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\S 1. Introduetion.

Let $K$ be an imaginary quadratic field embedded in the complex number
field $C$ and $O_{K}$ its ring of integers. Consider the subgroup $\Gamma(8)$ of $SL(2,0_{K})$

consisting of all matrices congruent to $(1 1)$ modulo 8. As was noticed by

Kubota [7], the map $x:\Gamma(8)arrow Z/2Z$ defined by

$\chi(\begin{array}{ll}a bc d\end{array})=\{\begin{array}{l}\frac{l}{2}(1-(\frac{c}{a})),0,\end{array}$
$c=0c\neq 0$

is a homomorphism, the homomorphic property being essentially equivalent to
the reciprocity law of the quadratic residue symbol $(c/a)$ of $K$. On the other
hand, by a result of Sczech [10], we have homomorphisms from $\Gamma(8)$ to the
additive group of $C$ explicitly given by generalized Dedekind sums. The aim
of this paper is to study the relation between these two kinds of homomorphisms.
The main result is that there exists, among the linear combinations of Sczech’s
homomorphisms, a homomorphism $\Psi$ with values in the ring $Z$ of rational
integers such that

$\langle$ 1) $\chi(A)\equiv\Psi(A)$ $(mod 2)$

for every $A\in\Gamma(8)$ . This was conjectured in [10].

TO be more specific, let $L$ be a lattice in $C$ and denote by $O_{L}$ the ring
consisting of all $m$ in $C$ with $mL\subset L$ . Let, for $z$ in $C$ and a non-negative
integer $n$ ,

$E_{n}(z)=w+z \neq 0\sum_{w\in L}(w+z)^{-n}|w+z|^{-s}|_{s\Leftarrow 0}$
,

where the value at $s=0$ is to be understood in the sense of analytic continua-
tion. Put, for two integers $a,$ $c$ in $O_{L}$ with $c\neq 0$ ,

$D(a, c)= \frac{1}{c}\sum_{m\in L/cL}E_{1}(\frac{am}{c})E_{1}(\frac{m}{c})$
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and define the map $\Phi=\Phi_{L}$ from $SL(2, O_{L})$ to $C$ by

$\Phi(\begin{array}{ll}a bc d\end{array})=\{$

$E_{2}(0)I( \frac{a+d}{c})-D(a, c)$ , $c\neq 0$

$E_{2}(0)I( \frac{b}{d})$ , $c=0$

with $I(z)=z-\overline{z}$ . It is proved in [10] that

$\Phi(AB)=\Phi(A)+\Phi(B)$ , $A,$ $B\in SL(2, O_{L})$ ,

$i.e.,$ $\Phi$ is a homomorphism. The following is our main theorem.

THEOREM 1. Among the linear combinations of the homomorPhisms $\Phi_{L}$ asso-
ciated with lattices $L$ such that $O_{L}$ is the order of $K$ with conductor 8, there exists
a $Z$-valued homomorphism $\Psi$ which satisfies (1) for every $A$ in $\Gamma(8)$ .

By a general result of Harder (cf. [3]), the first cohomology group $H^{1}(\Gamma(8), C)$

of $\Gamma(8)$ , which is nothing else than the $C$-vector space of all homomorphisms
from $\Gamma(8)$ to $C$, has a canonical decomposition

$H^{1}(\Gamma(8), C)=H_{bis}^{1}(\Gamma(8), C)\oplus H_{cusp}^{1}(\Gamma(8), C)$

into the Eisenstein part and the cusp part. If $O_{L}$ is the order in $K$ with con-
ductor 8, the restriction of $\Phi_{L}$ to $\Gamma(8)$ belongs to the Eisenstein part (cf.

Weselmann [13] $)$ . Our theorem, therefore, says tbat $x:\Gamma(8)arrow Z/2Z$ has a ’lift’
$\Psi:\Gamma(8)arrow Z$ in the Eisenstein part.

