “etadt, Hdt,  a>0, ge(c, ),

where ¥ (&) is the correction function given in [19; (3.20)]. We then have

63 gt =0 & o0lr, pic+t, & W+OE, O, 1),
§<c<y

(see [19; (3.21)]). The function ¢.¢, &) in (0, +o0)X ([, ¢) is also defined in the
similar way with the function v.(§, @) replaced by v,(§, «), and it satisfies the
corresponding formula to [6.3). Let next A% [(a)=—¢:(c, a)/¢i(c, a), b}, (a)=
hy(a) and the corresponding items defined in Sections 2 and 5 by vy (&, a),

qt, & ), H(a, & 73), where the base point is taken as a<(c, ,)\J(m). We
then have

Ha, &, 1) = H{a, &, n)+hla)vi(c, a)vs(§, a).(y, a)/vsc, a),

a>0, & nelc, by,
which implies

64 qt, & =0 & n+| a7, & daz, Pdr+at, & W)
+@(S; C)C]c(t, n)) S) ‘)76(6, i2)

The corresponding formula for &, 776(?1, ¢) is similar.

Let next m(§)=m(§) for £>c¢ and =—co for £<¢, and g¢¥{, & %) be the
transition density function for the GDP corresponding to the speed measure d¢
and the scale function s%,. Then it is easy to see that

(6.5) —Dfv, (&, a)Divs(n, a)/aDiv,,(c, a)vilc, @)

= \je‘“‘qz"(t, £ ndi = S:oe““‘qz"(t, 7y, §)dt, a>0, c<$§77<72-
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PROOF OF THEOREM 6.1. We will only show that, for each >0, a,=Q~J(m)
and x€Q with lim,_.. $,(x)=s(x), lim,_.P{(X{t)>a,, t<es)=P.(X#)>a,, t<ey).
By [Theorem 5.1, it is enough to show that
(6.6) lim im P (X(t)>b, t<ey) =0.

btrlg n—co

Notice first that lim,_./:(s,)=[, by the assumptions. Also, for simplicity, set
uly, a)=lim,,,uz, a), ui(y, a)=lim,,,uj(z, @) for all yE[l,, +co] and i=1, 2
(admitting the possibility that they take values £o0). It then follows that
u}(l,, )=0, since either (2.5), holds or the boundary [/, is non-exit in Feller’s
classification (cf. [9; §4.6]). Hence we have limmzﬁrﬁnmlugn)*(b, a)| =0, by
the same reason as for Lemma 5.2. This with the relation

(6.7) wille, @)—ulh, @) =al|  uiy, @dnly),  b<l,
(b, 19
implies
P d | (ny/ —
(6.8) | imfim| o, 005409, @dima(y) =0.

Suppose first that #m((&, [,))>0 for each £&(. Then, due to Lemma 5.1, we
can find a c=(s(x), [,) and an n,=N such that the set (s.(x), ¢)\Spt(#,) con-
tains more than two points and ¢<[§® for all n=n,. On the other hand,
implies

t ~
Tdanp) = | at—7, s, o | ade, so)dm(yds,  e<sb)=lh.
2

b,

Combining now the arguments in [18; p. 5387 with [19; Lemma 4], we obtain
SUPnzny 0505¢da(T, Sa(x), ¢)<+oo for some n,=N. This with (6.8) proves [6.6)
Suppose next that 7((&, [,))=0 for some EOEG. In this case, we have [,=
+oo by (6.1). Hence, we can find a ¢>&, such that s,(x)<c<i§® for all suf-
ficiently large n. Let now A,=s;'((—oo, ¢]) and make the decomposition

(n) €N =
Lo = | | o 0l 52060, su(30)dma()

., oy, Dol $a(), Sa(9dmaly) = THIL.
@. 15"\ 4y,

2

In view of (5.8), we have limb,lzli_n{nmlzo. On the other hand, implies

= { gt =, 5400, O o, Gnle, suDdma(y)de

@, 15™)

~

14
4 4 (
. 53/2‘771\1 7, Sa(x), C)g (n))\AnQn,c(T: Sa(y)dma(y)dr

Ja. g

~

FOUu(), 0 o, Gty su(3)dmaly) =t THIVAV.

