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1. Introduction.

Let (M, g) be a smooth closed Riemannian n-manifold, and P a principal
G-bundle over (M, g) with compact Lie group G. Let C be the space of all
smooth connections on P—M compatible with the metric on P. The space
C is an affine space. For a connection A=(C, we denote by d, and d4 the
covariant exterior derivative and its formal adjoint respectively.

The Yang-Mills functional J: C—R is defined by

1

sy =5\ 1, M

where F, is the curvature of a connection A, and dp, is the volume element
induced from a Riemannian metric g. A iscalled a Yang-Mills connection if A
is a critical point of the Yang-Mills functional J, that is, A satisfies the Yang-
Mills equation

04F,4=0, 2

which is the Euler-Lagrange equation for the Yang-Mills functional J.

In dimension 4, it is well-known that the Yang-Mills functional is invariant
under conformal changes of metric on the base manifold, but in general it is
not invariant under this action.

In this paper, using the above fact we will show “some existence” result
for Yang-Mills connections in higher dimensions:

THEOREM 1.1. Let (M, g) be a smooth closed Riemannian manifold of dimen-
sion n=5, P a smooth principal G-bundle over (M, g) with compact group G.
Then there exists a connection A,=C and a metric § on M which is conformally
equivalent to the original metric g such that A, is a Yang-Mills connection on
the principal bundle P over (M, g).

The idea of a proof of this Theorem here is essentially due to J. Eells-
M. J. Ferreira for harmonic maps ([1]). In section 2, we will state some known



140 M. KATAGIRI

facts about the connections on principal fiber bundles, and in section 3, we will
give a proof of the above theorem.

2. Preliminaries.

In this section we describe known results concerning connections on principal
fiber bundles and fix the notation that will be used in this paper.

Let (M, g) be a smooth closed Riemannian n-manifold and = : P—M a smooth
principal G-bundle with compact Lie group G. We denote by = the Lie alge-
bra of G. Let m.q: Gp—M be the bundle of groups over M, with total space
Gp=PX,4G and fiber G associated to = : P—M via the adjoint action ad: G—
Aut (G) of G onto itself. We denote by maq: &p—M the vector bundle over
M, with total space Sp=PXaq5, associated to the principal fiber bundle
7 : P—M via the adjoint representation Ad: G—Aut ().

For a given number 1< p<oo, 2p>n, we define the gauge transformation
group LZ¢ to be the group of principal fiber bundle automorphisms which is
naturally isomorphic to the group L%(Gp) of L3-sections of m.q: Gp—M, where
L} is a Sobolev space whose derivatives of order less than or equal to k are
in L?. The group L%¢ has a smooth Banach manifold structure, and the group
operations are smooth (see [7]). The Lie algebra of L2¢ may be identified
with L3(&p).

Given x,=M, we define L3g, as the subgroup of L3¢ consisting of those
principal fiber bundle automorphisms which fix fiber of = : P—M over x,.

Let C be the affine space of smooth connections on P. Taking a base con-
nection A,=C, we have

C = {A+A; AcQE,)}, 3

where Q%&p) is a Hp-valued 1-form on M. So we can define the L?-Sobolev
space LZC of connection as follows:

LYC = {A+A; A LE(QY(ER)), @

which is independent of the choice of a base connection A, because C is an
affine space.

Taking a basis {E,} of &p, for 0=3,0,QE.€2*(M)QEp, U= U,RE,
eQM)QREp, we define [-, -]: Q¥ Ep) X QUER)—R (5 p) by

[®J w‘] = Zb ¢aAwb®EEa’ Eb] ) (5)
where [, -] in the right hand side is the natural Lie bracket on 5 induced

by Lie algebra =.
If 2p=n, then the curvature F, of connection A L2C is locally given by
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Fu=dA+ 5[4, Ale LYYy, 6)

where we use Sobolev embedding theorem LZc,L%P. Since we assume G is
compact, by using Haar measure on G, there exists an adjoint G-invariant inner
product (-, -) on &Z. Using this inner product (-, -) on 5, we can define the
fiber metric (-,-) on Zp. So we get a fiber metric (-, -) on Q¥ Ep)=2*(M)
Q& p using the Riemannian metric g. We use the same notations for these
inner products.

The Yang-Mills functional J: C—R is defined by

1
J)y =3\ |Fadp,, ™
where the norm |-| is induced by the above inner product (-, ) on 2% 5p).

The Yang-Mills functional is invariant under the action of gauge transforma-
tions, 7. e. for all g4, and AC,

J(A) = J(p*A). (8)

If 2p>n, then the gauge transformation group L3¢ acts smoothly on the space
L?C of L%-connections on P, sending A= L3iC to p*A= L3C for o= L2g. Note
that by Sobolev embedding theorem, L3c,C? the action of gauge transforma-
tions does not change the topology of principal fiber bundle provided 2p>n.
But in general this action is not free. If x, is some chosen point of M, then
the subgroup L34, acts smoothly and freely on L{C. For this action, the fol-
lowing slice theorem holds (see [5]):

THEOREM 2.1 (slice theorem). Let M be a closed manifold of dimension
n=2, w: P-M a principal fiber bundle with compact structure group. If p is a
real number satisfying 1<p<co and 2p>n, then the orbit space L2C/L3g,
admits a unique smooth Banach manifold structure.