In the following we first prepare congruences for the division values of
elliptic functions (\S 2). Then our result is obtained by the help of a lemma
(Lemma 6) which is a version of the so-called Gauss’ lemma. The case where
the discriminant of $K$ is congruent to one modulo 8 is essentially treated in [5].

There is a similar result for the cubic residue symbol of $Q(\sqrt{}\overline{-3})([6])$ . For
the relation between classical Dedekind sums and the quadratic residue symbol
of the rational number field $Q$ , we refer the readers to Rademacher and Gross-
wald [8] and Sczech [11].

The author would like to thank Sonderforschungsbereich 170 at G\"ottingen

for financial support and accommodation during the preparation of this work.

\S 2. Congruences satisfied by division values of elliptic functions.

The purpose of this section is to get two corollaries of Theorem 2. First
we quote some known facts (cf. Cassou-Nogu\‘es and Taylor [1], Fueter [2]).
Keeping the notation introduced in the previous section, take a 4-division point
$\psi$ of $C/L$ with $2\psi\neq 0$ and put
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$t=t_{L}( \psi)=\frac{129(2\psi)}{q(\psi)-9(2\psi)}$ ,

$T(z)=T_{L}(z; \psi)=\frac{9(\psi)-9(2\psi)}{B(z)-g(2\psi)}$ ,

where $g$)$(z)$ denotes the Weierstrass $q$-function wlth respect to $L$ .

LEMMA 1 ([2], p. 99). For every odd integer $n$ greater than one, the poly-
nomial

$\prod_{a\in n^{-1}L/L-\{0\}}(X-T(\alpha))$

has coefficients in $Z[t]$ and the constant term is $n^{2}$ .

The value $t_{L}(\psi)^{2}$ depends only on $L$ and $2\psi$ and hence we may put

(2) $s_{L}(2\psi)=t_{L}(\psi)^{2}-2^{6}$ .

For $(u, v)$ in $(Z/2Z)^{2}-\{(0,0)\}$ and a variable $\tau$ in the upper half plane $H$ let

$s_{(u,v)}(\tau)=s_{L}.(_{2}^{u\tau+v})$

with $L_{\tau}=Z\tau+Z$.
LEMMA 2 (cf. [1]). One has

(3)
$s_{(1,0)}( \tau)=\frac{\Delta(\frac{\tau}{2})}{\Delta(\tau)}$

,

$s_{(0.1)}( \tau)=2^{12}\frac{\Delta(2\tau)}{\Delta(\tau)}$

with

$s_{(1.1)}( \tau)=\frac{\Delta(\frac{\tau+1}{2})}{\Delta(\tau)}$

,

$\Delta(\tau)=e^{2\pi i\tau}\prod_{n=1}^{\infty}(1-e^{2\pi in\tau})^{24}$

and

(4) $s_{(1,0)}(\tau)s_{(1,1)}(\tau)s_{(0,1)}(\tau)=-2^{12}$

Furthermore, for every $A$ in $SL(2, Z)$ ,

(5) $s_{(u,v)}(A\tau)=s_{(u,v)A}(\tau)$ .

Denote by $\mathcal{O}_{f}$ the order in $K$ with conductor $f(0<f\in Z)$ and by $H_{m}$ the
maximal ray class field over $K$ modulo $m(0 \frac{\neq}{}m\in O_{K})$ . For a non-negative
integer $k$ , we put

$r_{k}=\{$

$0$ $D_{K}\equiv 1$ (mod8)

$2^{1-k}$ , $D_{K}\equiv 5$ $(mod 8)$ ,

3 $\cdot$ $2^{-1-k}$ , $D_{K}\equiv 0$ $(mod 4)$
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where $D_{K}$ is the discriminant of $K$. If $a$ and $b$ are algebraic integers in $C$ ,

we write $a\sim b$ when $a/b$ is a unit.

LEMMA 3 ([2], pp. 202\sim 204). SuPPose $O_{L}=O_{K}$ and let 8 be a primitive2-
division Point of $C/L$ . Then $s_{L}(S)$ is an algebraic integer of $H_{2}$ and

$s_{L}(S)\sim 2^{2r_{0}}$ .