W, 150

Noting that 1im, _...Sup;/scez:Ga(T, Sa(x), €)<+oo, we obtain limy,,, lim,_ .[lI=0 by
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the same way as in the above. Further, it is not hard to see

\ i
o iy Greces x| 1 gnle, O0a(8)
=gn.dt, ¢, 0=—Dfvi®(c, 1/7)/vi (¢, 1/7),

which implies

(6.9) lim Tim supg o G oT, Sa(2))dmaly) = 0.

btlg nooo t/2s7stJ (b, 13 "O\4

— / .
But lim,H,Q(S: 2qn(r, sa(x), O)dt+D(s(x), c))<+oo. Thus, we obtain lim,,,
lim-(IV-+V)=0, proving for this case. g.e.d.

In the case where (6.1) fails, we need some additional conditions to get
(6.2). Indeed, we have the following

COROLLARY 6.1. Suppose that (6.1) fails but 1im, . liM=l,, ls(m,)Z1(s,) and
(6.10) lim{ o, OnaCO—ma(@)dsa) = | on(x)—m(a)ds(x).
nowoJ(a,ly” ) (a,la)

Assume further that 1imy,_ .$,({"—)=s(l,—)<+oo. Then we obtain (6.2).
PrROOF. Note first that, under the assumptions, [,(m)=<[,(s) and
(6.11)  ui(xy, @) F(s(xo)—s(x)ui(xy, @) £ ui(xs, a)
= {1, @HsCe) = s (s, bexplal  Gn(y)—m(x)ds(y)},
asx,<x,<ly, @a>0.

We then obtain Ilim,..u{® (™, a)<+oco and limwzmnm{uf"’(lém, a)—u™b, a)}
=0. Hence, using the formula u{ (b, a)usb, a)<—ui(b, a)u,(l,, a)—u.b, a)), we
have limp,;, lim_wu{™*(b, a)ui”(b, a)=0. This with implies
limwzl_iﬁnw{uén’*(lz‘"’, a)—us®*(b, a)} =0. We thus obtain (6.8) in this case
too.

Suppose first that s(x)</,. Then we can repeat the argument in the proof
of to obtain [6.6), exploiting the decomposition

t/2
Ti™1, g (x) = So Gn, (t—T, sn(x))g(b,lén))qn(t, ¢, So(¥))dm,(y)dr
t
[ g dt=r, sl | 0alt, €, su(Ddmay)de
tl2 @, 15"

FU LA | e 0alts € Su(dmal)

and making use of the estimate

TELo,ugmy(0) £ TEL0x) £ {L=v{P(s4(x), @)/, @)} /(L—e).

The details are omitted.
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Suppose next that s(x)=/,. In this case, we have lim,..s,(x)=[, and
by the above method. g.e.d.

REMARK 6.1. Under the assumptions of [Theorem 5.1, the condition
M ,ws,((§™—)=s5(l,—)<-+co is automatically satisfied provided /,(s)<ly(m).
Thus that condition is necessary only when [,(s)=[,(m)=-4oco.

The condition is almost necessary for (6.2). Indeed, in view of the
inequality

#
(xriy,

us(xs, a){1+a5 xzj(m(y)'—mw1))d8(y>—a(5(x2+)—S<xz>)(m(xz>—m(x1))}

< uy(x,, @), aZx,<x,<ly,
and (6.11), we can find a sequence (S, M,)EMXH,, n=1, 2,3, -~ and (s, m)
€. HX M. (violating the condition [6.I0)) such that S(a,lz)(m(x)——m(a))ds(x)<+OO

and lm,_.u™§™, a)>u(l,, a). It then follows from the formulas in the
proof of Corollary 6.1l and Lemma 5.2 that lim,_ .ui®*(/{™, a)<uj(l., @). This
with the relation and causes the violation of (6.8). Thus the
formula (6.2) fails in this case.

The above argument poses a doubt on the assertion of the convergence in
L.(RY) of the density functions in [7; Theorem 2]. In order to avoid those
uncomfortable conditions, we introduce the stopped processes (actually, it is not
hard to believe that A.O. Golosov imagined the stopped processes by his modi-
fication of s(x)). Let T;f be the semigroup defined by

6.12) | e Tif(nat = | Ha, s(x), s ()
+ fUvals(x), a)/ava(ls, @)+ flvi(s(x), a)/avils, @),

for x=@,t>0and f=B(Q). Then we have a unique Markov process (X'(t), P,)
on Q corresponding to T;. To realize the sample paths in the same fashion as

in Section 3, we let T'(u):SRL(u, &)dm(&) and define X'(t; x) by the same way

as in Section 3 using i' in place of § (with the convention s~'(/;)=![,). Denoting
(X'(-; x), P) by (X'(+), P,), we obtain the desired process.