We shall also use the following result, which is used in proving the above
slice theorem (see [5]):

PROPOSITION 2.2. Let M, P, and p be as in Theorem 2.1. Then for all
Ae LEC, there exists a neighborhood of U of Ain LEC such that if A’ U, then
there exists a gauge transformation ¢ L33 such that ¢*A€ U and

dalp*A’—A)=0. ©)
The following result which we will also use has been proved in [8].

THEOREM 2.3 (Uhlenbeck’s weak compactness theorem). Let M, P, and p
as in Theorem 2.1, and {A;}3.C LYC a sequence of LZ%-comnections. If LP-norm
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of curvatures Fu, of A; satisfy
|, 1Falrdp, < K

for some constant K, then there exists a subsequence of {A;} (by renumbering we
also use A;), and a sequence of gauge transformations ¢, LYG such that {pTA}
converges weakly in LEC.

3. Proof of Theorem.

In this section, we will give a proof of Theorem stated in Introduction.
The idea of this proof is essentially due to [1].

Let (M, §) be a smooth closed Riemannian n-manifold, and P a principal
fiber bundle over M. We denote L? and Lf-norm by |||, and |- , respec-
tively. The Yang-Mills functional is

. 1
JA; B =5\ 1Falsdps. 10)
Note that the norm |-| of curvature F, depends on the metric g. By putting
g=fYrMg feC(M), >0, J(A; g) is written on (M, g) as
. 1
JA; @) =5\ fIFadp,. (1)
Now we consider a new functional J,: C—R defined by
1
Ty =] A1 Farrdp, a2

If there exists a smooth critical point A,=C of the functional j,, then A,
satisfies the Euler-Lagrange equation for J,:

Oag{(L+ | Fap )P Fa} =0. (13)
So if we put

J =0+ Fq | P21,
then for all A,:= A,+tp, ¢=Q*(Ep), t=R, and noting that

Fy, = F40+tdA0¢+%t2[¢, o], (14)

we get

d n 1 d
FIAG B _ =5\ A+IF DSt | da,

= | (1 Fay |97 Py da)dpre
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= | a1 Py |97 P, )y
=0.

(15)

Therefore A, is a Yang-Mills connection on =: P—(M, §). So it suffices to
show that for a suitable real number p, there exists a critical point A,=C of
the functional J,.

From now on we will show the existence of a smooth critical point of the
functional J,. First we prepare a general ideas of the Palais-Smale condition
for the functional J,. Recall a sequence {A;}2,CL%C is called a Palais-Smale
sequence for the functional [, if J,(A;) is bounded and V], 4,[*—0, as i—oo,
where for B€QYEp),

Vs a(B) = | (41 Fal (P, duBdps, (16)
and ||-||* denotes the dual norm of L%C, i.e.
19 5. 4ll% = sup{1 9] u(B)| ; BE LX@XE2), |Blip,=1}.  (17)

The functional J,: L?C—R is also invariant under the gauge transformation
group. We conclude that the functional

Jo: L2C/L2¢, —> R (18)
induced by the functional J, satisfies the Palais-Smale condition if and only if
for every Palais-Smale sequence {4}, C LYC, there exist a subsequence {4;} %,
and a sequence {¢;}7.CL3G, such that ¢}A; converges strongly in L{C as
71—00,

The quotient group L%G/L%4, is isomorphic to the compact structure group
G. Let {7, CL3G. So after passing to a subsequence if necessary, we can
find a strongly convergent sequence {¢;}i~,C L3¢ such that ¢:¢;= L3g, for all
ieN. Therefore we conclude that the functional j-p: L?c/L26,—R satisfies the
Palais-Smale condition if and only if every Palais-Smale sequence in L?C hasa
subsequence which is gauge equivalent to a strongly convergent sequence in
L3cC.

First we assume 2p>n.

PROPOSITION 3.1. Let 2p>n. Then the functional j,,: LY¢/LEg,—R satisfies
the Palais-Smale condition.