LEMMA 4. Let $\mu a\tau d$ a positive integer $\nu$ be such that $\tau_{0}:=\mu/\nu\in Ho_{K}=$

$Z\mu+Z$ and $\mathfrak{U}=Z\mu+Z\nu$ is an ideal of $K$ prime to 2. Then, for every positive
integer $k,$ $s_{(0.1)}(2^{k}\tau_{0})$ and $s_{(1,1)}(2^{k}\tau_{0})$ are algebraic integers in $H_{2^{k+1}}$ and

(6) $s_{(0.1)}(2^{k}\tau_{0})\sim s_{(1.1)}(2^{k}\tau_{0})\sim 2^{2r_{k}}$ .

PROOF. We quote the following general facts from tbe theory of complex
multiplication (cf. Stark [12], p. 217). Let $g$ be a modular function of level $N$

$(0<N\in Z)$ which is holomorphic on $H$ and whose Fourier expansion at every
cusp has coefficients in $Z$. Let $\mathfrak{U}=Z\mu+Z\nu$ be a proper fractional $O_{f}$ -ideal
$(0<f\in Z)$ with $\tau_{0}=\mu/\nu$ in $H$. Then $g(\tau_{0})$ is an integer of $H_{fN}$ . Moreover, if
8 is a prime ideal in $K$ of degree one over a rational prime $P$ with $(p, fiVD_{K})$

$=1$ and if $\sigma$ denotes the Frobenius automorphism of $H_{fN}/K$ corresponding to
$\mathfrak{P}$ , then one has

(7) $g(\tau_{0})^{\sigma}=g(A\tau_{0})$ ,

for $A$ in $SL(2, Z)$ taken as follows. Namely let $B$ be a 2 by 2 matix with

coefficients in $Z$ such that $B(\begin{array}{l}\mu\nu\end{array})$ gives a $Z$-basis of $\overline{\mathfrak{p}}\mathfrak{a}$ with $\mathfrak{p}=\mathfrak{P}\cap O_{f}$ and take

$A$ satisfying

$(p 1)\equiv AB$ $(mod N)$ .

Returning to the notation in Lemma 4, we have

$\mathcal{O}_{2^{k}}=Z2^{k}\mu+Z$

and
$\mathfrak{U}\cap 0_{2^{k}}=Z2^{k}\mu+Z\nu$ .

Because the functions $s_{(0.1)}$ and $s_{(1.1)}$ satisfy the above conditions for $g$ with
$N=2$ , their values at $2^{h}\tau_{0}$ are integers of $H_{2^{k+1}}$ . We prove (6) by induction on
$k$ . Since $\nu/2$ gives a primitive 2-division point of $C/\mathfrak{A}$ ,

$s_{(0.1)}(\tau_{0})\sim 2^{2r_{0}}$

by Lemma 3. Let $m$ be a positive integer and assume

$s_{(0.1)}(2^{m-1}\tau_{0})\sim 2^{2r_{m-1}}$ .
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By (3) and (4),

$s_{(0.1)}( \tau)s_{(1.1)}(\tau)=-s_{(0.1)}(\frac{\tau}{2})$

and hence
$s_{(0.1)}(2^{m}\tau_{0})s_{(1.1)}(2^{m}\tau_{0})=-s_{(0.1)}(2^{m-1}\tau_{0})\sim 2^{2r_{m-1}}$

If $D_{K}\equiv 1$ (mod8), then $r_{m-1}=0$ and we get (6) for $k=m$ . We claim that
$s_{(0.1)}(2^{m}\tau_{0})$ and $s_{(1.1)}(2^{m}\tau_{0})$ are conjugate to each other over $H_{1}$ , the Hilbert class
field of $K$. Then, because every prime ideal of $H_{1}$ over 2 ramifies completely
in $H_{2^{m+1}}$ when $D_{K}\not\equiv 1$ (mod8), we get (6) for $k=m$ in this case also. This
will complete the proof of Lemma 4.