THEOREM 6.2. Under the assumptions of Theorem 5.1 and that w(()>0, it
holds that

(6.13) Em P(X (t)>ay, -, X(ty)>an) = Po(X'(t)>ay, -, X'(ty)>ay),

for every 0<t,<t,< -+ <ty, ay, @, -+, a;VEQ\](m) and x=Q with lim,..s.(x)
=3s(x). '

Proor. We will also show that lim,..P™(X #)>a,)=P. (X {#)>a,) for
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each >0, a,€Q~J(m) and x=Q with lim,_.s,(x)=s(x). Further, we may
assume that [,(m)</[,(s) and S( l )(m(x)—m(a))ds(x)<+oo. Hence it holds that
a,ig

u(l,, @)=0, whence limwzﬁnmué”)(b, a)=0. We first assume that s(a,)<l,.
It then follows from [6.3), (6.4) and (6.12) that

(6.14) PM(X () >a,) = gw b)qn,snm(t, $a(x), Sa(¥))dma(P)
+Szg(a ,z(”)>q"<t—f’ $2(D), $a{YNAM(Y)qn. s, (T, Sa(x))dT
+S o gm0, @nlts $2(0), $2()AMA(I a,cp (T, $alx))

t
+{\\ g 152, saleDde+n1m(sa0)
=: [+1I+1I4+1V,

with the convention ¥ (¢c)=1 and q.t, &, ¢)=q.(t, ¢)=0 for t>0. Further, it is
clear that
HHHY = { 1= P (0= @)}yl a0
+A=PM (X O=Za )W r.s,0(Sa(x)), be(x, ).
Since SUPo<es PSP X (T)Zay) Zeud™ (b, 1/1)/us™(a,, 1/t), we first have
limy 1T 5 2ecSUPo<es . PS(X (1)< @,)=0. Further, due to [Corollary 6.1, lim,_ .l

=[. gty s, sNdm(3) and timof | Gn.s @, SulOTAT nsn(sa6D]

Y

———S:qs(b)(r, s(xNdr+¥soy(s(x)) for be(x, L)NJ(s)U(J(m)). Thus we obtain the
desired assertion.

In the case of s(a;)=[,, we have [;<s(a,). Hence by all the above argu-
ments, we have lim,..P{ (X (#)<a,)=P.(X (#)<a,). This proves the desired
assertion. g.e.d.

REMARK 6.2. The assertion of is also valid for m(Q)=0 under
the assumptions of [Theorem €1 or of [Corollary 6.1

7. Application of limit theorems.

In this section, we give three examples which are direct applications of
Theorems 6.1 and in the previous section.

EXAMPLE 7.1 (Metastable behavior of [14]). Let G(x) be a C! function on
R such that, for some M,<S<M,, G is strictly decreasing on (—oo, M, J\U[S, M,],
~strictly increasing on [M,;, STU[M,, +0), G(M,)>G(M,) and that lim,;..G(x)
=+4oco. Let also X*(#) be the solution of the stochastic differential equation
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(7.1) dX, = '"dW,—G'(X,)dt, Xo=x,,
where W is a standard Wiener process on R and ¢ is a positive constant. For
each a, bR, we set Ii(a, b):Sbexp{iZG(y)/s}dy. Fix now a 0<(0, (S—M)

A(M,—S)) and consider the scaled process X.(t)=X(A.1) with A.=2I:(M,—9,
M,+0)I5(S—0, S+0d)/e. Then the generator of the process X, is given by

(7.2) G, = 0.{d*/dx>—(2G"(x)/e)d/dx},

where 0.=I1:(M,—0, M,+08)I:(S—d, S+0d). We denote S;=min{x: G(x)=G(S)},
S;=max{x: G(x)=G(S)} and M,=min{x#M,: G(x)=G(M,)}, and treat the
process separately according as the regions of its starting position x,. The
height H=G(S)—G(M,) plays an important role in the following.

