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§1. Introduction and statement of results.

In general, it is difficult to determine whether a two generator Mobius
group is Kleinian or not, or is discrete or not. In [1], for the purpose of
studying one dimensional Teichmiiller spaces, Keen obtained a moduli inequality
which assures some two generator Mobius groups are Kleinian. To state her
theorem, we need some notation. Let A and B be Mobius transformations and
let G=(A, B) be the group generated by A and B. By the well known isomor-
phism between the Mobius group and PSL(2, C), we put

x =trace (4), y =trace(B) and z =trace(AB).

The groups we are interested in this article are those which satisfy the following.

¢)) x:4yi42t = xyz,
2) z>2 and
3) |x|>2 and |y|>2.

For those groups Keen showed the following.

THEOREM 1 ([1]). If the moduli triple (x, v, z) satisfies (1), (2), (3) and the
inequality

4) |z Im(x)—21Im(y)| < 2|Re(x)],
then the group G=<KA, B) is Kleinian.

On the other hand, we showed the following.

TrsoreM 2 ([3)). Let U=(§ g) and V= (2 5), b0, be loxodromic
elements of PSL(2, C) such that UVU™'V ™! is parabolic. If, for each integer n,
the inequality

ja"a|+|8"d]
la™a+B"d|

la|+B]

®) la—B]

<
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holds, then G'=U, V) is Kleinian.

Restricting to the case in which trace (U)=z>2 and putting trace (V)=y
and x=trace (UV™!), we see that the triple (x, v, z) satisfies (1), (2) and (3).
In this article we compare [Theorem 1| with [Theorem 2 in this situation. That
is, we compare (4) with (5). As a by-product of this comparison, we obtain
the following improvement of [Theorem 1, which is also an improvement of
in the case a+p>2.

THEOREM 3. If the moduli triple (x, v, z) satisfying (1), (2), (3) also satisfies

(6) Im(x) Im(y) < 0

) xy+3Iy > 2z

(8) 2[x12> |xy—ZXy|
© 2112 > [x5—2xy1,

then the group G=<{A, B) is Kleinian.

Our comparison of Theorems 1 and 2 relys on the comparison of the two
different normalizations. We summarize each of these two normalizations in
§ 2 and § 3, respectively. After an observation of some special cases in §4, we
compare Theorems 1 and 2 in §5. In §6 we prove Theorem 3.

REMARK 1. Equality (1) is a special case considered in [1], but also the
most interesting case. Equality (1) implies that the commutator A"!B~'AB is
parabolic. Instead of (1), the equality x?+4y%*+z:’=xyz+4—*k is studied there,
where k=2—trace (A"'B*AB). Our statement of Theorem 1 is for the case
k=4 and it is a main assertion in [1] that 2(G)/G is a pair of once punctured
tori, where Q2(G) is the region of discontinuity of G.

REMARK 2. In appearance, inequality (4) is not symmetric with respect to
x and y. Later we will rewrite (4) so that it is symmetric in x and y. (See
(29) in §5.)

REMARK 3. Inequality (6) comes up from our normalization generators.

§2. Normalization I.

In this section we recall the normalization in [1]. (See also [4].) Throug-
hout this article we assume that the moduli triple (x, v, z) satisfies (1), (2) and
(3). By conjugation in SL(2, C) we normalize A and B such that

a=5G %) me 5=5C0)
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and that the fixed point of A"'B*AB is —1. One computes the matrix AB
and obtains

1 (xy +bic, b2x+b1y>.

AB = —
4 \cox+cy  xy-+cibs

Since trace (AB)=z, we have
(10) bicotciby = 4z—2xy .
One computes
(blcz—c1b2§2 = (bica+¢1by)? —4bic1bacs

= (4z—2xy)*—4(x*—4)(y*—4)

= 16(z*—xyz+x*+y*—4) = —64.
Hence we obtain b,c,—c,b,=+8i, where i=+/—1. We choose a sign suchthat
(11) bico—ciby = 8i.

Now we can write down by, ¢;, b, and ¢, by the moduli (x, y, 2).