PrOOF. Let {A;}7..CL?C be a Palais-Smale sequence with J,(4,)<K.
Then from the boundedness of J,(A4;), we get LP-bounds of the curvatures
F,,. By Uhlenbeck’s weak compactness theorem, there exist a subsequence {A;} 3,
and a sequence of gauge transformations {¢;}i=,C L3¢ such that ¢%}A; con-
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verges weakly to some A, L%C. For simplicity, we denote ¢¥A; by A;. Since
{A;} 5, C L?C is a bounded Palais-Smale sequence, we get for all A; and A;,

(V]p,Ai'—vjp,Aj)(Ai—Aj)
SV p a(Ai— AP+ IV p, a(Ai— A
SNV o ¥ A= Ajlls o+ IV o, 451 ¥ As— Ajlls, p —> 0 (19)

as 7, j—oo,
To obtain Proposition 3.1, we need the following:

LEMMA 3.2. For all A, and A,< L3C satisfying J,(A4,), Jo(A)=K, we have
(VT 5, 4,— V] p, 4,)(A1— As)
= ClFay=F 4,1 3—CllFa,—Fa,l| 5 A1 — Ao|I357*— C(K)|| A1 — A.|3p,  (20)

where C is a constant independent of A, and A,, and C(K) depends on the geo-
metry of (M, g) and the bounded constant K.

PROOF. Note that if we write for 0<t<1,

A, =tA+(1—1)A, = A +1H(A,—As),
then we have

1
Fa, = tF4,+(1—10)Fu4, +'§‘(t2_t)[A1“’A2, A;—A.]. (21)

Using this we get

[ A1 P 975y, da(Ai—Ad g

= U Pl (P ay, da(Ai— A

It

1d
Msozz<<1+ |Fa,|*)7* 7 Fayy da(Ai—Ao)dtdpt,

i

)

[ -2+ Ry e

X(Fay Fay—Fa+(2 %)[AI—AZ, A=A Fay daf(As=A)dtd,

| VAV Ea |97 Fay = Fay, du (A= As)dtd g

+)
5

1
+{ a1 By e, TA— 4, A ADdsdp,

Lt 1 Fa 7m0 A As, A= Al du(Ai— A0 )dtdpg

MJO
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= <1J—2>SMS:<1+ | Fa, |9P/2°2| (Fy,, da(Ai—Ay)|%dtd g,
] 0 R 197 (A= 40, dafA—ADdtdp
] a1 B mreE, (A4, A At

= | (041 Fg 1970 (A= A0, da(A—Adtdp,
] S 1Ry 19, 1A= A, A Adtd

1 2
—_—S S:(l+|FAg|2)P/2‘1 FAI—FAZ—I_(t—.E)[Ax—"q‘Z- Ai—4.]| didp,

M

] a1 9 Es, LA A, A ADdtdp,
- SMS:(1+ | Fa |77 | Fay— Fay | *dtd pg
+{ fa+ir, 2)*’/2-1(t—%)2| [Ai— Ay, A— Ay dtd oy
+] a1 mg 1@, — Ry 14— 4, A- At

+{ Las1m e, ta-a, A- 4D,
— IV (22)
Note that 1I1=0, and
I, 1IV] < c<K>(SM|Al—Aglzz’dgg)””.

Moreover for ¢=1,

(L4 Fa, IDY* 2 | Fa,1°

q

1
Fay+1(Fa,— Fa,)+ —2—(12~l‘)[z41 — A, Ai—A,]

2 C|Fay+t(Fa,—Fu)I*—=C|[A— Ay, Ai—A,]17. (23)

Using the following well known inequality :

Sllx+tqudtz Clyle, (24)
0
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for all x, yeV, where V is a finite dimensional vector space, we get
1
L+ 1Py 922t 2 C 1 Fa = Fia |27 C LA = Ay, A= A7)

= ClFg—F4,| P 2—Cl A — A, |27 (25)
So we obtain ]

From and [(19), if {A.}.,C L2EC is a Palais-Smale sequence, then
there exist a subsequence of {A;}{; and a sequence {¢;}i=;CL%g such that
0TA;—A, strongly in L3C. Therefore, the functional J, satisfies the Palais-
Smale condition on L?C provided 2p>n. This completes the proof of Proposi-
tion 3.1. [ ]

Assume p>n. By the Sobolev embedding theorem L2c,.C!'™™?, a weak
solution A, L%C of is Holder continuous. From Theorem 1.11.1 of Morrey
in [6], Ac.=L%c. On account of Theorem 5.6.3 in [6] and [Proposition 2.2,
there exists a gauge transformation ¢&L2¢ such that ¢*4A,&L%{C and so
Sobolev embedding theorem L3c,C*'~"/? it has Hoélder continuous first deriva-
tives. From this and again using Theorem 5.6.3 in [6], we get smoothness of
¢*A, (see [6]), which proves Theorem.

REMARKS 3.3. (1) This proof is also valid even in dim M=2 or 3 for the
Yang-Mills functional. And in these cases, the regularity theorem has been
proved in [8]. For details, see [9].

(2) In general, the critical point A, is neither energy minimizing nor stable
critical point for the functional J(A, §). Moreover a critical point A, and a
Riemannian metric § may not be uniquely determined.
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