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0. Introduction.

Let f: M—N be a minimal immersion of a manifold M into a Riemannian
manifold N. We say that M is stable if the second variation of the volume
functional of M is positive for every variation of f which leaves the boundary
values fixed. Let N"(a) denote the n-dimensional simply-connected space form
of constant curvature a. Barbosa and do Carmo [1], discussed the stability
of simply-connected compact minimal surfaces with piecewise C! boundary in
N™(a), whose result was improved in our previous paper as follows.

THEOREM 0.1 ([9]). Let f: M—N"(a) be a minimal immersion of a 2-
dimensional simply-connected compact manifold M with piecewise C*' boundary into

N™(a). If the second fundamental form A of f satisfies SM(Ia] +(1/2)| A|®)dM <
(4/3)x, then M is stable.

When a=0, is proved in a little different way (cf. [1], Hof-
fman and Osserman [6]). In [2] it is asked if the argument of
can be generalized or not for a general ambient space. The first aim of this
paper is to give a positive answer to this question. Let G,N denote the Grass-
mann bundle over a Riemannian manifold N of 2-dimensional tangent subspaces
to N. The Riemannian structure of G,N is defined in Section 1.

THEOREM 0.2. Let f: M—N be a minimal immersion of a 2-dimensional
simply-connected compact manifold M with piecewise C* boundary dM into a Rie-
mannian manifold N. Suppose that the sectional curvature of N is bounded and
the sectional curvature of G,N is bounded from above. Then there is a positive
constant ¢, depending only on N such that if the second fundamental form A of

f satisfies SM(1+(1/2)|A]2)dM<c1, then M is stable.

If we omit the hypothesis that M is simply-connected and assume the posi-
tivity of the injectivity radius of G,N, we obtain the following estimate (cf.
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Hoffman [5], Tanno [12]).

THEOREM 0.3. Let f: M—N be a minimal immersion of a 2-dimensional
compact manifold M with piecewise C! boundary oM into a Riemannian manifold
N. Suppose that the sectional curvature of N is bounded, the sectional curvature
of GyN is bounded from above, and the injectivity radius of G.N is positive.
Then there is a positive constant ¢, depending only on N such that if the second

Sfundamental form A of f satisfies SM(1+(1/2)|A|2)dM<c2, then M is stable.

The definitions of ¢, and ¢, are given in Section 3, and we can see that ¢,
is greater than ¢, for each ambient space.

As in the case of a minimal immersion, a harmonic map is called stable if
the second variation of the energy functional is positive for every variation of
the map which leaves the boundary values fixed. In Section 4 we use the
method in [1], and prove the following estimate on the stability of some
harmonic maps from 2-dimensional simply-connected compact Riemannian mani-
folds with piecewise C' boundary.

THEOREM 0.4. Let f: (M, ds*)—N be a harmonic map from a 2-dimensional
simply-connected compact Riemannian manifold (M, ds*) with piecewise C* boundary
OM to a Riemannian manifold N such that |df| vanishes only at isolated points,
and assume that the sectional curvature of N is not greater than a>0. If

(1/2)SMld FI2dM<2/a)x, then f is stable.

The author would like to express his hearty thanks to Professor S. Tanno
for his constant encouragement and advice, and to the referee for useful
comments.

1. The Gauss map.

In this section we follow and recall the definition and some properties
of the Gauss map. We use for positive integers m, n (m<n), the following
ranges of indices:

1.1 154,74,k - <m, m+l<a, B, <n, 1<B,C,--<n.

Let N be an n-dimensional Riemannian manifold. Denote its O(xn)-bundle
of orthonormal frames by O(N)—N on which the canonical form 6=(62) and
the Levi-Civita connection form w=(w8) are chosen. Let G,N—N be the Grass-
mann bundle over N of m-dimensional tangent subspaces to N. Let {¢z} be the
local orthonormal frame of N which is dual to {#%}. Set ¢*=0% and ¢*=w]
at (x, [es, -, en])EGnN. Then {¢?, ¢**} is a local orthonormal coframe of
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G.N. We denote by {Eg, E.;} the local orthonormal frame of G, N which is
dual to {p®, ¢*}.