TO prove the above claim, take a prime ideal $\mathfrak{P}=\mathcal{O}_{K}\omega$ in $K$ of degree one
with $p=\omega\omegarightarrow$ prime to $2D_{K}$ . Further suppose $\omega$ has the form

$\omega=2^{m}a\mu+b$ $(a, b\in Z, a\equiv 1(2))$ ,

i.e., $\omega$ belongs to $O_{2^{m}}$ but not to $O_{2^{m+1}}$ . We have $\mathfrak{P}\cap O_{2^{m}}=O_{2^{m}}\omega$ . Define the
2 by 2 integral matrix $B$ by

$B(\begin{array}{ll}2^{m} \mu q \end{array})=\overline{\omega}(\begin{array}{ll}2^{m} \mu q \end{array})$ .

One easily sees that

$B=(\begin{array}{ll}b 2^{2m}a\mu\overline{\mu}/q-aq 2^{m}a(\mu+\overline{\mu})+b\end{array})\equiv(\begin{array}{ll}1 01 1\end{array})$ $(mod 2)$ .

Hence, by (7) and (5),

$s_{(0.1)}(2^{m}\tau_{0})^{\sigma}=S_{(0.1)((\begin{array}{ll}1 01 1\end{array})2^{m}\tau_{0})=s_{(1.1)}(2^{m}\tau_{0})}$ ,

where $\sigma$ is the Frobenius automorphism of $H_{2^{m+1}}/K$ corresponding to $\mathfrak{B}$ . This
proves our claim.

It can be seen from the above proof that, more precisely, $s_{(0.1)}(2^{m}\tau_{0})$ and
$s_{(1.1)}(2^{m}\tau_{0})$ belong to the ring class field over $K$ modulo $2^{m+1}$ and are conjugate
to each other over the ring class field modulo $2^{m}(m\geqq 1)$ .

LEMMA 5. Suppose $0_{L}=0_{2^{k}}$ with a non-negative integer $k$ and let 8 be a 2-
division point of $C/L$ whose image under the natural map $C/Larrow C/O_{K}L$ is a
primitive 2-division point of $C/O_{K}L$ . Then $s_{L}(\theta)$ is an algebraic integer of $H_{2^{k+1}}$

and
$s_{L}(\{i)\sim 2^{2r}k$

PROOF. The case $k=0$ is just Lemma 3. Let $k\geqq 1$ . Because

$s_{\lambda L}(\lambda\xi)=s_{L}(\xi)$ , $0\neq\lambda\in C$, $0\neq\xi\in 2^{-1}L/L$ ,

we may assume that $L=O_{L}\cap \mathfrak{Q}$ and $O_{K}L=\mathfrak{Q}$ with a prime ideal $\mathfrak{Q}$ of $K$ of
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degree one over a prime number $q,$ $(q, 2D_{K})=1$ . We can write $\mathfrak{Q}=Z\mu+Zq$

with $\mu$ in $H$ Then $\mathcal{O}_{K}=Z\mu+Z$ and $L=Z2^{k}\mu+Zq$ . It follows from the as-
sumption on 8 that

$\theta\equiv\frac{q}{2},$
$\frac{2^{k}\mu+q}{2}$ $(mod L)$

and
$s_{L}(\theta)=s_{(0,1)}(2^{k}\tau_{0}),$ $s_{(1.1)}(2^{k}\tau_{0})$

with $\tau_{0}=\mu/q$ . Hence the assertions follows from Lemma 4.

Denote by $\mathfrak{O}_{2}$ the ring consisting of all algebraic numbers in $C$ integral at 2.

THEOREM 2. Suppose $O_{L}=O_{2^{k}}(k\geqq 0)$ and let 8 be as in Lemma 5. Then,

for every Point $\alpha\in C/L,$ $\alpha\neq 0$ of an odd order, one has

$B(\theta)^{-1}B(\alpha)\equiv 1$ $(mod 2^{2-r_{k}}\mathfrak{O}_{2})$ .