Case 1. Suppose that x,=S,;. Take, in this case, an x,<x, such that
G(x,)—G(x,)<H and let x,2=min{x: G(x,)—G(x)=H}, xs=max{x: G(x)=G(x,)}.
It is then clear that x,<x,<x,<M,<S<M;<M,<x;., We now define the
associate pair (S, m)EMX M, by sx)=Ii(x,, x)exp{—2G(x,)/e} and m.(x)
=1:(xo, x)exp{2G(x,)/e}/0.. Then, by a simple computation, we obtain (5.1)
with s(x)=—c0 for x<x,, =0 for x,=x<x,, =+ for x;<x, and m(x)=0
for x<x,, =-+oo for x=x,. Hence, by virtue of [Theorem 6.1, we have

(7.3) lim P (Xo(t)<a,, -, Xc(ty)<ay) =0,

for every 0<t,;<t,< --- <ty and a,, @, -, ay=(x,, x,). Thus, as ¢ 0, the
process X,(¢) starting at x, hits a, very soon and it scarcely comes back to the
interval (—co, a,) for every x,<a,;<a,<x,.

Case 2. Suppose that S,<<x,<M;. In this case, we define the associate
pair (s, m)EMX My by s.(x)=I(M,, x)/I$(S—0d, S+0) and m.(x)=I:(S,, x)/
1:(M,—0, M,+d). Then we have (5.1) with s(x)=—oo for x<S;, =0 for
S;£x<S, =1 for S<x£8,, =+ for S,<x, and m(x)=0 for x<<M,, =1 for
M,£x<M,, =+ for x=M, Hence, by virtue of [Theorem 6.1, we see that,
if S;<x,<S, then

(7'4) lsiil(;l PIQ(XE(t1)< aly Ty Xs(tN)<aN) = eXp{ —tN} I:lej:l 1(—°°,ak]<M1>

for every 0<t,<t,< --- <ty and ay, a,, -+, ax<=(S,;, M)N{M,} and, if S<x,<M;,
then holds for all 0<¢t,<t,< - <ty and a,, as, -+, ay=(S;, M;). Thus,
as ¢]0, the process X.(f) starting at x,=(S,, S) hits M, very soon, where it
stays for an exponential holding time and then it goes to a, and it scarcely
comes back to the interval (—oo, a,) for every S<a,<a,<M,. Further, if it
starts at x,=(S, M,) then it hits a, very soon and scarcely comes back.

Case 3. Suppose that M;<x,<M,. If G(x,)—G(M,)=H, then taking an



238 Y. Ocura

x,E(S, x,) such that G(x,)—G(x,)<H and setting x,=min{x: G{x,)—G(x)=H},
we can reduce the argument to that in Case 1.

Thus we assume that G(x,)—G(M,)<<H. Set in this case x,=max{x: G(x)
—G(My)=H}, x;=max{x+#x,: G(x)—G(M,)=H}. It is then clear that S<x;<
XoEM,<x,. Let now s.(x)=I5(x,, x)I:(M,—03, M,+08)/8. and m.(x)=I(x,, x)/
1:(M,—d, M,+d). Then we have (5.1) with s(x)=—oc0 for x<x, =0 for
1< x<x,, =400 for x,<x, and m(x)=0 for x<M,, =1 for x=M, Hence,
by virtue of [Theorem 6.1, we see that

N
(7.5) lsi{rol Pp(X(t)<ay, -, Xltw)<aw) = II lew oy (M)

for every 0<t,<t,< --- <ty and a,, a,, -+, ax=(x;, x2)NM,}. Thus, as &0,
the process X.(t) starting at x,=(x,, x,) hits M, very soon, where it stays
forever with very high probability.

The case x,>M, can be treated in the exactly same way.

Finally, we note that, since the process X. is a usual diffusion process,
one can easily glue together the processes in the above cases as is done in
[14]. The limit process is as follows. If it starts at x,=(—co, S), then it
hits M, instantaneously, where it stays for an exponential holding time and then
it jumps to the trap state M,. If it starts at x,=(S, 4+o0), then it hits the
trap state M, instantaneously. Suppose finally it starts at S and the limit
p=lim,,,[$(S—d, S)/I:{(S—38, S+0d) exits. Then it jumps to M, and to the trap
state M, instantaneously with probabilities 1—p and p respectively (note that,
for the limit process in Case 2, s(S)=p and the density function ¢(z, &, %) of
the GDP Y is linear in £=(s(S—), s(S+))).