Let f: M—N be an isometric immersion of an m-dimensional Riemannian
manifold M into N, and let T,M denote the tangent space of M at p. Then
the Gauss map 7,: M—G,N of f is defined by 7, p)=f«T,M for pcM. We
choose {02} such that f*0*=0 for all « on M. Let hg be the components of
the second fundamental form of f. Let ds?® be the metric of M. We denote
by R the curvature tensor of N. Then the metric d3* on M induced by 7y
from G, N is given as follows:

(1.2) ds? = ds*+ “k h&he f*0IQf*0*% .

i,j a

The tension field z(7;) of 7, is given as follows:
(1.3) (75) =, ng R¢ghEp+ iz::t h%’iEa"Fi ?«a (h$i—Ri)Eas

where h§;, are the components of the covariant derivative of the second funda-
mental form of f.

2. A priori estimates.

In this section we show two lemmas for proving Theorems[0.2 and 0.3l In
the following we shall use the range [1.I) of indices for m=2, unless otherwise
stated.

LEMMA 2.1. Let f: M—N be a minimal immersion of a 2-dimensional mani-
fold M into an n-dimensional Riemannian manifold N, and let A denote the second
fundamental form of f. Assume that the sectional curvature of N is bounded
from above by a and below by b. Then

32n—69
eIt < (S Na—bF | Al 5 (n—2) b

Proor. We may choose an orthonormal basis {ez} for T ;)N for each
pEM such that e, e, are tangent to f(M) and the components hg; of A satisfy

ey  un=( . k=0, 4. G=-=tn=0
for some A and p (see [9]). Using this fact with we have at p
2.2)  |tpl*= % (i%:ﬂa joBhgj)2+i‘Ea (,2 R3:)?
= (—R3212+Ri‘m#)2+(Rfml+R%mﬂ)2+%3{(R?M—Rgm)l
+(Rizat Riva)p}* + ZHA(RE) (R},
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where R denotes the curvature tensor of N. From the hypothesis for the sec-
tional curvature of N,

@3 |Risol S 5(a—b),  |REpsl < 3(ab)

if B,C, D and E are different from one another (see [3]). By (2.2) and (2.3)
we have

21 = {3 (@b o (n=3a bR} (121 4] ) (n—2Na—bY

32n—69
(T

which implies our assertion. Q.E.D.

Vb2 + 5 n—2)a—bY,

REMARK. If we do not use (2.1), we have a worse estimate (cf. [2], [9],
[10D.

Under the same notation and condition as in Lemma 2.1, let ds® be the
metric on M induced by f from N, and let d5® be the metric on M induced by
7; from G,N. We denote by K and H the Gaussian curvature of (M, d3?) and
the mean curvature vector of the isometric immersion 7, : (M, d5*)—G:N, respec-
tively. Assume that the sectional curvature of G,N is not greater than d>0.

LEMMA 2.2. Under the same notation and condition as above,
1
1 - 2 2
(i) d§*= (1+—2 |A] )ds ,

e (a—b)(32n—69)
G 1H = ¢ = 5510, —oaoy7
(i) K < c®+d.

Proor. The first statement is easily shown from (1.2) and the minimality
of f.

Let {e;} be a local orthonormal frame of (M, ds?), and set ei=
g;/(1+(1/2)| A|%)2. Then we can see from (i) that {e}} is a local orthonormal
frame of (M, d8?). Let °V and ¥V be the Riemannian connection of G.N and
(M, ds*), respectively. We denote by ( )* the projection to the normal space of
(M, d3®) in G,N. Then we calculate

g \NL 1 L
(2.4) 2H = z?.a (Gv)‘f*ifirf*si) = m ; (Gvrf*sin*Ei)
. 1 PR . u . (7 s)*
- 1+(1/2)]A12?{ vrf*eirf*ei Tf*( véiei>} - l_l_(l/Z)lAIg'

Therefore from (2.4) and we have
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A < Izl _ (a—b){(64n—138)| A|*+18(n—2)}'/
- 2+AIP T G(Z‘HAIZ)
(a—b){(64n—138)t+18(n—2)}'/?
=nE 6(2+1) ’

which implies (ii).