LEMMA l. b1 = x——%(y——ix), Cy = x—_i_(y+zx)y

2 . 2 )
bzzy—-z—(x—!—zy) and czzy—;(x—zy).
PrOOF. From and we obtain b,c,=2z—xy+47 so that
1 1 )
Z(xy‘!“blcz) = §(2+22).
Likewise, we obtain
1 1 )
Z(xy+clb2) = 5(2—22).
Therefore we see that, for some X and Y,
i<z+2i X >
2\ Y z—2i/)"

Comparing two matrices AB and BA, we see that

AB =

BA = 1(2—21' X )

2\ Y  z+2

Our normalization that the fixed point of A"'B 'AB is —1 implies that AB(—1)
=BA(—1). So we obtain easily

X+Y =2z.

On the other hand, computing the determinant of AB, we have
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XY = z2.
Therefore we have X=Y =z and
1 yz+2 z
2 AB_’2‘< z z—zz')'

From the equation

_(xy+bics bux+biy\ | (2244 2z
448 = (czx—}—cly xy—{—clbg) o ( 2z 2z—4z’>
one derives

xy2+b162y = 2(2+2Z)y and b262x+b162y = ZZCZ.

Noting y*—b,c,=4, one obtains from these equations
2 )
€= y——(x—1y).
2 =Y 2 ( ¥)
Similar computations yield the remaining three equations.

Thus we showed that the moduli triple (x, v, z) and a normalization with
the choice determine A and B uniquely and so G, too.

Let p4p and g4p be the repelling and the attractive fixed points of AB,
respectively. Then

VZE—4 2 Vzi—4 2
z

(13) bap= — 2 —l——z—z and gu4p= +—Z—z.
Let K be the circle passing through three points p45, g4 and (x+2)/c,. Then
it is shown in that K passes through more three points (x—2)/c¢, and
—(y=+2)/c, and that the center cx of K lies on the imaginary axis of the
complex plane, perhaps at the point at infinity. If ¢, is not real, then cx does
not lie at infinity. Then, from the equation of equidistance of two points from
the center

[(x+2)/ci—ck| = [(x—2)/c1—ckl,
we have

_ xt+X
(14) Cr ="

Denoting by rx the radius of K, we can state that the geometric form of
Keen’s inequality (4) is

15) lex|l > rk.
For completeness, we derive (4) from [15).
LEMMA 2. [Inequality (4) is equivalent to (15).

ProOF. First we shall show that is equivalent to
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(16) (bi—by)(c;—¢1) > 0.
Since 7y is the distance between cx and (x+2)/c,, is equivalent to
lx+%lley| > | xCi+Xe—2(c,—Cy)| .
The square of the right hand side of the above is
(xC1+Xer)*—4(ei—¢y)" = (P =4)ii+ (2 —Dei+2(1 x *+D | ea|®
= (1 +bic,+8421 %1% |2,

S0 is equivalent to

x247% > b6y +bic,+8.
Making use of the equations x2—b,c,=4 and %2—b,¢,=4, one easily obtains [I6).

Thus we have shown that and are equivalent. By we have

- . 2 2
bi—b, = ZZ(Im(x)——Z—Im(y)—k;Re(x))
and

Il

1—E, 22’<Im(x)—— %Im (3)— %Re(x)).

Therefore is written as
2 : /2 2
(lm(x)—;—lm(y)) ~(—Z—Re(x)) < 0.
This is equivalent to (4).

By considering the normal subgroup, H=<AB, BA, A™'B, BA™*), of G of
index 2, the following is shown under this normalization.

THEOREM 4 ([4]). If the moduli triple (x, y, z) satisfies (1), (2), (3) and
x=3, then G is Kleinian.

§3. Normalization II.

In this section we recall some results and normalizations in [3]. Let (x,
y, z) be the moduli triple satisfying (1), (2) and (3). Let U and V be elements
of SL(2, C) such that trace (U)=z and trace (V)=y and that they satisfy (1)
with x=trace (UV ™). Conjugating by a Mobius transformation, we normalize

U and V so that
U= 8wt v=( )

where af=1, a>f and ad—bc=1. We further conjugate U and V by (g l/ok)

with some complex number k so that @, B, a and d are invariant and the fol-
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lowing holds:

a7 ath

We note the following.