PROOF. Take a 4-division point $\psi$ of $C/L$ with $2\psi=\theta$ . By (2) and Lemma
5, $t=t_{L}(\psi)$ is a non-zero algebraic integer and

$t^{-1}\in 2^{-r_{k}}\mathfrak{O}_{2}$ .
By Lemma 1, $T(\alpha)=T_{L}(\alpha;\psi)$ is an algebraic integer prime to 2. The assertion
follows from

$\frac{g(\alpha)}{q(\theta)}=1+\frac{12}{tT(\alpha)}$ .

COROLLARY 1. Assumptions on $O_{L},$
$\theta$ and $\alpha$ being as in Theorem 2, one has

$(-B(\theta))^{-1/2}E_{1}(\alpha)\equiv 1$ $(mod 2^{1- r_{k/2}}\mathfrak{O}_{2})$ .

PROOF. Denote by $n$ the order of a. We have the following identities
(cf. [10], [11]):

$nE_{1}( \alpha)=\sum_{m=1}^{n-2}(E_{1}(\uparrow n\alpha)+E_{1}(\alpha)-E_{1}((m+1)\alpha))$ ,

$(E_{1}(m\alpha)+E_{1}(\alpha)-E_{1}((m+1)\alpha))^{2}=9(m\alpha)+9)(\alpha)+9((m+1)\alpha)$ .

Note that, for an algebraic number $c$ and a rational number $x$ , OS $\chi\leqq 1$ , one
has $c\equiv 1(mod 2^{x}\mathfrak{O}_{2})$ if and only if $c^{2}\equiv 1(mod 2^{2x}\mathfrak{O}_{2})$ . Then, by Theorem 2,

$(-\ovalbox{\tt\small REJECT}\theta))^{-1/2}(E_{1}(7n\alpha)+E_{1}(\alpha)-E_{1}((m+1)\alpha))\equiv 1(mod 2^{1-\tau k/2}\mathfrak{O}_{2})$

and the assertion follows.

COROLLARY 2. Assumptions on $O_{L}$ and 8 being as in Theorem 2, suppose,
furthermore, $k\geqq 3$ . Then one has
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$2^{k}\sqrt{}\overline{D}_{K}q(\theta)^{-1}E_{2}(0)\equiv 0$ $(mod 2^{3-r_{k}}\mathfrak{O}_{2})$ .

PROOF. For every $\mu\in O_{L}$ with $(\mu\overline{\mu}, 2)=1$ , we bave (cf. [11], p. 102)

$\mu I(\mu)E_{2}(0)=2\sum_{m\in L’\mu L-\{0\}}9(\frac{m}{\mu})$ .

By Theorem 2, the rigbt hand side is congruent to $\mu\overline{\mu}-1$ modulo $2^{3-r_{k}}\mathfrak{O}_{2}$ .
Putting $\mu=1+2^{k-1}$ $\overline{D}_{K}$ , we get the assertion.

\S 3. Main result.

Throughout this section we assume that $\mathcal{O}_{L}=O_{2^{k}}(k\geqq 0)$ and let 8 be a 2-
division point of $C/L$ satisfying the condition in Lemma 5. Further we adapt
the convention that $(O/c)=1$ if $c$ is a unit in $K$.

THEOREM 3. For two integers a, $c$ in $\mathcal{O}_{L}$ with $O_{K}2a+\mathcal{O}_{K}c=\mathcal{O}_{K}$ , one has

$-c 9(\theta)^{-1}D(a, c)\equiv c\overline{c}+1-2(\frac{a}{c})$ $(mod 2^{3- r_{k}}\mathfrak{O}_{2})$ .