We choose a local orthonormal frame {F;, F,} of G.N such that F;=7,4¢]
on 7,(M), where 3<a<3n—4. Let i% be the components of the second funda-
mental form of 7,: (M, d§*)—G,N. Then by the Gauss equation and (ii) we
have

IA

o - N 1.~ =~
K = d+X{hiihs,—(hi)'} = d—l-}alz(hi’l—i—hé’z)z c’+d.

Thus the proof is complete. Q.E.D.

REMARK. It seems hard to obtain an estimate like (iii) by the same method

as in [1], [2] and [9].

3. Stability of minimal surfaces.

PROOF OF THEOREM 0.2. Let ¢ be a piecewise smooth function on M such
that ¢=0 on 0M, and let v be a unit normal vector field to f(M). We shall
consider the second variation I(¢v, ¢v) of the area functional of M for the
variational vector field ¢v. Let ds® and d%* be defined as in Section 2. We
denote by ¥V and *V the Riemannian connection of (M, ds*) and the normal
connection of the normal bundle of (M, ds?) induced by f, respectively. Let
{e;} be a local orthonormal frame of (M, ds*) and let R be the curvature tensor
of N. From the hypothesis we may assume that the sectional curvature of N
is bounded from above by a and below by 4. Then by the second variational
formula for minimal submanifolds, we have

BL Iy, )= (I SRy, e, fro—| A2 |0dM
= (179g1—@a+1419g7d M.

Let ¥ and dM denote the Riemannian connection of (M, d5%) and the area ele-

ment of (M, d§?), respectively. Then by @)
~ 1 ~ 1
M 2 M 2 —_
(3.2) Vg1t = T rap Ve M= (145 1417)dM.

Here and in what follows, | |, is the norm with respect to d3%. From [3.1)and

3.2) we have
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63 T =z | (M- o)l = § (1 9g1t—ngnadt,
where
2a =1
r=uo={," 2.

Let 1,(M) denote the first eigenvalue of the Laplacian of (M, d3?). The in-
equality (3.3) says that if i,(M)>n, then M is stable.

We assume that N is n-dimensional. Let ¢ and d be defined as in
2.2. Set

8n ilg}
2¢*4+2d+9’ 9 )’
which is positive and depends only on the geometry of N. Using Proposition
3.3 and 3.10 of [1] with Lemma 2.%iii) we can see that L,(M)>7 if a(M)<c,
where @(M) denotes the area of (M, d3?). It is obvious that a(M)=

SM(1+(1/2>|A12)dM. Therefore, is proved. Q.E.D.

¢, = min«{

For the proof of [Theorem 0.3, we recall a theorem for the estimate of the
first eigenvalue of the Laplacian.

Let f: M—L be an isometric immersion of a 2-dimensional compact Rie-
mannian manifold M with piecewise C® boundary into a Riemannian manifold
L. Let H be the mean curvature vector of f and let R(L) be the injectivity
radius of L. We denote by a(M) and A,(M) the area of M and the first eigen-
value of the Laplacian of M, respectively. Set F(f)=min{t, n/2} for teR.

THEOREM 3.1 ([12]). Under the same notation as above, assume that the
sectional curvature of L is not greater than & where £>0. Suppose the following :

2t x5, o) = B i (FEEE)L,

a(M) 1/2) < Et
w(1—1) — 2(3-1)

for some t such that 0<t<ty,=(9—~/57)/2. Then

202 4o 220 )]

PrROOF oF THEOREM 0.3. We use the same notation as in the proof of
Let ¢, be as in [Theorem 3.1 Set

o= H i (gt o= " e (r(LECA))

and

x-arcsin(&(
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¢; = max min{cs, ¢,}.
[ 24237

Apparently ¢, is positive under the hypothesis and depends only on the geometry
of N. We may apply to the isometric immersion 7,: (M, d3*)—
G:N because we have Lemma 2.2ii). Then we find that if a(M)<c,, then
A (M)>%, which implies the stability of M by (3.3). Thus the proof is com-
plete. Q.E.D.