LEMMA 3. Equation (1) is equivalent to saying that the commutator UVU 'V 1
is parabolic. It is also equivalent to

2 (atPpr
(18) ad ===

Proor. First we note that the second and the third equalities of are
clear from [17). Substituting x=pa+ad, y=a+d and z=a+p into (1), we
see that (1) is equivalent to (a+fB)*=(a—p)%ad. It follows that (1) is equivalent
to (18], One computes

trace(UVU V™) = 2ad—(a®+ *bc
= —(a—pB)ad+(a+pB)*—2.

It follows that is equivalent to trace(UVU'V~')=-—2 which is equivalent
to UVU"'V ! being parabolic.

As a special case of the following is shown.

PROPOSITION 5 ([3]). Let U and V be in Theorem 2. Let C, and C, be
the civcles such that

Ci={welC|llw—a/c| =1/|d|} and
19)
( Co={welllwtd/c| =1/]al}.

If C, and C, are separated by the imaginary axis, then G'=<U, V) is Kleinian.

Our comparison is made by and it will be shown in §5 that
and are equivalent. Our improvement of
in our case is made in an altered form of it. (See also in §6.)

To state this we need one more piece of notation. Put

a 1 a 1
(20 ,271—-—6--{——([ and ]')2——-;-—-2—

and denote by R the ring domain bounded by the circles
@n Ri={weCllw|=p:} =1 2).
Now we can state in our case in the following form.

PRrROPOSITION 6 ([3]). Let U and V be as in Theorem 2 and let U be hy-
perbolic. Let n be the integer such that UMC.)N\R+@ and U(C,)NR=@ (i+n,
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n41). If C,intersects neither U™(C,) nor U"*Y(C,), then G'=<U, V) is Kleinian.

ProoF. The geometric meaning of (5) is that, for each n, U"(C,) does
not meet C;. Since C; is contained in the closure of the ring domain R, it
suffices to check this for those U?(C,) which meet R. The condition of the
proposition is just for such U*(C,)’s.

§4. Special cases.

In this section we shall dispose of some special cases in order to ease our
discussion in the succesive sections. We write x and vy as the sum of their
real and imaginary parts so that

x:x1+ixZ and y=y1+iy2'

Then, separating the real and the imaginary parts of (1), we have

22) =23+ yi—yi+zt = (X1, —x5)2)2
and
(23) 2(x1 %2+ y1Y2) = (X1Y2:+%291)z.

ProprosITION 7. If x,=y,=0, then the group G=<{A, B) is Kleinian.

PrOOF. By we have b, = —2x,/z+i(xs—2y,/2) and ¢, = 2x,/z+
i(x,—2v,/2z) so that by=-—¢,. We also have b,=—¢,. It follows that

=55 ) ma B=5(7 )

It is easy to ses that both A and B leave invariant the unit circle {weC||w)|
=1}. Therefore the limit set of G is contained in the unit circle. Hence G
is Kleinian.

Because of this proposition we henceforth assume
(AQ) x,#0 or y,#0.
Next we consider the case in which either x or y is real.

ProPOSITION 8 (LEMMA A.2 in [2]). Let <X, Y)CPSL(Q2, C) be a free group
such that trace(XY X 'Y \)=-2. If trace(X) and trace(Y) are both real, then
KX, Y> is a quasi-Fuchsian group.

Putting X=AB and Y=A or B, we see by Lemma 3 that trace(XY XY 1)
=—2. If either x or y is real, then [Proposition 8§ implies that G=<A, B)=
{AB, A>={(AB, B) is Kleinian. Henceforth we assume

(AD x,#0 and y,# 0.
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If x,=0 or y,=0, say x,=0, then we have by and (A0) that y,=x,z/2.
Substituting this into [22), we have y?+((z/2)*—1)x3+2*=0. In view of (2)
this equation does not hold. Hence we may assume hereafter

(A2) x;#0 and y, # 0.
For the case in which |x|=]y] we have
LeMMA 4. If |x|=lyl, then y=%.
PrOOF. First we shall show that |x]=|y| implies
XX+ V1Y = X1 Y.+ %.9, = 0.

Assume to the contrary that x,y,+x,v,#0. Then by we have x;x,+Y:1Ys
#0. We also have

2(x1 X+ Y1Y2)
24 = LA
@ < X1Yet+ X2
Substituting into and factoring, we have
(25) 4(x1%5+31Y2)* = (K1Y + X2y ) (XY 1 —x1Y) (| x 2= |3 7).