PROOF. Let $\alpha$ be a point of $C/L$ such that

$\{m\in 0_{L} ; m\alpha=0\}=cO_{L}$

and put
$f(m)=(-9(\theta))^{-1/2}E_{1}(7n\alpha)$

for $m\in O_{L}/cO_{L}$ . This satisfies
$f(-m)=-f(7n)$

and
$f(m)\equiv 1$ $(mod 2^{1-\gamma}k/2\mathfrak{O}_{2})$ , $m\neq 0$

by Corollary 1 of Theorem 2. Since $0_{L}/cO_{L}$ is isomorphic to $O_{K}/c\mathcal{O}_{K}$ , Theorem
3 follows from the next lemma.

For a finite algebraic number field $M$, we denote by $O_{M}$ the integer ring
of $M$.

LEMMA 6. Let $M$ be a finite algebraic number field in $C$ and $c$ an integral
ideal in $M$ prime to 2. Suppose that a map $f$ : $O_{M}/carrow C$ satisfies

$f(-m)=-f(m)$ , $m\in O_{M}/c$

and
$f(m)\equiv 1$ $(mod 2^{\beta}\mathfrak{O}_{2}),$ $0\neq m\in \mathcal{O}_{M}/c$

with a positive rational number $\beta$ . Then, for every $a$ in $O_{M}$ prime to $c$ ,
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$\sum_{m\in 0_{M}/c}f(am)f(m)\equiv Nc+1-2(\frac{a}{c})_{M}$ $(mod 2’\mathfrak{O}_{2})$ ,

where $(a/c)_{M}$ is the quadratic residue symbol of $M,$ $Nc$ is the absolute rorm of $c$

and
$\gamma=\min\{1+2\beta, 2+\beta, 3\}$ .

PROOF. Let $R$ be a subset of $O_{M}/c$ such tbat $RA(-R)$ is empty and $0_{M}/c$

$=R\cup(-R)\cup\{0\}$ . By the conditions on $f$ ,

$\sum_{m\in \mathcal{O}_{M}/c}f(am)f(m)-Nc+1$

$=2 \sum_{m\in R}f(am)f(m)-Nc+1$

$=2 \sum_{m\in R}\{(f(am)-1)(f(m)+1)+f(m)-f(am)\}$

$\equiv 2$

$\{\sum_{m\in R}f(m)-\sum_{m\in\alpha R}f(m)\}$
$(mod 2^{1+2\beta}\mathfrak{O}_{2})$ .

Put
$R_{n}=\{\tau n\in R;am\in(-1)^{n}R\}$ , $n=0,1$ .

Then $R=R_{0}\cup R_{1}$ and $aR=R_{0}\cup(-R_{1})$ , the unions being disjoint. Hence

2 $\{ \sum_{m\in R}f(m)-\sum_{m\in aR}f(m)\}=4\sum_{m\in R_{1}}f(m)\equiv 4\cdot\# R_{1}$
$(mod 2^{2+\beta}\mathfrak{O}_{2})$ ,

where $\# R_{1}$ is the number of elements of $R_{1}$ . A generalization of Gauss’ lemma
(cf. Reichardt [9]) says

$\# R_{1}\equiv\frac{1}{2}(1-(\frac{a}{c})_{M})$ $(mod 2)$ .

This proves the lemma.

THEOREM 4. Assume $k\geqq 3$ . Then, for $A=(\begin{array}{ll}a bc d\end{array})$ in $SL(2, \mathcal{O}_{L})$ with $(cC, 2)$

$=1$ ,

$\mathfrak{U}\theta)^{-1}\Phi(A)\equiv 2-2(\frac{a}{c})$ $(mod 2^{3-\tau_{k}}\mathfrak{O}_{2})$ .

PROOF. Recall that $O_{L}=\mathcal{O}_{2^{k}}=Z+2^{k}O_{K}$ and note that

$I( \frac{a+d}{c})\in 2^{k}\sqrt{D_{K}}\mathfrak{O}_{2}$ .

Then, by Corollary 2 of Theorem 2,

$\Xi)(S)^{-1}E_{2}(0)I(\frac{a+d}{c})\equiv 0$ $(mod 2^{3- r_{k}}\mathfrak{O}_{2})$ .