Next we consider the value of ¢, in [Theorem 0.3 when the ambient space
is the unit sphere by use of another Gauss map. In this case the value of ¢,

in [Theorem 02 is 4x/3 (see .

PROPOSITION 3.2. Let f: M—S™ be a minimal immersion of a 2-dimensional
compact oriented manifold M with piecewise C* boundary OM into the n-dimensional
unit sphere S™. There is a positive number c; such that if the second fundamental

form A of f satisfies Su(1+(1/2)‘|A12)dM<c5, then M is stable.

PrROOF. We use the same notation as in the proof of [Theorem 0.2, except
for the replacement of N by S™ and the definition of d3% Let G,(n+1) denote
the Grassmann manifold of 2-dimensional oriented planes through the origin in
R™*', and let ¢:S"—>R"*' be the inclusion. Then the Gauss map g: M—
Gyn+1) of ¢of: M—R"*' is defined naturally. We identify G,(n+1) with the
complex hyperquadric Q,-,={[Z]CP™; Z=C"*', Z*=0} in the n-dimensional
complex projective space CP™ of constant holomorphic sectional curvature 2. We
denote by d3? the metric on M induced by g from G,(n+1). The map g is a
conformal harmonic map satisfying d3?=(1-+(1/2)| A|*)ds® (see [4, p. 18], [6, p.
4467). Therefore we find as in Lemma 2.Xii) that g: (M, d3¥)—G,(n+1) is a
minimal immersion (cf. [4, p. 16]). Computing as in [3.1), and (3.3) we have

Iy, o) = | (1991 =@+ A1 aM = | (199 11—2alil.

So the condition Z;(M)>2 implies the stability of M.

As Gy(n+1) is a simply-connected symmetric space (see [13, p. 284]) and its
maximum of the sectional curvature is 2 (see [8, p. 82]), the injectivity radius
of Gy(n+1) is equal to #/4/2. We use for the isometric immer-
sion g: (M, ds*)—G,(n+1). Then we find that the inequality

1,0, o xd—1), . t \e
SM<1+2'Al dM < c; = max — (S‘“4<3—¢)>

yields 1,(M)>2. Thus the proof is complete. Q.E.D.

REMARK. (i) In [5] and [12], under the same notation as in
the integral SM(aJr(l/Z)IAIZ)ZdM is used for the estimate instead of
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SM(1—|—(1/2)1A12)dM, where a is chosen to be nonnegative.

(ii) By the computation we can see that c¢; in [Proposition 3.2 is a little

greater than 0.0027. So [Prop051t10n 3.2 is better than Corollary of [12] as a
uniform estimate.

(ili) The same method as above is not available to the stability of surfaces
with constant mean curvature, because their Gauss map may not be conformal
and we cannot obtain a uniform estimate like

4, Stability of harmonic maps..
For the proof of [Theorem 0.4, we need the following lemma.

LEMMA 4.1. Let f:(M, ds®*)—N be a harmonic map from a 2-dimensional
Riemannian manifold (M, ds?) to a Riemannian manifold N such that |df| vanishes
only at isolated points, and assume that the sectional curvature of N is not greater
than a>0. Let K be the Gaussian curvature of (M’, d5?), where d5*=(1/2)|df|2ds®
and M’ is the subset of M where |df| is non-zero. Then K<a on M.