The assumption |x|=|y| and (25) imply x;x.+y,y.=0, a contradiction. Hence

we have shown that x,y,+x,y,=0. By we have x,x,+7v,y,=0. Thus we
have the desired equalities.

Now, adding 2(x,x,+v,¥,)=0 to |x|*=]y]|% we have
(X1+xXs— 1+ y) (X1 F+ X+ y:1—¥5) = 0.

If x,+x,—v,+v,=0 (resp. x;,+x,+v,—y,=0), then we have from x,x,+y,y,=0
the following.

(X1+Y2)(x2+32) =0 (resp. (x1+y)(xe+y1) =0).

There are four cases to consider.

Case I. y,=x,+x,+v, and y,=—x,: In this case we have y=y,+iy,=
(x,+x,— %)+ (—x)i=—i(xy+ix,)=—ix. Then (1) becomes z*=—ix%z. Hence
we have z=—7x?=2x,x,—i(x?—x%). By (2) we have x,=x, so that x=(1+7)x,.
It follows that y=—ix=(1—0)x,=%.

Case II. y,=x;+x,+y, and y,=—x,: In this case we have y=(x,+x,—
Xo)+i(—Xp)=X1— 1%, =ZX.

CAsE IIl. y,=x,+x,+y; and y,=—x,: In this case we have y=—x;+
(%14 x,—x)i=—x,+ix,=—%. Then (1) becomes x2+x*+z2=-—|x|?2. Substi-
tuting x=x,-+7x, into this equation, we have

(z+2)x3+(z—2)x3+2*= 0.
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But (2) implies that the left hand side of this is positive. Hence this case
does not occur.

CASE IV. y,=x;+x.,+v, and y,=—x,: In this case we have y=—x,+
i(x,4+x,—x,)=:¢x. Then (1) becomes z*=¢x?z. Hence we have z=ix’=—2x,x,}
i(x2—x%. By (2) we have x,=—x, so that x=(1—7)x, and y=ix=(14+2)x,=%.

Thus we have shown that y=2x in all cases and the proof of the lemma
is completed.

By [Theorem 4] and [Lemma 4 we can omit the case in which [x|=1y], so
we assume hereafter

(A3) ] # |yl

It is not hard to see from [23), (Al) and (A2) that if x,y,+x,y,=0, then [x]
=|y|. So we assume hereafter

(A4) X Vet+x.y, = 0.

We note that and imply that and (25) are available. For later
use we prove two lemmas. ‘

LEMMA 5. (x3—y)(xi—yH>0.

PRrROOF. By we see that xy#x¥y. So from (1) and x*+3°+z’=iyz
we have z=(x*+y*—%2—3%/(xy—%¥y). From this equality one computes and
obtains

242 = 20,14+ y )Xo+ Y2)/ (1Y + X2V 1)

and
z2—2 =20, — Y 1)(Xe—Y2) /(X1 Y2+ X2 V1)

Hence we have
(26) 2—4 = 4(xi—yD)(x3— 38/ (x1y2F X 31)° .
By (2) we have Lemma 5.

LEMMA 6. x,y,>0.

PrROOF. In view of (25) there are several cases to consider. First we
assume |x|>|y|. If x,y,+x,y,>0 (resp. <0), then by we have x:%,+7:y.
>0 (resp. <0). By we have |x;x,|>1v,y.]. It follows that x,x,>0
(resp. <0). By (25) we have x,y,—x,9,>0 (resp. <0) so that x,y,>0 (resp.
<0). Therefore we obtain x,x3y,>0. Hence x,y,>0. Next we assume |x|<
[yl. If xy,+x,9,>0 (resp. <0), then by we have x;x,+7,y,>0 (resp.
<0). By our assumption |x]<|y| and by we have |y:1y,|>]x:%.].
It fellows that y,y,>0 (resp. <0). By (25) we have x,y,—x,y,<0 (resp. >0)
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so that we have x,y,>0 (resp. <0). Hence we obtain x,y,y3>0 so that x,y,
>(0. Thus we have shown in all cases that x,y,>0.

§5. Comparison.