ExAMPLE 7.2 (Diffusion process in Wiener medium of [2]). After scaling
the Wiener medium, one can reduce the study of the diffusion process in a
Wiener medium of to that of the solution X7(¢) of the stochastic differential
equation

(7.6) dX, = dB,—(/2W'(Xdt,  Xe=x,,

where B and W are standard Wiener processes on R which are independent of
each other, 7y is a positive constant which will be let to go to 4o later, and
W’ is the derivative of W symbolically understood (see [2]). Thus the problem
is reduced to the same type of that in Example 7.1, and we can deal with it
by our method (note that, in Example 7.1, we do not need the derivative of G,
since all the effective functionals of G for the argument are [i(a, b) and the
values of G itself). It is well known that Tm ...V (x)=1mp..e(—W(x))=-+oco
and, for each 0<a<b, the maximum maX,..,W(x) and the minimum
min.¢,,W(x) are attained by single points S and M respectively with proba-
bility 1. Further, for each x,=R, we have x,#S, M with probability 1. Thus,
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we may use all the above properties (see [2]).

Let now x*=inf{y>x: W(y)=W(x)}, x~=sup{y<x:W(y)=W(x)}, with the
conventions inf @=-+oo, sup@=—oc, and let BT,={x: there exist y* and y~
such that y*<(x, x*) and W(y*)—W(x)=1}, where (a, b)=(aAb, a\Vbh). We fur-
ther set bf(x,)=min BT\N\[x,, +0), b7(x,)=max BT;N\(—oo, x,) and let max{W(x):
xe[bi(x,), bf(x)1} =W(S) for a unique S€[bi(x,), bi(xo)IN{x,}. Finally, we define
bi=bi(xo) by bi=b7(x,) if bi(xo)< x,<S, =bf(x,) if S<x,<bf(x,). Further, due
to the symmetry of the argument, we may assume S<x,<bi(x,), that is b=

bi(x,). Asin Example 7.1, we set I%(a, b):Sbexp{iTW(y)}dy for each a, bR,
and X, (t)=X"(te"), t=0.

Case 1. Suppose first that W(b,)+1<W(S,), where maX.erz, 5,V (x)=W(S)),
S.€[xo, bi]. If W(xo)=W(S,), then we can employ the argument in Example
7.1 to obtain

(7'7) ,l’i_’meo(Xr(tl><alx T XT(tN><aN> - 0}

for every 0<t;<t,<---<ty and a,, a;, -, ay<=(x,, x,), Where x,=min{x>x,:
W (x)=W(x,)—1}.

Thus we assume W(x,)<W(S,. In this case, let x;=sup{x<S,: W(x)<
W(S)—1}, xo=sup{x<S,: W(x)>W(S)}, xs=inf{x>S,;: W(x)<W(S,)—1}, and
x,=inf{x>S,: W(x)>W(S))}. It is then clear that x,<x,<x,<S;<x3<bh<x,4
and W([x,, x:)C[W(S)—1, W(S,)]. We assume that W(x)<W(S,) for all x=
(x2, S;) and W(x)>W(x,) for all x<=(x,, x,) (it is easy to see that the following
arguments work well without these assumptions with a slight modification, or
one can even take a version of W, which satisfy these assumptions). Take
now a 0<(0, (Si—x2)A(b,—Sy)) and set s, (x)=I1(x,, x)/I1(S,—0, Si+0), m(x)=
2IX(x,, x)I1(S;—3d, S;+08)/e’. Then, we have (5.1) with s(x)=—o0 for x<x,, =0
for x,<x<S,, =1 for S;<x<x,, =+ for x>x,, and m(x)=—o0 for x<x,
=0 for x;<x<x,, =+ for x=x,. Hence, by virtue of [Theorem 6.1, we
obtain for every 0<t,<t,<---<ty and ai, @, -+, ay=(x,, Xy).

Case 2. Suppose next that W(b,)+1&W((x,, by)). In this case, setting x,=
max{x<b,: W(x)=W(b,)+1}, x,=min{x>b,: W(x)=W(b,)+1}, we have x,;<x,
<x,. Take then a 0=(0, (by—x)A(x.—b,) and set s,(x)=11(x,, x)IX(b;—9,
b,+0)/e" and m(x)=212(x,, x)/1%(b,—0d, b,+3d). Then, in the exactly same way
as in Example 7.1, we have

N
@8 lim Pey(X,(t) <as, -+, Xy(tw)<aw) = T1 Lo a,ob0)

for every 0<t,<t,<---<ty and ay, as, -+, ax=(x,, x:)N{by}.
Finally, we note that, by gluing together with the processes in Cases 1 and
2, one sees that the limit process of X, starting at an x, hits the trap state
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b:(x,) instantaneously, and this gives enough information for the results in [2].