ProoOF. Let K be the Gaussian curvature of (M, ds?) and let A be the
Laplacian of (M, ds?). Let ¥V and ¥V be the Riemannian connection of (M, ds?)
and N, respectively. We use V to denote the connection on T*M®f-'TN in-
duced from ¥V and V. Then K is given by

_ 2 2 2 11,

(4.1) K=rs Kt ( FAIdf 14 | 5911 ).
By the Weitzenbsck formula (see [4])

(W2 —FAldf| = —|Vdf| "+ BCR e, fas)faes freo—KIdf"

where R is the curvature tensor of N and {e;} is an orthonormal basis for 7 ,M
with respect to ds® at a point p under consideration on M’. We assume that N
is n-dimensional. We choose an orthonormal basis {ez} for T,»N, and set
fB=(df)? and f5=(Vdf)E. From (4.1}, (4.2) and the hypothesis

—_— 4 2 2 B
“.3) K§a+|df|s{ F1f1 S RS S

Set T3=33,f8f¢. Then the (nXn)-matrix (T2°) is symmetric and can be
assumed to be diagonal for a suitable choice of {ez}. Then 3 f2f7=03°45 for
some Az. This equation implies that the vectors (f2)=(f%, f5) are orthogonal
to one another in R%. So we may choose {e;} and {ep} such that

4.4) f=@@0, D=0 UD=-=0UN=0

for some 2 and p. Using that f8+4f5=0, ff=/f5 and (4.4) we can see that
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@S  —ldf* D S S

S =R+ N1+ H(fP H A L o f )P (A f e —p f4)
= —Afh+pfl)—QfL—pfL)? 0.
Hence by and (4.5), K<a on M’. Q.E.D.

REMARK. The author could not show the inequality (4.5) only from that
E+/%=0 and fH=f5 (cf. [9].

PrOOF OF THEOREM 0.4. Let ¢ be a piecewise smooth function on M such
that ¢=0 on dM, and let v be a unit section of f~*7N. We shall consider the
second variation I(¢v, ¢v) of the energy functional for the variational vector
field ¢v. Let ¥V, ¥V, R and {e;} be defined as in the proof of Lemma 4.1.
‘We denote by ‘V the connection on f~'TN induced from ¥V. Then by the
second variational formula for harmonic maps, we have

Iy, ¢v) = | (179(gm) 1"~ SRy, fredfsse, )M
= SM( | ¥Ng|*—ad?|df |>)dM.

Let #YF and dM be the Riemannian connection of (M, d5?) and the area element
of (M, ds?), respectively, where d5? is defined as in Lemma 4.1. Then as in the
proof of [Theorem 0.2, we have

(4.6) Igv, pv) = | (14F¢13—2ag7)dM

where | |, is the norm with respect to d5>. We denote by a(M) and 1,(M) the
area of (M, d5*) and the first eigenvalue of the Laplacian of (M, d5?), respec-
tively. Using Proposition 3.3 and 3.10 of with Cemma 4.1 we find that if
a(M)<2z/a, then 2,(M)>2a, which implies the stability of f by The

fact that c’i(M):(l/Z)SMldflsz completes the proof. Q.E.D.

EXAMPLE. Let f:S®*—S® be the inclusion of S® as an equator of S®. Then
f is harmonic. For any &¢>0, let D, be a geodesic disk on S? with area 2x--«.
Then it is easy to see that f is unstable on D, for any ¢>0. By choosing ¢
arbitrarily close to 0, we find that is strict in this case.

Let f: (M, ds®)>—N be a conformal harmonic map from a 2-dimensional Rie-
mannian manifold (M, ds?) to a Riemannian manifold N (for example, the Gauss
map of a minimal surface in a space form). Then the map f: (M, d5*)—»N
becomes a minimal immersion, where d52=(1/2)|df|%ds®. Applying
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to this isometric immersion, we find easily the following fact.

PROPOSITION 4.2. Let f: M—N be a conformal harmonic map from a 2-

dimensional compact Riemannian manifold M with piecewise C! boundary to a
Riemannian manifold N, and assume that the sectional curvature of N is bounded
from above and the injectivity radius of N is positive. Then there is a positive

constant cq depending only on N such that if (1/2)\ |df|?dM<c;, then f is stable.
M
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