In this section we shall show that [Theorem 1 and [Proposition 5, which is
a special case of [Theorem 2, are equivalent. As mentioned in §4, we are as-

suming (Al)~(A4) and so [Z) and (25) are available. Recall that V=(2 2)

and a+d=y under normalization II. Write a and d as the sum of their real
and imaginary parts so that

a=a,+ia,, and d=d,+id,.
LEMMA 7. a.d,>0.

Proor. By (A2) and we have i) a,+d,#0, ii) a,d,—a.d,=c* and iii)
a.d;+a.d;=0. If a,=0, then by i) we have d,#0. Then iii) implies a,=0
so that a=0. But ad=c?#0, it does not occur. Hence a,#0. If a,=0, then
by iii) we have d,=0. Then y,—a,+d.=0. This contradicts (Al). Hence a,
#+0. From ii) and iii) we then have

d, = (a,d,—c?/a, = —a.d,/a,

so that we have |a|?d,=c?a,. Since ¢?>>0, this implies that a, and d, must
have the same sign.

LEMMA 8. The condition of Proposition 5 is equivalent to

He- e 13

PROOF. By and we see that the real parts of the centers
a/c and —d/c of the circles C, and C,, respectively, have different signs.
Moreover we see from [I8) and (19) that C, and the positive multiple [a/d| of
C, are symmetric with respect to the imaginary axis. Hence the condition of
that C, and C, are separated by the imaginary axis is equivalent
to saying that if /, and /, are lines passing through 0 and tangent to C, at t,
and at #;, respectively, then the real parts of ¢, and ¢, have the same sign. A
calculation shows that

1 1 1

(28) h250*7+§dam Q:EQ—%—éﬁ

Hence we have
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Re(t)) = ((c—1/c)(d+d)—2i(d—d)/2)/ | d|*
and Re(t,) = (c—1/c)(d+d)+2i(d—d)/z)/ | d|®.
So the_condition Re(t;) Re(t,)>0 is equivalent to
(c—1/c)d+d)*+A4(d—d)*/z* > 0.
Noting (d—d)*=—|d—d|?, we obtain [27).
To compare (4) and we need to rewrite in x and y.

Loma 0. 5 (c— =) = [5,30tx |/ VR DEE D).
PrROOF. By we have
(2/2)—1 = (xi—yD(xE—y))/(x192+ %2y 1)
and by we have
—;—(c———i—) =2/(a—B) = 1/+/(z/2"—1.

Hence the lemma follows.

d—d
d+d

LEMMA 10. ( { = VEI=yD/(x5=3D).

673

PrOOF. We know that a and d are the solutions of the equation X2—
(a+d)X+ad=X*—yX+c*=0. One checks that (y+(y,Y +iy,/Y))/2 satisfy the

equation, where we put Y=+/(x—»?)/(x3—y%. Hence we have
(d—d)/(d+d) = i(y2x3,/Y)/(3:1£y:.Y) = £iY .
Thus we have
It follows from Lemmas 9 and 10 that (27) can be written as
(29) | %1yeF2291] > [x8—pi].
LEMMA 11. Keen’s inequality (4) is equivalent to (29).
PROOF. Substituting (24) into (4), we have

X1Xs+ V1Y

Xo— < |x,].
X1¥Ve+X2¥4 2T |2l

Making use of (A2), one can reduce this to (29) easily.

Thus we have completed our comparison with the conclusion that Theorem

1 and Proposition 5 are equivalent.
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§6. Improvement and the proof of Theorem 3.

In this section we shall improve under normalization I yield-
ing a proof of [Theorem 3. To compare two normalizations I and II we in-
troduce a map. Let
w—tl
w*“tz

30) T(w) = qus

b

where g4p is in and ¢,, #, are in (28). The following lemmas explain the
map 7.

LEMMA 12. T(0)=pup, T(0)=qus, T(p;)=1 and T(p,)=—1, where pup is
in (13) and p,, ps are in (20).

ProoF. We note that by and we can write in the following
form:
Dap = —1/C+2Z/Z and QAB:l/C+2i/Z.

To show T(0)=p,p it suffices to show

(A/c+2i/2)(c—1/c+2i/z) = (—1/c+2/2)(c—1/c—2i/z).
Making use of the identity
3D ct=2z%(z*—4) or 1/c*+4/z*=1,

one can check the above equality. The second is clear. Since p,=(c+1)/d,
to see T(p,)=1 it suffices to show

A/c+2:/2)A+1/c—2i/z) = 14+1/c+2i/z.