Since $c\in 1+2Z+8O_{K}$ we see $c\overline{c}\equiv 1$ (mod8) and $c\equiv 1(mod 2\mathfrak{O}_{2})$ . Therefore, by
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Theorem 3,

$c9)( \theta)^{-1}\Phi(A)\equiv 2-2(\frac{a}{c})\equiv c\{2-2(\frac{a}{c})\}$ ( $mod 2^{3-\tau_{k}}$ D2).

Because $c$ is $a$ unit of the ring $\mathfrak{O}_{2}$ , we get the theorem.

We need a simple lemma to get a $Z$-valued homomorphism which inherits
the congruence of Theorem 4.

LEMMA 7. Let $1lf$ be a finite algebraic number field and $\mathfrak{p}$ a prime ideal in
$M$ over a prime number $p$ . Then there exists a number $\mu$ in $M$ such that

Tr $(\mu)\equiv 1$ $(mod pZ)$

and, for every $m$ in $\mathfrak{p}$ ,
Tr $(\mu m)\equiv 0$ $(mod pZ)$ .

Here Tr $(\cdot)$ denotes the trace map from $M$ to $Q$ .

PROOF. Denote by $9_{M}$ the different of $M$. If $\mu\in 9_{M}^{-1}p\mathfrak{p}^{-1}$ , we have

Tr $(\mu m)\equiv 0$ $(mod pZ)$

for every $m$ in $\mathfrak{p}$ . Hence it suffices to show that

Tr $(g_{M}^{-1}p\mathfrak{p}^{-1})\not\subset pZ$ .
Suppose this be false. Then

Tr $(9_{M}^{-1}\mathfrak{p}^{-1})\subset Z$

and, since
$9_{M}^{-1}=$ { $a\in M$ ; Tr $(aO_{M})\subset Z$ },

we have
$9_{M}^{-1}\mathfrak{p}^{-1}\subset 9_{M}^{-1}$ ,

which is a contradiction. This concludes the proof.

NOW we can prove Theorem 1. Assume $k\geqq 3$ . Since $SL(2, O_{L})$ is finitely
generated, the field $\Lambda f$ generated over $Q$ by all the values of $9(\theta)^{-1}\Phi$ is a finite
algebraic number field and $g$)$(\theta)^{-1}\Phi(SL(2, O_{L}))$ is a $Z$-module of a finite rank.
Take $\mu$ in $M$ satisfying the conditions of Lemma 7 for a prime ideal $\mathfrak{p}$ in $\Lambda\prime l$

over 2. Then, for every $A=(\begin{array}{ll}a bc d\end{array})$ in $SL(2, O_{L})$ with $(c\overline{c}, 2)=1$ ,

$\Psi(A):=\frac{1}{4}Tr(\mu 9(\theta)^{-1}\Phi(A))\equiv\frac{1}{2}(1-(\frac{a}{c}))$ $(mod 2\mathfrak{O}_{2})$

by Theorem 4. Multiplying $\mu$ by a suitable odd integer if necessary, we may

assume that $\Psi$ is $Z$-valued. Since $\Psi(-1 1)=0$ , one has
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$\Psi(A)=\Psi((-1 1)A) \equiv\frac{1}{2}(1-(\frac{c}{a}))$ $(mod 2)$

for $A=(\begin{array}{ll}a bc d\end{array})$ in $SL(2, O_{L})$ with $c\equiv 0(mod 2O_{K})$ . Consider the case $k=3$ , i.e.,

$O_{L}=\mathcal{O}_{8}$ . Then $SL(2, O_{L})$ contains $\Gamma(8)$ and $\Psi$ satisfies (1) for $A$ in $\Gamma(8)$ . For
every automorphism $\sigma$ of $C$, there exists a lattice $L’$ in $C$ such that $O_{L’}=O_{L}$

and
$(B(\theta)^{-1}\Phi_{L})^{\sigma}=\Phi_{L’}$ ,

cf. [10], p. 540 and [4]. Hence we have proved Theorem 1.
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