REMARK 7.1. It is announced in a couple of symposiums that K. Kawazu,
Y. Tamura and H. Tanaka extended the results in to those in the self-
similar or even asymptotically self-similar random media and obtained further
properties (see and also its References for the literatures on this subject).
Notice that, in their models, it fails the assumption that every local minimum
and local maximum of the media function are attained by single points. But, as
far as the first primitive convergence theorem of the above type, one can easily
apply the above method to those models.

ExAMPLE 7.3 (Gene frequency model in [6]). Let us consider the diffusion
process X¢ on (0, 1) with the generator

(7.9) G = {x(1—x)/2} d*/dx*+{a.x(1—x)1—2x)+0.(1—2x)} d/dx,

where a. and @, are positive constants corresponding to the selection rate and
the mutation rate respectively. The boundaries 0 and 1 are both entrance and
non-exit if #.=1/2, and regular if 0<<f.<<1/2. In the latter case, the reflection
boundary conditions are set implicitly. Further, in the following, we let a;— o0
and §.—0so that lim.,,{log(1/8.)} /a.=0. Thus we may assume 8.<(0, 1/2), and set

I5a, ) = | {y(1=y)}-*ee-mere-ngy,

Ii(a, ) =20 {y(1— ) rttegaerivay,
for each a, b=[0, 1]. Define then the associate pair (s°, m®)= M X M. by s5(x)
=0 for x<0, =1:(0, x) for 0<x <1, =750, 1) for x>1, and m*(x)=0 for x<0,
=710, x) for 0<x<1, =150, 1) for x>1.

Set now X.(t)=X*(41) with 4,.=1:(0, 110, 1) and s.(x)=s%(x)/1:(0, 1), m.(x)
=m(x)/1{0, 1). Then we have (5.1) with s(x)=0 for x<0, =1/2 for 0<x<1,
=] for x=1 and m(x)=0 for x<1/2, =1 for x=1/2. Hence, by virtue of The-
orem 6.2, we obtain

N
(7.10) ImP(X.(t)<ay, -, Xltw)<aw) = Il e a,i(1/2), x€[0, 1],

for every 0<t,<t,<---<ty and ay, a,, ---, ay<=(0, 1)~{1/2}. Notice further that
1500, D)~exp{(260.—1)loga.} and I:(0, 1)~4~/27 exp{a./2—(loga.)/2} so that A~
4+/27 expla./2-+(260.—3)(loga.)/2} as ¢ 0. We also notice that we are prepar-
ing a systematic study on this subject in [8].

A. Appendix.

In this section, we will summarize some formulas on change of variables
and integration by parts for the integration with respect to the measures induced



Bi.generalized diffusion processes 241

by discontinuous non-decreasing functions. We continue to exploit the notation
in Section 2. Especially, /# is that given in Section 2 and §=Q@%). Although
we do not assume that our functions s and f are either right continuous or left
continuous, the obtained formulas are just natural extensions of those in [3].
We thus omit the proof.

LEMMA A.l. Suppose that v is a function in LYO, wm). Then, for each b,
bzeé such that b,<b,, it holds that
o(s(e))dm(x) = S b

by,

(A1 , YEmE).

Ss'l((b1,sz)
COROLLARY A.l. Let v and f be bounded Borel functions in Q. Then, for
each b, bze@ such that b,<b,, it holds that ‘

v(s(x)) f(s7 e s(x))dm(x) = g V(&) f(s7HE))dm(§).

by, 0o (s~ 1)

(A.2) S

Let f and g be two functions of bounded variation on R. For each interval
I, we define an integral

[letarn={, gdfto+ 3 tebeitn+gte—diol,

(s 1(Chy, bonT (s 1))

where 45(x)=f(x-+)—f(x) and 47(x)=f(x)—f(x—). Notice that Sjg(x)df(x)
=| g0dfo) it JNNT @)=, but | 1,(x)g(x)df(x)# | glx)df(x) in general.

LEMMA A.2 (Integration by parts). Suppose that f and g are of bounded
variation on [a, b], and that g is right continuous. Then it holds that

(4.3) [, fodan) = Gaxeo—fexa—{" g,
(a,d] (ae,b]
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