It is easy to see that this is equivalent to [3I), so we have the third. The
same computation shows that T(p,)=—1 with p,=(c—1)/d in place of p;.

LEMmMmA 13. TUT'=AB.

PrOOF. Both TUT™ and AB have the same fixed points p4z and ¢4z and
map —1 to 1, so they are identical.

We denote by D4g and D%y the isometric circles of AB and (AB)™, res-
pectively. By we see that the centers of Dy and D4y are —1+2:/z and
1+2:/z, respectively. Since their radii are identical and equal 2/z, they are
tangent to the real axis at —1 and at 1, respectively. Denoting by R the real
axis, we have the following.

LEMMA 14. T(C,)=R, T(R,))=D,y and T(R,)=D 5, where C,isin (19) and
R, R, are in (21).
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PROOF. Recall that p, and p, are points on C,. tells us that
T(p,) and T(p,) lie on the real axis. Also recall that #, is the point at which
l, and C, are tangent. Hence ¢, is the third point on C, and T(t,)=0 by [30).
Therefore we have T(C,)=R. Next we show T(R,)=D}s. Since C, and R,
are tangent at p, tells us that T(R,) is a circle tangent to R at
—1. By and we see that —p, lies on R,. Hence it suffices to show
that T(—p,) lies on D}z One computes and obtains T'(—p,)=(z2—4-+4z7)/(z*+
4). It is easy to see that this point lies on D%z Thus we have shown that
T(R)=D)g. A similar argument and computation give us T(R;)=D 4z.

Next we shall show that the generators A and B are conjugate to UV ™!
and to V by T, respectively. In order to show this we prove two lemmas.

LEMMA 15. The fixed points of TVT™' are symmetric with respect to the
origin,

PROOF. Writing the matrices of T and T7! in GL(2, C) as

(Q;B "_C]_At:t1> and (i;lz j_ziitl)’

respectively, one computes that the matrix of TVT™! is

((]AB(atz_dtl—Ctxtz‘l'b) * )
* gap(—at,+dt,+ctit,—b)/”

Hence it suffices to show that
at,—dt,—ctit,+b = —at,+dt.+-ctit,—b.
This is equivalent to
(a—d)t,+t:)—2ct it +2b=0.

Making use of the equalities ¢,+t,=2(c—1/¢)/d, tit.=(c*—1)/d?, b=(c*—1)/c and
d=c?*/a, which follow easily from (28), and [(18), and of [3I), one checks
this easily.

LEMMA 16. The fixed points of TUV )T are symmetric with respect to
the origin.

ProoF. The idea of the proof is the same as that of [Lemma I5. Noting
that the matrix of UV ™! is (_‘_xg p Tng), one computes the matrix of TUV T !;

the 1—1 element is qus(—fBat,+adt,+Bctit,—ab) and the 2—2 element is
qas(Bat,—adt,— fBctit,+ab). Hence it suffices to show that

—Bat,+adt,+ Bctit,—ab = Bat,—adt,— Bt it +ab
or
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(Ba—ad)(t,+1t:)—2Bctit,+2ab = 0.

Making use of the five equalities in the proof of [Lemma 15, one checks this
easily.

By or by a straightforward computation we see that p, is the fixed
point of the parabolic element VU 'V~'U. tells us that the fixed
point of T (VU 'VU)T™! is at —1. Since TUV ) WUV HVT ! =
T(VUW-U)T™!, we see by Lemmas and that TUOV-HT* and TVT™?
have the same normalization as A and B. says that our choice
in normalization II is compatible with in normalization I. Therefore, by
the uniqueness of A and B in normalization I we have the following.

PrROPOSITION 9. T(UV )T *=A and TVT '=B.
Now we see by that, under normalization I,

assumes the following form.

PROPOSITION 6’. Assume that A(RY"N\Dyp+ @ and B"Y(R)N\D s+ @. If each
of A(R) and B '(R) does not meet R, then G=<A, B) is Kleinian.

Here we show that the first assumption of is equivalent to (6).
LEMMA 17. (6) is equivalent to the conditions
ARINDL z#+@D and B 'R)YNDp+D.

Proor. The condition that A(R)NDyz#@ and B ' R)N\D.z# @ is equi-
valent to that CoN\R.# @ and U(Cy)N\R,+#@. These are equivalent to the
condition that the absolute values of the centers of C, and U(C.) satisfy the
following :

[dl/c < lal/c < a?ld]|/c.

It is also equivalent to the conditions that |a|—]|d|>0 and fla|—ald]|<0.
Writing a=]ale*? and d=|d|e %, (60, = by (Al)), we see that
Im(trace(V)) = Im(a+d) = (Ja|—|d])sind

and
Im(trace(VU™)) = Im(Ba+ad) = (Bla|—ald]|)sinf.

Since x,=Im(trace(VU™?!)) and y,=Im(trace(V)), it follows that the condition
is equivalent to x,y,<0.

We set A(R)=D4p-1, A" (R)=D}-13, B(R)=Dp-1and B"Y(R)=D4-15. Then
Dy1g=A*B(D4-15) and D,p-1=BAY(Dgy-1). By the normalization of A and
B we see that Dy-15 and Dpy-1 (resp. Dys-1 and Dy-13) are symmetric with
respect to the origin.
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PrROPOSITION 10. Under the assumption of Proposition 6', the exterior of
eight civcles D 4p, Dyg, Dga, Dpa, Da-18, Diy-18, Dps-1 and Dga-1 is a fundamental
domain for the normal subgroup H=<{AB, BA, A7'B, BA™ of G.

Proor. The assumption of tells us that the exterior of the
eight circles consists of two polygonal regions, one is bounded and contains
the origin and the other is unbounded. It is not hard to check the cycle con-
dition of the Poincaré theorem. It follows that it is a fundamental domain for
H. 1t is easy to see that the quotient of the region of discontinuity 2(H) by
H is a pair of twice punctured surfaces of genus 2.

The proof of does not need the condition that both Dy-ip
and Dgs-1 do not intersect the real axis, R, but only the fact, which the con-
dition implies, that they do not intersect four circles lying in the lower half
plane. So we have the following.

PROPOSITION 11. Let G be a group satisfying (1), (2), (3) and (6). If the
eight conditions below are satisfied, then the exterior of eight circles in Proposi-
tion 10 is a fundamental domain for H and so G is Kleinian:

i) Da-1gNDpa=@D i) Da-18N\Di-15=@ 1iii) Dg-18NDpa-1=@ iv) Dy-13
f\Dﬁmz @ V) DBA—lmDBAZ @ VI) DBA-M\DQ-H;: @ Vll) DBA—lmDIBA—lz @
Vlll) DBA—lnD’BAZQ.

We shall write these eight conditions in terms of moduli (x, v, z) and then
compare them with the conditions of [Theorem 3. Before to do this we need
two preparatory lemmas.

LEMMA 18. The centers and the radii of Dy-1p and Dpy-1 are
(13 12=b:C)/(¥Cs—FCs) and  —(|x|*~biC1)/(xC1—Xcy)

4/1yE,—5c,| and 4/|xéi—Zxcil,
respectively.

PRrROOF. Since D4-13=B7'(R), it passes through B7!(0) = —b,/y, B™*(c0) =
—y/cy and B'(1)=(y—b,)/(y—c.). Elementary geometry gives us the values
for the center and the radius of D,-:5 as stated in the lemma. The statement
for Dg4-1 follows similarly.

By we have easily the following.

LEMMA 19.

2 : 4 : -
| 21°=biey = — (x5 + 2y =202 [+ (I = |y P x5+ 1))
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|1t =bite = 2 (x5 + 4201719 = (151 |y [ HilxT— )

thi— b, = — @] x|~ ix5~ %)
. 2 2 e =
xXCi—Xc, = 7(2|x| +i(xF—Xxy))
. 2 . o
Yby—5b, = —2—(2{32[ —i(xJ—Xy))
. 2 o e o
YCo— ey = —7(2131! +i(xF—2xy)).

Now we shall rewrite the eight conditions. We shall begin with iii).
iii) Since D4-13 and Dpu-1 are symmetric with respect to the origin,
18 tells us that the condition is equivalent to

[y 12—=bels| > 4.

Making use of the equality 16=(y%—bsc,)(7*—b.C,), one reduces the inequality
(| ¥ 12—byG2)(1 ¥ |2—bsc2)>16, which is equivalent to the above, to

(¥be—3b:)(yEa—Fc2) > 0.
By one reduces this to
4|yl*+(xy—%xy)* > 0.
This is equivalent to
) 2ly12> |xy—Xxy|.
vi) By a computation similar to iii) we can rewrite the condition as
®) C20xE> a5yl

i) The center and the radius of Dgs are —1—2{/z and 2/z, respectively.
It follows from that the condition is equivalent to

(312 —=b2ls)/(yCo—F o) +142i/2| > 4/|yis—Fca| +2/z.
By one eliminates b,, ¢, and obtains
lzxy— |y 12 +3|x|*—=2iXy| > 2°+2[x|*+i(xy—%y).

Squaring both sides, making use of the identity z* = (x2+ y2—xy2)(Z*+ §*— £ 5z2)
and dividing by 2|x|*+:(x5—Z%y), one obtains

32) 2(xy+xy) > 22—|x|*+ |yl
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viii) By a computation similar to i) we can rewrite the condition as
(33) 2(xy+xy) > 2+ x|P—1y 2.
We note that two conditions i) and viii) are written together as
(39 2(xF+xy) > 224 x| =]y 2.

iv) Since the center of D4-1p lies in the left half plane {weC|Re(w)<0}
and since Dyp and D) are symmetric with respect to the imaginary axis, the
condition is included in i).

v) By a similar reasoning to iv) we see that the condition is included in
viii).
Before rewriting ii) and vii), we show the following.
LEMMA 20.
— (61— ) (yby—Fby)—(yCa—F o) (xby— %by)—32
= (1212 =b:2)(| ¥ |2=boco)+(| x |2—=brc1)(| ¥ |*—bal) .
PrOOF. Since D4-15and Dgy-1 are tangent externally, we have by
[(1x [2P=b:1)/ (21— X 1)+ § |2 —b2C)/(¥Ca—FCo) |
=4/|xC,—ZXc | +4/|yi.—Fc.|.
Squaring both sides, making use of the identities
16 = (x2—byc,)(82—b,¢))
= |x|*—(b:C1x%+bic, X2+ | bicy |
16 = | y1*—(Befoy®+boco 3+ bscs |
|xCi—%ci| | yCe—Fce| = (xC1—Xc)(¥Ca—5FC2)
and dividing by (x¢,—ZXc,)(yC:—¥c,), one obtains the desired equality.
ii) By we see that the condition is equivalent to
(1Y 12=0sC)/(3Ca—Fca)— (| x|2—=b:C1)/(£E1— K1) |
>4/|xéi—Fei|+4/ 13— Fcal.
This is equivalent to
|1y 12=b2Co)/(¥Co—F o) — (1 x| *—=b:C )/ (xE1— X 1)
> (|3 12—bsCs)/(yCa—F o)+ (| x|2—biC1)/(xC1— X)) |,

because D4-15 and Dg,-1 are tangent externally. It is easy to see that this is
equivalent to
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1y 12=bsCo)(| x|2—=bic))+ (1% 12—=b:8)(| ¥ |2—bscs) > 0.
By Lemmas [[9 and 20 we obtain
Clx|*+i(xy—ZyN2|y|*—i(xF— X))
+2ly P +i(xy—xy)2| x| —i(xF—ZXy)) > 8z .

This is equivalent to

(35) (xF+xy): > 422
By and we obtain
Q) xy+iy > 2z.

vii) By symmetry it is clear that the condition is equivalent to in ii).

Thus we have shown that, under the conditions (1), (2), (3) and (6), the eight
conditions are equivalent to four conditions (7), (8), (9) and [34).

Now we shall prove [Theorem 3. To prove the theorem it suffices to show
that follows from other conditions. If we could show

22> |x* =1y,

then would follow from (7). By [24) and (25) we see that the desired ine-
quality is equivalent to

[ ye— 2291 > [ X1+ X294

Since x,y,>0 by and since x,y,<0 by (6), it holds except for the
cases in §4, in which G is Kleinian. Thus we have shown that follows
from others and have completed the proof of [Theorem 3.
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